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ABSTRACT

The main goal of this paper is to provide asymptotic expansions for the numbers
#{p < z : pprime,s,(p) = k} for k close to ((¢ — 1)/2)log, z, where s,(n) denotes
the g-ary sum-of-digits function. The proof is based on a thorough analysis of exponential
sums of the form > . e(asy(p)) (the sum is restricted to p prime), where we have to
extend a recent result by the second two authors.

1. Introduction

In this paper the letter p will denote a prime number and e(x) the exponential function €27,

For an integer ¢ > 2 let s4(n) denote the g-ary sum-of-digits function of a non-negative integer n,
that is, if n is given by its g-ary digital expansion n =, ¢; (n)¢’ with digits ;(n) € {0,1,...,q—
1} then

sq(n) =Y _&j(n).
J=20
The statistical behaviour of the sum of digits function and, more generally, for g-additive function
has been very well studied by several authors. It is, for example, well known (see, for example
Delange |[Del75]) that the average sum-of-digits function is given by

1 qg—1
- Z Sq(n) = o log, * + ~(log, ¥),

where y is a continuous, nowhere differentiable and periodic function with period 1. Similar relations
are knows for higher moments (|[GKPT], see also [Sto77] and [Coq86| for the case ¢ = 2). Furthermore,
the distribution of the sum-of-digits function can be approximated by a normal distribution

1
;# {n <z :s¢(n) < pglog, x4 yy /o2 logqaz} = ®(y) +o(1), (1)
where
_a=1 o _ -1
.Uq . 9 ) q 12 ’
and ®(y) denotes the normal distribution function (see [KM68]).
A local version of these results can be found in [MS97] where an uniform estimate of #{n < ¢" :
sq(n) = k} is provided for any k < p,v and in [FMO5| where it is proved that for any fixed £ > 1
we have

#{n < x:s4(n) = pgllog, n] + b(|log, n|)} = W(q26_ 1) \/ﬁ@ + Og <lo§ :c)
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uniformly for any = > 2 and any b : N — R such that |b(v)| < Kv'/* and v, + b(v) € N for any
n>1.

The first result concerning the asymptotic behaviour of the sum of digits function restricted to
prime numbers is a consequence of the famous theorem by Copeland and Erddgs in [CE46| concerning
the normality of the real number whose g-adic representation is 0, followed by the concatenation of
the increasing sequence of prime numbers written in base ¢. Indeed, it follows from their theorem

that
1

qg—1
—— > sq(p) = —=—log, = + o(log, ), 2)
m(x) p§<:w 7 2 q q
and it has been show in [Shi74| by Shiokawa that
1 q— 1
Z sq(p) = 5 log, = + O(y/log xloglog 7)

m(x) =

(see also [Kat67] for a related result).

Interestingly, these results suggest that the overall behaviour of the sum-of-digits function is in
principal the same if the average is taken over primes p < z. For example, Katai [Kat77] has shown
that

Z 8¢(P) — Hq 1qu$!k < x(loga:)k/Q*l,k; =1,2,---,
p<T

and [Kat86| that there is a central limit theorem similarly to the above (see also [KM68| for a related
result):

1
m# {p <z :84(p) < piglog, = +yy/o2log, xN} = ®(y) + o(1). (3)
The first aim of this paper is to prove Theorem 1.1, i.e. a local version of these results.

THEOREM 1.1. We have uniformly for all integers k > 0 with (k,q—1) =1
(k—pqlo x)2
-1  a(x) (

plg—1) \/ 2702 log, x

where € > 0 is arbitrary but fixed.

#{p < @:se(p) =k} = + 0((10g90)_5+5)> (4

Remark 1. The condition (k,q — 1) = 1 is necessary: since s,(p) = p mod ¢ — 1 it follows that

{0 <, 5q(p) =K} C {p <, p=kmod (q— 1)},
which is finite in the case where (k,q — 1) > 1.

Such a local version of (2) or (3) was considered by Erdés as “hopelessly difficult” and the first
breackthrough in this direction was made by Mauduit and Rivat who proved in [MRO05| the Gelfond
conjecture concerning the sum of digits of prime numbers: for (m,q — 1) = 1 there exist 04, > 0
such that for every a € Z we have

1
#{p < .’17, SQ(p) =a mOd m} = Eﬂ'(fﬂ) + Oq7m(ﬂjl_gq’m).

But the method involved in the proof of this theorem is not enough to provide a proof of Theo-
rem 1.1.

If we consider primes p where the sum-of-digits function sq(p) equals precisely the “expected
value” |pqlog, pJ, we get the following result that can be deduced from Theorem 1.1.
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THEOREM 1.2. We have, as x — oo,

#p <+ sqlp) = Lglog, pl} = Q ( Ha

qg—1

)l (o (wea i)

where Q(t) denotes a positive periodic function with period 1 and € > 0 is arbitrary but fixed.

log, =

The proof of Theorem 1.1 relies on a precise analysis of the generating function
T(z) = Z 25a(P)
pP<T

for complex numbers z of modulus |z| = 1, (Propositions 2.1 and 2.2). It is, however, an interesting
and probably very difficult problem to obtain also some asymptotic information on T'(z) for z with
|z| # 1. For example, we are not able to provide any non-trivial bounds for the sum

T(2) = Z 954(p)
psE

Such bounds could be used to obtain estimates for tail distributions, that is bounds on the numbers

#p <@ sy(p) < crlogy(@)} resp. #{p <t 5,(p) > ealog, (@)

for 0 < ¢1 < pg and pg < c2 < 2u4. By curiousity we mention that Fermat primes and Mersenne
primes correspond to the extremal cases in base ¢ = 2 defined respectively by so(p) = 2 and
s2(p) = [logy p|.

2. Plan of the Proof

The proof of Theorem 1.1 uses two main ingrediences (Propositions 2.1 and 2.2) that we prove in
Sections 3 and 4.

The aim of Proposition 2.1, which proof is based on method from [MRO05], is to provide a bound
for >, <, e(asq(p)) uniform in terms of o and z. This will enable us to apply a saddle point like
method in section 5.1 in order to obtain asymptotics for the numbers #{p < x : s4(p) = k}.

PROPOSITION 2.1. For every fixed integer q > 2 there exists a constants ¢y > 0 such that
> elasy(p)) < (logz)3zt—ella=Del? (6)
PLT

uniformly for real o.

The main idea of Proposition 2.2 is to approximate the sum-of-digits function by a sum of
independent random variables. In fact, we adapt the moment method due to Bassily and Kétai
[BK95| (see also [KM68| and [Kat77]). The difference to [BK95| is that we provide bounds for the d-
th moments (of a certain random variable) that are uniform for all d > 1. Note that the generalization
of [BK95| that is provided in [BK96] is not sufficient for our purposes. Therefore we have to adapt
all main steps. As usual, w(x; k, ¢ — 1) denotes the number of primes p < z with p = k mod ¢ — 1.

PROPOSITION 2.2. Suppose that 0 < v < % and 0 < n < 5. Then for every k with (k,q—1) =1 we
have

> e(asq(p)) = m(w;k,q — 1) e(apqy log, ) (7)
p<z, p=k mod ¢g—1

y (6_2ﬁ2a2g§ log, z (1 +0 (Oc4 log Q:)) +0 (’a‘ (log x)u))

uniformly for real a with |a| < (log x)"fé.
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Finally the proof of Theorem 1.1 is obtained in section 5 by evaluating asymptotically the integral

#{p<z:54(p) =k} = /21 Ze(asq(p)) e(—ak) do (8)

2 \pz
using both the analytic estimates coming from Proposition 2.1 and the probabilistic ideas contained
in Proposition 2.2.

Theorem 1.2 is then a corollary of Theorem 1.1.

3. Proof of Proposition 2.1

We denote by A(n) the von Mangoldt function defined by A(n) = logp if n = p* with p prime and
k an integer > 1, and A(n) = 0 otherwise.

The proof of Proposition 2.1 is based on methods from [MRO05|. More precisely we need to obtain
a bound for 3 e(asy(p)) uniform in terms of o and =.

First note that by partial summation (see for example Lemma 11 of [MRO05]) it suffices to prove
that for every fixed integer ¢ > 2 there exists a constant ¢; > 0 such that

3" A(n)e(asy(n))| < (log )izt —erlla=1el o)
n<x
uniformly for real a.

Actually we will prove (9) only for a with ||(¢ — 1)«|| = c2(log a;)_%, where ¢ > 0 is a suitably
chosen constant. If ||(¢ — 1)a| < c2(log x)_% then (9) is trivially satisfied.

3.1 A combinatorial identity
A classical method (Hoheisel [Hoh30|, Vinogradov [Vin54]) to deal with sums of the form ), A(n)g(n)

is to transform them into sums like

> ar(n)---ag(ng)g(ng - -ny)

N1y, N

where nq, ..., ng satisfy multiplicative conditions. Vaughan has given an elegant formulation of this
method [Vau80], later generalized by Heath-Brown [Hea82].

A drawback of these methods in their original setting is the outcome of several arithmetic func-
tions involving divisors, which cannot be individually majorized by a logarithmic factor. We will use
a slight variant of Vaughan’s method [IK04]| which permits to suppress this difficulty:

LEMMA 3.1. Let ¢ > 2, ¢ > ¢%, 0 < 31 < 1/3,1/2 < 35 < 1. Let g be an arithmetic function.
Suppose that uniformly for all complex numbers a,, b, with |a,,| <1, |b,| < 1, we have

Z max Z glmn)| <U for M <z’ (typel), (10)

M g TS S Ji<n< 2

2 Z ambng(mn)| < U for P <M <z (type II). (11)

M M 5 <n<E
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Then
D> An)g(n)| < U (logz)?.
xz/q<n<x

Proof. This is Lemma 1 of [MR05]. O

Thus, in order to obtain upper bounds for (9) it is sufficient to get bounds for sums of type I and
II (see (10) and (11)) for g(n) = e(asy(n)). The next lemma reduces to problem of type-II sums to
a slightly simpler problem.

LEMMA 3.2. Let g be an arithmetic function, ¢ > 2,0 < § < 51 < 1/3,1/2 < 2 < 1. Suppose that
uniformly for all complex numbers b, such that |b,| < 1, we have

> > bag(mn)| <V, (12)

gh—l<m<gH |qv—1<n<g”

whenever
Bi-d< L <Pt (13)
Then for x > xq := max(q'/(1=52) ¢3/%) we have uniformly for M such that
2 < M < 2™ (14)
the estimate (11) with U = 12(1 4 log2z) V.
Proof. This is Lemma 3 of [MR05]. O

3.2 Type I sums

Fortunately type-I-sums are easy to deal with because the corresponding upper bounds obtained in
[MRO5] are already uniform in « and x.

PROPOSITION 3.1. For ¢ > 2, x > 2, and for every « such that (¢ — 1) € R\ Z we have

Z max Z e(asq(mn))| <4 2174 Jog (15)

L2
M g 7SS Jin< 2

for 1 < M < z'/3 and

0 < Kg(ar) :=min (g, (1 — vg(e))) (16)
where 3 < y4() < 1 is defined by

q’Yq(O‘) — r?ef%lg( \/@q(a + t) @q(a + qt)

with
(1) = |sinwqt| / |sin7t| ift € R\ Z,
Palt) = g ift e Z.

Proof. This is Proposition 2 of [MRO05]. O

3.3 Type II sums

In order to verify (11) we use Lemma 3.2, that is, we will prove the following proposition (which a
variant of [MRO5, Propositon 1]):



M. DRMOTA ET AL.

PROPOSITION 3.2. For q > 2 and for all « with (¢ — 1)a € R\ Z there exist 1, 82 and ¢ verifying
0<0<p1<1/3and1/2 < (2 <1 and there exist {;(a) > 0 such that, uniformly for all complex
numbers b, with |b,| < 1, we have

Z Z bn e(asg(mn))| <4 (ju + v)g2Ea@) ), (17)
g~ l<m<gH |gv 1 <ngY
whenever
51—5<L<52+5-
w+v

We note that the constants 31, f2, 6, and §,(a) can be stated explicitly in terms of «, compare
with (24)—(28), so that (17) is actually an explicit estimate that is uniform in a.

The proof of Proposition 3.2 is divided into several steps. We first apply Cauchy-Schwarz’s
inequality and a Van der Corput type inequality in order to smooth the sums.

For ¢ > 2 and real « let

f(n) = asq(n).
Further, let p, v, and p be integers such that p > 1, v > 1,0 < p < v/2, and b, be complex numbers
with |b,| < 1. We consider the sum

S= > > bae(f(mn))].

g~ l<m<gH |qv—1<n<g”

By Cauchy-Schwarz’s inequality,

ISP <q Y Y bue(f(mn))| . (18)

g l<m<gH |gv—1<n<gY

This sum will be further estimated by the use of the following version of Van der Corput’s
inequality:

LEMMA 3.3. Let z1,...,2Ny be complex numbers. For any integer R > 1 we have
2
N+R-1 T _
> oal Y (1-0) Z oaem
1<n<N Ir|<R 1<n<N
1<n+r<N
Proof. See for example [MR05, Lemme 4]. O

Taking R = ¢”, N = ¢" —¢"" ! and z, = b1, e(f(m(¢”"' +n))) in Lemma 3.3 and observing
that p < |v/2] < v — 1, we obtain
2

S° by e(f(mn))

q'—l<n<q?
<Y (1IN b elfmln 4 1) — fmm) + 0.
R

where the term O(g”) comes from the removal of the condition of summation ¢~ < n+r < ¢”

which was introduced by Lemma 3.3. Indeed this removal may potentially imply O(g”) values of n,

6
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and each term in the sum is of modulus less or equal to 1, which lead to an error at most O(g”). We
separate the cases r = 0 and r # 0, and obtain:

S| < WP 4 gt max N Y. elf(mn+7)— f(mn))],

1<‘T‘|<qp qu71<n<qu q}t*1<m<qﬂ
where we have taken into account the fact that the contribution of O(g”) is O(¢?***P), which is
negligible in comparison with O(¢2#+*)=°) since p < /2.
In order to continue the proof, we will show that only the digits of low weight in the difference
f(m(n+r))— f(mn) have a significant contribution. We will thus introduce the notion of truncated

sum of digits and show that in the sums of type Il we can replace the function f by this truncated
function.

For any integer A > 0, we define f by the formula
n)=> fler(n)q") =a e(n), (19)
k<A k<A

where the integers €;(n) denote the digits of n in basis g. The function f is clearly periodic of period
¢. This truncated function appears in a different context in [DR05| where Drmota and Rivat study
some properties of fy(n?) where X is of order logn. The following lemma is a variant of [MRO05,
Lemme 5|.

LEMMA 3.4. For all integers u, v, p with p >0, v >0, 0 < p < v/2 and for all r € Z with |r| < ¢*,

we denote by E(r, u, v, p) the number of pairs (m,n) € Z? such that ¢"~! <m < ¢", ¢* "' <n < ¢"
and
fm(n+7r)) = f(mn) # furzo(m(n + 7)) = furzo(mn).

Then, if p and v satisfy the condition

27 "

=L < : 20

82 pu+v (20)
we have

E(r,pu,v,p) < (n+v)(logq) ¢" 7. (21)

Proof. Suppose 0 < r < ¢°. In this case 0 < mr < ¢"™P. When we compute the sum mn + mr, the
digits of the product mn of index > u + p cannot be modified unless there is a carry propagation.
Hence we must count the number of pairs (m,n) such that the digits a; in basis ¢ of the product
a = mn satisfy a; = ¢ — 1 for p+ p < j < p + 2p. Therefore grouping the products mn according
to their value a, we obtain

E(rpvp)< Y. 7(a)x(a)
qH+U—2<a<qH+U

where 7(a) denotes the number of divisors of a and x(a) = 1 if the digits a; in basis ¢ of a satisfy
aj=q—1for p+p <j<p+2p, and x(a) = 0 in the opposite case, that is if there exist an index
J, with g+ p < j < p+ 2p, for which a; # ¢ — 1. We deduce that

B < >, 3, 7 = 1)@t 4 (g = )T 4 ).
b<qM+P c<qV 2p
For each c¢ fixed we apply Lemma 3.5 below with

r=¢""P -1+ (q-1)¢"" 4+ +(¢— 1)qu+2p—1 4 ght2e L gt
y = q"**
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(by (20) we have 227/82 < q%(‘“r”) <y < ), so that we obtain
E(r, p, v, p) < ¢~ q" P log "™ = (1 + v)(log q)g" "
The same argument can be applied whenever —¢” < r < 0 counting the pairs (m,n) such that

the digits a; of the product a = mn satisfy a; = 0 for 4 p < j < p + 2p, and we obtain the same
upper bound (21). O

LEMMA 3.5. For z%7/82 < y < x we have
Z 7(n) = O(ylogx).
r—y<n<zx

Proof. 1t follows from Van der Corput’s method of exponential sums (see for example [GK91, The-
orem 4.6]) that

> 7(n) =xlogz + (2y — D)z + O@*"™) =/ log t dt + 2y + O(x7/%2),

n<e 0

where 7 is Euler’s constant. As a consequence we have
xX
Z 7(n) = / logtdt + 2y + O(x*/%2) + O((x — y)*"/%2) = O(ylog ).
T—y

O]

Using Lemma 3.4, we may now replace f by the truncated function f, 4o, defined by (19) in the
upper bound (18), at the price of a total error O((u + v)(log q) ¢>#+*)=P). Thus, if (20) holds then

1S]> < (1 +v)(log q) ™) 7F 4+ ¢ max  Sa(r, p, v, p), (22)
1<]rl<q?
where
52(7’7 w,v, P) = Z Z e(f;H-Qp(m(n =+ 7’)) - f,u+2p(mn)) . (23)

v~ l<nggY |gt T <m<gH
The sum Sa(r, i, v, p) has been studied in [MRO5]. For ¢ > 2 and (¢—1)a € R\ Z, let us introduce
some notations from this paper:

| los(2+v72)

w2 2log2 '
Wy = §_10g5 log 2 for ¢ > 3
1 2 log3) logq -
21
Tg(a) = min | w ’_—Og(goq(oz)/q) for ¢ > 2,
q q logq

where ¢, (t) is defined in Proposition 3.1,
y() = min(ry(@), 1 — 7g(a)) for g >2,
where v,(¢) is defined in Proposition 3.1,

gyla) = 5= W) (21)

B = (8- 2?]223) o) +6 forqg=2, (25)

B := (4= 26‘1Ea§)£q(a) +0 for g >3, (26)
€q(c
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5%:]“'@;fzgikﬂ ) 5 forgq=2 (27)
B = 1-(6 2_2222 i) o) _ § for g > 3. (28)

It is shown in paragraph 7.3 of [MR05] that 0 < § < (1 < 1/3, 1/2 < B2 < 1 and that for any
integers > 0 and v > 0 verifying

w
—i< — +0
B o < B2
we have, for every p < §(a)(p+v),
Sa(r 1,1, 0) <4 w )2, (29)

Let us remark that for any a € R we have ¢g4(a) < < ¢ 50 that

21
74(a) = min (wq, L lf;q )
21 a(
> min (wq, Oglng ) n (wg, 2(1 = 7))
0gq
and
r .
§g(@) = 7y min(wg, 1 —74(a)). (30)
Furthermore by Lemma 7 of [MR07]| we have
™ q-1 2
<1-2 172 y(g—1al?,
so that
(o) > L min (=Ll g 1)af?) > 201 (g~ Dal? 31
1 14 12 (g+1)logq
for

1 2 qg—1
cl = 28 min <4wq, 12(q+1)logq> .
It follows from (22) that
[SI” <q (ot v)*g? 27
for p < 2¢1 ||(q — 1)a||* (u + v) so that
S| <4 (1 +v) gAellta=Dal®) (uty)

which ends the proof of Proposition 3.2.

We are now able to complete the estimate for type-II-sums. It follows from Proposition 3.2 that
we can apply Lemma 3.2 with g(n) = e(asq(n)) and some V' such that

V<, (u+v) q(l—CIH(q—l)aHZ)(u—‘rV) <, (log z) sl-allle=Dal?
This shows that for x > xg = max(ql/(k@), q3/5) we have uniformly for M such that
B <MK x,@Q

the estimate

Z Z ambng(mn)| < (1 +1log22) V <, (log z)? gl=erl(@=Dall” (32)

—<m<M T <n< -



M. DRMOTA ET AL.

It now follows from paragraph 7.3 of [MRO05] that the values of 31, 52 and J in Proposition 3.2 lead

6/€q(ct) 6 3
to take zg > ¢%%\®). By (31) we have FOD la=Dal?’ 5° that we can take

3

xo 1= gellla=Dal? (33)

3.4 Proof of Proposition 2.1

In order to prove Proposition 2.1 we apply Lemma 3.1. Indeed Proposition 3.1 shows that (10) is
true for any x > 2 with some U such that

U <<q xl—nq(a) 1ng <<q l.l_cl||(q_1)aH2 10g$

(the second upper bound follows from (31), (30) and (16)) and (32) shows that (11) is true for any
T > xo with some U such that

It follows from Lemma 3.1 that for = > xg

> Al)gn)| <q 2' 10D log ),

z/q<n<z

By (33), the condition > g is equivalent to ||(q — 1)a|| > co(logz) /2 with ¢y = ,/3151“, so that
we have proved (9) which ends the proof of Proposition 2.1.

4. Proof of Proposition 2.2

To prove Proposition 2.2 we will approximate the sum-of-digits function by a sum of independent
random variables.

4.1 Approximation of s,(p) by sums of independent random variables

We fix some residue class k mod ¢ — 1 with (k,¢ — 1) = 1, and for (sufficiently large) z > 2 we
consider the set of primes

{peP:p<x, p=kmodqg—1}.
Its cardinality is denoted by m(z;k,q — 1) and it is well known that we have asymptotically
m(x) 1 1 x
————(1+ 0O ((logz = —
plg—1) ( ((og2)™)) p(g—1)logx

If we assume that every prime in this set is equally likely, then the sum-of-digits function s,(p) can
be interpreted as a random variable

Se=S:(p) =s4(0) = Y i(p).

j<log, @

m(z;k,q—1) = (1+0 ((logz)™)).

Of coures, D; = Dj, = ¢;, the j-digit, is also a random variable.

We can now reformulate Proposition 2.2. Set L = log, z. Then the asymptotic formula (7) is
equivalent to the relation

. 4
p1(t) = E (S L)/ LR/ _ =422 (1 L0 (1 t )) vo( o (34)
og T (logx)2™"

that is uniform for [¢| < (logz)7. We just have to set a = t/(270o,(log, x)1/2),
10
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For technical reasons we have to truncate this sum-of-digits appropriately. Set L' = #{j € Z :
L"<j<L-L"}=L-2L"+0(1), where 0 < v < % is fixed, and

T, = Tx(p) = Z 5]‘(])) = Z Dj
LY <G<L-L¥ LY <G<L—L¥
First we observe that ¢ () and
0a(t) = E tTamL'na)/(L'a)!/?
do not differ essentially.

LEMMA 4.1. We have, uniformly for all real t

e1(t) - @2(t) = O ('t') .

(log )2~
Proof. We only have to observe that |L — L'| < L, ||Sy — Tylloc < L”, ||Sz]lcc < L and that
e — €| < |t — s|. Consequently

Sy —Lpg Tp—L'pg

(Lag)l/z (L’ag)W

|Se — Telloo . |L— L] 1 1

d

i_,°

(log 2)’
This proves the lemma. O

lp1(t) — @2(t)] < [t/ E

<

Now we approximate T, by a sum T, of independent random variables. Let Zj (j =2 0) be a

sequences of independent random variables with range {0,1,...,¢ — 1} and uniform probability
distribution
1
P{Z; =10} =-.
q
We then set

Tr = Z Zj.

LY <G<L—LY
Note that expected value and variance of T, are exactly given by
ET,=L'yy; and VT,=L'o,.
Since T, is the sum of independent identically distributed random variables it is clear that T,
satisfies a central limit theorem. For the reader’s convenience we state the following well known
property.
LEMMA 4.2. The characteristic function of the normalized random variable T, is given by

T [ ) t4
p3(t) 1= Bt Te=Lua) [(LoD? _ =t2/2 <1 +0 <logx>> %)

that is also uniform for |t| < (log x)i
Proof. First note that
Eols = H Ev%i
LY <G<L—L¥
—q VA 4+v+02+ -+ HL.
11
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Now (35) follows by setting
v = it/ (L) /?
and by using the Taylor expansion

14 e 4 ... 4 eislg—1) 1
log < re hte =S — 50‘282 +0(sh).
q

Note that there are no odd powers of s (despite the linear one) since the random variables Z; are
symmetric with respect to their mean. O

Thus, it remains to compare @3(t) and p3(t). In what follows we will prove the following bound.

PROPOSITION 4.1. Suppose that n and k satisfy 0 < 2n < k < v. Then we have uniformly for real t
with [t| < L"

|o2(t) = @a(t)] = O (Jtle™ "),
where c; is a certain positive constant depending on n and k.

Note that e=“11" <« L~!. Hence, Proposition 4.1 (together with Lemma 4.1 and Lemma 4.2)
immediately imply (34) and, thus, Proposition 2.2.

4.2 Comparision of moments

In what follows we will use the following well known bound on exponential sums over primes.

LEMMA 4.3. Forxz > 0,0 < K < %logq x, Q integer with ¢ < Q < xq~ ¥ and A integer coprime

with (), we have
Z e <gp) < (log :1:)2 :):q_K/Q,

psz
where the implied constant is absolute.

Proof. We just have to apply a partial summation and the estimate in [IK04, Theorem 13.6]. O
LEMMA 4.4. Let 0 < A < 1 and

e ¢
Ua:=[0,AlU [ [—A,+A} Ul—A 1]
o La q

=1
Then for L¥ < j < L — L and 0 < A < 1/(2q) we uniformly have, as © — oo,
1
7T(-iU;k‘,q - 1)

where c3 is a certain positive constant.

#{p<x:pzkmodq—1, {qﬁl}GUA}<<A+€_c3LV7 (36)

Proof. We just have to show that the discrepancy D of the sequence (pg~/~!) where p ranges over
all primes p < x with p = k mod ¢ — 1 is bounded above D < e~%L", Of course, (36) follows then
immediately.

We use the Erdgs-Turan inequality saying that
H
1 1 1 h
D — E e —y g ——
<<H+ h|w(z;k,q—1) 4 €<qﬂ+1p> ’
h=1 p<z, p=k mod g—1

where H > 0 can be arbitrarily chosen. For our purpose we will use H = |e"| (for a suitable
constant ¢ > 0).

12
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First of all recall that
1 3 ket ¢
> =g () el )r)
p<z, p=k mod g—1
Thus, we actually have to estimate exponential sums of the form

= (e gt))

p<z
We represent the rational number in the exponent by
h L A

g 1T Q)
where (A, Q) = 1. Then Q > ¢/*!/H. Hence, we can apply Lemma 4.3 with K = %L” and we finally
obtain with H = Lq%LVJ

+ L4q7§L
< 6—83LV’

where c3 < %log q. This completes the proof of the lemma. O

The key lemma for comparing moments of T, and T, is the following property. Note that the
essential difference to [BK95] is that the estimate in Lemma 4.5 is uniform for all 1 < d < L.

LEMMA 4.5. Let 1 <d < L' and ji,j2,...,Jq and £1,/s, ..., L, integers with
LV<j1<je<---<ja<L-—-L"

and
O b, .. lge{0,1,....q—1}.

Then we have uniformly

1
m#{pgx:pzkzmodqfl, €,(p) ="01,...,€,(p) =g}

—¢ %40 <(4Lu)de—C4L”) ’
where c4 IS a certain positive constant.
Remark 2. Note that Lemma 4.5 can be also interpreted as
Pr{Dj .="0,...,Dj,» ={q}
=Pr{Z;, =0,...,Z;, =g} +O ((4L”)de—C4L”) (37)

This means that the joint probability distribution of the summands of T, and that of the summands
of T', is very close. Note further that (37) is also valid if jq, jo, ..., jq are not ordered and even when
they are not distinct.

Proof. Let fi a(x) be defined by

AJ2
fZA . A/ [l Z+1] {l‘+z})

A/2
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where 14 denotes the characteristic function of the set A. The Fourier coefficients of the Fourier
series fra(z) = D_,cz dme,ae(ma) are given by

1
dogn = —
q
and for m # 0 by

() = (FPF) () —e(-mp)

2mim 2mimA
Note that d, ¢ o = 0 if m # 0 and m = 0 mod ¢ and that

(] < in (=,
<min| ——,— ).
mhA mlm|” Amrm?

By definition we have 0 < fya(x) < 1 and

dm,é,A =

1 ifxe[ +A 5 - Ay
feale) =1 ifxe[o,l]\[g—Aa%JrA}'

So if we set

ti(yn, - ya) : Hf&,A <qﬁ+1)

(where 1 = (¢1,...,44) and j = (j1,...,Jq)) then we get for A < 1/(2q)

#{péxpzkmodq—l, ejl(p):Zlv"'vejd(p)ZEd}_ Z tLj(pa"'ap)
p<x,p=k mod q—1

c = p
<d-LV<Ijngl)l(_Lu#{p<$.p:kmodq—l, {q]+1} EUA}

< dn(z) (A+e ).
The third line follows from Lemma 4.4.
For convenience, let m = (mq,...,mg),

and

dm,l,A = H dmi,éi,A~
i=1
Then t15(y1, ... ,yaq) has Fourier series expansion

(e, va) = Y dmpae (mig "y 4+ mag 7 yg)
m

Thus, we are led to consider the exponential sum

S = Z tj(,---5p)

p<z,p=k mod q—1

= Z dm 1A Z e ((mlq*jlfl 4+ 4 mdq*jdfl)p)
m

p<z, p=k mod q—1

()T (o 20))

r= p<x

14
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If m=(0,...,0) then

m(x; k,qg—1
dos Y el =TI
p<z, p=k mod g—1 q
which provides the leading term. Furthermore, if there exists i with m; # 0 and m; = 0 mod ¢ then
dm, = 0. So it remains to consider the case where m # 0 and we have m; = 0 or m; # 0 mod ¢ for
all 7. We write the exponent in the form

n r A
m:-v; _ = —
Tig-1Q
with (A,Q) = 1. In order to apply Lemma 4.3 we need a proper lower bound for @. Note first
that m - v; can be written as mq 71, where j > j1 and m # 0 mod ¢. Suppose that the prime

decompositions of ¢ and m are given by

q=p5--pf* and m=p - plm/

where p1,...,p are primes with p; < ps < -+ < pg, m’ has no prime factors py,...,pg, and we
have e; > 0 and f; > 0 fori=1,...,k. Since m # 0 mod ¢ there is some i with f; < e;. Thus, if we
write

m p{l “_pikm/ Al

m-vi=—— = . . = —,
/TR p{l(]-f'l) o fk(]"!‘l)( )i+l Q'

where (A’, Q') = 1 then we certainly have Q' > p/® > p!. Hence, with ¢ = (log p)/(log ¢) we obtain
Q' > ¢¢7. Finally, since A/Q = A'/Q' +r/(q — 1) and (Q',q — 1) = 1 it follows that Q > @' and
consequently

> q > ¢ 2 ¢

If we now apply Lemma 4.3 (w1th K = L") and obtain

)
5= ”(x? )40 (2225 3 |y al
m=#0

Since

D ldmpal < (2+2log(1/4))

m#0
it is possible to choose A = e~" and one finally gets
1
m#{p Sz:p=kmodq—1, ¢,(p) =b,...,€6,(p) =4q}

=g+ 0 (A + ) 4 0 (L (ALY)te 3 )
=0 ((aryte=st")
for some constant ¢4 > 0. O

Now we compare centralized moments of T, and T,.

LEMMA 4.6. We have uniformly for 1 <d < L'
d d

- d

gL Lr) _g(lazlim) |, <<4q> L(5+v>deC4Lu>
\/L'o? \/L'o?

where ¢4 > 0 is the same constant as in Lemma 4.5.

15
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Proof. We expand the following difference
d d

0a=E Z (Djz—pq) | —E Z (Zj — 1q)
Lv<G<L-L¥ Lv<G<L-L¥
and compare them with help of (37). In fact, we have to take into accout (¢L')? terms and, thus, we
get
64] < (qL)H(ALY)te—aL".

Of course, this proves the lemma. O

4.3 Proof of Proposition 4.1

Finally, we can complete the proof of Proposition 4.1 By Taylor’s theorem we have for every integer

D > 0 and real «
i (i) |ul P
e = Z - + O o )

0<d<D
Consequently we have for any random variables X and Y

EeitX _ Eeity — Z (ZZ;) (E Xd Eyd>
d<D

t t
+O<|| E|X|P - E|Y|D\+2|| E|Y|D>

In particular we will apply that for X = (T, — L’,uq)/(L’ag)l/2 and Y = (T, — L/uq)/(L/a§)1/2.
Further we set D = |L"] for some real x with 0 < x < v (and assume without loss of generality
that D is even) and suppose that |t| < L7 with 0 < n < 3x. Hence, by applying Lemma 4.6 we get

t Ln(d-1) d ,
Z ‘ ‘ ‘E|X‘d E|Y| ‘ < |t| Z ( > L(%-H/)de—c;;L
Oq

1<d<l) d<D
K K 1 K _ K _ v
< ’t’ €L +L"log(4q/0¢)+(5+v+n)L" log L—xL" log L—caL

< [tle(es/

for sufficiently large x.

Finally we have to get some bound for the moments E |Y'|”. Following the proof of Lemma 4.2
it follows that the moment generating function of Y is given by

d
Z aW wY
d>0
= p3(—iw)

4
:ew2/2<1+o( w ))
log

uniformly for |w| < (log :p)% Hence, the moments are given by Cauchy’s formula

d! w? w dw
EY?=—— 21+0 —.
2mi |w|:w0 ( + logz ) ) wit?

Asymptotically these kinds of integrals can be evaluated with help of a saddle point method, where
the saddle point wy (of the dominating part of the integrand ew2/2_dlogw) is given by wy = v/d. Of

16
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course this only works if d = o ((log x)%), where we directly get (for even d)

Eyi- 4 (4 +0 &
 dd/2¢=/2\/7d log =

Thus, for (even) D = |L*] (where k < v < 1) and |t| < L" (where < /2) we have

t[”
D!

I (D-1)

DD/Qe_D/Z* /7D
< |t|enL” log L— kL log L— 3 L*

E|Y|P < |t|
< |t|6—(%;—£—n)LH logL'

This completes the proof of Proposition 4.1.
5. Proof of Theorems 1.1 and 1.2

5.1 Proof of Theorem 1.1

In a first step we show that the integral (8) can be reduced to an integral on the interval [—1/(2(¢ —
1)),1/(2(qg — 1))] for which we can then apply Propositions 2.1 and 2.2. For this purpose set

S(a) = Ze(asq(p)) and Sk(a) = Z e(asq(p)).

p<z p<z, p=k mod g—1

Since s¢(n) =n mod g — 1 we have

and consequently

Thus, Proposition 2.1 also implies the upper bound

Sp(a) < (log z)? zt—ellta=Del, (38)
17
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Further, we have

17“%1
#{p<z:84(p) =k} = / o S(a)e(—ak) da

2(qg—1)

q—2 1
:Z/Q(q_l) S(a+£1> e (— <a+£1) k) do

£=0 _2(q1 ) 7= q-

1 q—2
= /2(q Y e(a(sq(p) — k)) - e (Eplf> do
~ 3@ pz =0 .
D
=

~@-n [" S elasp) | e(—ak) da

T2(g—-1) \p<z, p=k mod ¢g—1

G
=(q— 1)/ ) Si(a) e(—ak) do.
201

Next we split the integral into two parts:

2(ql—l)
o= “,
TS la|<(log z)n—1/2 (logz)n=1/2<|al<1/(2(g—1))

T 2(g-1)

The first integral can be easily evaluated with help of Proposition 2.2. We use the substitution

a =t/(2roq,/log, x) and obtain

/ Sk(a)e(—ak) da
|| <(log )1 =1/2

=n(z;k,q—1) / e(a(pqlog, z — k)) e2ma’oglog, @, (1+0 (a4 logz)) dov
|la|<(log )1 —1/2

+0 (ﬂ'(:c)/ || (log z)” da>
|o|<(log z)7~1/2

_W(.%';]{,q—l) <

B 2rogy/loggx J oo

m(x) L
¢ ((logff)g) o ((10g:v)1—V—2n>
— w (G*Ai/Q i O((logx)*%JrVHn)))

\/2mo2log, x

_ 1 m(z) (e—Aiﬂ + O((log x)_%+y+2n))> ,

plg—1) \/2mo2log, x

ez’tAk—t2/2 dt + 0O (7_‘_($)e—27r2ag(logx)2")

where

k — pglog, x

\/o2log, x

18
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The remaining integral can be directly estimated with Proposition 2.1 (resp. with (38)):
Sk(a) e(—ak) da < (logx)? ze (4=1)*(log)*"

m(x)
logx

/(bg x)1=12<al<1/(2(g—1))

<

Finally, if ¢ with 0 < € < % is given then we can set v = %6 and n = %6. Hence 0 < 1 < %1/ and
v+ 2n = e. Thus, Theorem 1.1 follows immediately.
5.2 Proof of Theorem 1.2
Set Am(z) = #{p < z : s4(p) = m}. Next note that [su,log,p] = m if and only if g < p <
¢\t /1a Hence
#p<wi5gp) = lngloggpll = Y (Anlg ) — Ay (g
m<| pqlog, =]

+A Liq log,, x| (l’) - ALM‘Z log,, x| (qLuq log,, z] ///'q)

Now Theorem 1.1 implies that

m/p
Ap(gmre) = =L (14 0(m™1+9))
(m/pq)>
where
qg—1
c= .
¢(q —1)logqy/2m02
Similarly we have
(m+1)/p
Am(q(m—&-l)/#q) — C% <1 + O(m—é—i-s)) )
(m/pq)?
Set
. log, x
= /bq o1/ kg _ _ |Ha'98q T
C: Z q q(q 4 1) and  fpax - \‘q—lJ'

0<j<q_11 (j,q—l):l
Then we have

3 (Am(q(mﬂ)/uq)_ Am(qm/uq)) - Y

(ela=1)/u
q ~c (1 ¥ 0(1—%+€))
2

Cmax(q—1)/1q
- : ’ —14e
-~ (log, @) C @ (14 Oogz)~579)) .
Further,

L1q log, z]-1

3 < A (gD 1ay Am(qm/uq)>
m=Lmax(q—1)
=% 3 o/t <q1/uq _ 1) (1 4 O((logm)*%%))
2

1
(log, z) 0j<{ LBt Y (g-1)

(j»qfl)zl
19
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and finally

14Luqlogqxj(

_ c (qlogql‘ _ qLuq log, :cj/uq) (1 + O((logx)_%ﬂ)) )

qLuq log, =]/ Ha) ;
(log, x)2

Putting these three estimates together we directly obtain (5) with

Q) =c

q*{t}(qfl)/uq

m + q—{t}(q—l)/uq Z gi/Ha <ql/uq _ 1) +1— q—{(q—l)t}/uq

0 <(q—1){t}

which ends the proof of Theorem 1.2.

Acknowledgement. The authors are grateful to the referee for checking carefully the proofs and
suggesting several improvements.
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