AUTOMATIC SEQUENCES GENERATED BY SYNCHRONIZING
AUTOMATA FULFILL THE SARNAK CONJECTURE

JEAN-MARC DESHOUILLERS, MICHAEL DRMOTA, AND CLEMENS MULLNER

ABSTRACT. We prove that automatic sequences generated by synchronizing automata sat-
isfy the full Sarnak conjecture. This is of particular interest, since Berlinkov [2} 3] proved
recently that almost all automata are synchronizing.

1. INTRODUCTION
In 2009, Peter Sarnak stated the following conjecture [17]:

Conjecture 1.1. Let u be the Mébius function. For any sequence £(n) observed by a deter-
ministic flow (X, T), it holds that

(1) Y &n)u(n) = o(N).

n<N

There are some classes of functions for which the Sarnak conjecture has already been
proved, as for example periodic sequences, quasiperiodic sequences [7], nilsequences [12] and
horocycle flows [5].

The purpose of this paper is to add a further class of sequences £(n) that fulfill the Sarnak
conjecture, namely automatic sequences that are generated by synchronizing automata.

Let us be more precise. Suppose that A is a complete deterministic finite automaton with
output (DFAQO) with input alphabet ¥ = {0,...,k — 1}, transition function §, state set @
with the initial state ¢ and output mapping 7 : @ — A. We say a sequence (a,)nen i8
automatic if there exists a DFAO A such that a, = 7(6(qo, W,,)) holds for all n > 0, where
w,, is the representation of n in base k. As in the definition given in [I p. 152], we assume
the input starts with the most significant digit.

A DFAO A is called synchronizing if there exists a synchronizing word w € ¥* whose
action resets A, i.e. w leaves the automaton in one specific state, no matter at which state
in @ it is applied: d(q, W) = 0(qo, W) for all ¢ € ). Note that the output of a synchronizing
automaton for an input word only depends on the last occurence of the synchronizing word
and the part thereafter.

We fix a synchronizing DFAO A and denote by a the corresponding automatic sequence
(an)nen. We denote by T' the shift-operator on the sequences in A. We then define X :=
{T™(a) : n € No}. Since the subword complexity of an automatic sequence is at most linear
it follows that the topological entropy of the dynamical system (X,T) is zero. Thus, any
automatic sequences (as well as any other sequence observed by (X,T)) is observed by a
deterministic flow. It is therefore natural to study the Sarnak conjecture for automatic
sequences and their related dynamical system.

Actually a Mo6bius randomness law has already been established for the Thue—Morse se-
quence [6], [15], the Rudin—Shapiro sequence [I6] and sequences related to invertible au-
tomata |8, [10].
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As already mentioned the main focus of this paper is to study automatic sequences that are
generated by synchronizing automata. It is worth mentioning that Berlinkov [2, [3] establishes
a result showing that “almost all” automata are synchronizing. In particular this means that
we are studying — more or less — almost all automatic sequences and only ezceptional cases
are not covered. (By the way the Thue—Morse sequence as well the Rudin—Shapiro sequence
are exceptional from this point of view.) Nevertheless the following general result can be
proved by elementary methods.

Theorem 1.2. Let h : N — C be a bounded function fulfilling
(2) Z h(an +b) = o(N) for all positive integers a,b.

n<N

Let, furthermore, (X,T) be the dynamical system related to an automatic sequence (ay,)nen
that is generated by a synchronizing automaton, where the input starts with the most signif-
icant digit of n. Then for all sequences £(n) := f(T™(x)) (with x € X and f € C(X,C)) we
have

S £(n)h(n) = o).

n<N

This implies the full Sarnak conjecture for this dynamical system.

In Section [3| we address the case where the sequence under consideration is produced by a
synchronizing automaton, where the input starts with the least significant digit. Finally in
Section [4] we discuss Gelfond-like problems for sequences that are generated by synchronizing
automata.

2. PROOF OF THEOREM [L.2]

We recall that we work with a fixed synchronizing DFAO A and denote by a the cor-
responding automatic sequence (a,),en. We denote by T the shift-operator on the se-
quences in A and define X := {T™(a):n € Ny}. In this case we can use the metric
d(x,y) =300 27" d, (2, yn) on X, where d,, denotes the discrete metric on A.

First we present a simple lemma that reduces the Sarnak conjecture for the dynamical
system (X, T) (i.e. the full Sarnak conjecture for a) to a Mébius random law on the corre-
sponding automatic sequence a = (G, )pen-

Lemma 2.1. Suppose that for every j > 1 and for every function g : A? — C we have

Z 9(Antts Gnests - Anperj—1)h(n) = o(N),
n<N
uniformly for £ € N, where h : N — C satisfies (@ Then we also have
> &(m)h(n) = o(N).
n<N

for all sequences of the form &(n) = f(T"x), where x € X and f € C(X,C).

Proof. Let f € C(X,C) and £ > 0 be given and suppose that h : N — C satisfies and
w.l.o.g. |h(n)| < 1. Furthermore we assume that A is linearly ordered.
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By continuity there exists ¢ > 0 such that |f(z) — f(y)| < ¢/2 if d(z,y) < §. Next fix
j > 1 with 277 < §. For every x = (xg,x1,...) € X set

ZE(J) = (ZEO, L1y 7xj—17yj7yj+17 .. )
such that (y;,y;+1,...) is the lexicographically smallest sequence in A with (xg, 21,...,2;_1,
Yi»Yit1,---) € X. Then d(z,29) < 279 < § and consequently |f(z) — f(z9))| < £/2. Hence
3" H@e)h(n) = Y F(T"2)D)h(n)| < gN.
n<N n<N
Since ) only depends on z, . . . ,¢j_1 the function f(219)) depends only on x, . .. ,Tj_1, too,
and can be written as f(z()) = g(zo,...,7; ;) for a properly chosen function g : A7 — C.
By assumption there exist Ny = Ny(g) such that
5
Z g(anﬂ;, Antl4+1y - - - >Cln+£+j—1)h(n> < §N
n<N

for all N > Ny and all ¢ > 0.
Finally we fix x € X. By definition this means that for all N € N there exists ¢ € N with

(3) Ty =ape forn=1...,N+j.
In particular it follows that

FUT"2)9) = glanie, nperty- - anierj1) forn=1,... N,

and, thus,
, €
Z f((TnfE)(J))h(n) = Z 9(Anits Qnpetts - - -5 Angerj—1)R(n)| < EN-
n<N n<N
Consequently we have for N > Ny(e)
> [T x)h(n)| <eN,
n<N
which completes the proof of the lemma. [l

Next we find specific bounds on how often synchronizing words occur.

Lemma 2.2. Let A be a synchronizing DFAO with synchronizing word w € ™. There
exists n > 0 depending only on mqg and k such that the number of synchronizing words of
length n is bounded from below by k™(1 — k™~"™) for all n € N, that is, at most O(k"1—7)
words of length n are not synchronizing.

The same kind of statement holds if we delete leading zeros of the words in X" and consider
only those words in X" for which the reduced word is synchronizing.

Proof. We note that if W occurs as a (consecutive) subword of some w € ¥*, then w is also
a synchronizing word. We decompose now every word w € X" into |n/my| distinct parts,
each of length mg and one part of length (n mod my). If w is not synchronizing, it follows
directly that each of the blocks of length my must not coincide with w. Thus we can bound
the number of words of length n that are not synchronizing by (k™° — 1)ln/mol . jnmodmo,

We define n := % > ( and the statement follows directly.
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It is easy to extend the proof to the reduced case, where we delete leading zeros. 0

Now we are prepared to prove the following proposition which gives rise to the main
theorem of this paper, Theorem [I.2]

Proposition 2.3. Let (a,)nen be an automatic sequence generated by a synchronized au-

tomaton. Then for all j € N, h: N — C fulfilling and g : AV — C
Z 9(@ngts Anpey1, - - Anpeyj—1)h(n) = o(IV)
n<N

uniformly for ¢ € N.

Proof. Without loss of generality, we assume that g is absolutely bounded by 1. We have to
show that Ve > 0,dNy € N such that for all N > Ny and all £ >0

Z g(an+€7 An+e4+15 - - - 7an+€+j—1)h<n) < €N,

n<N

in particular, Ny does not depend on ¢. We choose n; such that there exist at least k" (1 —
e/(3k7)) synchronizing words of length n;. (Lemma [2.2| shows that

o= L (mg - LB

log k

is a valid choice.) Let M denote the set of integers 0 < m < k™ such that the j input
SequUences Wy, yimod kn1, 0 < @ < j, are synchronizing. Clearly we have |M| > k™ (1 —¢/3).
We then choose N, such that for all a < k"', N > N,

e N

n<N
n=a mod k"1

Furthermore we assume that Ny > 3k™ /e. Note that Ny only depends on ny, k and e(and
h).
Furthermore we note that if n = m mod £™ for some m < k™ for which the input word
W,,, is synchronizing we have a, = a,, since w,, = vw,, for some v € {0,..., k — 1}*.
Hence, we obtain

Z 9@ty Ongpgrs - - -y Qnoyj—1)h(n)
n<N

<Y > 9ttt anresrs - neesi—)h(n)| + #{n < Nt (n+ £ mod k™) ¢ M}

meM n<N
n+¢=m mod k™1

< Y lolom ol | h|+ [ ] o)

meM n<N
n=m—~{ mod k™1
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which completes the proof. [l

Of course this implies Theorem

3. READING THE DIGITS IN REVERSE ORDER

We made the usual convention that we start with the most significant digit of w,, for the
input in A. We could also start with the least significant digit but then we will get (in
general) another automatic sequence which can be also considered as an automatic sequence
generated by a synchronizing automaton.

If we start with the most significant digit, then the analysis of Section [2| shows that the
density of the pull-back of an element of the output set exists (see also Section . However, if
we start with the least significant digit the situation is completely different. As we will see in
the analysis below we will typically get no density (just a logarithmic density). Nevertheless
we can also say something in the direction of the Sarnak conjecture for sequences of this
kind (however, in a slightly different form).

Theorem 3.1. Let h : N — C be a bounded function fulfilling
(4) Z h(n) = o(N).
n<N

Let, furthermore, (a,)nen be an automatic sequence that is generated by a synchronizing au-
tomaton, where the input starts with the least significant digit of n; without loss of generality
we assume that A C C. Then we have

> " anh(n) = o(N).
n<N
This implies that (a,)nen is orthogonal to the Mébius function in the sense .
In order to prove Theorem [3.1] we will use the following lemma.

Lemma 3.2. Let k > 2, f : N — C a bounded function and B a subset of N with density 1.
Then the following properties are equivalent:

(5) Y fm)=o(N) (N o0).

n<N

(6) For allb e B > Ok +n)=o(k)  (t— o).
0<n<kt
Proof. Without loss of generality, we may assume that f is bounded by 1.

First we assume and prove (@ for any non-negative integer b not necessarily belonging
to B. For € > 0, we select T, such that for all N > k’¢
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For t > T, we have

SR 0| < Y fm)|+| D] fm)

n<kt m<(b+1)kt m<bkt

((b+1)k" + bk")

t
)

<

IN
= glo

which proves ().
Second we now assume that @ holds true. We fix ¢ > 0 and construct an integer V' such
that

(7) for all N > k" > f)| <eN.
n<N
For this purpose we first select v such that
(8) forall M >k #([1,M)NB) > (1 - Z) M and k< Z.

Condition (6] says that for all b € B and for all n > 0 there exists T'(b,n) such that for all
t = T(b,n)

(9) > Ok +n)| <k

0<n<kt

We define V' by

€
(10) V=0v+ beB{ré?kch T (b, —4k2“+1> .
Let N > kY; we let u = |log N/logk| so that k* < N < k*"L. We set A = | N/k* "] so
that k* < A < kT, We split the interval [1, N] into the disjoint union of A + 1 intervals
Iy, I1,..., 14 given by

IO = [1’ku—v)7
I, = [ak"™" (a + 1)E*), forl<a<A,
Iy = [Ak"", N].

Since the length of any interval [; is at most k“~", we have

> fn)

nelgUl 4

Since A > kY, we have by

YD fn)

1<a<A, agB nel,

(11) N.

< |Io| + [1a] <2K"7° <2NE™° <

Do ™

g £
12 < I| < Ak < =N.
(12) < Y L=y <

4
1<a< A, a¢B




SYNCHRONIZING AUTOMATA FULFILL THE SARNAK CONJECTURE 7

I a € B, we have by (9) and

uU—v 6 UuU—v 5
Zf(m)‘: D k" dn)| < ook < o,
mel, 0§n<ku7'u
Since A < k¥*!, we have
Ae €
o S Y| Y |Y s vy
1<a<A,aeBmel, 1<a<A,aeB |mel,

Putting together , , and , we obtain (7)), which completes the proof of Lemma
O

It is now easy to complete the proof of Theorem
Proof. (of Theorem First we observe that (4) and the first part of Lemma [3.2] imply

> bk +n) = o(k')

0<n<kt

for all positive integers b.

Next let B be the set of positive integers b for which the k-ary expansions w; are synchro-
nizing (when we start with the least significant digit). Hence for every integer of the form
m = bk +n (with b € B and 0 < n < k') the output a,, of the automaton is constant,
namely a,. Thus it follows that

D apesnh(Ok' +n) =a, Y h(bE' +n)=o(k")  (t—o0).

0<n<kt 0<n<kt

By Lemma the set B has density 1. Consequently it follows by Lemma that
> auh(n) =o(N), (N —o0)

n<N

which finishes the proof. U

We remark that we (usually) get no densities of the pull-back of the elements of the output
set. Namely, for every synchronizing b the set |J,»,{bk" +n : 0 < n < b’} (on which the
output sequence equals a;) has no density. -

Finally we note that we do not see how we could generalize Theorem to the dynamical
system related to (a,)nen. We can show that for any 7 > 1, g : A’ — C and any £ > 1, one
has

Z 9(Ante, Anests - - Anperj—1)h(n) = o(N), (N — o0),

n<N

but it is not clear how to show the uniformity in ¢.

4. GELFOND PROBLEMS

Let sg(n) denote the k-ary sum-of-digits function. Then it is well known that sequences
of the form a,, = sx(n) mod m are k-automatic. The most prominent sequence of this form
is the Thue-Morse sequence t, = so(n) mod 2.
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Without using (or even knowing) the notion of automatic sequences, Gelfond [I1] proved
that for every £ € {0,1,...,m — 1}

#{n < N : si(an +b) Eﬁmodm}:E+O(N1_’7)
m

for some 1 > 0 (provided that (k—1,m) = 1), that is, linear subsequences of the k-automatic
sequence a,, = si(n) mod m are asymptotically uniformly distributed on the output alphabet
{0,1,...,m —1}.

What is even more interesting, in the same paper [11] Gelfond formulated three problems,
which are usually called Gelfond Problems:

(1) If k1, ko > 2 are coprime integers and (k; — 1,my) = (ke — 1,m2) = 1 then

#{n < N : s,(n) = ¢ mod my, sg,(n) =Ly mod my} = +O (N

mime
for some n > 0.
(2) If k> 2 with (k—1,m) =1 then

#{p<N:peP, sk(p)Efmodm}:#_kO(Nln)

for some 7 > 0. (Here 7(z) denotes the number of primes < z.)
(3) If k> 2 with (k — 1,m) = 1 then for every integer polynomial P(z)

#{n < N:s(P(n)) =¢mod m} = % + O (N

for some n > 0.

Whereas the first problem was almost immediately solved by Besineau [4] (without an explicit
error term; the error term was finally proved by Kim [I3]) it took more than 40 years till the
other two problems were solved or came close to a solution. Actually, the second problem on
the subsequence along the primes was solved by Mauduit and Rivat [15]. The third problem
was completely solved for quadratic polynomials by Mauduit and Rivat [14] and partially
solved for general polynomials by Drmota, Mauduit and Rivat [9] (it is assumed that the
base k is prime and sufficiently large with respect to the degree of P(z)).

It is immediate to translate the Gelfond problems to arbitrary automatic sequences. The
only difference is that we cannot expect a uniform distribution on the output alphabet but
just densities (or only logarithmic densities). The general question is maybe out of reach,
nevertheless we can give a complete answer for automatic sequences that are generated by
synchronizing automata.

Theorem 4.1. Suppose that ky > 1 and ky > 1 are coprime integers and (ap)nen € AY and
(bn)nen € AY are automatic sequences that are generated by a synchronizing ki-automaton
and a synchronizing ko-automaton, respectively.

Then for every pair («, 8) € (A1, Ay) the density

S(0,8) = Jim ~#{n < N (a,b) = (o, 8))

N—oo

exists and equals the product of the densities of o in (ap)nen and 5 in (by)nen-
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Theorem 4.2. Suppose that (a,)neny € AY is an automatic sequence that is generated by a
synchronizing automaton.
Then for every a € A the density
1
op(a) = lim —— eP, p<N:a,=«
p(a) N%M(N)#{p p<N:a,=a}

exists.

Theorem 4.3. Suppose that (a,)neny € AV is an automatic sequence that is generated by a
synchronizing automaton and P(x) is a non-zero and positive integer valued polynomial.
Then for every a € A the density
1
dp(a) = lim N#{n < N :apm) = a}

N—oo

exists.

Before we start with the proof of Theorems 4.1H4.3| we show that every element of the
output alphabet A of an automatic sequence that is generated by a synchronizing automaton
has a density.

Lemma 4.4. Suppose that (a,)neny € AV is an automatic sequences that is generated by a
synchronizing automaton.
Then for every a € A the density

N—oo

1
d(a) = lim N#{n <N:a,=a}
ex1Ssts.

Proof. Let € > 0 be given. Then by using a simplified version of the arguments in the proof
of Proposition there exists n; > 1 and a set M of integers 0 < m < k™ such that
|M| > k™ (1 — ¢) and that all words w,, with m € M are synchronizing (in the automaton
related to (a,)nen). We also recall that a,, = a,, if n = m mod k™. Hence it follows that

#{n<N:a,=a}= Z #{n < N:n=mmodk™}+ O(eN)

meM, am=a

_ (% + 0(1)) L O(eN)

meM, am=a
_#{meM:a,=

- N+ O(™) + 0N,

Consequently, the sequence
1
—#{n<N:a, =«
is a Cauchy sequence and, thus, convergent. [l

Proof. (of Theorem As in the proof of Lemma we construct for given € > 0 a set
M of integers 0 < m; < ki"* such that |M;| > k™ (1 — ¢) and that all kj-ary words w,,,
with my € M; are synchronizing in the automaton related to (a,)nen. In the same way we
can handle the sequence (b,),en. Therefore we have to construct a corresponding set M,
of integers 0 < my < k32 such that |M,| > k32(1 — €) and that all ky-ary words w,,,, with
mg € My are synchronizing in the automaton related to (b,)nen-
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Similarly to the above we obtain
#{n < N : (an, bn) = (a, 5)}
= Z Z #{n < N :n=m; mod k", n = my mod k3*} + O(eN)

m1€M1, am =« ma€Ma, b’mz :ﬁ

-y T (ﬁ + 0(1)) + O(N)

m1EM1, am) =a ma€Ma, bmy =43

:#{mleMlzaml:a}.#{mgeMQ:bm:ﬁ}

N + O(k{"k3?) + O(eN),

kit k5>
where we have used that k; and ks are coprime. Hence the existence of §(«, 3) follows, and
also that it is equal to 0(a) - §(5). O

Proof. (of Theorem For every ¢ > 0 we define a set M as in the proof of Lemma
Furthermore we denote by 7(/N) the number of primes p < N and by 7(a, k; N) the number of
primes p < N with p = a mod k. By the prime number Theorem in arithmetic progressions
we have m(a, k; N) ~ w(N)/p(k) if (a, k) = 1.
Here we have
#{peP,p<N:a,=a}= Z #{peP, p<N:p=mmodk™} + O(er(N))
meM, am=a

_ (V) Lo Ol
=X ey o)+ O + Oer(V)),

meM, (m,k"1)=1, am=a

which shows that the sequence

1
W#{pEP,pgNzap:oz}

is a Cauchy sequence and, thus, convergent. O

Proof. (of Theorem The proof is (again) very similar to the proof of Lemma With
the help of the notation

cm, K)=#{0<n < K: P(n) =m mod K}
we have

#{n < N:apy =a} = Z #{n < N:P(n)=mmod k™} + O(eN)

meM, am=a

= Z (c(m, k™) % + O(c(m, km))> + O(eN)

meM, am=a

- Y _C(nz—fnl) N+ O(k*™) + O(eN).

meM, am=a

Again this proves convergence and completes the proof of the theorem. O
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