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Abstract

We study the total branch length L,, of the Bolthausen-Sznitman co-
alescent as the sample size n tends to infinity. Asymptotic expansions for
the moments of L, are presented. It is shown that L, /E(L.,) converges
to 1 in probability and that L,,, properly normalized, converges weakly to
a stable random variable as n tends to infinity. The results are applied to
derive a corresponding limiting law for the total number of mutations for
the Bolthausen-Sznitman coalescent with mutation rate r > 0. Moreover,
the results show that, for the Bolthausen-Sznitman coalescent, the total
branch length L,, is closely related to X,, the number of collision events
that take place until there is just a single block. The proofs are mainly
based on an analysis of random recursive equations using associated gen-
erating functions.
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1 Introduction and main results

Starting from the seminal work of Kingman [13, 14], coalescent processes have
been proven to be a powerful tool in ancestral population genetics. These pro-
cesses are useful for studying the ancestral history of a sample of n particles,
individuals, genes or DNA sequences chosen from a large population. In this pa-
per we are interested in the total branch length L,, of the subclass of coalescent
processes with multiple collisions, independently introduced by Pitman [21] and
Sagitov [22]. These coalescent processes are also called A-coalescent processes,
because they can be characterized via a finite measure A on the unit inter-
val [0, 1]. For certain subclasses of measures A, the asymptotics of L,, are well
known. Consider for example the Kingman coalescent, where A is the Dirac mea-
sure in 0. For more details about the Kingman coalescent we refer to Kingman
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[13, 14]. In this case the random variable L,, /2 —logn is asymptotically standard
Gumbel distributed. An elementary proof of this result and some remarks about
its history are provided in the appendix (Lemma 7.1 and the remark thereafter).
Another class are the measures A satisfying f[O,l] x71A(dz) < oo. In this case,
as n tends to infinity, L, /n converges in distribution to a limiting variable L
whose distribution coincides with that of fooo e~Xt dt, where (X;)i>0 is a certain
subordinator. This convergence is a slight modification of an analogous result
given in [17, Proposition 5.2] for the number of mutations (segregating sites) for
a A-coalescent with mutation.

Except for the Kingman coalescent, there is only little known about the total
branch length when f[0,1] 27 1A(dx) = co. For example, for the case when A is
the beta(2 — «, ) distribution, it was shown in [1] that L,,/n>~% converges in
probability to a constant, whose value can be given explicitly in terms of gamma
functions.

We focus in this paper on the total branch length L,, of the Bolthausen-Sznitman
coalescent [5], which is the A-coalescent with A being the uniform measure on
[0,1]. The Bolthausen-Sznitman coalescent is an important process that has
been studied extensively. For example, the process has connections to stable
subordinators [3], the genealogy of continuous-state branching processes [2],
and Derrida’s generalized random energy model [6].

Section 2 briefly recalls the definition and some basic properties of the A-
coalescent. In Section 3 we study the total branch length L,, of the A-coalescent.
The branch length L,, satisfies a specific recursion equation (see (2)), which leads
to recursions for many functionals of L,,. For example, in (8) a recursion for the
jth moments ug) :=E(LY) of L,, j,n € N, is provided.

From Section 4 on we focus on the Bolthausen-Sznitman coalescent. Sections 4
and 5 contain the main results of the paper. In Section 4, we modify Panholzer’s
approach [19], based on generating functions, to derive asymptotic expansions
for the moments of L, (see Corollary 4.3) and for the centered moments of
L, (see Corollary 28). In particular, E(L,) ~ n/logn, E(L?) ~ n?/(log®n)
and Var(L,) ~ n?/(2log®n). From these results it follows immediately that
L, /E(L,) converges to 1 in probability as n tends to infinity (see Corollary
4.4).

In Section 5 a weak limiting result for L,, is provided. Theorem 5.2 states that
L,,, properly normalized, converges in distribution to a stable random variable
with characteristic function ¢ — exp(—i7|t| + itlog|t|) (see (31)). We finally
apply these results in Section 6 to the Bolthausen-Sznitman coalescent with
mutation rate » > 0 and derive corresponding convergence results for the total
number S,, of mutations.

2 The A-coalescent process

Let £ denote the set of all equivalence relations on N := {1,2,...}. For n € N
let 0, : £ — &, denote the natural restriction to the set &, of all equivalence
relations on {1,...,n}. For a finite measure A on the unit interval [0,1] let



R := (Ry);1>0 be a A-coalescent process as introduced by Pitman [21] and Sagitov
[22]. Note that R is a Markovian process with state space £. The probabilistic
structure of R depends on the measure A as follows. For each n € N the restricted
process (onR¢)i>0 is Markovian with state space &,, and rates

/ (1—(1—2)—bx(1l—2)" " Ha2A(dz) if&=n,
[0,1]

en = 2771 — )2t A(d) ifte <,
[0,1]
0 otherwise,
where a := |n| and b := |{] are the number of classes (blocks) of £ € &, and

n € &, respectively, and £ < 7 means (by definition) that exactly b —a + 1
equivalence classes of £ merge together to form one class of 7, while all the
other a — 1 classes of £ remain unchanged. For A = ¢, the Dirac measure at 0,
the process R is the Kingman-coalescent [13]. For A being the uniform measure
on [0,1], we obtain the Bolthausen-Sznitman coalescent [5]. It is well known
that the process (|0, R¢|)i>0 is a Markovian death process with rates

ba = < b ) / 277 (1 — )2 Ada), 1<a<b<mn,
a—1 [071]

and total rates

b—1

_ _ \b _ _ \b—1
o = Zgba _ / 1—(1—2)"—bx(1l—2x) Ada), l<b<n.

0,1] a?

a=1

Let (JT("))TGNO denote the jump chain of the process (JonR¢|)i>0. Note that
jo(") = n. The first jump will be to the state k, 1 < k < n, with probability

par = P, =k) = P nkeNk<n, (1)
gn

where I,, := jl("). We think of the process (0,R:)i>0 as a random tree with n
leaves having labels from 1 to n. With this interpretation, |g, R;| is the number
of branches of this tree at time ¢ > 0.

3 Total branch length

We are interested in the total branch length L,, i.e. the sum of the length of all
branches of the tree (0, R;)i>0. It is well known [17, Eqn. (10)] that L,, satisfies
the recursion L; = 0 and

n—1
Ly = To+Li, = To+ Y l—nple, n>2 (2)

k=1
with T), := n7,, where 7,, is the amount of time for which the tree (g, R;)¢>0 has
n branches. Note that (2) holds almost surely and not only in distribution. From



the Markov property of (9, R:)>0 it follows that 7,, is exponentially distributed
with parameter g,. Thus, T;, is exponentially distributed with parameter a,, :=
gn/n. Form,n € N with m < nlet gpm : €, — & denote the natural restriction
from &, to &n. As omBRi = 0nmonR:, the tree (9, R¢)i>0 is obtained from
the tree (onR:)i>0 by removing all branches of the tree (g, R¢):>0 with labels
m—+1,...,n. Thus

L, = L., + Rum, m,n € N,m<n (3)

almost surely, where R,,, denotes the sum of the lengths of all removed
branches. In particular, P(L,, < L,) = 1 for m,n € N with m < n. There
is another interpretation of L,. It is a total cost of a one-sided destruction of
size n recursive trees when the toll variable T;, is exponentially distributed with
parameter «, for n > 2 and 77 = 0. Janson [11, 12], Panholzer [19, 20], and Fill,
Kapur and Panholzer [8] consider similar models with non-random toll functions
T,.

For n € N and j € Ny let pff) := E(LJ) denote the j-th moment of L,,. From
(3) it follows that, for each fixed j, the sequence (u Y ))neN is non-decreasing.

Obviously, ugj) = 0 and, by (2),

pi = i() E(L7,") = i() E(T;, Zp eyl "

=0

= anku(” n>2,j€N (4)

with rest term
") = z() E(T) zpnkw 9,
=1

For j € Ny define the generating functions
wi(s) = Zuﬁf)s” and r;(s) = Z g™, 0<s<1l. (5
n=2 =

In the situation considered in this paper, the toll variables T}, are exponentially
distributed. In this case the generating functions p; and r; are related as follows.

Lemma 3.1 Assume that Ty = 0 and that, for n > 2, T, is exponentially
distributed with parameter o, > 0. Then, forn > 2 and j € N,

) = jagtud ™Y (6)
and, hence,
ri(s) = juj—1(s), JEN,0<s<1, (7)

In particular, r1(s) = po(s) = > e, s =s*/(1—s), 0< s < 1.



Proof. Induction on j. For j = 1, Eqn. (6) is obvious, as rib) = E(T,) = o .
The step from 1,...,5 — 1 to j works as follows. For ¢ € {2,...,5} it follows by
induction and from E(T}) = ila;,* that

(.7 e = (7 )B@6 - i nagtad =
.

1—1

i a1 o
- (.J )”f E(T!)p—

1—1 )

— (J)pu.

j—1
ri) = (J>E T!) anku )+ B(T)

Thus,

S s,
Il
_ =

= (1 e - i) + B
(Ysug -5 (2

=1
(‘ .] )E(Tfl_l)'ﬁ(g—%’—l)
1

N
Il
=

|
'M“'

N
Il
—

I
Mu
B
=
e
|
(]

i=1 =2
(i = s
From the definition (5) of 7;(s) the formula (7) follows immediately. |

Remark. The recursion (4) thus becomes u(j) =0,j €N, and

pd = jag'ul 1)+Zp w), jeENn>2 (8)

With this recursion it is possible to compute M(J )

ugl), . ,,ug,l) via the recursion M(1 ) — 0 and

numerically. First, compute

pD = ot pan,  n>2.

After these first moments are computed, use ,u?) =0 and

n—1
(2) — 2~ 1“(1)+Zp W(2) n>2
k=2
to compute the second moments u(z) ey u%) Repeat this procedure (using

(8)) until yn) is computed.



4 Total branch length of the Bolthausen-Sznitman coales-
cent

In the following we focus on the Bolthausen-Sznitman coalescent [5], i.e. the
A-coalescent, where A is the Lebesgue measure on [0, 1]. A straightforward com-
putation shows that gn,x = n/((n—k)(n—k+1)), k,n € N with k < n, and that

gn =n—1, n € N. Thus, the jump chain (jr("))reNo has transition probabilities
n

_ — ) = Ink _ n
pow = Pn=k) = %% = o mmm—kry L Sk<m O

These transition probabilities coincide with those obtained by Meir and Moon
[15] for the subtree size of a random recursive tree of size n, when an edge is
removed at random. For n € N let h,, := Y. ; 1/i denote the nth harmonic
number. Note that, for n > 2, E(n — I,) = n(h, —1)/(n — 1) ~ logn and
E((n — I,)?) = n(n — h,)/(n — 1) ~ n. As n tends to infinity, the random
variable n—I,, converges in distribution to a limiting variable I with distribution
P(I=k)=1/(k(k+1)), keN.

In this section we study, for arbitrary but fixed j € N, the asymptotics of

the moments u%j) = E(LJ) as n tends to infinity. Of course (see Lemma 7.2

and Lemma 7.3 in the appendix) Karamata’s Tauberian theorem yields MS) ~

n/logn and ug) ~ n?/log? n, but we will not use Tauberian theorems in this
section. Instead, we adapt Panholzer’s [19] approach to derive (see Corollary
4.3 and the examples thereafter) asymptotic expansions for ,u(] ). We start with

providing a recursion for the generating functions p; defined in (5).

Lemma 4.1 (Recursion for the generating functions ;)
ForjeNand0<s<1

oo . S /
. Gyon _ IS / ,uj—l(t) d
= st = t. (10)
In particular,
S g t(2-1)
= dt 0<s<1. 11
a(s) 3—1/ (1—t)2log(1—1t) =9 (11)

Proof. Fix j € N. For 0 < s < 1 define the auxiliary function

log(1 =) _ log(1 — s).

L
= k( k +1)
It is convenient to rewrite the recursions (4) for (,ugf ))nGN in the form
1 n=1  (j)

n—1 . 10
) — (J) E _Ink >0, 12
n Hri + kk+1 - (12)




Multiplication by s™ and summation over n = 2, 3,... leads to

o0

*py(t) n—1 Gyn
N'(S)—/ ——dt = s

0 (7)

0o -1 n—1 ut
= > - st ) s ; (ke +k1)

n=2 n=2

s o ,0) k
= ri(s)+ Z Z s
o k) ni

= 1i(s) +9(s) i (s)-

Taking the derivative with respect to s yields

()~ ) ot 6) g (5) + ol (o),
or, equivalently, p;(s)(1 — g(s)) = p;(s)(g'(s) +1/s) + r’;(s). Now plug in g(s)
and ¢'(s) = —1/s — (log(1 — s))/s? to conclude that

: — . 13

J (I—-5) (1—s)log(l—ys) (13)
Solutions of the homogeneous differential equation f'(s) = f(s)/(s(1—s)) are of
the form f(s) = cs/(1 — s), ¢ € R. Returning to the inhomogeneous differential
equation (13) with initial value p;(0) = 0 we see that p;(s) = ¢;(s)s/(1 — s)

oy = ) s ()

with (0
s r
(s) = — | —L——adt, 14
o) = = | s (14
and (10) follows from (7). We have po(s) = > oo, s = s2/(1 — s), i.e. pj(s) =
5(2 —s)/(1 — s)?, and (11) follows from (10). O

For © > 0 let ¥(z) = I'"(x)/T'(x), where I' denotes Euler’s gamma function.
Write [s]f(8) = fn, if f(5) = >.°" s"f,. In order to derive asymptotic expan-

] n=ng '
sions for the j-th moment ugf ) = E(L7), it is helpful to analyze the asymptotics
of the coefficients [s"]c;(s) of the function ¢; defined in (14).

Proposition 4.2 (Asymptotics of ¢;) Fiz j € N. Asn — oo,

i—1 j—1

n’ ) 7 ni—1
+J“j10gj+1n +O( j+2n)7 (15)

ey () = o

B jlogjn

where the sequence (kj)jen is recursively defined via k1 == ¥(2) =1—v (y =
0.577216 denotes Euler’s constant) and

Kjv1 =k + (G + 1)V +2) GG +1)+¥(), JjeN

__J
j+1



Remark. Using the identities U(x + 1) = ¥U(x) + 1/z, © > 0, and ¥(j + 1) =
hj —~, j € N, where h; denotes the jth harmonic number, an induction on j
yields

kj = (G+Dhj—jy-1, jeN (16)

Proof. The proof goes a similar path as the proof of Theorem 2.1 of Panholzer
[19]. We will use, for a,p > 0, the asymptotic growth of the coefficients (Pan-
holzer [19, Eqn. (19)])

n 1 B no—1 p¥(a) 1
[s }(1 —s5)2(—log(l—s))»  I'(a)log’n (1 + logn + O<log2n>> (17)

and the effect on the growth of the coefficients [19, Eqn. (20)] when integrating
and differentiating the generating function F(s) = > 2, s"n*/(log" n), a,p >
0,

5"] /OSF(t) dt = IZZ;;(HO(:L)), [s")F(s) = I’ZZZL(Ho(i)). (18)

We additionally use Panholzer’s [19, Lemma 4.1, Eqn. (16)] summation expan-
sion: For a;, > —1 and p,q > 0

E(n—k)F  T(a+1I(B+ 1) notA+
Zlogpk:log —k)  T(a+p+2) log”"’qn>< (19)
X<1+(p+q) (a+ﬁ+2)l—p\11(a+1)—q@(ﬂ+1)+O( L ))
ogn log™n

We now verify (15) by induction on j. We have (see Proof of Lemma 4.1) ¢;(s) =
Jo t2=1)/((1 = )*(=log(1 — t))) dt. By (17),

"t _ " 25 — 52
1) = (=
1 1

= 2] -

(1 —8)2(—1log(1l—s)
= v +0(—

(1—5)*(=log(1 - s))

logn log”n log®n
TR 70)) 1
and (18) yields [s"]c1(s) = + + O( )
( ) y [ ] 1( ) logn 1Og2 n 10g3 n
Thus, (15) holds for j = 1. Assume now that (15) holds for some j € N. Then,
by (18), ‘ } A
J nd nd
seh(s) = j— ik —|—O( ; ) 20
l57]e; (#) jlog]n J Tlog’ Tt n log’t?n (20)

From p;(s) = ¢;(s)s/(1—s), i.e. p(s) = cj(s)s/(1—5)+¢;(s)/(1—5)? it follows
that

B w5 (s) _ sci(s) c;(s)
log(1—5)  (1—=s)(=log(1=s)) (1—s)*(—log(l—s))




We have, by (17),
[s"] ! L ¥ +o( ! ).

(1—3s)(—log(l—1s)) - logn  log’n log® n

From (20) and (19) it follows that

sci(s)
(1 —s)(—log(1 —s))
RS kI , k(1)
T e klog(n Y Z < log’ klog?(n — k)

[s™]

l\?

n—2

i+l
. ro(
e JZ log”lklog (n—k) logﬁ'Sn)

j nﬂ+1 (1+(j+1)\11( +2)—j\I/(j+1)—‘I/(1)+O( 1 >)

j+1login logn log®n
j nd Tt
+ 2 (U(1) + Kj) —g—
J+1( ) ])1og-7+2n

] J+l + D)W +2)—gP(j+1 i 1
S 14 U DY +2) — (J+)+fw+0( )
j+1log’ttn logn

and (18) yields

o [F tc;.(t)
) g &1)
i (H(j+1>\P(j+2)—j\If(j+1>+nj+O( 1 ))

j+1log’™n logn log? n
By (17),
1 n n n
" = +V¥(2)—5—+0 .
[S } (1 - 5)2(— log(l - S)) logn ( )log2 n (]0g3 n)
Hence, by (19) and (15) (for j)
n—2 ;
A . Ki=Y(n—k
e =yz#
(1 —5)*(—log(1 — s)) “— log klog(n — k)
n—2 n—2 ;
k210 (2)( ki=t(n—k nitl
+J J A JZ Jj+1 ) O( j+3 )
i log klog 5 log”™" klog(n — k) log’ ™ n

1 gt Hw 2) —jU(j) — U(2 1
Lo <1+(J+) (J+) Jv () ()+0( : >>
j+1llog/tn logn log™n

1
T (W(9 N
+]+1( ( )+Kﬂ7)log]+2

1 ittt G+DYG+2)— V() + kj 1
B j+110gj+1n( * logn +O< ))’

ndtt




and (18) yields

—_ c(t)

) [ i g 22)
_ 1 n’ G+DYG+2)— V() + ky 1
a mlongn <1+ logn +O(log2n)>'

Summation of (21) and (22) yields

w [° 1)
[s ]/0 —log(1 —1t) dt

[ W e
- w1 00— log(i —0) " v 002 logi— 1)
n G+DUG+2) — L0 +1) — 250() + 5

= — |1+
+O(log12n)>

log/ ' n logn

and multiplication by j + 1 leads to

[s"]ej+1(s)
o [ T . o [T (1)
= s ]/0 7_10&11_” dt = (j+1)[s }/O s T dt

e A LS N LA EL U

log logn

(4 Dt 4 G D1+ O —2
J log’ ™ n J I log’ ™ n log’ ™3 n

Thus, (15) is valid for j 4+ 1 and the induction is finished. |

Corollary 4.3 (Asymptotics of the moments of L, )
Fiz j € N. For n — oo, the jth moment of L, has the asymptotic expansion

BLi) = (1 i +O( ! )) (23)

- +
log’ n logn log® n

where mj == k; + 1= (j+ 1)h; — j7.

Proof. We have E(L) = ui) = [s"]p;(s) = [s"](c;(s)s/(1 — s)). From Propo-
sition 4.2 and (19) it follows that

n—1

s e ) = Ylles)

k=0

10



; n—2

kit n’
=J Z 10 I+l (logj+2n)
J ) 1) —59(y 1 J
_w (1+] (J+ ) J ()+0( i ))+Hj .
log’ n logn log“n log’ ™" n
J Jv 1) —5U(y 1
- (14! G+1)—J ()+f@+0< ).
log’ n logn log*n
The corollary follows from ¥(j + 1) — ¥U(j) = 1/5 and from (16). ad

Corollary 4.4 (Weak law of large numbers for L,,)
As n tends to infinity, n='(logn)L, converges in probability to 1. Moreover,
L, — oo almost surely as n — oo.

Proof. Fix € > 0. Define u,, := E(L,,) for convenience. Tschebyscheff’s inequal-
ity yields

(‘**1 ) = P(|Ln = pn| = epn) < Vig(é") = ;(Egl)g

The convergence L,/p, — 1 in probability follows from p, ~ n/logn and
E(L?) ~ n?/log®n. There exists a subsequence (ng)reny With Ly, /fin, — 1
almost surely. In particular, L,, — oo almost surely. Thus, L, — oo almost
surely as P(L, < Lp41) =1 forn € N. O

Remarks. It is remarkable that (23) coincides with the asymptotic expansion
for the jth moment of the number X, of collision events that take place until
there is just a single block (Panholzer [19], p. 277 or Theorem 2.1. with o = 0,
Goldschmidt and Martin [9], Theorem 2.4.). Corollary 4.3 therefore indicates
that, for the Bolthausen-Sznitman coalescent, the total branch length L, is
closely related to X,,. We will exploit this fact in more detail in Section 5.
Corollary 4.3 shows that lim, ., E((L,/E(Ly,))?) =1, j € N. The same result
holds for the sequence (X,,)nen (see Panholzer [19]). The expansions for the
first four moments are

n n
E(L,) — r2- + O( ) 24
(Zn) logn ( ”) log®n log® n 24
2 9 n2 n2
B(I2) = 2 4 (22 10 , 25
(Ln) log®n (2 7> log®n (log4 n) (25)
3 22 n3 n3
B(L}) = 2 +<7_3) +0( ) 26
(Ln) log®n 3 7 log* n log® n (26)
and . . .
n 125 n n
E(LY) = (55 -n) +0(2—) 27
(Ln) log* n 12 7 log® n log®n 27

11



The same argument as given in [19, p. 277] yields the asymptotic expansion

E((L, — E(Ln))) = jEji)jl) logﬁl -~ O(log?izn)7 i>2, (28

for the centered moments of L,. In particular, Var(L,) ~ n?/(2log®n). The
recursion presented at the end of Section 3 yields the following table.

n E(L,) E(L?) Var(L,)
1 0 0 0
2 2 8 4
3 3 15 6
4| 3 =3.777778 5% ~ 21.851852 81 ~ 7.580247
5| db—yadaa4a | 55 < 05726852 555 8 973765
69 — . ~ . 6%8 ~ .

6 | 2200 =5.042222 | P20 ~ 35.687815 | 4255 ~ 10.263810
10 ~ 7.057879 ~ 64.777011 ~ 14.963347
100 ~ 32.441693 ~ 1183.288479 ~ 130.825020
00 ~n/logn ~n?/log’n ~n2/(2log” n)

First moment, second moment, and variance of L,

From (28) it follows that it is impossible to choose a sequence of positive real
numbers (b, )nen such that all the moments E(((L,, — E(L,))/bn)?), j € N,
converge as n tends to infinity. These facts indicate that the moments of L,
(and as well of X,,) do not ‘encode’ a possible limiting distribution in a proper
way.

5 A weak convergence result for the total branch length

In the following we would like to find sequences (an)neny and (by)nen of real
numbers with b, > 0 for sufficiently large n, such that L := (L, —a,)/b, has a
non-degenerate weak limit as n tends to infinity. At a first glance it seems to be
tempting to work with a,, := u, := E(L,) and b,, := o0, := /Var(L,). Then,
by (2), an, = E(T,) + E(ay, ) for n > 2. Thus, the sequence (L} ),en, with the
so defined a,, and b,,, would satisfy

L:l _ LI,,L +Tn — Hn _ &L;’L +

On On On

T, — E(T,) + p1, — E(ur,)

)

n > 2.

For n — oo, this recursion for (L} )n,en leads to a degenerate equation which
does not give any hint on the limiting behavior of the sequence (L% ),en. Re-
cursions with degenerate limiting equation are well known from the literature.
Neininger and Riischendorf [18] study a class of such recursions with normal
limiting behavior. Theorem 2.1 in [18] is not directly applicable in our situation
as the condition (10) in [18] is not satisfied. It turns out that another scaling is
needed. In order to see this we have to study the random variables X,,, n € N,
recursively defined via X; := 0 and

X, = 1+ X, n>2, (29)
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where I,, is independent of X7, ..., X,,_; with distribution (9). The variable X,
can be interpreted in different ways.

(i) In the language of coalescent processes, X, is the number of collision
events that take place until there is just a single block.

(ii) In the language of random recursive trees (Panholzer [19]), X,, counts the
number of removed edges (in a so-called one-sided edge-removal procedure)
until the root is isolated.

(iii) In the language of Markov chains, X, is the absorbtion time, i.e. the num-
ber of steps to reach the absorbing state 1, of the Markov chain (DS"))TGNO,
recursively defined via Dén) .= n and D{" := Ir(foi)l), r € N, where
I (k), Is(k), . .. are independent copies of Iy, k € {1,...,n}, with the con-
vention [; := 1.

The recursion (29) is again of the form (8) in [18], but the results in [18] are
not directly applicable, because I, takes large values (close to n) with high
probability. Define a; := 0, b; := 1, and, for n > 2,

n nloglogn n

ay, = + , and b, := . 30
logn log?n log®n (30)

An analytic proof of the following convergence theorem is given in [7]. A prob-
abilistic proof of the same result was found shortly later [10].

Theorem 5.1 (Weak convergence of normalized X,,)
As n tends to infinity, (X, —ay,)/b, converges in distribution to a stable random
variable X with characteristic function

E(e"X) = exp(—inlt| +itloglt]), teR. (31)

Remark. The distribution of —X is the standard continuous Luria-Delbrueck
distribution (see [16, Theorem 4.1.]).

We now present the weak convergence result for the total branch length L.

Theorem 5.2 (Weak convergence of normalized Ly, )
Asn tends to infinity, (L, —ay) /by converges in distribution to a stable random
variable X with characteristic function given in (31).

Proof. Obviously, (L, — a,)/by, = (L, — Xp)/bn + (X5, — @p)/by. By Theorem
5.1, it suffices to verify that (L, — X,)/b, — 0 in probability. We even show
that (L, — X,,)/bn, — 0 in Lo. For n > 2 it follows from (2) that

n [e%e] n X,—1
Z Z (DI =g} Z <")Zl{D$"):k} = Z Tpem,
r=( k=2 r=0

k=2

13



as D™ =1forr > X, and D™ € {2,... n}for0 <r < X,,.Fork € {1,...,n}

and i = (ig,...,%) with n =49 > i3 > -+ > ix_1 > i = 1 define the events
Api = {X, =k, (D{V,...,D{™) = i}. We have
X, —1 )
(L = Xu)2) = B(( Y (T = 1))
)
= ZP(Ak,i)E(( (T, — 1)) )
ki r=0
k—1 k—1
= Y P (D E(T, - DY + D BT, ~ DT, ~1).
ki r=0 Tl
r#s

The random variables T; , r € {0,...,k—1}, are independent and exponentially
distributed with mean E(7T; ) = ¢,./(i, — 1). Moreover, i, > k — r 4+ 1. Thus,

k-1 k-1 k-1
: 1) = < < < .
;()E(T“ ) ;0% gok s 1+logk <1+logn

Furthermore, E((T;, — 1)?) < E((Ty — 1)?) = 5. Therefore,

B((Ln — Xa)?) < ZP(Ak,o(kZlE((TiT ~1)?) + (kzlEmT 1))
i r=0 r=0

< Y P(Ags) (5k+ (1+1ogn)?) = 5E(X,) + (1+logn)?.
ki

Therefore, E((L,, — X,,)?) = O(n/logn), as E(X,,) ~ n/logn (see Panholzer
[19], p. 277 or Theorem 2.1. with o = 0). From the definition of b, it finally
follows that (L,, — X,,)/b, — 0 in Lo. O

6 Application: Mutations

Assume that mutations occur on each branch of the coalescent tree according to
a homogeneous Poisson process (My);>o with rate > 0, which is independent
of the coalescent (Ry);>0. Let S,, denote the total number of mutations on the
branches of the tree (0, R¢)i>0. For t > 0, the variable M, is Poisson distributed
with parameter rt and has, hence, descending factorial moments E((M;);) =
(rt)7, jENO,Where( Jo:=1and (z); :==x(x—1)---(x—j+1) for j € Nand

r € R. From S, . it follows that S, has factorial moments
E((Sn);) = E(E((MLn)len)) = B((rLn)’) =), j €Ny,

and, hence, moments

- ZS(Ja k)E((Sn)k) - Zs(j,k)rkﬂfmk)a J € Ny,

k=0 k=0

14



where the S(j, k) denote the Stirling numbers of the second kind. In particular,
E(S,) =rE(L,) and

Var(S,) = E(Var(Mg,|L,))+ Var(E(Mr, |Ly))
= E(rL,)+ Var(rL,) = rE(L,) +r*Var(L,).

Corollary 6.1 (Weak law of large numbers for Sy,)
As n tends to infinity, n=(logn)S, converges in probability to r.

Proof. We have L,, — oo almost surely by Corollary 4.4. Thus, My, /L, — r

almost surely and
Sn d MLT, Ln
2 ' ~ 1
E(Sy) rL, E(Lp)
in probability by Lemma 4.4. The corollary follows from E(S,,) = rE(Ly) ~
rn/logn. O

Corollary 6.2 (Weak convergence of Sy, )

Let (an)nen and (by)nen be the sequences defined in (30). Asn tends to infinity,
(Sn — ran)/(rby) converges in distribution to a stable random variable X with
characteristic function given in (31).

Proof. We have
Sp — ray, Sp/r—Lp  Lp—ayn
= .

'r'bn bn b’l’L

Thus, by Theorem 5.2, it is sufficient to verify that Y, := (S,/r — L,)/bn
converges to zero in probability. From E(S,/r — L,) = 0 and

Var(% ~ L) = Var(E(@ — Lo|Ly)) +E(Var(@ — Lo|La))
- 0+E(Var(M:" Ln))
E(Var(Myp,|L,)  B(rL,) _ B(L,)
B r2 o2y

it follows that E(Y;,) = 0 and that Var(Y,,) = E(L,)/(rb2) ~ n/(rb? logn) —
0 by assumption. The convergence Y, — 0 in probability follows from
Tschebyscheff’s inequality. O
7 Appendix

In this appendix, some useful results on the total branch length L,, are collected.

Lemma 7.1 For the Kingman coalescent (A = &), as n tends to infinity,
L, /2 — logn converges in distribution to a standard Gumbel distributed ran-
dom variable.
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Proof. For the Kingman coalescent, L,, = Ty + --- 4+ T},, where the random
variables T5,...,T, are independent and 7; is exponentially distributed with
parameter «o; = ¢;/i = (i —1)/2, i € {2,...,n}. Thus, L, has distribution
function

n n
P(L,<t) = 1-— Zexp(—ait) ﬁ, t>0.
i=2 jo2 X T
J#i
From ﬁ e M- ﬁ =1 _ (-1) n-1 and «; = (i — 1)/2 it follows
oy Lg—i i—1 t
it it
that
= i— ifm— 1 n—
PiLy 1) = 1= 3 (o201 ]) = - ey
i=2

Therefore, for x € R and n € N such that = + logn > 0,
P(L, <2z +2logn) = (1 —exp(—xz)/n)""' — exp(—exp(—z))

as n tends to infinity. The proof is complete, as x — exp(— exp(—z)), x € R, is
the distribution function of the standard Gumbel distribution. O

Remark. The above proof is similar to that given in [25, Chapter 3]. A proof
based on a coupling argument appeared in [24, pp. 21-23]. The Gumbel distri-
bution arises because L,, has the same distribution as the maximum of n — 1
independent and exponentially distributed random variables with parameter
1/2, as can be seen from (32). This fact previously appeared in [26, pp. 255-
257], and also implicitly in [23, p. 153]. The following explanation is given in
[25]. Suppose we have n — 1 exponential clocks, each going off at rate 1/2. When
there are k exponential clocks that have not yet gone off, the time one has to
wait for the next one is exponential with rate k/2. The maximum of the n — 1
exponential random variables is the time one has to wait for all n — 1 clocks to
go off, which is To + -+ - + T, = Ly,.

For the Bolthausen-Sznitman coalescent, the following lemma provides an ex-
plicit formula for p, := E(L,) in terms of the absolute Stirling numbers of
the first kind. The strict monotonicity of (t,)nen follows immediately. We also
provide an alternative proof for the asymptotics of p,, based on Tauberian the-
orems.

Lemma 7.2 (Explicit formula and asymptotics of i)
For the Bolthausen-Sznitman coalescent,

n—1

[y = 22% neN, (33)

=1
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where

(=1)/2] .. .
s(i,2j +1) :
g = _ 4
ci ;:O 511 > 0, ieN, (34)

and s(i,7) denote the absolute Stirling numbers of the first kind. The sequence
(tin ) nen is strictly increasing with asymptotic behavior p,, ~ n/logn forn — oo.

Proof. Substituting t =1 — e~ in (11) yields

P —log(1—s) el — e

ui(s) = /0 —du, 0<s<l. (35)

1-s U
The Taylor expansion (e* —e™*)/u =232 u* /(2] + 1)! leads to

25 = (—log(1 — 5))2+1
1732 (25 +1)(25+ 1)

pa(s) =

Let s(i, ) denote the absolute Stirling numbers of the first kind. From

. > s\ J i i >0 1 . > st ..
QTR § i NN SRID e WU L7
i= i=j i,ij= J i=j
! J i1+~‘+ijjz J
we conclude that
25— 1 0§
= —s(i,27 + 1
() s giet 2 D)
= 1=275+1
_ 2 isi G2 g5, 25 + 1)
- _ il
1—5 vl A 27+1
Si e} n—1

I
[N}
VN
»
x>
N——
2|
D
I
[N}
»
3
SR

with ¢; defined in (34). Comparing the coefficient in front of s with that in
pa(s) = Y07 pns™ yields the explicit solution (33). In particular, the sequence
(1n)nen is strictly increasing. From (35) and [;" €"/udu ~ e®/x for x — oo it
follows with = —log(1 — s) that

1 e* 1 9 .
- (1= s)2log(1 — s) = (1—9)77U(1/(1 —5))

me) ~ 757
for s /' 1, where I(z) := 1/log(x), = > 0, is slowly varying. Karamata’s Taube-
rian theorem for power series [4, Corollary 1.7.3], applied with p := 2 and ¢:=1
in the notation of that corollary, yields ju, ~ cn?~tl(n)/T'(p) = n/logn for
n — Q. O
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The same method leads to the asymptotics of u\Y) = E(L2).
Lemma 7.3 (Asymptotics of ug)) uﬁf) ~n?/log’n.
Proof. For s /' 1 we have, by (13) and (7),

/ _ o (s) 5%(2 - s)
M) = i s T T=s)Plead =)
o 1 B 1
(I—29)3log(l1—s) (1—s)3log(l—s)
2

(1 —s)3log(l—s)’

or, equivalently, u}(1 —e™%) ~ 2e3*/u for u — oo. Thus,

pals) = — /Os i g,

s—1 log(1 —1t)
2 —log(l—s) , 7 1_ e u
S pi—e™) .,
1-s5J U
92 —log(1—s) 9e2u
~ / ¢ du
1-s )y u?
for s /1. From [ */u? ~ €2*/(22?) for x — oo it follows with z = —log(1 —
s) that
2 e 2
S ~N —— = :21—873l1 1_5
for s /' 1, where I(z) := 1/ log? z is slowly varying. From Section 3 we know

that the sequence (,un2 Jnen is non-decreasing. Karamata’s Tauberian theorem
for power series [4, Corollary 1.7.3], applied with p := 3 and ¢ := 2 in the

notation of that corollary, yields {2 ~ en?=1i(n)/T(p) = n2/log>n. 0
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