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Abstract

Divide-and-conquer recurrences are one of the most studied
equations in computer science. Yet, discrete versions of these
recurrences, namely

T(n)=an+ ijT (Lpjn +65])

for some known sequence a, and given b;, p; and J;, present
some challenges. The discrete nature of this recurrence (rep-
resented by the floor function) introduces certain oscillations
not captured by the traditional Master Theorem, for exam-
ple due to Akra and Bazzi who primary studied the con-
tinuous version of the recurrence. We apply powerful tech-
niques such as Dirichlet series, Mellin-Perron formula, and
(extended) Tauberian theorems of Wiener-Ikehara to pro-
vide a complete and precise solution to this basic computer
science recurrence. We illustrate applicability of our results
on several examples including a popular and fast arithmetic
coding algorithm due to Boncelet for which we estimate its
average redundancy. To the best of our knowledge, discrete
divide and conquer recurrences were not studied in this gen-
erality and such detail; in particular, this allows us to com-
pare the redundancy of Boncelet’s algorithm to the (asymp-
totically) optimal Tunstall scheme.
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1 Introduction

Divide and conquer is a very popular strategy to design
algorithms. It splits the input into several smaller sub-
problems, solving each subproblem separately, and then
knitting together to solve the original problem. Typical
examples include heapsort, mergesort, discrete Fourier
transform, queues, sorting networks, compression algo-
rithms, and so forth [7, 22, 25, 28, 29]. While it is rel-
atively easy to determine the general growth order for
the algorithm complexity, a precise asymptotic analysis
is often appreciably more subtle. Our goal is to present
such an analysis for discrete divide and conquer recur-
rences.

The complexity of a divide and conquer algorithm
is well described by its divide and conquer recurrence.
We assume that the problem is split into m > 2
subproblems. It is natural to assume that there is a
cost associated with combining subproblems together to
find the solution. We denote such a cost by a,, where
n is the size of the original problem. In addition, each
subproblem may contribute in a different way to the
final solution; we represent this by coefficients b; and b;-
for 1 < j < m. Finally, we postulate that the original
input n is divided into subproblems of size |p;n+4; | and
[pjn+0%]for some 0 < p; < 1, where §; > 0 and ¢} > 0.
We aim at presenting precise asymptotic solutions of
discrete divide and conquer recurrences of the following
form [7]

(11) T(n)=an+»_ bT(lpin+0;])

j=1

£ (ot )

j=1

(n>2).

A popular approach to solve this recurrence is to
relax it to a continuous version of the following form
(hereafter we assume b} = 0 for simplicity)

(1.2) T(z)=a(z)+ ijT(pjx +hi(x), x>1,

Jj=1

(where hj;(x) are certain sublinear functions) and solve
it through the Master Method, as discussed for example
in [7, 25]. This is usually quite powerful and provides



order of the growth for T'(z). The most general solution
of (1.2) is due to Akra and Bazzi [2] who proved (under
certain regularity assumptions, namely that o'(z) is of
polynomial growth and that h;(z) = O(x/(log x)?))

a(u)

T(z)=© (w (1 + [ USOHdu)) ,

where sq is a unique real root of
D bip; = 1.
J

Actually this also leads directly to

aj

T(n)=©|n™ |1+ Z oo+
j=1

provided that a,+1—a, is at most of polynomial growth.
For more precise results, one can apply Mellin
transform techniques [14, 15, 29]. Indeed, let

t(s) = /000 T(x)z* dx

be the Mellin transform of T'(z). Then using stan-
dard properties of the Mellin transform applied to
the (slightly simplified) divide and conquer recurrence
T(x) = a(z) + Y7~ bjT(pjz) we arrive at

__a(s)+9(s)
ST Sl

where a(s) is the Mellin transform of a(z), and g(s) is an
additional function due to the initial conditions. Sup-
pose that the logarithms logp; are irrationally related
(i.e., there exist 4, j such that logp;/logp; is irrational;
see Definition 2.1) and that a(s) and g(s) are analytic
for R(s) > —s0, where —so is the root of 1 =3, b;p; "
Then we recover the asymptotics of T'(z) directly by an
application of the Wiener-lTkehara theorem:

a(=s0) + g(=s0)
>, bip3® log(1/p;)’

T(x) ~Cz*® with C=

which is in accordance with Akra-Bazzi [2]. Note that
if the logarithms logp; are rationally related, then we
will observe oscillations in the asymptotic leading term.

Discrete versions of the divide and conquer re-
currence, given by (1.1) are more subtle and require
a different approach. We first apply Dirichlet series
(closely related to the Mellin transform) that better cap-
tures the discrete nature of the recurrence, and then
use Tauberian theorems (and also the Mellin-Perron

formula) to obtain asymptotics for T'(n). The corre-
sponding result, a precise Discrete Master Theorem,
is stated in Theorem 2.1. As in the continuous case
the solution depends crucially on the relation between
logpi,...,logpm; when logpy,...,logp,, are rationally
related the final solution will exhibit some oscillation
that disappears when logps,...,logp,, are irrationally
related. This phenomenon was already observed for
other discrete recurrences [9, 12].

As a featured application of our results and tech-
niques developed for solving the general discrete divide
and conquer recurrence, we shall present a comprehen-
sive analysis of a data compression algorithm due to
Boncelet [4], where we need even more precise results
than stated in Theorem 2.1. Boncelet’s algorithm is a
variable-to-fixed data compression scheme. One of the
best variable-to-fixed scheme belongs to Tunstall [30];
another variation is due to Khodak [20]. Boncelet’s al-
gorithm is based on the divide and conquer strategy,
and therefore is very fast and easy to implement. The
question arises how it compares to the (asymptotically)
optimal Tunstall algorithm. In Theorem 3.1 and Corol-
lary 3.1 we provide an answer by first computing the
redundancy of the Boncelet scheme (i.e., the excess of
code length over the optimal code length) and compare
it to the redundancy of the Tunstall code. In this case
precise asymptotics of the Boncelet recurrence are cru-
cial.

The literature on continuous divide and conquer
recurrence is very extensive. We mention here [2, 7, 6].
Unfortunately, the discrete version of the recurrence has
received much less attention, especially with respect to
precise asymptotics. Flajolet and Golin [13] and Cheung
et al. [5] use similar techniques to ours, however,
their recurrence is a simpler one with p; = py = 1/2.
Erdds et al. [11] apply renewal theory and Hwang [18]
(cf. also [19]) analytic techniques when dealing with
similar recurrences. However, the approach presented
in this paper is generalized and somewhat simplified
by using a combination of methods such as Tauberian
theorems and Mellin-Perron techniques. To the best of
our knowledge, there is no redundancy analysis for the
Boncelet’s algorithm.

2 Main Results

In this section we present our main results, including
an asymptotic solution to a general discrete divide and
conquer recurrence, and its application to an arithmetic
coding algorithm due to Boncelet [4].

2.1 Divide and Conquer Recurrence For m > 2,
let p1,...,Pm, b1,..., by and bY, ..., b, be positive real
numbers such that p; < 1 for 1 < j < m. We consider a



(general) divide and conquer recurrence: given T'(0) <
T(1) for n > 2 we set

(2.3) T(n)=an+ »_ bT(lpin+0;])

j=1

+3OT (ot )

j=1

(n>2).

where (an)n>2 is a known non-negative and mnon-
decreasing sequence. We also assume that 2p; 4+ §; < 2
and 2p; + 5; <1 (for 1 < j <m). It follows by induc-
tion that T'(n) is also nondecreasing. In order to solve
recurrence (2.3), we use Dirichlet series [3, 29]. In fact,
in the proof presented in Section 4 we make use of the
following Dirichlet series

(2.4)

~ Tn+2)—T(n+1
n=1
For an asymptotic solution of recurrence (2.3), we
need to make some assumptions regarding the Dirichlet
series of the known sequence a,. We postulate that
the abscissa of absolute convergence o, of the Dirichlet
series

o0

g(s) _ Z Gp42 — An41

nS

(2.5)

n=1

is finite (or —oo), hence A(s) represents an analytic
function for R(s) > o,. For example, if we know that
an is non-decreasing and

an = 0(n?)

for some real number o, then A(s) converges (abso-
lutely) for all s with R(s) > o. In particular, we have
Oy > 0.

A master theorem presented in this paper has three
(major) parts. In the first case, the asymptotics of T'(n)
is driven by the recurrence and does not depend on a,,
in the second case, there is an interaction between the
internal structure of the recurrence and the sequence
ap, (resonance), and in the third case, the (asymptotic)
behaviour of a,, dominates.

Analytically, these observations follow from the
fact, proved in Section 4, that the Dirichlet series T'(s)
can be expressed as

A(s) + B(s)
1= 32500 (b +¥5) 5

(2.6) T(s) =

for some analytic function B(s) and A(s) as in (2.5).
For the asymptotic analysis, we appeal to the Taube-
rian theorem by Wiener-Tkehara and an analysis based

on the Mellin-Perron formula (see Appendix B and Sec-
tion 4.3). Both approaches rely on the singular be-
haviour of T'(s). Hence, the asymptotic behavior of T(n)
depends on the the the singular behaviour of A(s) and
roots of the denominator in (2.6), that is, roots of the
equation

j=1

(2.7)

Let sg be the unique real solution of this equation.
Then (informally), the first case of our Master Theorem
corresponds to sg > 0,, the second case to sy = g, and
the third one to sg < o,.

We will handle these cases separately. Nevertheless,
if s9 = o0, or if sg < o0, we have to assume some
regularity properties about the sequence a,, in order to
cope with the asymtoptics of T'(n). We assume that
A(s) has a certain extension to a region that contains
the line R(s) = o, with a pole-like singularity at s = o,.

In particular, we will assume that there exist func-
tions F(s), go(s),...,gs(s) that are analytic in a region
that contains the half plane R(s) > o, such that

o 1 Bo
A(s) = 90(5)%

L \P

Jj=1

(2.8)

where go(o,) # 0, 5; are non-negative integers, «g is
real, and a1, ..., oy are complex numbers with R(«;) <
ap (1 <35 < J),and fy is non-negative if g is contained
in the set {0,—1,—2,...}.

As demonstrated in Appendix A this is certainly
the case if a,, is a linear combination of sequences of the
form

n?(logn)*

(or related to such sequences with floor and ceiling
functions). For example, if « is not a negative integer
then the corresponding Dirichlet series A(s) (in (2.5))
of the sequence a,, = n?(logn)* can be expressed as

~ INa+1)

I'a+1 ~
Als) = 0 Tyt (@+1)

ooy 1)

where F(s) is analytic for R(s) > 0 —1, see Theorem A.2
of Appendix A. Therefore,

0o =0 and «a¢=a+ 1.

(We will discuss several examples in Section 2.3).



If s9 = 0, or if s9 > o, then the zeros of the
equation (2.7) influence the analysis. It turns out we
need to consider two different scenarios depending on a
certain property of p1,...,pm.

DEFINITION 2.1. We say that log(1/p1),...,1log(1/pm)
are rationally related if there exists a positive real num-
ber L such that log(1/p1),...,log(1/pm) are integer
multiples of L, that is, log(l/p;) = n,;L, n; € Z,
(1 < j < m). Without loss of generality we can as-
sume that L is as large as possible which is equiva-
lent to ged(ny,...,ny,) = 1. Similarly, we say that
log(1/p1),...,1log(1/pm) are irrationally related if they
are not rationally related.

Example. If m = 1, then we are always in the
rationally related case. In the binary case m = 2, the
numbers log(1/p1), log(1/p2) are rationally related if
and only if the ratio log(1/p1)/log(1/p2) is rational.

The following property of the roots of (2.7) is due
to Schachinger [27] (cf. also [10, 16]).

LEMMA 2.1. Let sg be the unique real solution of equa-
tion (2.7). Then all other solutions s’ of (2.7) satisfy
R(s') < sp.

(i) If log(1/p1),...,log(1/pm) are irrationally related,
then sg is the only solution of (2.7) on R(s) = so.

(i1) If log(1/p1),...,log(1/pm) are rationally related,
then there are infinitely many solutions sy, k € Z, with
R(sk) = so which are given by

SkZSO-f—k@ (kEZ),
L

where L > 0 s the largest real mumber such that
log(1/p;) are all integer multiples of L. Furthermore,
there exists 0 > 0 such that all remaining solutions of

(2.7) satisfy R(s) < so — 0.

2.2 Discrete Master Theorem We are now ready
to formulate our main results regarding the asymptotic
solutions of discrete divide and conquer recurrences.
Note that the irrational case is easier to handle whereas
the rational case needs additional assumptions on the
Dirichlet series. Nevertheless these assumptions are
usually easy to establish in practice.

In nutshell, our Discrete Master Theorem shows
that for sequences a,, of practical importance such as

an =n°(logn)®

the solution T'(n) of the divide and conquer recurrence
grows as

(2.9) T(n) ~ Cn° (logn)® (loglogn)’

(with ¢/ = max{o, s9o}) when logpi,...logp,, are irra-
tionally related. For rationally related logpi, .. .log pm,
it is either of the form (2.9) or (if so > o) there appears
an oscillation in the form of

(2.10) T(n) ~ ¥(logn)n®™
with a discontinuous periodic function ¥(z); see Fig-
ure 2.

More precisely, in Section 4 we prove the following
result.

THEOREM 2.1. (DISCRETE MASTER THEOREM) Let
T(n) be the divide and conquer recurrence defined in
(2.3), where bj and b; are non-negative with b; + b’ >0
and the sequence (ap)n>2 s non-negative and non-
decreasing.  Let o, denote the abscissa of absolute
convergence of the Dirichlet series A(s) and sg the real
root of (2.7). If o4 > so > 0 assume further that A(s)
has a representation of the form (2.8), where F(s),
90(8),--.,gs(s) are analytic in region that contains half
plane R(s) > o, and has an analytic extension to a
region that contains the line R(s) = 04, go(oa) # 0, ap
is real and RN(a;) < o (1 < j < J), B are non-negative
integers such that By > 0 if ag is not contained in the
set {0,—1,-2,...}.

(i) If log(1/p1),...,log(1/pm) are irrationally related
and if ag is not contained in the set {0,—1,—2,...},
then T'(n) becomes as n — oo

CL + 0(1)

if 0, <0 and so <0,
Calogn + Cy + o(1)

if 0o < 89 and s =0,
Cs(logn)**1(loglogn)® - (14 o(1))

Zf Oq = S0 = 0,
Cyn® - (14 0(1))

(211) if 04 < s9 and sg > 0,
Csn®0 (logn)* (loglogn)% - (1 + o(1))
Zf 0q =80 >0,
Cs (logn)?° (loglog n)™ (1 + o(1))
if o, =0 and so <0,
C7n% (logn)*~(loglogn)® - (1 + o(1))
if 04 > s9 and o4, > 0,
where the explicitly computable constants

C1,C2,C3,C4,C5,Cs,C7 are positive and C% is real.
Furthermore if g is contained the set {0,—1,-2,...}
(and if By > 0) then we have to replace the factor
(loglogn)? by (loglogn)?o~t in (2.11) if

if oo =50 =0 and ag < =2,

if oo =80 >0 and ag < —1,

ifo, =0, 50 <0, and ag < —1, and
if 0g > 8o and o, > 0.



In all other cases there is no change in (2.11).
(ii) Iflog(1/p1), .. .,log(1/pm) are rationally related and
if in the case so = o, the Fourier series

2.

kez\{0}

(212) A(SO + 27‘—”{"/[’) e27rikm/L
S0 + 2mik/L

is convergent for x € R and represents an integrable
function, then T'(n) behaves as in the irrationally related
case with the following two exceptions:
(2.13)

Calogn + Wa(logn) + o(1)

Py(logn)n® - (1+0(1))

if 0o < 89 and s =0,
if 04 < 8o and sg > 0,

where Cy is positive and Wa(t), Uy(t) are periodic func-
tions with period L.

REMARK 2.1. We should point out that the periodic
functions Wy (t) and W4(t) that appear in the second
part of Theorem 2.1 have (usually) countably many
discontinuities and, thus, have no absolutely convergent
Fourier series. This makes the analysis actually more
challenging. We will show in Section 4.4 that ¥(¢) has
building blocks of the form

ALt |

A BT

n>1

for some A > 1 and a sequence B, such that the se-
ries 3", o, BpA™18™/L is absolutely convergent. This
function is periodic (with period L) and of bounded vari-
ation. Consequently, it has a convergent Fourier series
but it is discontinuous for ¢t = {logn/L}, n > 1, where,
as usual {z} = z — |x| denotes the fractional part of a
real number z.

REMARK 2.2. The condition (2.12) for A(s) looks ar-
tificial. However, it is really needed in the proof in
order to control the polar singularities of T'(s) at sy,
k € Z\ {0}. Nevertheless it is no real restriction in
practice. As shown in Appendix A the condition (2.12)
is satisfied for sequences of the form a,, = n?(logn)“.

2.3 Applications We first illustrate our theorem on
a few simple divide and conquer recurrences while in
the next subsection we discuss in detail Boncelet’s
algorithm. Several of these examples are also discussed
n [24], where the growth order of T'(n) is determined.

Example 1. Consider the recurrence
T(n)=2T(|n/2])+3T(|n/6]) + nlogn.

The Dirichlet series A(s) = 3 (an4+2 — any1)n~* corre-
sponding to the sequence a,, = nlogn has g, = 1 as

the abscissa of absolute convergence. Furthermore the
equation
2:-27%4+3:-67°=1

has the (real) solution sy = 1.402... > 1. It is also
easy to check that log(1/2) and log(1/6) are irrationally
related. Namely, if log(1/2)/log(1/6) were rational, say
a/b then it would follow that 2° = 6. However, this
equation has no non-zero integer solution. Hence by
(2.11) Case 4, we obtain

T(n) ~ Cn® (n — o0)

for some constant C' > 0 as shown in Figure 1.
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Figure 1: T'(n) versus n from Example 1.

Example 2. Next consider the recurrence

n2

T(n)=2T(|n/2])+ ST(L3n/4J) + Togn’

Here o, = sop = 2 and we are (again) in the irrationally
related case. Now Theorem A.2 implies that A(s) has a
singular representation of the form

A(s) = slog

5—2+G(S)

for some function G(s) that is analytic for R(s) > 1.

Consequently, by (2.11) Case 6 we have
T(n) ~ Cn*loglogn (n — o0)

for some constant C > 0.



Example 3. Next, consider the example
T(n)=T(|n/2])+ logn.

Here we have o, = sg = 0. Since m =1 we are also in
the rational case. By Theorem A.2, A(s) has a singular
representation of the form

M@=§+G@

with some G(s) that is analytic for £(s) > —1. Recall
that Theorem A.3 assures that condition (2.12) is
satisfied. Hence, by (2.11) case 3 we obtain

T(n) ~ C(logn)? (n — o)

for some constant C > 0.

Example 4. The recurrence
T(n) = ST(|nf2)) + -
n)—= — n —
2 n

is not covered by Theorem 2.1 since a, is decreasing.
Hence, T'(n) is not increasing, either. However, we can
apply the proof methods of Theorem 2.1.! Formally we
have o, = so = —1 < 0 and, since m = 1, we are in the
rationally related case. It follows that

T — Ologn N U(logn) ‘o (l)
n n n

for some constant C' > 0 and a periodic function W¥(¢).

Example 5. The recurrence
T(n)=3T([n/2])+n

is related to the Karatsuba algorithm (see [21, 22]).
Here we have sy = (log3)/(log2) = 1.5849... and
so > o4, = 1. Furthermore, since m = 1, we are in
the rationally related case. Hence, we have

T(n) = ¥(logn) niwEs . (14 0(1)) (n — o)

with some periodic function ¥(t), as shown in Figure 2.

Example 6. The recurrences

T(n)=T([n/2])+T([n/2])+n—1,
Y(n)=Y([n/2]) +Y(In/2]) + [n/2],
Un) =U([n/2])+U([n/2]) +n
[n/2] [n/2]
T2+ 1 1A

TActually the formal calculations are the same.
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Figure 2: T'(n) versus n from Example 5.

are related to Mergesort (see [13]). For all three
recurrences we have o, = sp = 1 and we are (again) in
the rationally related case. Hence, we obtain asymptotic
expansions of the form

Cnlogn + n¥(logn) + o(n) (n = c0),
where C = 1/log2 for T(n) and U(n) and C =
1/(21log?2) for Y (n), and ¥(¢) is a periodic function.

3 Boncelet’s Arithmetic Coding Algorithm

We present one specific application of our analytic
approach to discrete divide and conquer recurrences.
We compute the redundancy of a new and practical
variable-to-fixed compression algorithm due to Boncelet
[4]. To recall, a variable-to-fixed length encoder parti-
tions the source string, say over an m-ary alphabet A,
into a concatenation of variable-length phrases. Each
phrase belongs to a given dictionary of source strings.
We represent a uniquely parsable dictionary by a com-
plete parsing tree, i.e., a tree in which every internal
node has all m children nodes. The dictionary entries
correspond to the leaves of the associated parsing tree.
The encoder represents each parsed string by the fixed
length binary code word corresponding to its dictio-
nary entry. There are several well known variable-to-
fixed algorithms; e.g., Tunstall and Khodak schemes (cf.
[10, 20, 30]). Boncelet’s algorithm, described next, is a
practical and computationally fast algorithm that be-
comes more and more popular. Therefore, we compare



its redundancy to the (asymptotically) optimal Tun-
stall’s algorithm.

Boncelet describes his algorithm in terms of a
parsing tree. For fixed n (representing the number of
leaves in the parsing tree and hence also the number of
distinct phrases), the algorithm in each step creates two
subtrees of predetermined number of leaves (phrases).
Thus at the root, n is split into two subtrees with the
number of leaves, respectively, equal to ny = Lpln + %J
and no = Lpgn + %J This continues recursively until
only 1 or 2 leaves are left. Note that this splitting
procedure does not assure that n1+ns = n. For example
if p1 = % and py = %, then n = 4 would be split into
n1; = 2 and ny = 3. Therefore, we propose to modify the
splitting as follows ny = |pin+J] and ng = [pan — ¢
for some ¢ € (0,1) that satisfies 2p; + 0 < 2.

Let {v1,...v,} denote phrases of the Boncelet code
that correspond to the path from the root to leaves
of the parsing tree, and let ¢(vy),..., £(v,) be the
corresponding phrase lengths. Observe that while the
parsing tree in the Boncelet’s algorithm is fixed, a
randomly generated sequence is partitioned into random
length phrases. Therefore, one can talk about the
probabilities of phrases denoted as P(vi),..., P(vy,).
Here we restrict the analysis to a binary alphabet and
denote the probabilities by p := p; and ¢ :=p2 =1 —p.

For sequences generated by a binary memoryless
source, we aim at understanding the probabilistic be-
havior of the phrase length that we denote as D,,. Its
probability generating function is defined as

C(n,y) =Ey"r

which can also be represented as

n

Cn,y) =Y Poj)y" ™).

J=1

The Boncelet’s splitting procedure leads to the following
recurrence on C(n,y) for n > 2
(3.14)

C(n,y) =pyC(lpn+4],y) +qyC([gn—3d],y)

with initial conditions C(0,y) = 0 and C(1,y) = 1.
In this conference version of the paper, we only

concentrate on estimating the average phrase length,
d(n), defined as

n

E D, :=d(n) =Y _ P(v;){(v;).

j=1
Observe that d(n) = C’(n,1) (where the derivative is

taken with respect to y) and satisfies the recurrence

(3.15) d(n) =1+ pid(|p1n+ 6]) + pad ([pan — 61)

with d(0) = d(1) = 0. This recurrence falls exactly
under our general divide and conquer recurrence, hence
Theorem 2.1 applies.

THEOREM 3.1. Consider a binary memoryless source
with positive probabilities p1 = p and p2 = q and the
entropy rate H = plog(1/p) + qlog(1/q). Let d(n) =
E D,, denote the expected phrase length of the binary
Boncelet code.

(i) If the ratio (logp)/(logq) is irrational, then

1
(3.16) d(n) = i logn — % + o(1),
where
Hy
3.17 =F0)-H—-—=
(3.17) o= E(0) 112

Hy = plog®(1/p) + qlog®(1/q), and E'(0) is the deriva-
tive at s = 0 of the Dirichlet series E(s) defined in
(4.21) of Section 4.

(i) If (logp)/(logq) is rational, then

1 a+ ¥(logn)

d(n) = =1 -
(n) = 37 logn — =

(3.18) 7

+0(n™),
where W(t) is a periodic function and 1 > 0.

For practical data compression algorithms, it is im-
portant to achieve low redundancy defined as the excess
of the code length over the optimal code length nH.
For variable-to-fixed codes, the average redundancy is
expressed as [10, 26]

_ logn

_logn
=D, =

Fn a(n)

Our previous results imply immediately the following
corollary.

COROLLARY 3.1. Let R,, denote the redundancy of the
binary Boncelet code with positive probabilities p1 = p
and ps = q.

(i) If the ratio (logp)/(logq) is irrational, then

()
+o .
logn
with « defined in (3.17).

(i) If (logp)/(logq) is rational, then

Ha

R, =
logn

(3.19)

_ Ha+ T (logn)

3.20
( ) logn

Ry

o -
logn )

where W(t) is a periodic function.



We should compare the redundancy of Boncelet’s
algorithm to asymptotically optimal Tunstall algorithm.
From [10, 26] we know that the redundancy of the

Tunstall code is
Hy 1
gH — ﬁ) o (logn>

gt
" logn

(provided that (logp)/(logq) is irrational; in the ratio-
nal case there is also a periodic term in the leading
asymptotics). This should be compared to the redun-
dancy of the Boncelet algorithm.

Example. Consider p = 1/3 and ¢ = 2/3. Then one
computes o = F’(0) — H — 22 2 (0.322 while for the
Tunstall code —log H — 532 ~ O 0496

We also have to observe that the leading constant
of the logn-term equals 1/H. This follows from the
initial conditions d(0) = d(1) = 0 and the fact that the
function 1 — p**t! — ¢5*! has derivative H at s = 0.

4 Analysis and Asymptotics

We prove here a general asymptotic solution of the
divide and conquer recurrence (cf. Theorem 2.1). We
first derive the appropriate Dirichlet series and apply
Tauberian theorem for the irrationally related case, then
discuss the Perron-Mellin formula, and finally finish the
proof (of Theorem 2.1 for the rationally related case.

4.1 Dirichlet Series As discussed in the previous
section, the proof makes use of the Dirichlet series

Z T(n+2)— T(n+1)

where we apply Tauberian theorems and the Mellin-
Perron formula to obtain asymptotics for T'(n) from a
singularity analysis of T'(s).

By partial summation and using a-priori upper
bounds for the sequence T'(n), it follows that T'(s)
converges (absolutely) for s € C with R(s) >
max{sp, 04,0}, where s is the real solution of the equa-
tion (2.7), and oy, is the abscissa of absolute convergence
of A(s).

Next we apply the recurrence relation (2.3) to T'(s).
To simplify our presentation, we assume that b’ =0,
that it, we consider only the floor function on the
right hand side of the recurrence (2.3); those parts that
contain the ceiling function can be handled in the same
way. We thus obtain

Note that |pj(n+1)4+d;] < |pj(n+2)+4d;] <
lpj(n+1)4+9d;] + 1 and that |pj(n+2)+4d;] =
|pj(n+1)+46;] + 1 if and only if n is of the form

by

for some integer k. For this k£ we have
lpi(n+1)4+0;] =k+1and |pj(n+2)+d,;] =k+ 2.
For later use we split between £ < 0 and k > 1. Hence,
setting

T(h+2)—T(k+1)
R (=)

3p; +6] —2<k<0

Gj(s) =

we obtain

i T(lpj(n+2)+6;]) =T (lpj(n+1)+d])

nS

n=1

TS Tﬁﬁ JTE’;}”.

k=1

We now compare the last sum to pST( ):

-y A

k=1

T(k+2)—T(k+1)
= (5]

T(k+1))

Tk+2)—T((k+1)
k/pj)

1 1
(k/p;)* Q%

=piT(s) —

T(k+2)—

Mg

k:l J — 2)5
Ej(s),

where

k:l

T(k+1))

1 _ 1
PN (==

(4.21) X

Defining

) =Y biE;(s)
j=1

we finally obtain the relation

and G(s

ZbG

A(s) + G(s) — E(s)
1- E;nzl bj p; '

As mentioned above, (almost) the same procedure
applies if some of the b;- are positive, that is, the

(4.22) T(s) =




ceiling function also appear in the recurrence equation.
The only difference to (4.22) is that we arrive at a
representation of the form

A(s) +G'(s) — E'(s)
1= 370 (b +05) P57

with a slightly modified functions G’(s) and FE’(s),
however, they have the same analyticity properties as
in (4.22).

By our previous assumptions, we know the analytic
behaviors of A(s) and (1 =2l b pj) A(s) has
a pole-like singularity at s = o, (if 0, > s9) and a
proper continuation to a complex domain that contains

the (punctuated) line R(s) = 04, s # 04. On the other
hand,

(4.23) T(s) =

1
1 - Z;n:l bj pj

has a polar singularity at s = s¢ (and infinitely many
other poles on the line R(s) = s if the numbers
log(1/p;) are rationally related), and also a meromor-
phic continuation to a complex domain that contains the
line RN(s) = sp. Furthermore, G(s) is an entire function.
It suffices to discuss Ej(s). First observe that

{MJ 2= k +0(1).
Dj pj
Consequently

1 _ 1
(k/p;)® (L%J - 2)8

=0 ()

By partial summation (and by using again the a-priori
estimates), it follows immediately that the series

o0

1
> (T(k+2)—T(k+1)) /oy RO+T

converges for (s) > max{sg, 04,0} —1. Since T'(n) is an
increasing sequence, this implies (absolute) convergence
of the series F;(s), just representing an analytic function
in this region, too.

In order to recover (asymptotically) T(n) from
T(s) we apply several different techniques discussed
in the next subsection. The main analytic tools are
Tauberian theorems (of Wiener-Tkehara which discussed
in detail in Appendix B) and the Mellin-Perron formula
(Theorem 4.1).

4.2 Tauberian Theorems We are now ready to
prove several parts of Theorem 2.1 with the help of

Tauberian theorems of Wiener-Ikehara type (see Ap-
pendix B). We recall that such theorems apply in gen-
eral to the so-called Mellin-Stieltjes transform

/100 v de(v) = s /100 e(v)o>"  dv

of a non-negative and non-decreasing function ¢(v). If
c(n) is a sequence of non-negative numbers, then the
Dirichlet series C(s) = >, <, ¢(n)n™* is just the Mellin-
Stieltjes transform of the function ¢(v) =% _ ¢(n):

C(s) = Z c(n)n™° = /100 v~ * dé(v).

n>1

Informally, a Tauberian theorem is a correspondence be-
tween the singular behaviour of 1C(s) and the asymp-
totic behaviour of ¢(v). In the context of Tauberian
theorems of Wiener-Tkehara type one assumes that C/(s)
continues analytically to a proper region and has only
one (real) singularity so on the critical line R(s) = so,
and the singularity is of special type (for example a po-
lar or algebraic singularity, see Appendix B).

We recall that T(s) is the Dirichlet series of the
sequence ¢(n) =T(n+2) —T(n+1). Hence

T(n)=¢(n—2)+T(2).

Consequently, if we know the asymptotic behaviour of
¢(v) we also find that of T'(n) (which is more or less the
same).

We recall that T'(s) is given by (4.23). Hence the
dominant singularity of %T(s) is either zero, or induced

by the singular behaviour of /Nl(s), or induced by the
zeros of the denominator

1= (b +b))p;.

J=1

Here it is essential to assume that the logp; are irra-
tionally related. Precisely in this case the denominator
has only real zero sy on the line R(s) = so. Hence
Tauberian theorems can be applied in the irrationally
related case if sg > o0,. (For the rational case we will
apply a different approach to cover the case sg > 0,.)

Our conclusions for the proof of the first part of
Theorem 2.1 are summarized as follows:

1. 0, <0 and sg < 0:
This is indeed a trivial case, since the dominant
singularity is at s = 0 and the series T'(s) converges
for s =0:

T(0)=» (T(n+2)—T(n+1)),

n>1



hence
T'(n)=Ci+o(1),

where Cy = T(2) + T(0).

. 04 < 8o and sg = 0:

We can apply directly a proper version of
the Wiener-Tkehara theorem (Theorem B.2) that
proves

T(n) = Cylogn - (14 o(1)).

Observe, that s = 0 is a double pole of %T(s) that
induces the log n-term in the asymptotic expansion.
Note that this does not prove the full version that
is stated in Theorem 2.1. By applying Theorem 4.2

(that is based on a more refined analysis) we also
arrive at an asymptotic expansion of the form

T(n) = Cylogn + C) + o(1).

.0, =80=0: ~
In this case the dominant singular term of 17°(s) is
given by

—g0(0)
E;nzl (bj + b) log p;

Hence, an application of Theorem B.3 provides
the asymptotic leading term for T'(n). Recall that
we have to handle separately the case when «q is
contained in the set {—2,-3,...} (and 8y > 0). In
this case, only logarithmic singularities remain.

Bo
ciﬂoiﬁj{j) with € =

. 04 < 8o and sg > 0:

Here the classical version of the Wiener-Ikehara
theorem (Theorem B.1) applies. Note again that
it is crucial that the denominator has only one pole
on the line R(s) = so.

. 0q =89 >0: ~
Here the function %T(s) has the dominant singular

term
log(1/(s — og Bo
C ( g(g /()_a)ozo-i-)l))

for some constant C' > 0 (and there are no other
singularities on the line R(s) = s¢). Thus, an ap-
plication of Theorem B.3 provides the asymptotic
leading term for T'(n). Observe that we have to
handle separately the case when «q is contained in
the set {—1,—2,...} (and By > 0).

. 04 =0and sy < 0:

The analysis of this case is very close to the
previous one. The dominant singular term of 7°(s)
is of the form

log(1/s))Po
otent

7. 04 > Sg and g, > 0: _
In this case the singular behavior of A(s) dominates
the asymptotic behavior of %f(s) An application
of Theorem B.3 provides the asymptotic leading
term of T'(n).

4.3 Mellin-Perron Formula One disadvantage of
the use of Tauberian theorems is that they provide
(usually) only the asymptotic leading term and no error
terms. In order to provide a error terms or second order
terms one has to use more refined methods. In the
framework of Dirichlet series we can apply the Mellin-
Perron formula that we recall next (in fact, it follows
from Lemma 4.1 below).

For the formulation we use Iverson’s notation [P]
which is 1 if P is a true proposition and 0 else.

THEOREM 4.1. (SEE [3]) For a sequence c(n) define
the Dirichlet series

n=1 n
and assume that abscissa of absolute convergence o, is
finite or —oo. Then for all 0 > o, and all x > 0

Z c(n)—i—M[[:v €Z] = lim = /UHT C(s)%s ds.

—~ 2 T—o0 2% J o s

Note that — similarly to the Tauberian theorems —
the Mellin-Perron formula enables us to obtain precise
information about the function ¢(v) =), -, c(n) if we
know the behaviour of 1C(s). In our context we have

c(n) =T(n+2) —T(n), that is,

(4.24) T(n) = T(2)+ lim L/CHT T(s)@ ds

T—00 2T J i s

with

-3 T(n+2)T;T(n+ o)
n=1

As a first application we apply the Mellin-Perron
formula of Theorem 4.1 for Dirichlet series of the form

C(s) = Z c(n)n™® = T Bls)

m s
n>1 Zj:l bJpj

where we assume that the logp; are not rationally
related and where B(s) is analytic in a region that
contains the real zero sp of the denominator. This
theorem can be also applied to the proof of some parts of
Theorem 2.1; in particular for the (irrationally related)
cases

(4.25)

if 0, <0 and sg <0,
if o, < 8¢ and sg = 0, and
if o4 < 8¢ and sg > 0.



Note that Theorem 4.2 provides a second order term in
the case o, < sgp = 0, see also Remark 4.2.

THEOREM 4.2. Suppose that 0 < p; < 1,1 < j < m,
are given such that logp;, 1 < j < 'm, are not rationally
related and let s denote the real solution of the equation

> bips =1,
j=1

where b; > 0, 1 < j < m. Let C(s) =Y, ~,c(n)n™?°
be a Dirichlet series with non-negative coefficients c(n)
that has a representation of the form (4.25), that is,

C(s) = Z cn)n™® = . B(s)

n>1 Zj:l bjpj

where B(s) is an analytic function for N(s) > so —n

for some n > 0 and is bounded in this region. Then,
> n<y €(n) becomes as v — oo,

B(0) ,
———=m—— +o(1) if so <0,
}9_ it B'(0) + B(0)Ha/H

0 0)+ B(0 .

H((O)) logv + ©) i 2/ +o(1) ifso=0,
B
(50) % (14 o(1)) if 50> 0

— 21 bjp}* logp;

where H(s) = — 37", bjpilogp; with H = H(0), and
Hy(s) =370, bjpi(logp;)? with Hy = Ha(0).

Proof. We will use the Mellin-Perron formula of The-
orem 4.1, however, we cannot use it directly, since
there are convergence problems. Namely, if we shift
the line of integration R(s) = ¢ > s¢ to the left (to
R(s) = o0 < sg) and collect residues we obtain (with

Z={seC: 37" bp; =1})

n<v
— vt
= Tlgréo Z Res(C(s) S S=s5 )
s'eZ, R(s')<o,|S(s")|<T
1 o+iT B
o [T,
271 T—oo Jo_p 1 — ZJ 1bips s

. B(s")v*
o Tlggo Z s'H(s')
s'€Z, R(s')<ao,|S(s")|<T

o+iT B(s) 8

1
R B i A
+2m 750 oiT 1— 27:1 bjp; s

provided that the series of residues converges and the
limit 7" — oo of the last integral exists. The problem

is that neither the series nor the integral above are
absolutely convergent since the integrand is only of
order 1/s. We have to introduce the auxiliary function

n<w
which is also given by
1 ct+100 ’US+1
C = — C(s)———=d
ei(v) 2mi /c_ioo (s) s(s+1) 8
1 ctioo B(s) pstl p
= 5 ™ S,
210 Jomioo 1= 20521 bjpi (s +1)

for ¢ > sg. Note that there is no need to consider
the limit 7' — oo in this case since the series and
the integral are now absolutely convergent. Hence,
the above procedure works without any convergence
problem. We shift the line of integration to R(s) =
o < min{—1,sp}. In order to make the presentation of
our analysis slightly easier we additionally assume that
the region of analyticity of B(s) is large enough such
that all zeros in Z have real part > . Then we have to
consider the sum of residues
_ S) _

s'+1
(s" + 1 s'(s' + 1)H(s')

s+1

Z Res (C(S) m,

s'eZ,
/EZ

For 0 < 0 or 0 < —1 the residues at s = 0 and s = 1
are respectively

B(0)

_BO - B
[ Sy TR T S

and the integral is

1 o+1i00 ,Uerl
— C(s)————ds =
i /HOO o) ey %

1 o-tico B(s) pstl

1= 300 bjpj s(s +1)

ds = O(v'*?).

2mi o —100

Thus, we obtain

B(so)

m(l +Q(logv))p o + O(piHso=)

¢ (v) =

for some 7 > 0, where

2.

s’€Z\{so}

2H (s0)B(s")

—xz(s'+1)
s'(s' + 1)H(s")B(s0) '

Qx) =




It is easy to show that Q(z) — 0 as ¢ — oo (cf. also
with [27, Lemma 4] and [29]). Indeed, suppose that
e > 0 is given. Then there exists Sy = Sp(e) > 0 such
that

2B(s")H (s0) £
s'(s"+1)H(s")B(s0) 2

>

s’€Z,|s'|>So

Further, since R(s') < so for all ' € Z\ {1} it follows
that there exists z¢p = xo(¢) > 0 with

>

s'€Z\{1},|s'|<So

2B(s)H(s0)  _ww4n)| _ €
s'(s" +1)H(s")B(s0) 2

for > . Hence |Q(z)| < & for > z(e).
Note that we cannot obtain the rate of convergence
for Q(x). This means that we just get

B(s0)

~ o —\°Y9) ,,UlJrSo
(so+ 1)H(so)

El (1))

as v — oo. However, since, > ., c¢(n) is monotonely
increasing in v (by assumption) it also follows that

n<v

compare with the case sy = 0 that we discuss next.
Now suppose that sp = 0 which means that C(s)

has a double pole as s = 0. We can almost use the same

analysis as above and obtain the asymptotic expansion

10~ Z Q1050 + FO = BO + BOH/H)

It is now an easy exercise to derive from this
expansion the final result

(4.26)
Z c(n) = ng)) logv + 5O+ ?;(O)HQ/H +o(1)

in the following way. For simplicity we write ¢;(v) =
Cyvlogv + Cov + o(v). By the assumption

[¢1(v) — Civlogv 4+ Cov| < ev

for v > vg. Set v/ = £'/2v, then by monotonicity we
obtain (for v > vg)

3 efm) < 2] — a0

1
<= (Cy(v+v")1og(v + ') + Co(v +0)—
20+

/

Cyvlogv — Cqv) + ¢

(%

!
= Cylog(v+v") + Co + 015 log <1 + %)

20+

/

+e

v

:C1logv+02+01+0(51/2),

where the O-constant is an absolute one. In a similar
manner, we obtain the corresponding lower bound (for

v > vy + ’Ué/2). Hence, it follows that

Zc(n) — Cilogv — Cy — Cy| < C'el/?

n<v

for v > v + 03/2. This proves ), ., c¢(n) = Cilogv +
C1 + C2 + o(1) and consequently (4.26).

REMARK 4.2. The advantage of the preceding proof is
its flexibility. For example, we can apply the procedure
for multiple poles and are able to derive asymptotic
expansions of the form

K (loguy
Z c(n) = Z A, i 0% 4 o(v%).

n<v =0

Furthermore we can derive asymptotic expansions that
are uniform in an additional parameter when we have
some control on the singularities in terms of the addi-
tional parameter. We will not use this generalization in
this conference paper but, for example, it can be used
to prove a central limit theorem for the to the analysis
of the Boncelet code.

In principle it is also possible to obtain bounds
for the error terms. However, they depend heavily
on Diophantine approximation properties of the vector

(logp1,...logpm), see [16].

4.4 The Rationally Related Case A disadvantage
of the above method used in the proof of Theorem 4.2 is
that it is not generally applicable in the case of several
poles (or infinitely many poles) on the line R(s) = so.
This means that we cannot use the above procedure
when the logp; are rationally related. The reason is
that it does not follow automatically that an asymptotic
expansion of the form

¢ (v) = / t(w) dw ~ Uy (logv) - v¥ot?
0
implies
¢(v) ~ U(logv) - v

for certain periodic functions ¥ and W1, even if ¢(n) is
non-negative.



Therefore we will apply an alternative approach
which is — in some sense — more direct and applies only
in this case, but it proves a convergence result for c¢(v)
of the form

ev) =Y c(n)~ T

n<v

(log v) v*°

even for a periodic functions ¥(t) with countably many
discontinuities.

Suppose that logp; = —n;L for coprime integers
n; and a real number L > 0. Then the equation
1- Z;n:l bjp; with the only real solution sg becomes
an algebraic equation

1-— i bjz"f =0
j=1

with z = e~ L.

LSO

with a single (dominating) real root zgp = e~ We

can factor this polynomial to

1-— ibjz”j = (1
j=1

and obtain also a partial fraction decomposition of the
form

— el P(2)

1 1/P(eE)
1= bz 1 —ebsoz

Therefore, it is natural in this context to consider
Mellin-Perron integrals of the form

1 c+iT B
- lim / _Bls) 2
27 T—oo Jo_;p 1 —e L5\ s

for some complex number A # 0 and a Dirichlet series
B(s). The corresponding result is stated in Theorem 4.3

For the proof of Theorem 4.3 we need the following
two lemmas. The first lemma (Lemma 4.1) is also
the basis of the proof of the Mellin-Perron formula (cf.
[3, 29]). For the reader’s convenience we provide a short
proof of Lemma 4.1.

LEMMA 4.1. Suppose
numbers. Then

1 / oril ds a®
— 2 <
2mt Jo_r s — 7Tloga

that a and c are positive real

(a>1),

1 /C“T sds < ac
— as = e
27t Jo_ir s| = aTlog(1l/a)

1 c+iT d 1 C
—./ a5—8—5 = (a=1).

218 Jo_ir s

IN

Proof. Suppose first that a > 1. By considering the
contour integral of the function F(s) = a®/s around the
rectangle with vertices —A —iT,c— T, c+iT,—A+iT
and letting A — oo one directly gets the representation

1 c+iT d

i) as?s = Res(a’/s;s =0)
1 c am-i—iT N 1 c am—iT d
— T+ — x.
2mi J_oo x+ 1T 2mi J_ oo x — 1T
Since )
1 /C az:tzT a’
— —dr| < ————
2mt J_oo x £14T T loga

we directly obtain the bound in the case a > 1.

The case 0 < @ < 1 can be handled in the same
way. And finally, in the case a = 1 the integral can be
explicitly calculated (and estimated).

LEMMA 4.2. Suppose that L is a positive real number,
A a complex number different from 0 and 1, and ¢ a real
number with ¢ > +log|\|. Then we have for all reals
numbers x > 1

(4.27)
ool
A—1

log x

L J[[logx/L € 7).

_ L
2

Proof. By assumption we have |[Ae %*| < 1. Thus, by
using a geometric series expansion we get for all x > 1
such that logz/L is not an integer

SO e
— ———ds
27t Jo_ip 1—eLsh s

/C-‘rZT dS
Lk
2m ciT e s

L2+ 1 a2
Y ()
A1 T1- L

In the second line above we use the first part of
Lemma 4.1 replacing the integral by 1 plus the error
term. Similarly we can proceed if logz/L is an integer.
Of course, this implies (4.27).

(0 <a<1),ruporem 4.3. Let L be a positive real number, X be a

non-zero complex number, and suppose that

= Z B,n"*

n>1



18 a Dirichlet series that is absolutely convergent for

R(s) > +log|A| —n for some n > 0. Then we have
1 c+iT B( Llog(z/")JJrl
— 1 —_— d = B,————
271 Tovoo i 1— e—LS/\ s Z
(4.28)
1 log(z/n)
-5 B AL  [log(z/n) /L € 7]
n>1
+0 (I% logMIfn) )
if |Al > 1, and
1 il B(s) af
4.2 — lim ———d
(429) 27T1T1~>oo/c o 1—eLs s ’
1

- ([ )

n>1

1 _

-3 Z Byllog(z/n)/L € Z] + O (z™ ).
n>1

iFA=1.

Proof. We split the integral into an infinite sum of
integrals according to the series B(s) = Y -, Byn~°
and apply (4.27) for each term by replacing x by x/n.

First assume that log(z/n)/L are no integers for all
n > 1. Hence, if z > ne’*, then we have

+

2mi

Lo e AL
/C—iT 1 — eiLSA? 5= A -1

elkn
o) = g s iz

and if x < neX*, then we just have

1 c+iT 1 5 1
T ds=0 | = _ ler™n/
2mi Jo_ip 1—e L5\ s T Z

Further, for given z there are only finitely many pairs
(k,n) with

-1 < =

eLkTL

2. B

n>1k>0

k T ¢
N (et )
x
el¥]qz[?

is convergent. Consequently we get

1 . /c+iT ZnZl c(n)n*S s

| il
2mi T e 1—eLs) s

ds =
c—iT

% > e(n) (/\Lilcg(f/")ﬁl -

n<x

1) +0(1)

(and a similar expression if there are integers n > 1 for
which log(x/n)/L is an integer). Finally, since

Z c(n) =0 (n% log\klfn)

and

Z e(n)n~ zlosA — 0 (xfn)

n>x

it follows that

n>1

(and similarly if there are integers n > 1 for which
log(z/n)/L is an integer). This proves (4.31).
If A =1 we first observe that (4.27) rewrites to

1 e+iT 1 xs
2t T—oo Jo_yp 1 —e 4% 5

1 1
= {%J +1- 5lloga/L € 7],
Now the proof of (4.29) is very similar to that of (4.31).

REMARK 4.3. The representations (4.28) and (4.29)
have nice interpretations. When |A| > 1 set

tZB

n>1

t lognJ+1

t
A 5> B A== [t — 10gn/L € 7).

n>1

 Then ¥(t) is a periodic function of bounded variation

with period 1, that has (usually) countably many dis-
continuities for t = {logn/L}, n > 1, and

) /C-‘rZT B(S) 5
— lim T sy o
27 T—o0 7 1—e sk s

— ptlogXy (10%) +0 (I%logwfn) ]

Formally this representation also follows by adding the
residues of

ds

B(s)/(1 —e t5))

at s = sg + 2kmi/L (k € Z) which are the zeros of
1—e’*)\ = 0. This means that in both cases the leading
asymptotic follows from a formal residue calculus.



Furthermore, if we go back to the original problem,
where we have to discuss a function of the form
B(s)
1- ET:I bjp;7

for log p; rationally related, then we have

1 c+iT
lim

2T T—o0 c—iT 1-— Z_;n:l bjp§ S

_ oo (10§$> +0 (z0).

As mentioned above we split up the integral with the
help of a partial fraction decomposition of the rational
function

B(s) x®

1
1-— ZT:l bjz”j '

The leading term can be handled directly with the help

of Theorem 4.2. The remaining terms one again uses

(4.27) and obtains (finally) a second error term of order
O (z%0~m).

REMARK 4.4. If A =
simpler. Set

1 then the situation is even

1
:ZZB”

n>1

and
o= ({5} )
n>1
1 1
_§ZBn[[t ogn Z]]——ZB logn.
n>1 n>1

Then W(t) is a periodic function with period 1, that
has (usually) countably many discontinuities for ¢ =
{logn/L}, n > 1, and we have

1 c+iT B s
— lim / i) r ds
2mi T=oo Jo_yp 1 —e L5 s

=Clogz + " <10lg/:17> +0 (z7").

Hence, by applying the same partial fraction decompo-
sition as above we also obtain (if s = 0 and if the log p,
are rationally related)

1 c+iT
lim

2mi T—o0 Jo_ip 1 =301, bjp} s

B(s) x®

=Clogz + " <10lg/:17> +0 (z7").

REMARK 4.5. There is also an immediate generaliza-
tion of (4.28) to functions of the form

=% 5 (5 - 5rmy).

n>1

(4.30)

where (hn)n>1 is a bounded sequence and where the
series converges absolutely for ®(s) > < log|A| — n for
some 1 > 0. Here we have

1 c+iT B
— lim / _B(s) ds
27 T—oo Jo_ip 1 —e"L5X s
(4.31)
| Lote/m) log(z/(n+hn))
1_“23( Y J)
n>1
1 log(xz/n)
-5 B AL  log(z/n) /L € 7]

n>1

1 log(z/(n+hn))
3 B A== o (2 (n + ha)) /L € 7]

n>1

+0(1).

Again if we define the 1-periodic function

0= o S A

n>1

log n

A tZB AR [t — logn/L € 7]

n>1

ZBA

n>1

_log(nthn) |

[t —log(n + hy)/L € Z],

then .
1 et B
1 / _Bls) =
27 T—oo Jo_,p 1 —e LS\ s

s log A <10§$)+O( logl)\\*n).

Summing up, we can handle all parts of T(s) (given by
(4.23)) with the help of these techniques if sy > 0, and
so > 0. (Recall that G’(s) is a finite Dirichlet series and
E'(s) is a finite sum of function of the form (4.30).)

4.5 Finishing the Proof It remains to complete the
proof of Theorem 2.1 in the rationally related case.
Actually we only have to (re)consider the cases, where
s9g > 04. Namely, if o, > so then the zeros of
the equation (2.7) do not contributed to the leading
analytic behaviour of f(s) and we can apply proper
Tauberian theorems. In what follows we comment on
the differences in the cases of interest.



2.

04 < Sg and sg = 0:
This case is basically handled in Theorem 4.2, in
particular see Remarks 4.4 and 4.5.

0q =80 =0:

In this case we apply proper generalizations of
Tauberian theorems. Recall that in this case the
dominant singular term of %T(s) is given by

log(1/s))Pe
T

and there are infinitely many simple poles at s =
2mik/L (k € Z \ {0}). Of course we have ag >
0, otherwise the sequence a, would not be non-
decreasing.

Here we need a slightly modified version of The-
orem B.2 or Theorem B.3, resp., which is easy to
establish. The proof just requires that the Fourier
series (2.12) converges and represents an integrable
function, see Remark B.1. However, this property
does not effect the asymptotic leading term, it is
only required in the proof.

04 < S and sg > 0:
Here we apply Theorem 4.2, see also Remark 4.3.

. 04 = 8o and sg > 0:

This case is very similar to Case 3.
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A Analytic Continuation of Dirichlet Series

Dirichlet series of special sequences are frequently used
in the present paper. In particular we are interested in
the Dirichlet series of sequences of the form

c(n) =n?(logn)“.

It is clear that the Dirichlet series C'(s) = 3", ¢(n)n™°
converges (absolutely) for complex s with R(s) > o+ 1.
We also know that the abscissa of absolute convergence
is given by 0, = 0 + 1. However, it is not immediate
that C(s) has a certain analytic continuation to a larger
region (that does not contain the singulariy s = o,.
Nevertheless, such continuation properties do hold (see

[17]).

THEOREM A.1. Suppose that o and o are real numbers
and let C(s) be the Dirichlet series

C(s) = Z n? (logm)*n=°.

n>2

If a is not a negative integer, then C(s) can be
represented as

Ia+1)

Cls) = Gy —yart T G6)
where G(s) is an entire function.
If a« = —k is a negative integer, then we have

(s—o—1)"1log(s —o +1) + G(s),

where G(8) is an entire function.

Proof. We do not provide a full proof but sketch the
arguments from [17] where even a slightly more general
situation was considered. Furthermore it is sufficient to
consider the case 0 = 0.

First it follows form the Euler Maclaurin summa-
tion that C(s) can be represented (for $(s) > 1) as

C®:A”®mfm+®wf

Vs 25+1

where the second integral on the right hand side repre-
sents a function that is analytic for R(s) > 0. Further-
more, by using the substitution z = (s—1) log v the first
integral can be rewritten as

oo 1 [e% oo
/ (o v)? dv=(s—1)"*"1 / 2% dz.
2 v# (s—1) log 2

The latter integral is precisely the incomplete I'-
function.
If v is not a negative integer, then [1]

m

Ea = (—=D™ w
2% *dz = T'(a4+1)—w*t! g
!

/w = ml (m+a+l)

and if @« = —k is a negative integer, then [1]

/oo Z*kefz dz = Fk_l(—kﬁ + 1) + (Ii__l)1k)| log(W)

' b)
0 m! (m+a+1l)

where T'y(2) = I'(2) — (=1)*/(k!(k + z)). Hence the

conclusion follows.

Note that the above method is quite flexible. For
example, if

c(n) =n?(logn)* + O(n"_‘s)

for some § > 0, then we obtain a similar representation
except that G(s) is not any more an entire function but
a function that is analytic for R(s) > o — 46 — 1.

It is now easy to apply Theorem A.1 to sequences
of the form

c(n) = any2 — Any1,
where
an = n?(logn)®.

THEOREM A.2. Suppose that a,, = n? (logn)*, where o
and « are real numbers, and let A(s) be the Dirichlet

series
T Ap+2 — Qp41
A(s) = E —_—
n
n>1

If o is mot a megative integer, then g(s) can be
represented as

~ Ia+1)

A(s) = P Hoxl)

(s— o)

+ G(s),

where G(s) is analytic for R(s) > o — 1.
If a = —k is a negative integer, then we have

(s — o) log(s — o)



_1\k
+ %11))'(5 —0)*log(s — o) + G(s),

where G(s) is analytic for R(s) > o — 1.
Proof. This follows from the simple fact that

ant2 — app1 = on’ (logn)* (1+O0O(n™ 1))
+an’ logn)* ' (1+0(n™")).

Note that Theorem A.2 is even more flexible than
Theorem A.1. For example, we can also consider
sequences of the form a,, = (|pn + 7)) for some p with
0 < p <1 (or similarly defined sequences). In this case
one could argue, as in Section 4.1, that

A(s) = p"B(s) + R(s),

where B(s) is the Dirichlet series of the differences
(n+2)7 —(n+1)° and R(s) is analytic for R(s) > o —1.

Finally we show that condition (2.12) of Theo-
rem 2.1 is satisfied for sequences a,, = n?(logn)*.

THEOREM A.3. Suppose that a, = n°(logn)* and let

g(s) denote the corresponding Dirichlet series. Then
the Fourier series

>

kez\{0}

A(U + 27”k/L) 2mikx /L

(A1) o+ 2mik/L

is convergent for x € R and represents an integrable
function.

Proof. We restrict ourselves to the case 0 = 1, which
means that the sequence a,42 — a1 consists (mainly)
of the two terms (logn)® and (logn)*~1. To simplify
the presentation, we only discuss the function

A(s) = Z(log n)*n=°

n>2

instead of A(s) (and neglect the error terms, since they
be handled easily).

Following the proof of Theorem A.1 we have to
discuss the three integrals

Ay(s) = /:o {ogv)?

v

aa) = [ (1) - 5 ) altogor ot
Ag(s) = s/:o <{v} - %) (log v)*v~"1 dv,

Let us start with As(s) which we represent as

As(s) = 8/000 v~ *h(v) dv,

where h(v) =0 for 0 < v < 2 and h(v)/v is of bounded
variation on [2,00). (Note that in our case, h(v) is not
continuous if v is an integer.) Set

F(z) =LY h(e"tmE).

meZ

Then F(x) is periodic (with period L) and also of
bounded variation. Hence it has a convergent Fourier
series with Fourier coefficients

1

L
fk - - Flr e—27rik;ﬂ/L dr
L
0

L
:/ Z h(ex+mL)ef(ac+mL)27rik/L dx
0 mez

— / h(e;ﬂ) e—m27rik/L dr

_ /Oo h(v) v~ (H2TR/L) gy
0

_ A3(1 4 2mik/L)
- 1+ 2mik/L

Hence, the Fourier series with Fourier coefficients A3 (14
2mik/L)/(1 + 2mik/L) is convergent. Furthermore, it
is integrable, since the set of discontinuities of F'(x) is
countable and F'(z) equals its Fourier series at all points
of continuity (here we use the fact that fr = O(1/k)).
Similarly we can handle As(s). We represent it as

As(s) = /200 h(v)v™* dv,

where h(v)/v is of bounded variation on [2,00). Here
the corresponding periodic function is given by

o~ L{(z—logv)/L}

F(z) = L/;O h(v)w dv.

Finally, we have to consider A;(s). By Theorem A.1
we know that A;(s) has an analytic continuation to the
slit region C \ (—o0,1]. In particular it follows that the
limit

lim Ay(1+ e+ 2mik/L)
e—0+

exists and equals to (the analytically continued value)
A1(1 + 2mik/L) . By partial integration it follows that
(for real t)

(log2)®

* (logv)”
o wltetit TU T oyt
a 00 1 a—1
- (log v) — dv.
e+it Jo pltetit



This implies that
) 1

Consequently the Fourier series with Fourier coefficients
A1(1 + 2mik/L)/(1 + 2wik/L), k # 0, converges abso-
lutely. This completes the proof of the Theorem.

B Tauberian Theorems

The main analytic problem in the present paper is to
obtain asymptotic information on the partial sums

of a Dirichlet series

C(s) = Z ce(n)n™*

n>1

from analytic properties of C(s). The classical Taube-
rian theorem of Wiener-Tkehara, as presented in Theo-
rem B.1, is a very strong tool in this context. Actually it
applies to the Mellin-Stieltjes transforms (see [23]) that
is closely related to Dirichlet series:

C(s) = Z cn)n™® = /:O v~ * dé(v).

n>1

THEOREM B.1. (WIENER-IKEHARA; CF. [23]) Let
¢(v) be non-negative and non-decreasing on [1,00) such
that the Mellin-Stieltjes transform

C(s) = / v~ de(v) = s/ o) do
1— 1
exists for R(s) > 1. Suppose that for some constant

Ao > 0, the analytic function

Ao

C(s)—s_l

(R(s) > 1)

has a continuous extension to the closed half-plane
R(s) > 1. Then
c(v) ~ Agv

as v — Q.

Theorem B.1 has direct extensions in the case
when C(s) converges for R(s) > sp, has a continuous
extension to the closed half-plane $(s) > s¢ (for sg > 0),
and C(s) behaves like a pole of higher order for s — so.

THEOREM B.2. Let ¢(v) be non-negative and non-
decreasing on [1,00) such that the Mellin-Stieltjes trans-
form C(s) exists for R(s) > so for some so > 0 and

suppose that there exist real constants Ay, ..., Ax (with

Ak > 0) such that

K
F(s) = éC(s) —Z(S_I;lﬁ

Jj=0

(B.1)

has a continuous extension to the closed half-plane
R(s) > so. Then we have

¢(v) ~ % (logv) K v

We indicate how Theorem B.2 can be deduced from
(a slight variation of) Theorem B.1 when K = 2. Let

1 T e, A Ay
;C(S)—/l ¢(v)v ds_(s—1)2+s—1

(B.2) (v — 00).

+l:—'(s)

with some A; > 0 and some function F(s) that is
analytic for R(s) > 1 and has a continuous extension
to the half plane R(s) > 1. By subtracting Ag/(s — 1)
and by splitting up the integral into two parts we obtain

0o 3 . B Al NS
/2 (€(v) — Agv) v~ % dv = (5—1)2+F( )

- /1 i (@(v) — Agv) v dv

Hence, by integrating with respect to s (from 2 to s) we
Ay

have
/ (E(U) — A0v> =5 dp —
9 log v 5 —
—/ F(t)dt—l—/ <w> v 2 dv
9 9 logv

+/: /12(5(1))—A0v)vt dvdt.

We can apply a slight generalization of Theorem B.1
to (¢(v) — Apv)/logv; of course the right hand side
is of the form A;/(s — 1) + F(s), where F(s) has a
continuous continuation to the half plane R(s) > 1.
The point is that the function (¢(v) — Agv)/logv is not
necessarily non-negative and non-decreasing. However,
there is certainly a constant C' > 0 such that (¢(v) —
Agv)/logv + Cv > 0, and A; on the right hand side
can be replaced by A; + C. Furthermore, the proof of
Theorem B.1 has some flexibility. Actually the proof
of Theorem B.1 can be easily modified so that it also
applies to a function of the form (¢(v) — Agv)/loguw,
where it is only assumed that ¢(v) is non-decreasing
[23].

Note that the cases sg > 0 and sg = 0 of Theo-
rem 2.1 have to be handled separately.? Furthermore,

T

2The approach we present works for sg > 0. For sop = 0 we

have to adjust parts of the proof of Theorem B.1.



the case sg < 0 is not applicable in this setting. Namely
if ¢(v) > 0 and non-decreasing, then C(s) cannot con-
verge for s with R(s) < 0. Note also that we cannot ex-
pect a more precise asymptotic expansion in this gener-
ality. For example if @(v) = (A; log v+ Ag+sin(log? v))v
with A; > 2. Then ¢(v) is positive and non-decreasing,
so (B.1) is satisfied but we do not have ¢(v) = (A log v+
Ao +o(1))v.

REMARK B.1. The above mentioned proof method of
Theorem B.2 also applies to situations, where %C(s)
has a representation of the form

1C’(s)z/ c(v)v fds = ———
S 1
Aom -
S

s+imrt—1
ISV

with some A; > 0 and some function F(s) that is
analytic for ®(s) > 1 and has a continuous extension
to the half plane R(s) > 1. Furthermore we have to
assume that the Fourier series

AO eimTz
§ ,m

meZ

is convergent and represents an integrable function.
Note that this condition corresponds to the condition
(2.12) in Theorem 2.1.

Under these assumptions the previous proof works,
too, and it follows that ¢(v) ~ Ajvlogw.

This kind of reasoning is precisely what is needed
in the Section 4.5, where we completed the proof of
Theorem 2.1 in the rationally related case.

There are even more general versions by Delange
[8] that cover singularities of algebraic-logarithmic type
that we state next. Note that this theorem requires an
analytic continuation property and not only a continuity

property.

THEOREM B.3. (DELANGE [8]) Let ¢(v) be
negative and non-decreasing on [1,00) such that the
Mellin-Stieltjes transform C(s) exists for R(s) > so
for some sy > 0 and suppose that there exist functions
F(s), go(s),...,gs(s) that are analytic in a region that
contains half plane N(s) > so such that

non-

where go(so) # 0, B; are non-negative integers, g
is real but not a negative integer when it is non-zero,
and oq,...,a  are complex numbers with R(a;) < .
Furthermore By > 0 if ag is contained in the set
{0,-1,-2,...}.

Then, as v — 00,

- gO(SO) ap—1 Bo,,s
B.3 c(v) ~ logv)** ™~ (log logv)"°v®®
(B.3) (v) F(%)(g) (loglog v)
if ag is not contained in the set {0,—1,—2,...} and
(B.4)

(v) ~ (=1)*(—a0)!Bogo(s0) (log v)**~* (loglog v) P~ v
if ag s contained in the set {0,—1,-2,...} and By > 0.

Interestingly, Theorem B.1 generalizes — partly — to
the case, where there are infinitely many poles on the
line R(s) = s, where one obtains a fluctuating factor
in the asymptotic expansion.

The drawback of this generalization is that it only
applies if the appearing periodic function has an abso-
lutely convergent Fourier series. Unfortunately we can-
not apply it in the present context, since the appear-
ing periodic functions have discontinuities. Anyway, we
could not find such a theorem in the literature, so we
present it here. The proof is an extension of the ap-
proach from [23].

THEOREM B.4. Let ¢(v) be non-negative and non-
decreasing on [1,00) such that the Mellin-Stieltjes trans-
form C(s) exists for R(s) > so, where s > 0. Assume
that the function

(B.5) _
§— 8o — imT
meZ
with some real T > 0 and real coefficients A,,, where
Ag > 0, has a continuous extension to the closed half-
plane R(s) > sg. Furthermore assume that the Fourier

series
\IJ(I) — E Am elmra
meZ

is absolutely convergent and has bounded derivative.
Then
(B.6)

¢(v) ~ U(logv) v* (v — ).



