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ABSTRACT. The purpose of this paper is to provide upper bounds for the dis-
crepancy of generalized Van-der-Corput-Halton sequences that are built from
Halton sequences and the Zeckendorf Van-der-Corput sequence.

1. INTRODUCTION

Suppose that ¢ > 2 is a given integer and
n=3 e, e e{0.1,....¢-1}
Jj=20
denotes the g-ary representation of a non-negative integer n. Then the g-ary Van-
der-Corput (¢4(n))n>0 sequence is defined by

—j—1
Pq(n) = ZEq,j(n)q T
720
It is well known that the Van-der-Corput sequence is a low discrepancy sequence,
that is, the (star-) discrepancy Dy (¢q(n)) satisfies
log N
N )

Dy (¢q(n)) <

Similarly a d-dimensional Halton equences ®4(n) that is defined by ®4(n) = (¢4, (n), . ..

satisfies
log N)*
D (@g(n)) < 15N
if g = (¢1,...,9s) consists of pairwise coprime integers ¢; > 2. In particular all

these sequences are uniformly distributed modulo 1 (which just means that the
discrepancy tends to 0 as N — o0). For more details on discrepancy theory and
uniformly distributed sequences we refer to [2, 6]. We just note that the (star-)
discrepancy Dy (x5) of a s-dimensional real sequence (x,),>0 is defined by

N-1
1
DN(Xn) = sup N E 1[O,a1)><---><[0,a5)(xn mod 1) —ag - - a.
n=0

0<ap,...,as<1

Recently Hofer, Taco, and Tichy [4] considered generalized Van-der-Corput and
Halton sequences of the following form. Suppose that b > 1 and d > 2 (or b > 2
if d = 1) are integers and G = (Gp)n>0 is an integer sequence defined by G = 1,
Gy =bGr—1+--+Go)+1forl1 <k<dand

Gr=b(Gr—1+- -+ Gi—q)
for k > d. Then every non-negative integer n can be uniquely represented by

(1.1) n=> ea;n) Gy,
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where the digits ¢ € {0,1,...,|G,+1/G;]} are (uniquely) chosen by the greedy
condition

J—1
Z EGJ‘(TL)G]‘ < Gy.
j=0

We will call (1.1) the G-ary expansion of n. Of course, this generalizes g-ary ex-
pansions, where b = ¢, d = 1, and G}, = ¢".
Furthermore let 8 > 1 be the dominating root of the adjoint polynomial

2 —bzd~t—...—b=0.

Then the (so-called) S-Van-der-Corput sequence (¢g(n))n>o is defined by

¢p(n) = eq ()7
Jj=0
As in the case of the usual Van-der-Corput sequence it is well known that in this case
the 8-Van-der-Corput sequence is a low-discrepancy sequence, that is Dy (¢g(n)) <
(log N)/N, see [1, 8]. A very prominent example is the -Van-der-Corput sequence
corresponding to the golden mean ¢ = (1 + \/5) /2, where the base sequence G =
(Gr)n>o is given by the Fibonacci numbers G,, = F,12. Here the digital expansion
(1.1) is called Zeckendorf expansion. And the digits ¢ ;(n) € {0,1} just have to
satisfy e j(n)eg j+1(n) = 0, that is, there are no consecutive 1’s. For convenience
we will denote this sequence the Zeckendorf Van-der-Corput sequence (¢z(n))n>0-

Similarly to the usual Halton sequence the [-Halton sequence is defined by
®3(n) = (¢s,(n),...,0p,(n)), where the entries of 8 = (f4,...,08s) correspond
to G;-adic expansions of the above kind, 1 < i < s.

By the use of ergodic properties it was shown in [4] that ®z(n) is uniformly
distributed modulo 1 provided that the integers b; are pairwise coprime and the
dominant roots 3; have the property that 5¥/ Bg ¢ Q for all integers k,I > 1 and
i # j. However, the discrepancy was not considered at all.

The purpose of the present paper is to provide a first quantitative discrepancy
analysis of S-Halton sequences.

Theorem 1. Suppose that qq,...,qs > 2 are pairwise coprime integers. Then the
discrepancy of the (s + 1)-dimensional sequence

B(n) = (¢g, (1), -, ¢g, (2), 2(n))

satisfies
Dy (®(n)) < N7
for every e > 0.

It remains an open problem whether this kind of generalized Halton sequences
are low discrepancy sequences. Nevertheless the upper bound given in Theorem 1
is close to optimality. We leave this as an open problem.

Problem. Suppose that ®g(n) = (¢p,(n),...,ds,(n)) is a s-dimensional 5-Halton

sequence that is uniformly distributed modulo 1. Is ®g(n) also a low-discrepancy

sequence, too, that is,

(log N)*
N

Actually it is not clear how far Theorem 1 can be generalized. It would be
desirable to cover (at least) the kind of sequences that are discussed in [4]. However,
it seems that the methods that are applied in the present paper are not sufficient
to handle these cases. In the case of the Zeckendorf Van-der-Corput sequence the
distribution can be reduced to distribution properties of the Weyl sequence ny mod
1 (see Lemma 5). This is due to the fact that the Zeckendorf expansion agrees
with the Ostrowski expansion related to the golden mean ¢. In the more general

Dy (®5(n)) < !
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case it might be possible to replace this approach by a distribution analysis of a
more-dimensional linear sequence (modulo 1) in Rauzy fractal type sets (see [7, 11]).

2. DISCREPANCY BOUNDS FOR HALTON SEQUENCES

The purpose of this section is to present a very basic approach to the discrepancy
of Halton sequences ®4(n). These results are by no means new but are helpful to
prepare the proof of Theorem 1.

Actually all subsequent properties follow from the following observation (that is
immediate from the definition).

Lemma 2. Suppose that ¢ > 2, k >0, and 0 < m < ¢* are integers. Then we have

+1
i) [ 75)

if and only if
k—1
Z Eq,k—l—f(n)qg =m,
£=0

that is, the digits €40(n), ..., eq,6—1(n) are fized or, equivalently, n is contained in
a fized residue class mod g".

Lemma 2 implies a discrepancy bound (2.1) for the Van-der-Corput sequence.
Note that in the present case we trivially have ¢ < 1 so that the upper bound
¢ %+ L/N < (logN)/N follows immediately by choosing L = [log, N|. The
reason for using the formulation (2.1) with explicit d is that this kind of formula
naturally generalizes to (generalized) Halton sequences.

Lemma 3. Suppose that ¢ > 2 is an integer. Then we have for every integer L > 1

. 11
(2.1) Diy(9q(n)) < 1 + 5 > b
q 1<k<L
where
_ k N
0p = max |#{n<N:n=umodgq"}— —
0<u<qk q

)

LUl U---U IR is partitioned into R

Proof. Suppose that the interval [0,«) =
r < R. Then by the triangle inequality we

@
disjoint intervals I,. of lengths ¢,., 1 <
have

R |N-1
S Z Z ]-Ir(xn) - Ner

r=1|n=0
Now if a € [vg~F, (v +1)¢g~F) and v has the digital expansion v = vy +viq+ -+ +
vr_1¢"~! then we can partition the interval [0,) into vg + vy + -+ +vp_1 + 1
intervals: vy intervals of the form [mog~!, (mo + 1)g™1), 0 < mg < vy; vy intervals
of the form [vog™! + m1q=2,v0¢7 1 + (m1 + 1)¢72), 0 < my < vy etc., and finally
the interval [vg— %, o).

By Lemma 2 it follows that for every interval of the form I = [mq™*, (m+1)q%)
we have

N-1
Z 1[0,04) (xn) - Na
n=0

N-1
D 11(84(n)) = Ng™*| < 6.
n=0
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Finally for the interval [vg~%, ) we set J = [vg™%, (v + 1)¢~F) and obtain

ZlquQ)d)q 21J¢q

> 14(a(n)) — N+ g
n=0
<dr+ Nq_L.
and consequently
N-1
Z 1[vq*L,a) (¢q(n)) - (a - vqiL)N < (sL + 2Nq7L'
n=0
Of course this proves Lemma 3. O

By using precisely the same proof method as in the proof of Lemma 3 we obtain
a direct generalization for Halton sequences. Note that the Lemma 2 together with
the Chinese remainder theorem has to be used to obtain (2.2). Note again that
Oky,....k. < 1sothat we derive from (2.2) the upper bound D} (®4(n)) < (log N)* /N
by choosing L; = |log, N].

Lemma 4. Suppose that q1,q2,...,qs > 2 are pairwise coprime integers and q =
(q1,---,4s). Then we have for all integers L1,...,Ls > 1

(2.2) Dy (® <<Z b Z Z Oky,...ks

j=19; NodnZo  i<hicr.
with

Oky,.. .k, =  max #{n<N:n=umod g .. gk} - -

0<u<qht...qks q; - qs°

Finally we mention that it is easy to we extend Lemma 4 to subsequences of

Halton sequences. Suppose (again) that ¢i,¢g2,...,qs > 2 are pairwise coprime
integers. If ¢(n) a sequence of non-negative integers then we obtain

Dy (®q <<Z L — Z Z Oky,.. ks

j=19j 1<7€1SL1 1<ks<Ls

N

— k ks
5k1,...7k5 = mgx #{n<Nc(n):um0d qll"'qs‘}—ﬁ
0<u<gyt--qhs q1” - ds

Similar observations have been already made in [5]. And actually we can re-
prove them with the above estimates. We just recall the obervation from [5] that
(Pg(c(n)))n>0 is uniformly distributed modulo 1 if and only if ¢(n) is uniformly
distributed in the residue classes modulo (g; - --¢s)¥ for all k > 0. (Of course if
c(n) is uniformly distributed in the residue classes modulo (q; - - - ¢s)* then it is also
uniformly distributed in the residue classes modulo q’fl -oogks for all k;j < k.)

It is also of interest to start with a sequence r(n) of non-negative real numbers
and to consider the sequence (®q(|r(n)]|)n>0. Here it follows that if the sequence
r(n)/(q¥* - ¢*+) is uniformly distributed modulo 1 for all integers ki, ...k, > 0
then (®q([7(n)])n>0 is uniformly distributed modulo 1, too. Furthermore

Dy (®q <<Z Tt > > Dalr)/(a ).

=1 qj 1<k1<Li1  1<k.<L,
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3. DISCREPANCY BOUNDS FOR THE ZECKENDORF VAN-DER-CORPUT SEQUENCE

Next we provide a quantitive appraoch to the Zeckendorf Van-der-Corput Se-
quence (¢z(n))n>o that has strong similarities to the g-ary case from the previous
section.

We recall that the Fibonacci number (F,),>0 are given by Fy =0, F; =1, and
Fy = Fy_1 + Fy—2 (for k > 2) and that every non-negative integer n > 0 has a
unique representation

n=7) ez;(n)F;,
i>2
where ez ;(n) € {0,1} and €z ;(n)ez j+1(n) = 0. The Zeckendorf Van-der-Corput
Sequence ¢z(n) is then given by

$z(n) =Y ez,(n)p 7,
i>2

where ¢ = (1 ++/5)/2 is the golden mean.
There is an interesting analogue to Lemma 2. Actually we get slightly more
information than in the g-adic case.

Lemma 5. Suppose that k > 3 and that the first digits ez 2(n),...,ez,k-1(n) are
fizxed. Then we equivalently have

(3.1) s [T EE) ez =0
. z\n

Pt glj_—ﬁ ifezr—1(n) =1,
where

k-3
p=Y ezp-1-e(n)e".
=0

Furthermore we have

(0) . _
(32) (—]_)kngp c (_1)]@“80 + Aécl) +Z Zf EZ,krfl(n) =0,
Ak + Z ’Lf&fz’kfl(n) = ]_7
where

k—1
u = Z EZJ'(R)Fg
j=2

) _ 1 1 1 1 1
=) A=)

Proof. Both properties, (3.1) and (3.2), are completely elementary. We just mention
that (3.2) is a general property related to the Ostrowski expansion, compare with
[3, Section 3.2]. (For a proof in the present case we refer to [10].) O

and

We first note that the intervals Lo,fﬂQ , 5%12) (or Lak“,Q , %), respectively) par-
tition the unit interval [0,1) if the digits ez2(n),...,ez,-1(n) vary over all valid
0-1-sequences. Similarly the sets (—1)up + A,(go) mod 1 (or (—1)up + Ag) mod 1,
respectively) partition the unit interval. This implies that the distribution of the
Zeckendorf Van-der-Corput sequence ¢z(n) can be directly related to the distibution
of the sequence ny mod 1. This leads us to a corresponding variant of Lemma 3.

Lemma 6. For every integer L > 1 we have

1 1
Dy(dz(n)) < —p + > ok
v 1<k<L
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where

N-1 N
0 = sup 1 wnmod 1) — —|.
0<pel Z 8.8+¢) ) oF

Proof. The proof is very close to the proof of Lemma 3. First, for every a € (0,1]
there exists u of the form

L—3
=Y eraet.
=0
with eo,...,e-1 € {0,1} and €;e;41 = 0 (that is, there are no consecutive 1’s)

such that pp= 172 <a < (u+1)e F*2ifep 1 =0or pp P2 < a < (p+@)p F+?
if e;_1 = 1. For notational convenience we only take into account non-zero digits

and write
L/
L—2—4;
p=>y ",
=1

where I’ < L/2and 1 < ¢ </{y < --- < {p, < L—2. Now we partition the interval
[0, ) into L' + 1 intervals of the form

L'—1 L L
1 11 1 1 1 1
0,>u[,+>umu Dt Bl HUA DYt
[ ph Pl pht -t Pl @i

j=1

The first L’ intervals can be seen as intervals of the form given in (3.1). Let I
denote one of these intervals. We now apply Lemma 5 and by (3.2) there is another
interval J (mod 1) of the same length ¢ % such that

N-1

le¢z Znganmodl)

n=0
Thus the local discrepancy of the sequence ¢z (n) with respect to the interval I can
be replaced by the local discrepancy of the sequence ¢n mod 1 with respect to the
interval J. And the second one can be estimated by dy;.
Finally the remaining interval can be handled in the same was in the proof of
Lemma 3. Summing up this leads to proposed discrepancy bound. O

We should add that the sets [3,3 + ¢ %) are bounded remainder sets for the
sequence pn mod 1 since ¢~ € Z + ¢Z and we also have 6, = O(1). This leads
to another proof of the upper bound

log N

Di(62(m) < =%

We also want to mention that Lemma 5 extends to subsequences. Suppose that
¢(n) is a sequence of non-negative integers. Then we have for every integer L > 1

Dy (¢z(c(n))) < Z Ok,

1<k<L
where
N-1 N
dr = sup 1 (pe(n) mod 1) — —|.
0<p1 nzo (B.8+¢™F) oF

In particular we get

Dy (¢z(c(n))) <log N Dy (pc(n)).
For example it follows from Lemma 6 that ¢z (p(n)) or ¢z(p,) is uniformly dis-

tributed mod 1, where p(n) is a non-negative integer valued polynomial and p, is
the sequence of primes.
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Finally the method of Lemma 5 can be used to describe the joint distribution of
a Halton sequence and the Zeckendorf Van-der-Corput sequence.

Lemma 7. Suppose that q1,qo,...,qs > 2 are pairwise coprime integers and q =
(q1,-..,4qs). Then we have for all integers L,Ly,...,Ls >1

D7v<¢q<n>,¢z<n>><<;+2;+}v SO 0 Y G

Jj=11j 1<k<L1<ki1<Ly 1<ks<Ls
with
N/(gytqte) -1 N
Ok kr.... k. = Sup 115 54—k (gqu1~~qk5nmod ) —
sR1--5Rs 5 p=k) 1 < R
1 0<p<1 ;o [ ) Pkt gt

Proof. Suppose that €z ;1 = 0. Then

m1 mq+1 my my +1 pooop+1
(Py(n),pz(n)) € | —/—, —— | x X | ==, X [ —,
B @t @t ph=27 ph=2

if any only if n contained in a residue class modulo q]fl ---q¥ and on mod 1 is

contained in an interval of length ¢ ~%+2. Thus, the number of n < N with this
property minus the expected number N/(¢*qf" - - - ¢%) is bounded by 6x_o.k,. k.-
(Similarly if ez 5—1 = 1 then the upper bound is 0x—1 k,, .. k,.) Hence, by using a
decomposition of a (d + 1)-dimensional interval [0, 1) X -+ X [0, a5) X [0, ) is in
the proofs of Lemma 3 and Lemma 6 we immediately obtain the result. (]

4. PROOF OF THEOREM 1

The proof of Theorem 1 is based on Lemma 7. So we have to estimate 0y , .. k.-
Clearly we have

6k,/€17.~.,k¢s S 2 (N/q> D?\//q(@qn)a

where ¢ = q]fl -+~ q". Tt is well known that the discrepancy of a sequence z,, can be
estimated by the inequality of Erdés-Turdn (see [2, 6]) saying that for every integer
H>1

M—1

i § e27rihacn
M '
n=0

If z,, = an for some irrational number o we have

M-—1
E 627rzhan
n=0

where ||z|| = mingez | — k| denotes the distance to the integers. Consequently we
get (for every integer H > 1)

1 &
Dt —+ > -
M(l'n) < H + £ h,

o1
lhel]”

1
|hgell’

N X1
4.1 1) — —
(4.1) Kok ke <K i + ;; .

In order to handle this kind of sums we make use of Ridout’s p-adic version of the
Thue-Siegel-Roth theorem [9] which implies the following lemma.

Lemma 8. Suppose that q1,qs,...,qs > 2 are pairwise coprime integers. Then for
every € > 0 there exists a constant C' > 0 such that for all integers ky,...,ks >0
and h > 1

C
h1+e(q11€1 .. .qks)e

S

k .
gt - g he|| >
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Proof. Set q = qfl ---g¥ and let D denote the set of primes that appear in the
prime decomposition of ¢, ..., qs. By Ridoux’s theorem for every ¢ > 0 there exist
a constant C' > 0 with

C
lghell TT lahle = COES

¢eD
for all integers q,h > 1. Since

[T 1anle < I lale =

teD ¢eD
we obtain
C
lghel| > W
as proposed. O
Lemma 9. Suppose that q1,qo,-..,qs > 2 are pairwise coprime integers. Then for
every € > 0 there exists a constant C' > 0 such that for all integers k1,...,ks >0
and H >'1
_— < C’(q1 qu)E
Z hlglt - g5 e ’

Proof. Let Qr = Qr(«) denote the denominators of the convergents Py/Qj of an
irrational number o and suppose that Qr—1 < H < Q. Then it follows from the
approximation

P 0
o= —— 0] <1,
Qr QrQr+s1 9]
that
hP; 1
ha— 2kl o 2 1<h<Q
‘ Qr Qx @

Since P and Qf are coprime the numbers hPy, 1 < h < @, run through all residue
classes modulo Q. Thus, the numbers ||ha||, 1 < h < Qy, can be well approximated
by ||¢/Qk|| with £ € {0,1,...,Qr — 1} but with at most three exceptions that are
related to ¢ € {0,1,Qr — 1}. For these exceptional values we can just say that
||ah] > énm |[ha|| whereas for the other values we have ||ah| > ||¢/Qk|| — 1/Qk.

Consequently we obtain

Qr—2
z SR T Eyen
IIhall min|ha 1£/Qrll — 1/Qx
1
K ———— + Qr log Qx
min _||hall
1<h<H

If we apply this procedure for oo = g (with ¢ = q]fl ---¢") then we can use the
estimate from Lemma 8 to obtain
< HH'EqE.

h
 in{[hgel|

Furthermore, since HQk,laH < 1/Q) we obtain (again from Lemma 8)

C 1
= ||Qk 1C]S0|| = Q1+a € > H1+sqs

and consequently

1
Z ||hq90H < ]71-"-€qE +H1+6qa 1Og(H1+5qs) < H1+28q25,
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Finally by partial summation we obtain

H H H h
1 1 1 1 1 1
S EF ITEED I e
= hlhgell = H = |lhgell 7= h* = [Itge
< (qH)*
Since € > 0 is arbitrary we can replace 2¢ by € and we are done. |

Now it is easy to complete the proof of Theorem 1.

Proof. We use Lemma 7, where we choose L = |log, N| and L; = [log, N]. As

above we abbreviate qfl gk by q.
We distinguish two cases. First suppose that ¢ > N. Then we trivially have

Ok kyoks < 2.

In the other case we set H = | N/q| > 1 and apply (4.1) to obtain

H
N 1 1
T T
qH = = hhqell

< 1+ N°
< N°&.
Summing up this implies
D (®(n)) < % + %Ng(log Nt « N
Again, since € > 0 is arbitrary we can replace 2¢ by € which completes the proof of
Theorem 1. ([l
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