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Abstract We discussthe following motion design problem: Given are N positions
�( t i ) of a moving body � 0 � R3 at time instancest i . Compute a smooth
rigid body motion �( t) which interpolates or approximates the given
key or control positions �( t i ). Moreover, the motion shall minimize a
certain energywhich is expressedwith help of the energiesof tra jectories
of points on the moving body. Basedon very recent results on splines in
manifolds we present a characterization of motions which are analogous
to known energy minimizing spline curves, such as C2 cubic splines or
splines in tension.
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1. In tro duction

Smooth interpolation or approximation of given positions of a moving
body is a fundamental task in computer animation and robot motion
planning (Latombe, 2001). There existsa largebody of literature dealing
with this subject, which is rooted in kinematics and Computer Aided
Geometric Design (for a recent survey, seeJ•uttler and Wagner, 2002).

From a more abstract point of view, the problem is a curve inter-
polation or approximation problem in a manifold. In the present case,
this manifold is formed by the elements of the group SE(3) of Euclidean
congruencetransformations. Depending on the application, various em-
beddings in a higher dimensional spaceare appropriate.

Recent work (Belta and Kumar, 2002; Hofer et al., 2004; Wallner,
2004) usesan embedding as 6-dimensionalmanifold M 6 in a 12-dimen-
sional a�ne space,which arisesas kinematic imagespaceof a�ne maps
in R3. With an appropriate Euclidean metric in R12, the orthogonal



projection onto M 6 can be computed explicitly . Now smooth motions
arise via the projection of smooth curves c(t) � R12 onto M 6. If c(t)
minimizes an energy functional, its projection �c � M 6 is in generalnot
a minimizer. Therefore, this simple projection principle is not suitable
for variational motion design. For contributions to the latter topic, see
Barr et al., 1992; J•uttler and Wagner, 2002; Park and Ravani, 1997;
Ramamoorthi and Barr, 1997.

In continuation of work started in Hofer et al., 2004, we discuss
here variational motion design as a variational curve design problem
on M 6 � R12. Very recent general results on energy minimizing splines
in manifolds (Pottmann and Hofer, 2004)areusedto characterizeenergy
minimizing motions. The energy is formulated with help of the energies
of tra jectories of a �nite or in�nite set of points (feature points) on the
moving body. We �nd characterizations which are analogousto elegant
known results in classicalspline theory. For example,the L 2 norm of the
secondderivative as an energy leads in the unrestricted classicalcurve
interpolation caseto cubic C2 splines; for motion interpolation, we ob-
tain C2 motions for which { at each time instant { the force system,
de�ned by the 4-th derivative vectors attached to the feature points,
is in balance. Geodesic motions in the present setting appear as free
motions in the senseof mechanics (Arnol'd, 1989).

The focusof the present paper lieson the description of the theoretical
framework and the derivation of the main characterization of energy
minimizing motions. We addressthe computation, which is a special
caseof the computation of splines in manifolds, only brie
y , and �nally
present illustrativ e examples.

2. The Group of Euclidean Motions Em bedded
in the A�ne Group

Consider a rigid body moving in Euclidean three-spaceE 3. We use
Cartesian coordinates and denote points of the moving system � 0 by
x0; y0; : : : ; and points of the �xed system by x; y, and so on.

A one-parameter motion � 0=� is a smooth family of Euclideancongru-
encetransformations depending on a parameter t which can be thought
of as time. A point x0 of � 0 is, at time t, mapped to the point

x(t) = A(t) � x0 + a0(t) (1)

of �, where A(t) 2 SO(3) and a0(t) 2 R3.
If we do not imposeany restriction to the matrix A in Eq. (1), we get,

for each t, an a�ne map.



In the following, we will use a kinematic mapping that views a�ne
maps as points in 12-dimensional a�ne space. For that, consider the
a�ne map x = � (x0) = a0 + A � x0. Let us denote the three column
vectors of A as a1; a2; a3. They describe the imagesof the basisvectors
of � 0 in �. Of course,we have x = a0 + x0

1a1 + x0
2a2 + x0

3a3. Now we
associate with the a�ne map � a point in 12-dimensional a�ne space
R12, represented by the vector A = (a0; : : : ; a3).

The imagesof Euclidean congruencetransformations (rigid body mo-
tions) � 2 SE(3) form a 6-dimensional manifold M 6 � R12. Its 6
equations are given by the orthogonality conditions of A, i.e., ai � aj =
� ij ; i = 1; 2; 3.

It will benecessaryto intro ducea meaningful metric in R12. Following
Hofer et al., 2004, this is done with help of a collection X of points
x0

1; x0
2; : : : ; x0

N in the moving system(body), which shall becalled feature
points henceforth. The squareddistancebetweentwo a�ne maps � and
� is now de�ned as sum of squareddistancesof feature point positions
after application of � and � , respectively,

d2(� ; � ) = kA � Bk2 :=
X

i

[� (x0
i ) � � (x0

i )]2: (2)

With A = (a0; : : : ; a3), B = (b0; : : : ; b3), C := A � B = (c0; : : : ; c3),
and x0

i = (x0
i; 1; x0

i; 2; x0
i; 3) the distance becomes

kA � Bk2 = kCk2 =
X

i

[c0 + x0
i; 1c1 + x0

i; 2c2 + x0
i; 3c3]2 = CT � M � C: (3)

This expressionwith help of a positive de�nite symmetric matrix M
immediately revealsthe following result (Hofer et al., 2004): The metric
(2) in the space of a�ne maps only depends on the barycenter sx =
(1=N )

P
i x0

i and on the inertia tensor

J :=
X

i

x0
i � x0

i
T

(4)

of the set of feature points x0
i in the moving system. R12 equipped with

this metric is a Euclidean space E 12.
We also see that we need not use unit point massesat a discrete

number of feature points. We could instead work with another positive
measureon a domain of interest D (the moving body) in � 0, e.g. the
Lebesguemeasuretimes the characteristic function � d of D . Of course,
we then replacesummation in (2) by integration.



By a well-known result from mechanics, we can replace the points
x0

1; : : : ; x0
N by the six special points

sx �

r
� j

2
ej ; j = 1; 2; 3; (5)

without changing the barycenter and the inertia tensor of X . There,
� 1; � 2; � 3 and e1; e2; e3 are the eigenvaluesand corresponding unit eigen-
vectors of the matrix J . Let us choosethe barycenter as origin in the
moving systemand the eigenvectorsof J ascoordinate axes. Then the six
points have coordinates (� f 1; 0; 0); (0; � f 2; 0); (0; 0; � f 3), and the norm
in R12 becomes

kCk2 = 6c2
0 + 2

3X

i =1

f 2
i c2

i : (6)

For the following considerations it will be important to know about
the tangent spacesat points A � M 6 and to characterize orthogonality
to thesetangent spaces.

A tangent vector at an arbitrary point A 2 E 12 can be interpreted in
E 3 asa velocity vector �eld of an a�ne motion. In particular, a tangent
vector of M 6 belongs to a velocity vector �eld of a Euclidean motion,
which is of the form v(x) = c + c � x. The coordinate representation
of this tangent vector in E 12, attached to A = (a0; : : : ; a3) 2 M 6, reads

T = (c + c � a0; c � a1; : : : ; c � a3): (7)

We would like to express orthogonality of an arbitrary vector D =
(d0; d1; : : : ; d3) 2 R12 to the tangent spaceat A. If we align origin
and axes of the coordinate system in � 0 with center and axes of the
inertia ellipsoid, the inner product is expressedin view of (6) as

hD; Ti = 6d0 � (c + c � a0) + 2
3X

i =1

f 2
i d i � (c � ai ):

This equation may also be written as

hD; Ti = 6d0 � c + 6c � (a0 � d0) + 2c
3X

i =1

f 2
i (ai � d i ): (8)

Let us attach to the six feature point positions a0 � f i ai ; i = 1; 2; 3;
the vectors of the linear vector �eld determined by D 2 R12. These
vectorsare d0� f i d i , and shall be interpreted asforces(for such concepts



from statics, seee.g. Pottmann and Wallner, 2001, pp. 191{194). The
moments of theseforcesare

(a0 � f i ai ) � (d0 � f i d i ):

The sumsof force vectors and moment vectors is the screw

(sd; sd) = (6d0; 6a0 � d0 + 2
3X

i =1

f 2
i (ai � d i )) : (9)

The screw resulting from the action of an instantaneous a�ne motion
(linear vector �eld) on these points is the same whether we use the 6
special feature points or the original set of feature points (or the mass
distribution). We call this the screw or force system Sd induced by the
linear vector �eld D.

The inner product (8) between T and D is now expressedas

hD; Ti = c � sd + c � sd: (10)

This is the virtual work done by the force system Sd on the body which
movesinstantaneously with the velocity �eld determined by T. Orthog-
onality between D and all T requires (sd; sd) = 0, i.e., balance of the
induced force system Sd. Thus, we have proved the following result.

Theorem 1 A vector D 2 R12, attached to a point A 2 M 6, is orthog-
onal to M 6 � E 12 i� the force system Sd induced by D is in balance.

3. Variational Motion Design as Variational
Curv e Design on M 6 � E 12

A Euclidean one-parameter motion corresponds to a curve on the
manifold M 6 � E 12. The designof such curvesvia projection onto M 6

is a principle of transfer from curve designto motion design(Hofer et al.,
2004). Such an approach, however, does not preserve minimum energy
properties. Thus, we are now dealing with the problem of constructing
energy minimizing interpolating spline curves on M 6. In this way, we
are computing energy minimizing Euclidean motions which interpolate
given positions.

Consider an m-dimensional manifold �, embedded in Euclidean Rn ,
m < n. Moreover, a sequenceof points p i 2 � ; i = 1; : : : ; N and real
numbers t1 < � � � < tN are given. We are seekinginterpolating splines
in the manifold.

Let us recall the situation, where we are not con�ned to a manifold:
Among all curves x(t) � Rn , whose�rst and secondderivative satisfy



_x 2 AC (I ); •x 2 L 2(I ) on I = [t1; tN ], and which interpolate the given
data, x(t i ) = p i , the unique minimizer of

E2(x) =
Z tN

t1

•x2dt; (11)

is the interpolating C2 cubic spline c(t).
Pottmann and Hofer, 2004 extended this well-known result to the

casewhere the admissible curves x(u) are restricted to the given man-
ifold �. We are considering the restriction to � as a constraint, rather
than formulating the problem in terms of the intrinsic geometry of the
manifold. The solution can be characterized as follows (Pottmann and
Hofer, 2004):

Theorem 2 Consider real numbers t1 < : : : < tN and points p1; : : : ; pN
on an m-dimensional C4 manifold � in Euclidean Rn . Then among all
C1 curves x : [t1; tN ] ! � � Rn , whoserestrictions to the intervals
[t i ; t i +1 ]; i = 1; : : : ; N � 1 are C4 and which interpolate the given points,
x(t i ) = p i ; i = 1; : : : ; N , a curve c which minimizes the functional E2 of
Eq. (11) is C2 and possessessegmentscj[t i ; t i +1 ], whosefourth derivative
vectors are orthogonal to � . Moreover, at the end points p1 = c(t1)
and pN = c(tN ) of the solution curve, the second derivative vector is
orthogonal to � .

We are viewing t i as given time instances,at which given positions,
i.e., points Pi 2 M 6, have to be interpolated. The energy (11) of a
curve X(t) � E 12 usesthe norm induced by (2) and thus it may also
be interpreted as sum of the corresponding energies(L 2 norms of the
secondderivatives) of the feature point tra jectories.

According to Theorem 2, the solution curve C(t) � M 6 has 4-th
derivative vectors C(4) (t), which are orthogonal to M 6. The forcesystem
S4(t) induced by C(4) (t) consistsof the fourth derivative vectors of the
feature point tra jectories at a given instant t. Using Theorems1 and 2,
we obtain the following result.

Theorem 3 Consider N input positions, corresponding time instances
t i and di�er entiability assumptionsas in Theorem 2. Then, an interpo-
lating motion minimizing the sum of energies (L 2 norms of the second
derivatives) of the feature point trajectories is characterized as follows.
The motion is C2, hasat each time instant t 6= t i a balanced 4-th deriva-
tive force system S4(t), and at the end positions balanced force systems
S2(t1); S2(tN ) of second derivatives. In particular, the trajectory of the
barycenter of the feature points is an interpolating cubic C2 spline.



The result on the tra jectory of the barycenter follows from the van-
ishing of the forcecomponents sk of the involved k-th derivative systems
Sk = (sk ; sk ).

We see that these motions somehow balance the deviations of the
point tra jectories from C2 cubic splines;there the 4-th derivativeswould
vanish everywhere. Note that a motion with only C2 cubic spline tra-
jectories must be translational (the image curve lies in a 3-dimensional
a�ne subspacecontained in M 6 and is a cubic spline itself ).

It is alsoquite natural that the moving body via its massdistribution
(barycenter and inertia tensor) enters the variational formulation and
the interpretation of the solution. That the present approach is natural
from the viewpoint of mechanics and kinematics, is also nicely seenif
we replacethe energy in (11) by the L 2 norm of the �rst derivative,

E1(x) =
Z tN

t1

_x2dt: (12)

Moreover, we just prescribe the two end positions. Then, one �nds with
a known counterpart of Theorem 2 (seee.g. Pottmann and Hofer, 2004)
a curve C(t) � M 6, whosesecondderivative vectors •C are orthogonal
to M 6. From this we conclude immediately that the minimizers of E1
are geodesicson M 6 in a scaled arc length parameterization, i.e., k _Ck =
const. This provesthe following theorem.

Theorem 4 Motions which join two given positions and arise from
minimization of (12) correspond to geodesicson M 6, parameterized by
a constant multiple of arc length. At any time instant, such a geodesic
motion possessesa balanced force system S2(t) of second derivatives.
The trajectory of the barycenter of the feature point set on the moving
body is a straight line traced with constant speed. Thesemotions are free
motions of a body in the senseof mechanics.

Note that a helical motion is a geodesicmotion betweentwo positions
�( t1) and �( t2), if the positions of the inertia ellipsoidssharea common
axis, and if this is the axis of the helical motion joining the two positions.
For more results on free motions, we refer to Arnol'd, 1989.

By minimization of a combination E t := E2 + wE1 with a constant
positive factor w one obtains the counterparts of splines in tension for
motions. These are characterized as in Theorem 3, but instead of a
balanced4-th derivative forcesystem,the linearly combined forcesystem
S4 � wS2 is in balance. A proof follows from results in (Pottmann and
Hofer, 2004). Variousother spline types,interpolating or approximating,
can be transferred to motion designwithin the present setting. This will
be developed in the future.



Note that the functionals we are considering are also optimizing the
parameterization. This is useful for motion design where the time t as
parameter plays an important role for applications.

Sinceeven for geodesicswe do not have simple results on uniqueness,
the more involved caseof splineswill hardly allow us a characterization
of situations with a unique solution. For a proof of the existenceof the
solution, we refer to (Bohl, 1999;Wallner, 2003).

4. Computational Approac h and Examples

Although the presented spline motions possessnice geometriccharac-
terizations, the problem is still nonlinear and doesnot admit an explicit
solution as in the unrestricted curve design case. Thus, we have to
use numerical algorithms basedon a discretization. Geometrically this
meansthat we replacethe curve C(t) � M 6 by a su�cien tly densepoly-
gon Pc with vertices Ci 2 M 6. Thesevertices represent positions of the
motion at discrete time instances.

Discretizing a quadratic functional, such as E1; E2; E t , results in a
quadratic function in the coordinates of the vertices Ci of the approxi-
mating polygon P. Sincethe Ci 's are restricted to M 6, we end up with
the constrainedminimization of a quadratic function in a rather high di-
mensionalspace.From a geometric viewpoint, we have to construct the
closestpoint p � on somemanifold S to a given point p. Here, p repre-
sents the unrestricted (discretized) spline curve in E 12. For the solution
of this problem, we developed a geometrically motivated optimization
algorithm of the quasi-Newtontype (Hofer and Pottmann, 2004). It has
beenusedfor the computation of the examplespresented in Figs. 1,2.

Another computational approach directly usesthe characterization of
the motions in a discretized way. For example,a motion minimizing E 2

has a balanced4th central di�erence screw at any instance in the time
discretization. This results in a system of nonlinear equations, which
can be solved with a Newton iteration. In view of the bad global be-
haviour of a pure Newton algorithm, weusedthe quasi-Newtonapproach
mentioned above.

5. Conclusions and Future Researc h

We have useda kinematic mapping of SE(3) to points of a six dimen-
sional manifold M 6 embedded in 12-dimensionalEuclidean spaceE 12.
The latter spacecorresponds to a�ne maps, and the metric therein is
de�ned naturally with help of feature points (a massdistribution) of the
moving body. Variational motion designis thus transferred to variational
curve design on M 6. Based on recent results on splines in manifolds,



(a) (b)

(c) (d)

Figure 1. Cyclic motion of a robot gripp er interpolating 5 positions (dark), and
the paths of the barycenter and the feature point (f 1 ; 0; 0): Motion minimizing (a)
E1 , (b) E t with w = 0:05, (c) E2 ; (d) Path of feature point compared to cubic spline.

Figure 2. Open motion interpolating 8 positions and minimizing E2 .



we could characterize and compute the solutions of several variational
motion designproblems that generalizeknown variational curve design
schemes. The present contribution is not aiming at a special represen-
tation of the solution, e.g. in NURBS form, which could be obtained
after the design by an approximation scheme (seeJ•uttler and Wagner,
2002). Future research will be devoted to a more e�cien t computation
basedon a quadratically convergent Newton-type iteration, to motion
smoothing, and to obstacleavoidancein motion design.
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