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Summary . We investigate the geometry of that function in the plane or 3-space,
which assaiatesto eat point the square of the shortest distance to a given curve or
surface. Particular emphasisis put on secondorder Taylor approximants and other
local quadratic approximants. Their key role in a variety of geometric optimization

algorithms is illustrated at hand of registration in Computer Vision and surface
approximation.
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1 Intro duction

The distance function of a curve or surface , which assignsto ead point p
of the enmbedding spacethe shortest distance of p to  frequertly appears
in problems of geometric computing. Examples include curve and surface
approximation in CAD and Geometric Modeling, registration in Computer
Vision and positioning problemsin Robotics [9].

A variety of cortributions deals with the computation of the distance
function; in many casesthis computation aims towards the singular set of
the function, i.e., towards points where the function is not smooth, since
those points lie on the medial axis (or skeleton) of the input shape.

Early work on the geometry of the distance function comesfrom the clas-
sical geometricliterature of the 19th certury. One looks at its graph surface,
which consistsof developablesurfacesof constart slope and appliesresults of
classicaldi erential geometry, line and spheregeometry (for a modern pre-
sertation, seee.g.[21]). This approad is alsonaturally related to the medial
axis transform (MAT) which appears as cyclographic preimagein the clas-
sical language. More recert work on the MAT comesfrom H. I. Choi [8],
especially the decomposition result for the e cien t computation, which also
appearsin Kimmel et al. [15]. The importance of the skeleton, medial axis
and medial axis transform as a shape descriptor has beenrealized by Blum
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[4], and this created a large body of literature that deals with its compu-
tation and applications in object recognition, registration and mathematical
morphology [14, 24, 25]. Also in a discrete setting (pixel plane, voxel space),
distance transforms and the skeleton received a lot of attention (see e.g.
[18, 24, 25, 2§]).

The distance function is also the (viscosity) solution of the so-called
eikonal equation. Its numerical computation is not trivial becauseit is a
hyperbolic equation and an initially smooth front may dewelop singularities
(shocks) asit propagates.Precisely the latter belongto the medial axis and
are of particular interest. The computation of viscosity solutions with the
level set method of Osher and Sethian [19] proved to be a very powerful
approac (seee.g.[23, 26, 27]). Distance functions also play a role in other
curve and surfaceewlutions [23] and in the visualization of large setsof un-
organized data sets [29]. The vector distance function of an object, which
connects eath point in spaceto its closestpoint on the object, has been
used by Faugerasand Gomes[10Q] for the ewolution of objects of arbitrary
dimension and codimension.

The level setsof the distancefunctions are the o sets which are of particu-
lar importance in Computer Aided Design(seee.g.[20, 21] and the literature
therein) and also appear in mathematical morphology [24]. Results on the
distance function and its application to shape interrogation for CAD/CAM
may alsobe found in the very recen book by Patrik alakis and Maekawa [20].

In the presert paper, instead of the distance function we rather study the
squaed distance function. Clearly, also the latter is singular in the points
of the medial axis and thus the relation to the literature just pointed out
is important. Howewer, we are mainly interested in local quadratic approxi-
mants at points di erent from the medial axis. A cortribution dealing with
local properties of the squareddistance function of a manifold hasbeengiven
by Ambrosio and Mantegazza[l]. Among other interesting results, the au-
thors describe the relation betweenthird order directional derivatives of the
squareddistancefunction (takenat points of the manifold) and the curvature
invariants of the manifold. Despite the importance of the squared distance
function, little e ort hassofar beenmadein better understanding, approxi-
mating and represetting this function for e cien t computing.

In the presert paper, we will start an investigation of this subject. Togeta
better understanding of the nature of the problem, we rst deal with planar
curves. There, we can give a simple kinematic generation of the 3D graph
surfaceof the squareddistancefunction d?. This is important for visualization
of the behaviour of d? and it greatly helpsusto nd simple derivations for
local quadmatic approximants to d°. The latter are of particular importance
for optimization algorithms involving d? and therefore they are also studied
for surfacesand spacecurves.

At hand of two exampleswe outline how to usethe results of the presen
paper in certain types of geometric optimization algorithms which involve
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quadratic approximants to the squared distance function of a surface. The
two applications we look at are registration in Computer Vision and surface
approximation. An important advantage of the new approad to approxima-
tion with parametric surfaces,suc as B-spline surfaces,is that we avoid the
parameterization problem. The registration problem we look at is the opti-
mal matching of a point cloud to a surface. The essetial dierence in our
approad to standard technigues, such asthe iterative closestpoint (ICP) al-
gorithm [2] is, that we do not have to compute pairs of corresponding points.

2 Graph Surface of the Squared Distance Function
to a Planar Curv e

In Euclidean 3-spaceR?, we consider a planar C? curve c(t) with param-
eterization (cy(t);cx(t);0). The tangent and normal line at a curve point
c(t) are denoted by T and N respectively. To ead point (x;y;0) we com-
pute the shortest distance d(x; y) of that point to the curve c. For visual-
ization of the squareddistance function d? we investigate the graph surface
(x;y;d?(x;y)) of the function d?. By neglecting global e ects of the
distance function we will at rst construct a surface , part of which is the
desired graph surface . In a secondstep we will perform the appropriate
trimming which reduces to
The Frenet frame at a curve point c(t) consistsof the unit tangernt vector
e; = c=kck and the normal vector e,(t). The two vectorsform a right-handed
Cartesian systemin the plane. With e3 = e; e, = (0;0;1) this systemis
extendedto a Cartesian system in R3. Coordinates with respectto  are
denotedby (x1;X2;x3). The system dependsont and shall have the curve
point c(t) asorigin. At leastlocally, the shortest distance of a point (0; u; 0)
on the xy-axis (curve normal) is its x,-coordinate u. For ead t, locally the
graph points (0;u; u?) form a parabola p in the normal plane of c(t). This
parabola canbe consideredxed in . Varying t, the positions of the parabola
in the original systemgeneratea surface . A parameterization of is

x(t;u) = c(t) + uey(t) + u?es: (1)

It is well-known and an immediate consequenceof the Frenet equations
that the instantaneousmotion of the system is a rotation about the axis of
the osculating circle of c. Thesecurvature axesform a cylinder surface with
the ewolute of ¢ as orthogonal crosssection and rulings parallel to (0;0; 1).
Hence,the motion of  with respect to the xed system can be considered
as a rolling motion of the normal plane of ¢ on the ewlute cylinder of c.
In usual terminology, the surface is a moulding surface (cf. Fig. 1). Note
that the cortour lines of at height u? are translates of the o sets of ¢ at
distance u.

The surface contains a singular curve (curve of regression) I(t), which is
contained in the ewlute cylinder . This is in accordanceto the well-known
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Fig. 1. When the normal plane of the planar curve c rolls on the evolute cylinder
of ¢, the parabola p generatesthe moulding surface

result that singularities of the o sets of a curve occur at points of its ewolute.
The rolling motion also shows that the dewvelopmen of the cylinder maps
the curve | to a parabola which is congruen to the pro le parabola p.

Fig. 2. A moulding surface with self-intersectionsin an axonometric view (left )
and viewed from below, where the visible points correspond to the graph  of the
squared distance function to a sine curve (righ t)

The generated surface is in general not the graph of a function in
the horizontal xy-plane. It may happen, that a vertical line through (x; y;0)
intersects in seweral points. Among those points, the onewith the smallest
z-coordinate lies on the desiredgraph surface , whereasthe others do not.



Geometry of the Squared Distance Function to Curvesand Surfaces 5

Thus can be trimmed so as to form exactly the graph  of the squared
distance function to c. The trimming can be performed with a visibility test.
We view in direction (0;0;1), i.e., from below. Then, exactly the visible
points are those closestto the xy-plane and therefore the points of  (cf.
Fig. 2). Trimming hasto be performed at self-intersectionsof . Projecting
thesecurvesorthogonally into  we obtain the cut locus of c. It is formed of
those points in , for which the shortest distance occurs at more than one
normal. The limit points of this set are usually addedto the cut locus: these
points are curvature certers to points of ¢ with locally extremal curvature.
We should mention that for a closedboundary curve ¢ of a planar domain
D, the part of the cut locus which liesin D is also called the medial axis of
D. It is alsowell-known that the trimming procedurecuts apart the singular
curvel. Just special points of it, namely those which belongto the end points
of branchesof the cut locus, remain. We summarizethe basically well-known
results as follows.

Prop osition 1. The graph surface  of the squaed distance function to
a planar curve c is contained in a moulding surface . The surface is
geneated by a paralola p with parameter 1 whoseplane rolls on the evolute
cylinder  of c, such that p's vertex movesalong ¢ and p's axis remains
orthogonal to the plane of c. Exactly those parts of lie on the graph
surface  which are visible for an orthogonal projection onto  whenviewing
from below (i.e., from that side of which does not contain points of ).

Remark 1. In an analogousway we may construct the graph surface of any
other function f (d) of the distance d. There, the prole curve hasin  the
parameterization (0; u; f (u)). One hasto be careful with signs,however. This
is easily understood at hand of the simplest example, namely the distance
function d itself. With a signeddistance function whosesign is given by the
orientation of the curve normal e,, the pro le is simply the line (0; u; u) and
the generated moulding surface is a dewelopable surface of constart slope
(seee.qg. [21]). For a nonnegative distance, the prole is (0;u;juj) and the
moulding surfaceis generatedfrom the dewelopable surface described above
by re ecting the part belov at

In casethat f is nonnegative and monotonically increasing, we perform
the trimming operation as in the caseof f (d) = d?, i.e., with a visibility
algorithm viewing the graph orthogonalto from below. For a monotonically
decreasingfunction, we have to view from above.

An interesting exampleof this type s the inversedistancefunction f (d) =
15dj, which is sometimesbuilt around obstaclesin robot motion planning.
There, with a nonnegative distance, the pro le curve of the moulding surface

is formed by two hyperbola segmems. An image of the trimmed graph
to an ellipse ¢ is shown in Fig. 3. Note that for a ¢ which bounds a convex
domain D, thereis no trimming required outside D. Regardlessoff , trimming
happensat the points of which lie on the cut locus, and thus global results
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on cut locus, medial axis and singularities of o sets can be usedto identify
regionswhere no trimming is required (see[21]).

Fig. 3. Graph of the inversedistance function to an ellipse

3 Quadratic Appro ximations to d?

The previous section visualized a problem of the squared distance function,
namely its hon-smaothnessat points of the cut locus. When we now study
local quadratic (Taylor) approximants, we do not considerthe global e ects,
and give formulae for local approximants which work on the local distance
function. This meansthat in determining d for neighboring points of p we are
only locally varying the footpoint of the normal to the curvec. In other words,
at points of the medial axis we work with just one sheetof the surface

Consider a point p in  whose coordinates in the Frenet frame at the
normal footpoint c(tg) are (0;d). The curvature certer k(tg) at c(tg) has
coordinates (0; %. Here, %is the inversecurvature 1= and thus hasthe same
sign as the curvature, which dependson the orientation of the curve. Since
all level setsof d? (o sets) to points on the curve normal sharek ascurvature
certer, we seethat the squaed distance function to the given curve and to
its osculating circle at the normal footpoint agree up to second order.

A visualization is as follows (see Fig. 4): rotating the prole parabola
p(to) around the curvature axis (vertical line through k) results in a surface
of revolution  which has secondorder contact with  at all points of p(to).
This is a well-known curvature property of moulding surfaces.In the Frenet
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Fig. 4. Surfaceof revolution  which has secondorder contact with the moulding
surface at all points of p(to)

frame, the function d? to the osculating circle is
q__ 2
f(xiix2) = xf+(x2 %B% % (2)

The graph of this function is the surface of revolution . The secondorder
Taylor approximant Fy of f at (0;d) is found to be

d
Fa(x1;x2) = q—oxi+ x3: ®)

Let us discussthe various cases.

{ For d= 0we get the Taylor approximant Fo = x3 at the normal footpoint.
This shaws the following interesting result: At a point p of a curve c the
second order approximant of the squaed distance function to ¢ and to the
curve tangent T at p are identical. Visually, this is not unexpected since
curvature dependson the scale.Zooming closerto the curve it appearsless
and lesscurved. The graph surface ¢ of Fq is a parabolic cylinder with
rulings parallel to the curve tangent (seeFig. 5).

{ Ford! 1, the Taylor approximant tendsto F; = x + x3. This is the
squareddistance function to the footpoint c(tg). The graph ; of F; is
a paraboloid of revolution.

{ For generald, it may be advantageousto view F ascombination of Fo and
Fi,

% d F %
1

2 —
d %2-d %

q %Foi 4)

d
Fa(X1;X2) = a % X3+ x5

This form is particularly useful for computing the secondorder approxi-
mant in the original x; y-system.Clearly, Fq4 is not de ned at the curvature
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Fig. 5. The graph surface ¢ of Fq is a parabolic cylinder with rulings parallel to
the curve tangent

certer d = % where we have a singularity. Otherwise, we seethat the type
of the graph surface 4 dependson s = sign[d<d %)]. A values > 0
yields an elliptic paraboloid (seeFig. 6), s = 0 the parabolic cylinder ¢
(seeFig. 5), and s < 0 a hyperbolic paraboloid (seeFig. 7). The latter
casebelongsexactly to points betweenthe curve point and the curvature
certer, i.e., 0< d < %or 0> d> % Here, the quadratic approximant also
assumesnegative values. In all other casesthis doesnot happen.
Note alsothat all quadratic approximants Fy4 agreealongthe curve normal
and are symmetric with respect to it. The graph paraboloids 4 touch the
cylinder ¢ alongthe prole parabola p(to).

{ For anine ction point we have = 0 andthus Fq4 = x2. This re ects the
trivial fact that the squareddistance function to the tangert is a second
order approximant along the whole curve normal.

For the applications we have in mind, it can be important to employ non-
negative quadratic approximants to d?. Thus, we briey addressa corveniert
way to deal with those approximants.

Negative function valuesof the quadratic approximant F4 arise for a dis-
tance d with 0 < d < %or 0 > d > % Without loss of generality, we may
assumean appropriate local orientation of the curve ¢ suc that %> 0. Thus,
only the case0 < d < %needsto be discussedWe x sud a distanceand call
it D. Our goalis to replacethe local quadratic approximant Fp by a nonneg-
ative quadratic approximant Fj with the following property: For all points
X whosedistance d to c is lessthan the given value D, the local quadratic
approximant FJ alsoreturns a value < D2,
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Fig. 6. The graph surface 4 of Fq is an elliptic paraboloid for s> 0

Fig. 7. The graph surface 4 of Fq is a hyperbolic paraboloid for s< 0

Let uslook at the level setsof F , whosegraph is a hyperbolic parabloid.
Those points x in the plane whosesquareddistance to ¢ is lessthan D? lie
betweenthe two o set curvescp and c p at oriented distancesD and D.
The level setof Fp is a hyperbola hp . Its axesagreewith those of the Frenet
frame at c(tp) and it hassecondorder corntact with the o set cp at the point
(0; D), wherewe are looking for the local quadratic approximant (seeFig. 8).



10 Helmut Pottmann and Michael Hofer

The region of points x with Fp(x) < D? is bounded by this hyperbola. Of
course, there are points with Fp (x) < D? and d?(x) > D?2.

Cp C C b hD
T
c(to)
(0;:D)

0;%

Fig. 8. Level setof Fp at height D? is the hyperbola hp

o) ©: )

0;%

Fig. 9. Level setof F p at height D? is an ellipse

To arrive at a practically useful result, we make a further simpli cation.
We replacethe curve by its osculating circle | at c(tp). Points whosedistance
to | is smaller than D lie in an annulus A bounded by two conceriric circles
Ip, I p with midpoint (0;% and radii % D and %+ D (seeFig. 9). To
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warrant the symmetry and the precision of the approximant along the curve
normal, we have to take as FJ an Fq to a point (0;d) with d < 0. The
region with F4(x) < D? is then an ellipse coaxial with the Frenet frame axes
e1; ez, and with points (0;D) and (0; D) astwo vertices. The solution F
of our problem must give rise to the largest ellipse which still lies inside the
annulus A. It is easyto provethat it hasto have secondorder cortact (in fact,
fourth order contact) with the larger bounding circle of A at point (0; D).
Therefore, it is the level set of the quadratic approximant F . Thus, our
solution is

Fo =F p: (5)

Hence, at points with an inde nite quadratic approximant we just use the
nonnegative quadratic approximant at the point which is obtained by re ec-
tion at c(tp). In other words, we may usethe formula

+ d
Fg (X1;x2) = (j-ri%(% + X5 (6)

where we do not have to care about signsand always take d > 0 and %> O.
This would yield “wrong' results for distancesd > %> 0. Howewer, a point x
beyond the curvature certer k(t) at c(t) always hasanother normal footpoint
which is closerto it than c(t) and thus this casedoesnot occur when we are
looking at globally shortest distances.

4 Squared Distance Function to a Surface
and its Second Order Appro ximan ts

What we said about d? to a planar curve canin principle be extendedto the
squareddistance function to a surfacein R3. However, the visualization with
help of a graph in R* becomesharder. Again we have a local behaviour of
the distance function d?, which we will investigate up to secondorder, and
a global behaviour. The global e ects causenon-smamthnessat points of the
cut locus, which in general consistsof surfaces.

Consider an oriented surface s(u;v) with a unit normal vector eld
n(u;v) = ez(u;v). At ead surfacepoint s(u;v), we have a local right-handed
Cartesian systemwhose rst two vectors e;; e, determine the principal cur-
vature directions. The surfacenormal and the principal tangens are denoted
by N, T, and Ty, respectively. The latter are not uniquely determined at
an umbilical point. There, we can take any two orthogonal tangent vectors
e1;ex. We will refer to the thereby de ned frame as principal frame (u; V).
Let ; bethe (signed) principal curvature to the principal curvature direction
e, = 1;2,and let % = 1= ;. Then, the two principal curvature certers at
the consideredsurfacepoint s(u;v) are expressedn ask; = (0;0;%). The
quadratic approximant Fq to d? at (0;0;d) is the following.
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Prop osition 2. The second order Taylor approximant of the squaed dis-
tance function to a surface at a point p is expressél in the principal frame at
the normal footpoint via

d
Fa(X1iX2iXs) = %Xi+ 5 %X§+ X3 @)

Proof. We just give a sketch of the proof. We rst have to show that it is
sucient to approximate the surface at the footpoint s(u;v) up to second
order. This can be done with well-known results on the curvature behaviour
of o set surfaces.Hence,we may replacethe surfacelocally by an osculating
torus T, which is obtained by rotating the rst principal curvature circle c;
(center ki, radius j%j, in the plane x, = 0) around the axis of the other
principal curvature circle c,, which is de ned analogousto c; (seeFig. 10).
Clearly, by exchanging the roles of ¢; and c,, we obtain two sudc tori. Any
oneis ne for our purposes.The level setsof the squareddistance function to
T are coaxial and concertric tori. Particularly, in the symmetry planesx; = 0
and x, = 0, we have the function d? to the principal curvature circlesc, and
c1, respectively. Hence, almost all rst and secondorder partial derivatives
of the squared distance function with respect to x; can be taken from the
planar case.The only one,for which this is not true, is @f =@ @,. However,
the secondorder quadratic approximant must be symmetric with respect to
the planesx; = 0 and x, = 0. Hence, this mixed partial derivative vanishes.
Togetherwith (3) this proves(7). t

s(u; v) .
1

k2
k1 C2

C1

N

Fig. 10. Principal frame and principle circles at an elliptic surface point s(u; v)

The discussionof the arising casesis asin Sect. 2. At rst, let us point
to the cased = 0.
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Prop osition 3. At a point p of a surface s the second order approximant
of the squared distance functions to s and to the surface's tangent plane at p
are identical.

More generally, it is easyto show that if two curves or surfacespossess
corntact of order k at somepoint, their respective squareddistance functions
agreeof order k + 1 there. One example of this is the fact that the second
order Taylor approximation of the squared distance function at a point of
a surface s agreeswith the squared distance function of the tangent plane.
A secondexampleis the result of Ambrosio and Mantegazza[1], which says
that third order derivatives of the squared distance function at points of s
are related to the curvature invariants of s.

For a further discussion, we distinguish between the types of surface
points.

{ In the caseof an elliptic point, %% > 0, we assumea surface normal
orientation and an indexing of the principal curvature directions that yield
% % > 0. Points of the normal, which lie on the other side of the tangent
planethan the principal curvature certers, i.e., d < 0, causepositive factors
d=(d 9%), and hencea positive de nite quadratic form Fq. This casealways
arisesat points outside a closedcorvex surfaces. For points betweenthe
principal curvature certer k; and the surface point, i.e., 0 < d < %, we
get an inde nite Fq4, and for d > %, we again have a positive de nite
secondorder approximant. Clearly, we exclude evaluation at the principal
curvature certers, where we have a singularity.

{ For a hyperholic point s, we assumew.l.0.g. % < 0 and % > 0. Here,
points between the principal curvature certers belongto % < d < %
(excluding d = 0) and result in an inde nite Fq4, whereasfor points outside
the principal curvature segmen k;k, the approximants Fq are positive
de nite. There, the level setsF4 = c to any constart ¢ > 0 are homothetic
ellipsoids, certered at the surface point s, with the axes of the principal
frame as axes. In the inde nite cases,the level sets are hyperboloids (of
one or two sheets).

{ At a paratolic point we may assume ; = 0 and , > 0. Now, the second
order approximant to d? reads

gt XE ®)

Fa(X1;X2;X3) =
This shavsthat we never get a positive de nite Fq4. The level setsof Fq are,
in general, cylinder surfaceswith rulings parallel to the x;-axis (principal
curvature direction with vanishing curvature).

{ A at point is characterizedby ; = , = 0 and thus yields the obvious
result Fq = x3. Hence,the squareddistance function to the tangent plane
agreesalong the whole surfacenormal up to secondorder with the squared
distance function to the surfaces.
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Analogously to the caseof planar curveswe derive nonnegative quadratic
approximants with

d d
FJ(Xl;XZ;XB): d_|_%X%+ d_'_%X§+ X%; 9)

where d;%; % are taken as positive values. Again, points beyond the prin-
cipal curvature certers are ruled out, but they do not arise anyway when
considering global distances.

5 Squared Distance Function to a Space Curv e

The study of the squareddistance function to a C? spacecurve c(t) is also
interesting in connection with surfaces,namely in regions where the closest
points on the surface are on a boundary curve or at a curved edge,i.e., a
surface curve with tangent plane discortinuities. Again, we are focussingon
the secondorder approximants, and this we do from a local point of view.
Given a point p in R3, the shortest distance to the curve ¢ occurs along
a normal of the curve or at a boundary point of it. The latter caseis trivial
and thus we excludeit. At the normal footpoint c(tg), with tangert line T,
we form a Cartesian systemwith e; astangert vector and es in direction of
the vector p  c(tp). This canonical frame can be viewed aslimit caseof the
principal frame for surfaces,wheninterpreting the curve aspipe surfacewith
vanishing radius. By this limit process,we can also show the following result.

Prop osition 4. The second order Taylor approximant of the squaed dis-
tance function to a space curve ¢ at a point p is expressé in the canonical
frame at the normal footpoint via

Fa(X1;X2;X3) = X2+ X3+ x3: (10)

d
d %
Here, (0;0;%) are the coordinates (in ) of the intersection point of the

curvature axis of ¢ at the footpoint c(tg) with the perpendicular line N from
p to c(tp).

Proof. It is su cien t to considerthe squareddistance function to the oscu-
lating circle c of the curve at c(tg). For any torus with spine circle c, the
principal curvature lines are the family of parallel circles and the family of
meridian circles. By Meusnier's theorem, the principal curvature certers to
the parallel circles lie on the rotational axis of the torus. This is the axis of
the spinecircle c. If we now shrink the radius of the meridian circlesto 0, we
getin the limit principal curvature certers k1 = (0; 0; %) on the axis. Here,

% = %=<0S ; (11)



Geometry of the Squared Distance Function to Curvesand Surfaces 15

c(to)

k1

c(t)

Fig. 11. A spacecurve c(t) with the osculating circle c at c(to)

with %as curvature radius of ¢ at c(tp) and as angle betweenthe normal
(x3-axis) and the osculating plane at c(tg) (seeFig. 11). With % = 0, the
result follows from (7). t

The discussionof the di erent casesof Fq is a limit caseof the situation
for surfacesand thus we omit it here.

6 Application to Geometric Optimization Problems

Optimization problemsin geometric computing are frequertly nonlinear and
involve the squared distance function to a curve or surface. It is therefore
natural to apply the results discussedabove to the developmen of geomet-
ric optimization algorithms which are basedon local quadratic approximants
of the function to be minimized, such as quasi-Newton and SQP-type algo-
rithms [5]. We will now outline this idea at hand of two important examples:
registration and surface approximation.

6.1 Registration of a Point Cloud to a CAD Mo del

Supposethat we are given a large number of 3D data points that have been
obtained by some 3D measuremeh device (laser scan, light sectioning, :::)
from the surfaceof a technical object. Furthermore, let usassumethat we also
have got the CAD model of this workpiece. This CAD model shall describe
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the “ideal' shape of the object and will be available in a coordinate system
that is dierent from that of the 3D data point set. For the goal of shape
inspection it is of interest to nd the optimal Euclidean motion (translation
and rotation) that aligns, or registers, the point cloud to the CAD model.
This makesit possibleto chedk the given workpiecefor manufacturing errors
and to classify the deviations.

A well-known standard algorithm to solve such a registration problem
is the iterative closestpoint (ICP) algorithm which has beenintro duced by
Chen and Medioni [7] and Besl and McKay [2].

In the rst step of ead iteration, for ead point of the data point cloud
the closestpoint in the model shape is computed. As result of this rst step
one obtains a point sequenceY = (y1;Y»;:::) of closestmodel shape points
to the data point sequenceX = (X1;Xp;:::). Each point X; corresponds to
the point y; with the sameindex.

In the secondstep of ead iteration the rigid motion M is computed such
that the moved data points M (x;) are closestto their corresponding points
Vi, where the objective function to be minimized is

kyi M (x;)k?: (12)

This least squaresproblem can be solved explicitly, cf. [2]. The translational
part of M brings the certer of massof X to the certer of massof Y. The
rotational part of M canbe obtained asthe unit eigervector that corresponds
to the maximum eigervalue of a symmetric 4 4 matrix. The solution eigen-
vector is nothing but the unit quaternion description of the rotational part
of M.

After this secondstep the positions of the data points are updated via
Xnew = M (Xoq). Now step 1 and step 2 are repeated, always using the
updated data points, until the changein the mean-squareerror falls belon
a preset threshold. The ICP algorithm always corvergesmonotonically to a
local minimum, since the value of the objective function is decreasingboth
in steps1 and 2. A summary with new results on the accelerationof the ICP
algorithm has beengiven by Rusinkiewicz and Levoy [22], who also suggest
that iterative correspnding point is a better expansionfor the abbreviation
ICP than the original iterative closestpoint.

Actually, we want to apply that motion to the data point cloud which
brings it into a position where the sum f of squareddistancesto the CAD-
model is minimal. Minimizing f under the constraint that the applied trans-
formation is arigid body motion canbe donewith a constrainedoptimization
algorithm. Wedo not directly apply a standard implementation, but nd age-
ometrically motivated algorithm. It works with local quadratic approximants
of f, and a linearization of the motion.

ICP is also based on local quadratic approximants of f, but a major
disadvantage of ICP is the following: data points x; are moved towards the
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normal footpoints y;. In other words, the squareddistance to y; is usedas
a quadratic approximant of the function d? at x;. As we know from the
study of d?, this approximation is only good in the “far eld', i.e., for large
distancesd. However, in the practical application one hasto start with an
initial position of the point cloud which is su cien tly closeto the CAD model
in order to run into the right local minimum. Thus, typically the involved
distancesare small. As a simple solution, we therefore may usethe squared
distance function to the tangen plane at the normal footpoint y;.

Our proposedalgorithm works asfollows: the rst stepis similar to that of
the ICP algorithm. For ead data point X; 2 X determinethe nearestpoint y;
of the model surfaceand determine the tangent plane there. Let n;j denotea
unit normal vector of this tangert planein y;. Becausey; is the nearestpoint
to x; on the surface,x; lies on the surfacenormal in y;, i.e., Xj = y; + din;
with d; denoting the oriented distance of x; to y;. Now we locally replacethe
function d? of the CAD model at x; by the squareddistanceto the tangent
plane at y;. Summing up thesequadratic approximants resultsin a quadratic
approximant of the function F.

The linearization of the motion is equivalert to using instantaneouskine-
matics, an idea that already appearedin a similar form in [6]. We estimate
the displacemens of points via their velocity vectors. The velocity vector
eld of arigid body motion is known to have the form

v(x)=c+c Xx: (13)

The distance of the point x; + v(X;) to the tangent plane at y; with unit
normal vector n; is given by di + n; v(x;), where d; again denotes the
oriented distance of x; to y;. The objective function to be minimized is

(di+ni (c+c x)%; (14)

which is quadratic in the unknowns (c; c). The unique solution can be given
explicitly by solving a system of linear equations.

Note that the transformation which mapsx; to x; + v(x;) isanane map
and not a rigid Euclidean motion. Nevertheless,the vector eld determined
by (c; c) uniquely determinesa uniform helical motion M . Axis G and pitch
p of M are easily computed (seee.g. [21]). The motion we apply to X; is
the superposition of a rotation about this axis G through an angle of =
arctan(kck) and a translation parallel to G by the distance of p

Similar to the ICP algorithm we update the data points via Xpeyw =
M (Xog) and repeat the procedure until the change in mean-squareerror

d? falls below a preset threshold.

Remark 2. We iterativ ely minimize a quadratic approximant of f underalin-
earized motion. The resulting transformation would not satisfy the rigidity
constraint on the moved point cloud. Thus, we project badk to the constraint
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manifold by applying a helical motion indicated by the velocity eld. There-
fore, our method is a feasiblepoint method. An SQP-algorithm [5] would work
with quadratic approximants on the Lagrangian function, a linearization of
the motion, but it would then directly apply the linearized transformation; it
is not a feasible point method. We expect that SQP-algorithms will help in
the solution of other geometric optimization algorithms wherethe projection
onto the constraint manifold is not sosimple asfor the registration problem.

Fig. 12. Matching of a point cloud to the corresponding CAD model: (left ) initial
position of data points and CAD model, (righ t) nal position after sewen iterations

An example for the registration of a point cloud to a surfaceis shown in
Fig. 12. In order to better visualize the spatial position of the point data, a
transparent surfaceis assaiated with the data point set. This transparert
surface does not enter the computation in any way, it is only displayed for
reasonsof visualization. The pictures shav the data point setin its initial
position, after the rst iteration step, and in its nal position after 7 itera-
tions. In this examplethe error tolerancereachedin the nal position will be
obtained with the standard implementation of the ICP algorithm only after
45 iterations. This is becausein the ICP algorithm the data points move
towards their nearest position on the surfacein ead iteration step. A dis-
placemen of the data point setin tangential direction to the model surface
therefore needsmany iterations.

It is straightforward to extend the objective function (14) to a weighted
scheme. There are 3D measuremeh devicesthat supply for ead data point
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a tolerance for the occurring measuremen errors. These can be included in
the objective function to downweight outliers.

In the description above, we have approximated the squared distance
function d? to the given model surface by the squared distance function to
the tangent plane at the footpoint y; of x;. The latter function is exactly the
secondorder Taylor approximant of d? at y;. In a further improvemert we
may directly usethe secondorder Taylor approximant of d? at x; (if necessary
the discussednonnegative approximant), or another quadratic approximant
which is su cien tly accurate at the given position x; at an appropriate level
of detail. Thus, the results of the investigation on the geometry of the squared
distancefunction canbedirectly applied to this registration problem and also
to other typesof registration and positioning problems.

6.2 Application to Surface Appro ximation

Approximating a given surface (in any represernation) or an unstructured
cloud of points by a NURBS surfaceis a widely investigated problem. The
main approad usesa leastsquareformulation with aregularization term that
expresseghe fairnessof the nal result (seee.g.[11]). Here, the parameteri-
zation problem is a fundamertal one which largely e ects the result (seee.g.
[16] and the referencestherein). Therefore, parameter correction procedures
have beensuggested[12].

A dierent approad to the approximation of curvesand surfacesare ac-
tive contour models which are mainly usedin Computer Vision and Image
Processing.The origin of this technique is the seminal paper by Kass et al.
[13], where a variational formulation of parametric curves, coined snakes is
preseried for detecting contours in images. There are various other applica-
tions and a variety of extensionsof the snake model (seee.g. [3]).

Instead of a parametric represeration of a curve, one may usean implicit
form as zero set (level set) of a bivariate function. The formulation of active
contour models via level setsgoesbadk to Osherand Sethian [19]. The level
set methad [26] has been successfullyapplied to the solution of a variety of
problems, e.g. for segmetation and analysis of medical images[17]. There
are also extensionsto surfaces.An application to the surface tting problem
has beengiven by Zhao et al. [30, 31].

In the registration problems outlined above, the moving object (point
cloud) undergoesa rigid body motion. The motion is linearized in ead itera-
tion step and guided by the ~ ow' imposedby the squareddistance function.
Basically the sameideaappliesfor surfaceapproximation. Givena very rough
initial approximant, the surfaceis "deformed' by moving its cortrol points.
Sincethe major parametric surfacesusedin CAD systemsare B-spline sur-
faces,which dependlinearly on the cortrol points, we may usethe sameideas
as above.

To explain the principle, we choosean example: The surface in Fig. 13
shall be approximated by a B-spline surface patch. The initial position of
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Fig. 13. Approximation of a surface patch (light colored) by a B-spline surface
(dark colored): Initial position of B-spline surface

Fig. 14. Approximation of a surface patch by a B-spline surface; nal position
after v eiterations (left ) without boundary approximation (righ t) with boundary
approximation

the B-spline cortrol points was chosenby linear interpolation of 's vertex
points (Fig. 13). In ead iteration step the contol points are recomputed,
such that a su cien tly densesample of points on the B-spline surface is
moved towards the target surface . The 'o w' of the sampledpoints is again
guided by the squareddistance function. In order to avoid clustering of the
control points and self-intersectionsof the surface(folding), smoothing terms
must be incorporated into the function to be minimized. In our example
the resulting B-spline patch after the fth iteration stepis givenin Fig. 14,
without boundary approximation (left), and with boundary approximation
(right), respectively.

An important advantage of this active contour approac to surface ap-
proximation is the avoidance of the parameterization problem. Another ad-
vantage is the applicability to suldivision surface tting : points at re ned
levels depend linearly on points of coarselevelsin the subdivision procedure.
This will be exploredin future researdt.
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7 Future Research

There is a large amount of work left for future researtr. We have to study
the squareddistance function d? to surfaces,which are just given by a dense
sampleof points. Moreover, computationally e cien t ways of working with a
piecewisequadratic approximation of d?> needto be addressed.Furthermore,

we will investigate algorithms for the solution of other geometric optimiza-

tion problems. There, we believe it is important not to usean optimization

algorithm asa black box, but adapt an optimization concept(Newton, quasi-
Newton, SQP.,...) in a geometric way to the special problem.
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