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Abstract

The classical Minkowski problem leads to the L, Minkowski problem and
now to the Orlicz Minkowski problem. Existence is demonstrated for the
even Orlicz Minkowski problem. A byproduct is a new approach to the
solution of the classical Minkowski problem.

1. Introduction

The Minkowski problem concerns the existence, uniqueness, and stabil-
ity of convex hypersurfaces whose Gauss curvature (possibly in a generalized
sense) is prescribed as a function of the outer unit normals. The Minkowski
problem is one of the centerpieces of the classical Brunn-Minkowski theory.
The complete solution to the Minkowski problem (for arbitrary “data” —
with no smoothness assumptions) goes back exactly three-quarters of a cen-
tury to the work of Aleksandrov and Fenchel and Jessen (see Schneider [59]
for references). Of course, when the Minkowski “data” is discrete then the
solution goes back to Minkowski’s work at the turn of the 19th into the 20th
Century.

Almost a century after Minkowski’s original work, an L,, version of the
Brunn-Minkowski theory began to emerge, beginning largely with [33, 34],
and expanding rapidly thereafter (see e.g. [1-5, 7-10, 12, 13, 15-22, 25-39,
41-44, 47, 49, 50, 52-55, 58, 60-63, 65-68]). The L, Minkowski problem is
also of central importance in this new L,-Brunn-Minkowski theory.

For a given continuous function g : S~ ! — R (called the “data”), the
reqular L, Minkowski problem seeks solutions h : S"~! — (0,00) to the
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partial differential equation
hl=P det(hi]‘ + hdu) =g on Snil, (1)

where (h;;) is the Hessian matrix of h with respect to an orthonormal frame
on S"!. The case p = 1 is classical with landmark contributions such as
Cheng and Yau [6] and Pogorelov [56].

The general L, Minkowski problem asks: Given a real p, what are the
necessary and sufficient conditions on a Borel measure p on the unit sphere,
S"~1 such that there exists a convex body K in R™ with support function
hx and surface area measure Sg (see §1 for definitions) so that

hi? dSk = dp. (2)

The solutions to the general L, Minkowski problem (2) may be viewed as
weak solutions to the regular L, Minkowski problem (1). While regularity
is a central focus in the fields of partial differential equations and differ-
ential geometry, the existence and the uniqueness of weak solutions of the
Minkowski problem are of paramount interest to those working in convex
geometric and functional analysis. This is because it is precisely these solu-
tions that correspond to support functions of polytopes or to Banach norms
(which often have limited smoothness).

The even L, Minkowski problem seeks solutions under the assumption
that the data measure p is an even Borel measure on S"~! (i.e. assumes
the same values on antipodal Borel sets) or the data function ¢ is an even
function (i.e. assumes the same values on antipodal points of S"~1). The
L,, Minkowski problem with even data is not only natural but of practical
interest because its solutions correspond to norms of Banach spaces.

In this paper the “L, Minkowski problem” will always refer to the general
L, Minkowski problem (2). The case p = 1 of the L, Minkowski problem
(2) is of course the classical Minkowski problem. For p > 1, a solution to
the even L, Minkowski problem was given in [33] under the assumption that
p # n. In [40], it was shown that, for p # n, the L, Minkowski problem
(2) has an equivalent volume-normalized formulation and a solution of the
even volume-normalized L, Minkowski problem was given for all p > 1. The
regular even L, Minkowski problem was studied in [35].

In the plane (n = 2), the L, Minkowski problem was treated by Stancu
[61, 62, 63], Umanskyi [65], Chen [5], and most recently by Jiang [24].

The L, Minkowski problem (without the assumption that the data is
even) was treated by Guan and Lin [15] and later by Chou and Wang [7].



Hug et al [23] gave an alternate approach to some of the results of Chou and
Wang [7].

The solution of the even L, Minkowski problem was a critical ingredient
that allowed the authors of [39] to extend the affine Sobolev inequality [69]
and obtain the L, affine Sobolev inequality and later enabled Cianchi et al
[8] to establish the affine Moser-Trudinger and the affine Morrey-Sobolev
inequalities.

Recent work of Haberl and Schuster [19], [20], Haberl, Schuster, and Xiao
[21], Ludwig and Reitzner [32], and Ludwig [31], shows the need to take the
next step in the evolution of the Brunn-Minkowski theory towards an Orlicz
Brunn-Minkowski theory. This is the third paper in a series ([45], [46]) that
attempts to develop some of the elements of an Orlicz Brunn-Minkowski
theory.

Suppose ¢ : (0,00) — (0,00) is a fixed continuous function. The aim of
this paper is to study the even L, Minkowski problem: If x is an even finite
Borel measure on S™~! which is not concentrated on a great subsphere of
S"~1 then does there exist an origin symmetric convex body K in R” such
that

cp(hi) dSk = dp,

for some positive number ¢? We will show that under some mild assumptions
on ¢, the even L, Minkowski problem does have a solution. For example
we shall establish:

Theorem. Suppose ¢ : (0,00) — (0,00) is a continuous decreasing function.
If v is an even finite Borel measure on S™~' which is not concentrated on a
great subsphere of S, then there exists an origin symmetric convex body
K in R™ such that

cp(hg) dSk = dp,

where ¢ is a power of the volume of K — specifically, c =V (K)

1
2n L,

When ¢ and the data p are assumed to be sufficiently smooth, and under
certain other restrictions, the existence of solutions to the L, Minkowski
problem was already demonstrated by Chou and Wang [7]. For applications
in analysis (such as in obtaining analytic inequalities of the type presented
in [69] and [39]) and for applications in geometry (such as in obtaining affine
isoperimetric inequalities), various Banach norms and convex bodies must
be constructed. These constructions amount to solving an L, Minkowski
problem — but usually with minimal restrictions on ¢ and the measure .
(Note that a polytopal solution of the L, Minkowski problem corresponds
to a measure j whose support is a finite set.) In this paper we will establish



the existence of solutions to the L, Minkowski problem with such minimal
restrictions on ¢ and p.

One interesting feature of our work is that it presents a new approach to
the classical Minkowski problem as well as the even L, Minkowski problem
for p > 0.

2. Preliminaries

For quick later reference we develop some notation and basic facts about
convex bodies. Good general references for the theory of convex bodies are
provided by the books of Gardner [11], Gruber [14], Schneider [59], and
Thompson [64].

Our setting will be Euclidean n-space R™ where n > 2. The standard
inner product of the vectors z,y € R™ is denoted by z -y. We write S~ =
{x € R": x -2 =1} for the boundary of the Euclidean unit ball B in R".

The set of continuous functions on the sphere S”~! will be denoted by
C(S™1) and will always be viewed as equipped with the max-norm metric:

If = glle = max [f(u) —g(u)],
uesSn—1
for f,g € C(S"!). The subspace of positive continuous functions will be
denoted by C*(S™1) and C(S™~!) will denote the subspace of O+ (S"~1)
consisting of only the even functions.

Write V' for n-dimensional Lebesgue measure and H" ! for (n — 1)-
dimensional Hausdorff measure. The letter p will be used exclusively to
denote a finite Borel measure on S"~!. For such a measure i, we denote by
| its total mass, i.e. || = u(S™1). The letter ¢ (possibly with subscripts
or other distinguishing features) will be used exclusively to denote a positive
real number.

A conver body is a compact convex subset of R"™ with non-empty interior.
The set of convex bodies in R™ containing the origin in their interiors is
denoted by K?. The set of convex bodies in R" that are symmetric about
the origin will be denoted by 7.

A compact, convex set K C R" is uniquely determined by its support
function hg : R™ — R, where hi () = max{z-y: y € K}, for each x € R™.
For example, the support function of the line segment ¥ joining the points
+v € R" is given by

hs(z) = |z - vl, xz € R™



We will need the trivial fact that for the support function of the dilate
cK = {cx :x € K} of a compact, convex K we have

hex = chg, c> 0. (3)

Note that support functions are positively homogeneous of degree 1 and
subadditive. It follows immediately from the definition of support functions
that for compact, convex K, L C R",

KCL < hg<hp. (4)

Consequently, the support function of a body K € K is bounded from
above and below by positive reals.

The set K} will be viewed as equipped with the Hausdorff metric and
thus for a sequence {K;} of bodies in K and a body K € K7, we have
lim; o K; = K provided that

HhKi - h‘KHOO — 0.

A boundary point 2 € 0K is said to have u € S ! as an outer normal
provided x - u = hg(u). A boundary point is said to be singular if it has
more than one unit normal vector. It is well known (see, e.g., [59]) that the
set of singular boundary points of a convex body has H" '-measure equal
to 0.

For a convex body K and each Borel set w C S™~ !, the inverse spherical
image, 7(K,w), of K at w is the set of all boundary points of K which have
an outer unit normal belonging to the set w. Associated with each convex
body K € K" is a Borel measure, Sk, on S"! called the Aleksandrov-
Fenchel-Jessen surface area measure of K, defined by

Sk(w) = H""H1(K,w)), ()

for each Borel set w C S™ 1. Observe that for the surface area measure of
the dilate cK of K we have

Sex = c"‘lSK, c>0. (6)

We will use the weak continuity of surface area measures; i.e., if {K;} is a
sequence of bodies in K then

lim K; =K € K, = lim Sk, = Sk, weakly. (7)

1—00 1—00



The mized volume Vi(K, L) of the convex bodies K, L € K may be defined
by
1
Vi(K, L) = & / hi dSk. (8)
Sn—1

n

The fact that
V(K) = Vi(K, K),
or equivalently,

1

V(K) = /S hi dSk, (9)

is of critical importance. The fundamental inequality for mixed volumes is
Minkowski’s mized volume inequality: For K,L € K7,

VA(K, L)" > V(K)" V(L) (10)

with equality if and only if K and L are homothetic.

3. Aleksandrov bodies

A function h € CT(S™ 1) defines a family {H,},cgn—1 of hyperplanes
H,={zeR": z-u=h(u)}.

This family gives rise to concepts such as envelopes in classical differential
geometry, generalized envelopes in convex geometric analysis (see, e.g., [51]),
and hedgehogs (see, e.g., [48]).

We shall be interested in the intersection of the halfspaces that are as-
sociated to h by the family {H,},cgn—1. This gives rise to the convex body

K = m {zeR": z-u<h(u)}.

ueSn—1

The body K is called the Aleksandrov body associated with h. Note that
since h is both positive and continuous its Aleksandrov body, K, must be
an element of K'. The Aleksandrov body associated with h can alternatively
be defined as the unique maximal element, with respect to set inclusion, of
the set

{QG’CZ’I hQSh}

For the Aleksandrov body K associated with h we now examine equality (in
S™~1) in the inequality
hig <h



in some detail. Aleksandrov showed that each element of 7(K,wy), the
inverse spherical image of K of the set

on = {ue S hye(u) < h(w),

must be a singular boundary point of K. Since the set of singular boundary
points of a convex body has H"!-measure zero, and since by (5), we know
that Sk (wp) = H" 1(7(K,wp)), it follows that Sk (wy) = 0. Consequently,
while hx < h, in fact

hx = h, a.e. with respect to Sk. (11)

We will make use of the following three basic properties of Aleksandrov
bodies. First, if h is the support function of a convex body K € K7, then K
itself is the Aleksandrov body associated with h. Second, as is easily shown,
if h is an even function, then the Aleksandrov body associated with A is
origin-symmetric. Third and critical, is Aleksandrov’s convergence lemma
(see, e.g., [59, Lemma 6.5.2]): If the functions h; € CT(S"~1) have associ-
ated Aleksandrov bodies K; € K, then

h; — h € CT(S"1) = K; — K,

where K is the Aleksandrov body associated with h.

The volume V (k) of a function h € CT(S™!) is defined as the volume
of the Aleksandrov body associated with h. Since the Aleksandrov body
associated with the support function hg of a convex body K € K7 is the
body K itself, we have

Vihg) =V (K). (12)

From Aleksandrov’s convergence lemma and the continuity of ordinary vol-
ume on K} we see that

V:CH(S™ 1) = R is continuous.

Let I C R be an interval containing 0 and suppose that h:(u) = h(t,u) :
I x 8”1 — (0,00) is continuous. For fixed t € I, let
K = ﬂ {r eR": z-u<h(t,u)}
ueSn—1

be the Aleksandrov body associated with h;. The family of bodies {K;}ier
will be called the family of Aleksandrov bodies associated with h. Obviously,
from (11) we have

hi, < hg and hi, = hi, a.e. with respect to Sk, . (13)

for each t € I.



Lemma 1. Let I C R be an interval containing 0 and some positive num-
ber and let h(t,u) : I x S" ! — (0,00) be continuous and such that the
convergence in

R (0,u) = lim h(t,u) — h(0,u)

14
Jim, " (14)

is uniform on S"~t. If {K;}ier is the family of Aleksandrov bodies associated

with h, then

lim V(K = V(Ko) :/ Rl (0,u) dSk, (u).
Sn—l

t—0+ t

Proof. The uniform convergence of (14) implies that h; — hg, uniformly on
S"=1. Therefore, the Aleksandrov convergence lemma (mentioned above)
yields

tl_lgh K = K. (15)
By (7) we conclude that the Sk, converge weakly to Sk, as t — 0. Since the
measures Sk, are finite, converge weakly to Sk, and since the convergence
in

lim h(t,u) — h(0,u)

t—0t t

is uniform on S™~!, we obtain

lim hi(u) — ho(u)
t—0t Jgn-1 t

dSk, (u) :/ 1 Rl (u,0) dSk, (u). (16)
Sn—
Formulas (9) and (13) imply

Vi) =+ [ sk = [ m@dsk . 07)

n n

From (17), (8), and inequality (13) at ¢ = 0, we have

K;) — Vi(Ky, K 1 —
liminfv( ) = Vi(Ks, Ko) = liminf/ Mds&(w
t—0t t n t—0t Jgn-1 t
1 h —h
>~ liminf / ho(w) = ho®) 4o ),
n t—0t Jgn-1 t

which when combined with (16) gives

lim inf ) = VilEs Ko) 1/5 H(,0) dSig, (). (18)

t—0+ t n



For the sake of brevity set

=1 /Snl W, (u,0) dSi, (u).

n
Inequality (18) and Minkowski’s mixed volume inequality (10) show
- ()R ()
[ <liminf V(&) = Vi(Ks, Ko) < liminf VIE:) = V(Ey) ~»V(Ko) _
t—0+ t t—0+ n

But (15) gives lim; g+ V(K;) = V(Kj) and hence

1. V<Kt)%_V(KO)%‘

19
im n ; (19)

Now (8), the inequality in (13), and the uniform convergence in (14) give

Ko, Kt) — V(K 1 h —h
limsupvl( 0. i) = V(Ko) limsup/ hi (w) = ho(w) dSk,(u)
t—0t t n o+ Sn—1 3
1 h —h
< limsup/ MdSKO(u)
n t—0+ gn—1 t
1

n
= 1l

= M) dSk(w)
Sn—l

This, together with Minkowski’s mixed volume inequality (10), yields

Vi(Ko, Ki) — V(Ko) V(Ko)'n V(K — V(Ko)

[ > limsup > lim sup ,
t—0t 13 t—0Tt 13
and hence ) )
Ki)n — Ko)n
> V(Ko)l_% lim sup VK V(o) . (20)

t—0+ t
Combining (19) and (20) gives

V()" — V(Ko)»
= V(K = lim 24 or

21
Jim ; (21)

Define a function g : I — R by g(t) = V(Kt)%. Identity (21) shows that the
right derivative of g exists at 0. But this implies that the right derivative of
g" exists at 0 and that

)" — g(0)" t) —
o IO 9O et gy 900 —9(0),
t—0+ t t—0+ t



Thus the definition of g and (21) show that

lim VIE:) — V(E) =nl,
t—0t t

which completes the proof of the lemma. O
We shall require the following corollary of Lemma 1.

Corollary 1. Let I C R be an interval containing 0 in its interior and let
h(t,u) : I x S" 1 — (0,00) be continuous such that the convergence in

t—0 t

is uniform on S"~t. If {K;}ier is the family of Aleksandrov bodies associated
with h, then

lim ¥ 50) = V(o) :/ ' (0,u) dSk, (u).
Sn—l

t—0 t
Proof. From Lemma 1 we see that we only need to show that

V(Ki) — V(Ko)

lim = / R (0,u) dSk, (u). (22)
t—0~ t Sn—1

To that end, define h(t,u) e Sl (0,00) by h(t,u) = h(—t,u). For
the corresponding farnily~{K _t}ter of Aleksandrov bodies associated with h
we have K_; = K; and Ky = Kg. Thus, by Lemma 1,

K;) — V(K K;) — V(K ~
lim VK = V(Ko) _ lim V(K = V(Ko) :/ R (0,u) dSk, (u).
t—0~ —t t—0+ t gn—1
Obviously, //(0,u) = —h/(0,u), which immediately implies (22). O

The following lemma is a slight variant of a standard result about differ-
entiability under an integral sign. For the sake of completeness, we include
a proof.

Lemma 2. Let ¢ : (0,00) — (0,00) be continuously differentiable, I C R be
an open interval, and

h:IxS" 1 —(0,00), (t,u) — h(t,u)

10



be a continuous function such that the partial derivative %(t,u) exists for
all (t,u) € I x St If % is bounded and h is bounded from above and from
below by positive numbers, then the function H : I — (0,00) defined by

) = [ @eh)tn)dutw)

for t € I, is differentiable on I and

H'(t) = /S . 6(%; ") (t, u) dps(u). (23)

Moreover, if O(¢poh)/0t is continuous with respect to t, then H' is continu-
ous.

Proof. Since ¢, the derivative of ¢, is assumed to be continuous and h is
bounded from above and from below by positive numbers, there exists a
¢1 € (0,00) such that

(8" o h)(t,u)| < a1

for all (t,u) € I x S"~!. This, the chain rule, and the assumption that %
is bounded shows that there exists a ¢ € (0, 00) such that

520 o )

S Cc2, (24)

for all (t,u) € I x S"~1.
Let {t;} be a sequence such that lim; ,ot; =t € I with ¢; # ¢ for all 4.

Set
(Boh)(ti,) = (Hoh)(t,)
t—t

fi=

The mean value theorem shows that for each i and u € S™! there exists a
t! = ti(u) € I such that

] = |25 )

< C2,

where the last inequality follows from (24). Since the measure p is assumed
to be finite, we have shown that all the |f;| are bounded from above by the
same integrable function. The dominated convergence theorem applied to
the sequence {f;} gives the differentiability of H and (23).

The last assertion of the lemma is again an immediate consequence of
(24) and the dominated convergence theorem. O

11



4. Orlicz norms

Throughout this section, let ¢ : [0,00) — [0,00) be strictly increasing,
continuously differentiable on (0,00) with positive derivative, and satisfy
lim oo ¢(t) = oco. Note that under these assumptions, ¢ has an inverse
#~ 1 : ¢(]0,00)) — [0, 00) which is continuously differentiable on ¢((0, 00)).

Let p be a finite Borel measure on the sphere S !. For a continuous
function f: S"1 — [0,00), the Orlicz norm || f||s is defined by

T =inf{A s0s o [ o (ﬁ) dn < ¢<1>}. (25)

Observe that the Orlicz norm of a function depends not only on ¢ but also
on p although this is not reflected in our notation. Moreover, since ¢ may
not be convex, the Orlicz norm defined above may not satisfy the triangle
inequality. The usual L, norm is obtained by taking ¢(t) = tP. The reader
is referred to [57] for background on Orlicz norms.

Observe that for continuous f : S~ 1 — [0, 00),

lefllg =cllfllgs >0, (26)

In particular we have
lellg = ¢, c>0. (27)

Moreover, it follows immediately from the monotonicity of ¢ that for con-
tinuous f,g: S"! — [0, 00),

f<g = Ifls < llglle- (28)
The following simple fact will prove useful.

Lemma 3. Suppose u is a finite Borel measure on S"! and the function
f 8" — [0,00) is continuous and such that u({f # 0}) > 0. Then the
Orlicz norm || f|4 of f is positive and

1 f
=\ — = ) dp = ¢(1).
flo=2 = o[ o(L)a=om
Proof. Define a function 1 : (0,00) — [0,00), for A > 0, by
1 f>
A)=— = | dpu.
v = Snl<z><A "

Since ¢ is strictly increasing and pu({f # 0}) > 0, the function v is strictly
decreasing. It therefore has an inverse ¢¥~1 : 1((0,00)) — (0,00). The

12



dominated convergence theorem and the continuity of ¢ on (0,00), show
that ¢ is continuous, as well.

The non-negativity of ¢, Fatou’s lemma, and the fact that lim; o ¢(t) =
oo give

1 /
liminf¢(A) > liminf — o} () du

A—0 ( ) A—0 ‘,U,‘ {f>0} A

1 / . f
— liminf ¢ <> dp

1l Jips0y A—0 A

= Q()’
and hence
)1\11% P(A) = 0. (29)

Next, we show that
¢(1) € ¥((0,00)). (30)

Since f is continuous on S™7!, there exists a ¢ € (0,00) with f(u) < ¢ for
every u € S"~1. Thus, the monotonicity of ¢, yields

_ S 1 Y dp =
v = o Sn_1¢<)\> du< o [ o () de= e/,

for every positive A. In particular, ¥(2¢) < ¢(1/2) < ¢(1). From (29)
and the continuity of ¢ we therefore deduce (30) by the intermediate value
theorem.

Finally (30) and the strict monotonicity of 1 yield

Iflle = inf {x > 0: »(N) < 6(1)} = v~ (1))
This shows that || f||4 > 0 and establishes the desired equivalence. O

The continuity of the Orlicz norm is contained in the following lemma.

Lemma 4. Suppose f € C(S" 1) with u({f # 0}) > 0 and {fi} is a
sequence of nonnegative functions in C(S™1). If

fi — fin C(S™1),

then
1 £ills = 11.flle-

13



Proof. From the uniform convergence, it follows that there exists areal ¢ > 0
such that fi(u) < ¢ for all i and all w € S"!. From (27) and (28) we thus
obtain

0<|fille < llells = ¢

for every i. Thus the sequence {||f;|s} is bounded. To show that the
sequence converges to | f||¢, we prove that every convergent subsequence
converges to || f||4. Denote an arbitrary convergent subsequence of {|| f;||4}
by {[[fill¢} as well.

To see that lim;_ || fillp > 0, suppose the contrary; i.e., ||fillp — O.
Then Lemma 3, the non-negativity of ¢, Fatou’s lemma, and the fact that
lim; .o ¢(t) = oo would produce the desired contradiction:

1 fi >
g 11 T d
o) = Jm oo o <||fi||¢ 8

1 i
> liminf — ¢<f )d,u
i—oo |ul S0y~ \lfillg
1 i
> — hmlnqu( Ji >d
lul S0y o0 | fillo
= 0.
Thus lim; .« || fill¢ > 0. Note that since p({f # 0}) > 0 and f; — f

in C(S™ 1) we have u({fi # 0}) > 0 for sufficiently large i. From the
continuity of ¢ and (33) we therefore deduce

1 F )d m = ( fi )d — 41
M Sn_ﬁ(nmmo”m =l e e O\ ) o)

Lemma 3 again shows lim; o || fille = || fll¢- O

We will need the following basic fact.

Lemma 5. If j1 is a finite Borel measure on the sphere S™~! which is not
concentrated on a great subsphere of S"~1, then there exists a real ¢ > 0
such that ||hs|| > ¢ for every v € S,

Proof. Note that since y is not concentrated on a great subsphere of S7~1,
we have, for every v € S"71,

p({hs > 0}) = u(S"\ot) >0

14



where vt denotes the codimension 1 subspace orthogonal to v. Hence
Lemma 3 shows that |hg|4 > 0 for every unit vector v. In order to es-
tablish the assertion of the lemma, it suffices to show that the function
v = ||hg||s is continuous.

Suppose v; € S» ! and v; — v. That hg, — hg, uniformly on Sl g
easily seen. Thus ||hg,||¢ converges to ||hz||¢ by Lemma 4. This establishes
the desired continuity of v — ||hg||e. O

For a continuous f : S"~! — [0, 00) with || f||, > 0, define

_ [
I1£llo

From (26) we see that we always have

1Al = 1.

We will use the fact that (hx) is homogeneous of degree 0 with respect to
dilation of K. Indeed, from the definition of (- ), together with (3) and (26),
we see that for every ¢ > 0,

()

hi hek
hi) = = = {her). 32
) = Tielle ~ Therclly — (e (32)

Lemma 3 shows that if y is such that u({f > 0}) > 0, then

1

L o et di= o) (33)

5. The even Orlicz Minkowski problem

The first of the two main results shows existence for the even Orlicz
Minkowski problem under some mild assumptions regarding ¢.

Theorem 1. Suppose ¢ : (0,00) — (0,00) is a continuous decreasing func-
tion. If v is an even finite Borel measure on S"~! which is not concentrated
on a great subsphere of S™~1, then for each o € (0,1) there exists an origin
symmetric convex body K in R™ such that

cp(hi) dSk = dp,

with ¢ = V(K)n ',

15



Note that for ¢ = 1, Theorem 1 provides a solution to the even Minkowski
problem — by appealing to (6).

Proof. Define the function ¢ : [0,00) — [0, 00) by

t
¢(t):/0 e

Observe that since ¢ is decreasing and 0 < a < 1, it follows that for ¢ > 0

Jim 6(ct)/1% = o, (34)
and
tlir())rl+ o(t)/t* = 0. (35)

Since ¢ is decreasing, the derivative of ¢ is increasing and therefore the
function ¢ is convex.
Furthermore, for ¢ > 0 let 9. : (0,00) — R be defined by

velt) = (ZWB)% - W) .

From (34) we conclude that lim_.o 9.(t) = —oo. In particular, for each ¢
there exists a real r. > 0 such that

t>r. = 1.(t) <0. (36)
Motivated by the work of Chou and Wang [7], we define the functional
®:CHS" ) - R by

(f) = qV(f)~ - ¢o fdpu,

Sn—1

for f € CH(S™1). Since, as seen in §3, the volume V : CF(S"71) — R is
continuous, with respect to the max-norm metric, ® is continuous as well.
Note that by (12), for every r > 0,

B(h) = 2rVB)E — o)l = 2V () - LA ) e

ra
From this and (35) we see that ®(h,p) is positive for small positive r. Hence

there exists K € K such that ®(hg) > 0. (37)

16



We are searching for a function at which & attains a maximum. The
search can be restricted to support functions of origin symmetric convex
bodies. To see this, recall from §3 that the Aleksandrov body K associated
with a given function h € C}(S™~!) is origin symmetric and has a support
function hx which satisfies 0 < hx < h. Since ¢ is increasing and V(h) =
V(hi) by (12) we deduce ®(h) < ®(hg).

Next, we will show that the search for a function at which ® attains a
maximum can be further restricted to support functions of origin symmetric
convex bodies contained in some ball of fixed radius. To this end, first note
that the continuous function on S"~!,

v — hg du,
Sn—1

is positive since p is not concentrated on a great subsphere. Thus, there
exists a ¢ € (0,00) such that

1

— hzdp > ¢, (38)
ul Jgn—

for every v € S"71. Let K € K" and choose vxg € S" ! such that for
a suitable real rx > 0 the point rxvg is an element of K with maximal
distance from the origin. Since K is origin symmetric, the line segment
with endpoints £rxvg is contained in K. From (3) and (4) we deduce
rihs, < hg. The monotonicity of ¢, Jensen’s inequality, and (38) therefore
yield

/ olhi)du > / o(richs,) i
gn—1 gn—1

1
> ulo (M /S richeg du>

ulo(ers).

Y

Now (12), the fact that K C rx B, and the last inequality show that

VE)? = | o) dp

2reV(B)w — |uld(er)
— (ZV(B)Z _ ’M’¢(CTK)) ’I“?(

(07
Tk

O(hg) =

QI3



From (36) we therefore conclude that there exists a real r = r. > 0 such
that
rK > T —> CI)(]”LK) < 0. (39)

It follows from (37) and (39) that in order to find a maximum of the func-
tional ® on CF(S™71), it is sufficient to search among support functions of
members of the set

F={KeK]: K CrB}.

Let {K;} be a maximizing sequence in F for @, i.e.

lim ®(hg,) =sup{®(hk): K € F}.

1— 00

Obviously, the sequence {K;} is bounded. Blaschke’s selection theorem (see,
e.g., [59]) guarantees the existence of a convergent subsequence, which we
also denote by {K;}, with lim; .~ K; = K. Since the K; € K, the body
K is origin symmetric. Moreover, the continuity of volume, (12), and the
positivity of lim; . ®(hg,) yield

LV (Ko)n = lim 2V(K;)n = lim 2V (hg,)n > lim ®(hg,) > 0.

o i—oo & i—oo0 & ‘ 1—00 ‘
Consequently, the body Ky has non-empty interior and thus Ky € K. The
continuity of ® now shows that

<I)(f) < (I)(hKo)a

for every f € CH(S"1).

Suppose f € CF(S"71) is arbitrary but fixed. For sufficiently small § > 0
we can define a function, h : (—6,8) x S"1 — (0, 00), which is bounded from
above and below by positive reals, by

he(u) == h(t,u) = hg,(u) + tf(u).

By Lemma 2 and Corollary 1, the function t — ® o h; is differentiable at 0.
Since Ky is a maximizer of the functional ® and hg = hg, we have

d

—(®Poh =0. 40
F@om| (10)
Note that by Corollary 1,
d n a a_q
Ze (ht)n =V (Ko)n J dSky,
+t=0 Sn—1
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and by Lemma 2,

d

% Sn—1 ¢O ht d/”L

1
:/ fdpu.
t=0 sn—1 ol

The definition of ® together with (40) therefore give

a_ 1
V(Ko)* 1/S ldeKo—/S ouhn
n— n— o 0

Since this holds for all positive even continuous functions f on S"~!, it holds
for all even continuous f on S™~! and hence

fdu=0.

V(Ko)» Yo(hi,) dSk, = dp.

We now establish the following variant of our first theorem.

Theorem 2. Suppose ¢ : (0,00) — (0,00) is a continuous function such that
o(t) = f(f 1/¢(s)ds exists for every positive t and is unbounded as t — oo.
If 11 is an even finite Borel measure on S™~1 which is not concentrated on a
great subsphere of S?1, then there exists an origin symmetric convex body
K in R™ and a ¢ > 0 such that

cp(hi) dSk = dp, (41)

and
[hille = 1. (42)

In order to establish this theorem we first establish four lemmas.
First extend the definition of ¢ to [0, 00) by

t 1 )
B(t) = /0 e Brt>0. and 6(0) = lim o(r)

The function ¢ is strictly increasing and continuously differentiable on (0, co),
and ¢ > 0. Thus ¢ has an inverse ¢! : ¢([0,00)) — [0, 00) which is contin-
uously differentiable on ¢((0,00)). Observe that lim; . ¢(t) = co.

Suppose that f € CT(S"1) and K € K. Recall that the function ¢ is
strictly increasing. There exists § > 0 so that

o(1) — tf(u) € 6((3,2))
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for all (t,u) € (=6,0)x.S™ 1. Define the function & : (=4, 8)x.S™" 1 — (0, c0),
at (t,u), by
; hi (u)
h(t,u) = .
) = 560 - (W)
Clearly, h is bounded from above and below by positive reals (dependent on
f and K). From (27) and (28) we therefore have that also ||h||, is bounded

from above and below by positive reals.
The following lemma follows directly from the definitions.

(43)

Lemma 6. The function h is continuous and the partial derivative %?(t,u)
exists on (—6,8) x S"~1 and is given by

Oh I @6~ (6(1) — tf(w)
ot [0~ (o(1) —tf ()2

Moreover, it is continuous and bounded from above and below by positive
reals.

(44)

We now establish:
Lemma 7. The function t — V (h;) is differentiable at 0.

Proof. By Lemma 6, the function h is continuous. So in order to apply
Corollary 1 it remains to show that the convergence in

h —h
limy 1e(1) — fo(w) (45)
t—0 t
is uniform on S"~!. Let &' € (0,8). By the mean value theorem, for every
t € [—4',0'] we can find a t' € [—t,t] such that

oh ,, oh
E(t 7u) - E(()?u)

— ho(u)

Since [—4', 0] x S™~1is compact, Lemma 6 shows that the partial derivative

%@(t, u) is uniformly continuous on [—4’,6’] x S"~!. Hence, the convergence
in (45) is uniform on S™~1. O

Also needed will be:
Lemma 8. The function t — |y is differentiable on (—9,3) with bounded

derivative.
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Proof. As previously mentioned (after the definition of &) there exist ¢1, ¢y €
(0, 00) such that

c1 < hi(u) < ¢, for all (t,u) € (—6,8) x S"7L.

Define the function G : (=6,9) X (¢1,c2) — R at (¢, A) by

Gt = [0 (’1) = (1)

Furthermore, for fixed A € (cy, c2), define hy : (=6,8) x S*~1 — (0,00) by
hy(t,u) = h(t,u) /A,

and, for fixed t € (—4,0), define hy : (c1,c2) x S"~1 — (0,00) by
ha(\,u) = h(t,u)/\.

Clearly, the functions h; and hy are bounded from above and below by pos-
itive reals. Moreover, by Lemma 6, the derivatives % and % exist, are
continuous, and bounded on their domains. Thus, by applying Lemma 2 to
hi and hgy respectively, the partial derivatives 0G/0t, OG/OA exist. Since
O(¢pohy1)/0t and O(¢pohg)/ON are continuous by Lemma 6, another applica-
tion of Lemma 2 shows that 0G /0t and OG /O\ are in fact continuous. Since
by Lemma 2 interchanging differentiation and integration are permitted, an
elementary calculation shows that 0G/dt and —9G /O are bounded from
above and below by positive reals. In particular, G /I is always nonzero.

Let t € (—0,0). For sufficiently small e, Lemma 3 and the mean value
theorem give

0 = G(t+e llhiells) — G, [[hll6)
oG = ~ oG
= 52w+ (hesel — Wullo) 55 (), (46)
where x. is a point on the line segment joining the points (z, ||l~zt|]¢) and
(t+ e [[hrellg)- i
Note that from the continuity of h, and compactness, follows the uni-
form continuity of h : [-d',d'] x §'"_1 for arbitrary 0 < ¢’ < §. Thus
the convergence in}imeao hiye = hy is u~nif0rm and hence, by Lemma 4,
lime o |[utellp = ||hellg- Hence ze — (¢, ||he]|4) as € — 0.
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Since, as shown above, the partial derivatives of G are continuous and
0G /O is always nonzero, we conclude from (46) that ||h||4 is differentiable

with N
dllhelle oG ~ oG =
e = Dl | /|55 0 Ialo)|

The fact that 9G/9t and —9G /O are bounded from above and below by
positive reals, finally shows that d||h||4/dt is bounded. O

In the final lemma needed for the proof of Theorem 2, we establish
some differentiability properties of functions involving h. Recall that (h;) =

he/ |l -

Lemma 9. The functions
t— [|hell/V (R)Y™  and b do (hy)dp

are differentiable at 0 with derivatives

1 d -
— | Al
V(ho)% (dt ¢

~ Polls hof
=0 nV(ho) /Snl (1) dSK) (47)

and

) du,  (48)
t=0

Proof. First observe that h; is bounded from below by a positive real so its
Alexandrov body contains the origin in its interior. The differentiability, at
0, of the function

! 1 hof ;. d s
1Folls, /s ((ho)) («zm) (ho) g 1Rl

respectively.

t— [lellg/V ()"

is an immediate consequence of Lemmas 7 and 8. Formula (47) for the
respective derivative follows directly from (44), Corollary 1, and

—1y/ _ 1
CRICOIEE

Since hand ||hy| ¢ are bounded from below and above by positive reals,
so is (ht). From Lemmas 6 and 8 we infer that (h;) is differentiable with
respect to t. An elementary calculation shows that

8<l~%> 1 dilt 7 d||iltH¢>
= — =t _ (h . 50
ot Hhtuqs(dt T o

. (49)
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Since ”iLtHj) is bounded from below and above by positive reals and (hs),
dhy/dt, d||h¢||s/dt are bounded, we therefore conclude that 9(h;) /0t is bounded
as well. Lemma 2 yields the differentiability, at 0, of

L— ¢ ° <ht> d:“’?
Sn—1

and together with (44), (49), and (50), the desired formula (48). O
We are now in a position to establish Theorem 2.

Proof. For f € CH(S™ 1), define the functional ® : C;7(S"~!) — R by

o(f) =l fle/V(HV™

Lemma 4, together with the fact that V : CF(S"!) — R is continuous,
shows that ® is continuous as well.

We are searching for a function at which ® attains a minimum. As before,
the search can be restricted to support functions of origin symmetric convex
bodies: Indeed, recall that the Aleksandrov body K associated with a given
function h € CF(S™1) is origin symmetric and has a support function hg
which satisfies 0 < hx < h. The fact that V(h) = V(hk) together with (28)
shows that ®(hg) < ®(h).

Since @ is positively homogeneous of degree 0, the search can be further
restricted to support functions of convex bodies of unit volume. Let ¢; =
®(hp), where B’ is the dilate of B chosen so that V(B’) = 1. It follows that
in order to find a minimum of the functional ® on CF(S™1), it is sufficient
to search among the support functions of the members of the set

F={KeKk}: ®hg)<c and V(K)=1}.

Let {K;} be a minimizing sequence, of bodies in F, for the functional ®,
ie.,

lim ®(hg,) = inf{®(hg): K € F}.

1— 00
We now show that the sequence {K;} is bounded. For each i, let v; €
S™~1 be chosen such that for suitable r; > 0 the points r;v; are elements of
K; with maximal distance from the origin. Since each K; is origin symmetric,
the segments with endpoints +r;v; are contained in K;. From (3) and (4)
we deduce r;hy, < hg,. Hence (26), (28), and the fact that the K; belong
to F imply

riHhT)z‘”Qﬁ = Hrihl_}iH(b < HthH¢ = (I)(hKi) <c. (51)
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By Lemma 5, there exists a co € (0,00) such that
c2 < [lhoilg (52)

for all i. Combining (51) and (52) we see that the r; are bounded from above
and hence the sequence {K;} is bounded.

Now Blaschke’s selection theorem guarantees the existence of a conver-
gent subsequence of { K}, which we also denote by {K;}, with lim; ., K; =
K. Clearly, the body K is again an origin symmetric compact, convex set.
Since obviously V(Kp) = 1, we see that Ky € K. The continuity of ® now
implies that Ko € F and thus that

for every f € CF(S™1).
Choose a fixed but arbitrary f € CH(S™1). As in (43), define the
function A : (—§,0) x S"~1 — (0,00) by

7 _ hKo (u)
M) = 00 — )

Lemma 9 shows that the function ¢ — <Ii o il,t is differentiable at 0. Since h,
is a minimizer of the functional ® and hg = hx, we have

i(q)oﬁt)

=0.
dt

t=0

The expression for the above derivative given in (47) implies

_ holly hof S 53
1=0 nV(ﬁo)/Sn—l ¢/(1) "7 (%)

For each t such that [¢t| < §, we have from (33)

d  ~
—||h
el

1

= o (he) du = ¢(1).
’M’ Snilﬁf) <t> 1% ¢()

Thus, the derivative (with respect to t) of the function on the left is 0. This
fact, at ¢t = 0, together with (48) now gives
dp = 0.
t=0

1 hof .~ . d -
L i <¢><1> ~ (Fo) <l
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In this substitute the value of the derivative given by (53), use (12), and the
fact that hg = hg,, to get

1 hk, hi, f
— hic fdS / K g, = / L
nV (Ko) /Snl Ko/ A3k gnt polhig) T Jonor po(haeg)

By (3), (6), (32), and the homogeneity of volume (of degree n), the last
equation remains unchanged if we replace Ky by a dilate of Ky. In particular,
if we choose a dilate K{) of Ky such that

1Prylls = 1,

then we obtain

hic f
hgr fdSy = 0" —d
C/S"—l i3] 495; /5n—l e(hi) .

where

1 / ey
= —— dy.
nV(Kp) Jsn-1 ‘P(hK())

Since this holds for all positive even continuous f on S™~!, it holds for all
even continuous f on S”~!, and hence

1
dSyr = ————d
K o(hry) o

or equivalently
co(hry) dSk; = dp.
O

From Theorem 2, we obtain the solution to the even L, Minkowski prob-
lem for all positive p, when 0 < p # n, and the solution to the even volume-
normalized L, Minkowski problem for all positive p.

Corollary 2. If j1 is an even finite Borel measure on the sphere S™~' which
is not concentrated on a great subsphere of S"~1, then
(i) for p > 0, there exists an origin symmetric convex body K in R™ such
that
chi?dSk = dy, (54)
where ¢ = 1/V(K).
(ii) for 0 < p # n, there exists an origin symmetric convex body K in
R™ such that
hi P dSk = dp.
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Proof. Note that from (3) and (6) it follows that the maps

1

K +— h}(_pdSK and K +— VIE)

h P dSk

are homogeneous of degree n — p and —p, respectively; i.e., for K € K7 and
A >0,

h dSyi = \"P hy P dSk, (55)
and
1 1-p — 1—
—— P dSg = AP hioP dSk. 56
VK I 5K V(K) K K (56)

We first prove (i). Take o(t) = t~P. From (41) we have (54) and from

(42) that hx satisfies
1

p] Jsn-1

We now show that a dilation of K gives the desired constant. By using (9),
integration in (41) gives

hP dp = 1. (57)

/S » hh-dp = enV (K). (58)

From (57) and (58) it follows that 1/c¢ = nV (K)/|u|. To complete the proof,
let K" = AK, where \? = n/|u| is chosen so that by (56)

1

] 1—
h;-PdSk =
K7 V(K

nV(K) K

hyoPdScr.

To see that (ii) follows from (i), observe that by (55),
chy P dSk = hy’ dSg,

where K’ = MK, where )\ is chosen so that A" P = c. O
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