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Abstract

All continuous Minkowski valuations which are compatible with the special
linear group are completely classified. One consequence of these classifica-
tions is a new characterization of the projection body operator.

1 Introduction

Ever since they played a critical role in Dehn’s solution of Hilbert’s Third Problem,
valuations have been a central focus in convex geometric analysis (see, e.g., [34,
50,51]). In addition to the ongoing research concerning scalar valued valuations
on convex sets (see, e.g., [1-4,8,11,15,20, 33,36, 40,41]), the study of valuations
headed mainly in two different directions during the last years. First, a theory
of valuations which are defined on much more general objects than convex sets
emerged (see, e.g., [6-7,9,10,12-14,31,32,63]). Second, valuations with values other
than scalars have been characterized (see, e.g., [24-26,29,30,35,37-39,56-58]). In
particular, Ludwig [35,37-39] developed a theory of body valued valuations which
are compatible with the whole general linear group (see also [24-26,58]). She
thereby obtained simple characterizations of basic geometric operators. Recently,
her results led to strengthenings and generalizations of several affine isoperimetric
and Sobolev inequalities [27,28,47,48]. All proofs of such characterizations heavily
rely on the assumption of homogeneity.

A central question in the subject has long been: Are the homogeneity assump-
tions necessitated only by the techniques used in the proofs? This is the first paper
to indicate that this indeed may be the case.

Let K™ denote the set of convex bodies in R™ (i.e., non-empty compact convex
subsets of R™) and write K7 for convex bodies containing the origin. We will
view K" as equipped with the Hausdorff metric. The Minkowski sum K + L of
two convex bodies K, L € K" is the usual vector sum of K and L. A Minkowski
valuation is a map Z : K — (K2, +) such that

ZKUL+Z(KNL)=7ZK + 7L



whenever the union of K,L € K7 is again convex. A map Z : K} — K is said
to be SL(n) contravariant if Z(¢K) = ¢~ ' Z K for every ¢ € SL(n) and K € K.
Here, ¢~! denotes the inverse of the transpose of ¢. One of the main results in
this paper shows that for n > 3 there exists (up to scalar multiples) a unique
continuous SL(n) contravariant Minkowski valuation.

Theorem 1. A map Z : Kl — (K2, +) is a continuous SL(n) contravariant
Minkowski valuation if and only if there exists a non-negative constant ¢ such that

ZK =clIK

for every K € KJ.

The projection body TIK of K is defined via its support function (see Section 2 for
details) by
hiik () zvoln_l(K\uJ‘), uwe S

where vol,,_; denotes (n — 1)-dimensional volume and K|u’ denotes the image of
the orthogonal projection of K onto the subspace orthogonal to u.

Under the additional assumption of homogeneity in Theorem 1, a characteriza-
tion of the projection body operator was previously given by Ludwig [38]. Projec-
tion bodies were introduced by Minkowski at the turn of the previous century and
have since become a central notion in convex geometry. They also arise naturally
in a number of different areas such as Minkowski geometry, geometric tomography,
symbolic dynamics, and Sobolev inequalities (see, e.g., [17,21,27,45,61,62,66]).

A map Z : K7 — K7 is said to be SL(n) covariant if Z(¢K) = ¢ Z K for every
¢ € SL(n) and K € K. We also establish the following characterization for n > 3.

Theorem 2. A map Z : K — (K2, 4) is a continuous SL(n) covariant Minkowski
valuation if and only if there exist non-negative constants ci,...,cq4 such that

7K = ClK + CQ(—K) + 63F+K + C4F+(—K)
for every K € K.

The asymmetric centroid body I'y K of K is the convex body whose support func-
tion is given by

hr, i (u) = / (u-2)4 dx, ue St
K

Here, integration is with respect to Lebesgue measure and (u - )4 denotes the
positive part of the standard Euclidean product of u and x. Note that the definition
of the centroid body given above differs from the classical one by a dilation since
it is not volume-normalized.

The identity and the centroid body operator were characterized before as SL(n)
covariant Minkowski valuations which are positively homogeneous by Ludwig [38].
For symmetric bodies, centroid bodies are a classical concept which goes back
to Dupin. A decade ago, a study was begun of their symmetric analogs (see,
e.g., [16,42,49]) within the L, Brunn-Minkowski theory (see, e.g., [16,17,19,23,



24, 26-28, 37, 38, 42-45, 49, 54, 59, 60, 64, 65]). They became objects of interest
in asymptotic geometric analysis (see, e.g., [18,19,53]), information theory (see,
e.g., [46]), and even the theory of stable distributions (see, e.g., [52]).

In fact, we will prove more general characterizations of Minkowski valuations
as those of Theorems 1 and 2. These results (see Section 3) deal with Minkowski
valuations which are either defined on polytopes and are not necessarily continuous
on the whole domain or their images do not have to contain the origin.

2 Notation and preliminaries

For quick later reference we develop some notation and basic facts about convex
bodies. General references for the theory of convex bodies are provided by the
books of Gardner [21], Gruber [22], Schneider [55], and Thompson [62].

We write Ry for the set of positive real numbers. The positive and negative
part of a real number a is defined by

(a)+ = max{a,0} and (a)— = max{—a,0},

respectively.
Critical for us will be the solution to Cauchy’s functional equation

flx+y) = f@)+ f(y). (1)

Let f : R — R be a function which satisfies (1) for all z,y € R but is not linear.
It is well known that the graph of such a function is a dense subset of R2. Every
function f : Ry — R which satisfies (1) only for positive real numbers can be
extended (as an odd function) to a function which satisfies (1) for all z,y € R.
We therefore obtain the following. If f : Ry — R is bounded from below on some
non-empty open interval I C Ry, then

fe+y)=fl@)+fly) VeyeRy = [fl@)=af(l) VeeRy (2)

The letter n will always denote an integer greater than one. Our setting will
be Euclidean n-space R™. We write V for Lebesgue measure on R™. The stan-
dard basis vectors of R™ are denoted by eq,...,e,. We write z1,...,z, for the
coordinates of a vector x € R™ with respect to the standard basis. The standard
Euclidean inner product of two vectors x,y € R™ is denoted by z-y. Write || - || for
the norm induced by this inner product and let S"~! denote the Euclidean unit
sphere, i.e. the set {x € R" : |z| = 1}. For a unit vector u € S"~!, we write
ut for its orthogonal complement. The linear and convex hull are denoted by lin
and conv, respectively. As usual, we write GL(n) for the general linear group and
SL(n) for the special linear group.

A convex body is a non-empty compact convex subset of R”. We write K"
for the set of convex bodies in R™ and denote by K the subset of convex bodies
containing the origin. The dimension of a convex body is denoted by dim. Convex
polytopes in R™ are denoted by P" and we write P, for convex polytopes contain-
ing the origin. Two special polytopes will be used frequently in the sequel. First,



a line segment is the convex hull of two distinct points in R™. The line segment
joining distinct points z,y € R" is denoted by

[z, y] = conv{z, y}.
Second, the n-dimensional standard simplex T™ € P} is given by
T" = conv{o,e1,...,en}.

A convex body K C K™ is uniquely determined by its support function hg :
R™ — R, where hgi(z) = max{x-y: y € K}, for each x € R". Note that support
functions are sublinear, i.e. for all x,y € R™ and A\ > 0 we have

hi(Az) = Ak () and hix(x+vy) < hg(z)+ hr(y). (3)

In other words, support functions are positively homogeneous of degree one and
subadditive. Conversely, every sublinear function is the support function of a
unique convex body. The sublinearity of support functions implies that they are
continuous and uniquely determined by their values on the unit sphere S™~!.

Next, let us collect three basic properties of support functions. For K, L € K"
and non-negative numbers a and b we have

har+vr, = ahg + bhy,. (4)
Moreover, if K € K™ and ¢ € GL(n) then
hoi = hic o ¢t (5)
Suppose that K € K™ is contained in lin{ey,...,ex}. Then
hi(x) =hg(xie1 + - -+ Treg), x € R™. (6)

We need the precise form of support functions of line segments and the standard
simplex. The support function of the line segment [0, v] joining the origin and a
non-zero point v € R™ is given by

how () = (z-v)y,  zeR™ (7)
For the support function of the n-dimensional simplex T™ we have
hpn(z) = max{(x1)4,..., (Tn)+}, x e R". (8)

The set K™ will be viewed as equipped with the Hausdorff metric. The latter
can be defined for K, L € K™ by

6(K,L)= sup |hg(u)—hp(u)l.

uesSn—1

Note that the set P}’ of polytopes containing the origin is a dense subset of K.



Associated with each convex body K € K" is a Borel measure, Sk, on S*~!
called surface area measure of K. It is defined as the unique finite Borel measure
on S™! such that for all L € K"

/ hidSk = lim LEFED = VE) 9)
gn—1 e—0t €

The surface area measure of a polytope is a discrete measure which is concentrated
on the outer unit normals of its facets. Moreover, if v € S”~! is an outer unit
normal of a facet of P € P", then Sp({u}) equals the (n — 1)-dimensional volume
of this facet.

Surface area measures are weakly continuous with respect to the Hausdorff
metric, i.e., if (K;);en is a sequence of bodies in K™ then

lim K; =K = lim Sk, = Sk, weakly. (10)
11— 00

11— 00

For convex bodies K, L € K™ with convex union K U L we have
SkurL + Sknr = Sk + SL. (11)
Moreover, if A > 0 and K € K", then
Saie = A" 1Sk (12)

Support functions of projection bodies can be expressed by surface area mea-
sures. Indeed, for K € K™ one has

B (1) = /Snil(u-v)_deK(v), we st

This representation together with (9), (10), (11), and (12) shows that IT : £? —
K7 is a continuous SL(n) contravariant Minkowski valuation which is positively
homogeneous of degree n — 1.

Let Q™ be a subset of K. A map Z: Q" — (G, +) with values in an abelian
semigroup is called valuation if

Z(PUQ)+Z(PNQ)=ZP+7ZQ

whenever P,Q,PUQ,PNQ € Q". If the semigroup (G, +) is a subsemigroup of
(K™, +), then Z is called Minkowski valuation. A map Z : Q™ — K™ is said to be
SL(n) co- or contravariant if Z(¢Q) equals ¢ Z Q or ¢~ *ZQ for every ¢ € SL(n)
and Q € Q™.

In the remaining part of this section we will construct several Minkowski valu-
ations which are different from the projection body and the asymmetric centroid
body operator. Suppose that P € P”. We define N,(P) as the set of all outer
unit normals of facets of P containing the origin. Equivalently, for a unit vector
u € S"! we have u € N,(P) if and only if u-2 < 0 for all z € P and PNu?t is
(n — 1)-dimensional. Let II, : P — K be defined by

e = [ (ueodSelo),  ue s
No(P)



The operator I, was defined by Ludwig [38]. It follows directly from (12) that II,
is positively homogeneous of degree n — 1. For the reader’s convenience we collect
other basic properties in the following lemma.

Lemma 1. The map I, : P — KU is an SL(n) contravariant valuation.

Proof. For polytopes P € P} define a finite Borel measure pp on the sphere by

dup = Xn,(P)dSp,

where y denotes the characteristic function. Note that up is a discrete measure
with finite support. In fact, it is concentrated on the outer unit normals of facets
of P which contain the origin. Clearly we have

hi, p(u) = /Snil(u cv) 4 dup(v), ue St (13)

Let P,Q € P with PUQ € P”. Note that N,(PUQ)UN,(PNQ) = N,(P)UN,(Q).
This together with the valuation property (11) implies for every v € S"~! that

pruQ({v}) + prn({v}) = nr({v}) + po({v}).

Since all measures which are involved in the last equation are discrete, we actually
have pupug + png = pp + po. This and the representation (13) prove that II, is
a valuation.

In order to establish the contravariance of II, suppose that P € P} and ¢ €
SL(n). Write (z) = z/||z|| for z € R™\{o} and denote by (¢) : S~ — gn-1!
the map with (¢)(v) = (¢p~tv) for each v € S"~!. Clearly, (¢) is a continuous
bijection. For every unit vector v € S~ we have

le~"vllSp({v}) = Ssp({($)(v)}) and v ENL(P) <= (¢)(v) € No(6P).

Write (¢)pup for the image measure of up with respect to (¢). Thus
(@)up({v}) = ¢ v]luer({v})

for every v € S"~!. Since all measures involved in the last equation are discrete
with finite support we actually have dusp = ||¢' - | “*d(¢)up. Representation (13)
therefore yields hrr,¢p = hi, po¢—'. From (5) we deduce the SL(n) contravariance
of II,,. O

We finish our discussion of the operators II and II, by two simple formulas. Since
the volume of the n-dimensional standard simplex equals 1/n!, the above inter-
pretation of surface area measures for polytopes yields

hirn (x1e1 4+ x9e9) = [(z1+22) ¢ + (w1) - + (22)_], (14)

1
(n—1)!

as well as

hHOT" (1‘161 + 1‘262) = .[(itl)_ + (1‘2)_]. (15)



Let K € K™. The symmetric centroid body T'K of K is defined by
hri(u) = / lu - z|dz, ue St
K

It is easliy seen that T'K = I't K 4+ I (—K). The moment vector m(K) of K is
given by

hm(K)(u):/ u-xde, ue St
K

Note that the moment vector is indeed an element of R™. Up to normalization,
m(K) is equal to the centroid of K. Clearly, both I''m : K* — (K", +) are
continuous SL(n) covariant Minkowski valuations.

Finally, let P € P2 and denote by &,(P) the set of all edges of P containing
the origin. We define an operator E : P2 — P2 by

{o} Eo(P) =10,

ep_d 2F &(P)={F}, P=F,
“\F £(P)={F}, P#F,
Fi+F &,(P)={F,F}.

Note that E : P2 — (K2,+) is an SL(2) covariant Minkowski valuation.

3 Classification results of Minkowski valuations

Throughout this section let n > 3. In what follows, we state several classifica-
tions which are similar to those given in the introduction but hold under weaker
assumptions.

3.1 Contravariant Minkowski valuations

Let us begin with a result on SL(n) contravariant Minkowski valuations which are
not necessarily continuous.

Theorem 3. IfZ : P} — (K2, +) is an SL(n) contravariant Minkowski valuation,
then there exist constants cy,ca,cg with ¢y > 0 and ¢; + co + c3 > 0 such that

hz p = cihup + cahi, p + c3hm, (—p) (16)
for every P € PJ.

We remark that there exist constants ¢y, c2, and c3 such that cs or c3 is negative but
Z: P! — (K7, +) defined by (16) is an SL(n) contravariant Minkowski valuation.
Under the assumption of continuity, we have the following characterization of
Minkowski valuations whose images do not have to contain the origin a priori.

Theorem 4. A map Z : KI' — (K", +) is a continuous SL(n) contravariant
Minkowski valuation if and only if there exists a non-negative constant ¢ such that

7K =clIK
for every K € K.



3.2 Covariant Minkowski valuations
For Minkowski valuations defined on polytopes we will prove the following.

Theorem 5. A map Z : Py — (KI',+) is an SL(n) covariant Minkowski valuation
which is continuous at the line segment [o, e1]if and only if there exist non-negative
constants cq,...,cq Such that

ZP = C1P + CQ(—P) + 63F+P + C4F+(—P)
for every P € P

Finally, the next result characterizes all continuous SL(n) covariant Minkowski
valuations whose range is K".

Theorem 6. A map Z : K — (K™, 4) is a continuous SL(n) covariant Minkowski
valuation if and only if there exist non-negative constants c1, ..., c3 and a constant
¢4 € R such that

7K = ClK+C2(—K) +63FK—|-C4H1(K)

for every K € K.

4 Reduction to Simplices

The aim of this section is to show that SL(n) co- or contravariant Minkowski val-
uations are actually determined by their values on dilates of the standard simplex.

Let P € P™ be n-dimensional. A finite set Tp of n-dimensional simplices is
called triangulation of P if the union of all simplices in 7p equals P and no pair
of simplices intersects in a set of dimension n. Suppose that x € P. A starring of
P at zis a triangulation such that each simplex in 7p has a vertex at x.

If P € P™ is an n-dimensional polytope and = € P, then it is well-known that
there exists a starring of P at x. Indeed, for n = 1 it is trivial. Suppose that the
assertion is true for (n — 1)-dimensional polytopes and denote by Fj, j =1,...,k
the facets of an n-dimensional polytope P. We choose starrings 7r; of F}; for those
facets which do not contain the given point x. Thus the convex hulls of z and the
(n — 1)-dimensional simplices in T, define the desired starring.

A real valued valuation z : P? — (R, +) is called simple if convex polytopes of
dimension less than n are mapped to zero. The following result is a special case
of [24, Lemma 3.2]. For the sake of completeness we give its proof here.

Lemma 2. Let z : P? — (R, +) be a simple valuation. If z(S) = 0 for every
n-dimensional simplex S having one vertex at the origin, then z(P) =0 for every
PePp].

Proof. By what we have seen above, every P € P}’ has a starring at o. Therefore,
it suffices to prove that for an n-dimensional polytope P € P}

P=PUPU---UPF, P,Pl,...,PkE,P:, dlm(leP])<7’l fOI"L?éj



implies

o(P) = 3" a(P). (1)
i=1

We proceed by induction on k. For k = 1 this is trivial. Assume that k& > 2 and
suppose that it is true for at most k — 1 polytopes. Without loss of generality
assume that dim P; = n.

Suppose that P, has at least one facet F; containing the origin such that
P Nint(lin Fy)*t # 0. Here, int(lin F;)T denotes the interior of the halfspace
determined by lin F} which does not contain P;. For if no such facet exists, then
P, = P. But this would imply dimP; < n for ¢ = 2,...,k, and (17) would
obviously hold by the simplicity of z.

Let Hq,...,H; denote the linear hulls of those facets Fi,...,F; of P, which
contain the origin and satisfy

Pnint H #0 (18)

for i =1,...,1, where int Hf denotes the interior of the halfspace determined by
H; which does not contain P;. For m = 1,...,l and i = 1,...,k set P* = P,
PP = P;, and define

P"=PNH N...NH_ and P"=P,NH N...NH_.
Note that for each m = 1,...,[ there exists a point p™ such that
p™ e Pl nint HE. (19)

Indeed, for m = 1 this directly follows from (18). For m > 1 choose a point
x in the relative interior of the facet Fy,, = Py N H,,. Then x € int H; for all
i=1,...,m—1. By (18) we know that there exists a p € PNint H,'. Clearly, the
set [z, p]\{z} is contained in P Nint H. Moreover, points of this set which are
sufficiently close to x are contained in int H; N...Nint H,, ;. This proves (19).

Next, we are going to prove that for all m = 1,...,1 the equality
k
#(P) = 2(P™) + Y _[#(P) — 2(P")] (20)
i=1

holds. To this end fix m and set

prt =prningt  and Pt =P™'nH]

K3

First, we want to prove
+ + +
Pt =P U uPT. (21)

Note that since P™* = P/ U...U P/"" it is actually enough to show that
Pt c PPt UL UPPT . Let 2 € P = PN H,,. From (19) we infer that
the set [z, p™]\{z} has to be contained in Py** U...U P/*". Thus there exists



an index i € {2, ..., k} such that points of the set [x,p™]|\{z} sufficiently close to
z are contained in P/". The closedness of P/ concludes the proof of (21).
Now (21), the induction assumption, and the simplicity of z prove

k
2(P7Y) = AP =3 (P = D (P — o).

=2 =1
By the valuation property of z and its simplicity we therefore obtain

k
2(P"1) = s(P7) 4 2(P™F) = 2(P™) + Y (PN — (P (22)

i=1
For m = 1 this is precisely (20). Let m be an integer greater than one and less
than or equal /. Assume that (20) holds for m — 1. Then inserting (22) in this
equation immediately shows that (20) also holds for m. Inductively we therefore

proved (20) for allm =1,...,1L.
Since P} = P! we have dim P! < n for i = 2,...,k, and hence

2(P) = a(P}).

i=1
Inserting this in (20) for m = proves (17). O

Lemma 3. Fori=1,...,k, let ¢; € R and suppose that Z; : P — (K™, +) are
Minkowski valuations. If all Z;’s are either SL(n) co- or contravariant and

k
Z cihz,(stmy =0 for every s > 0, (23)
i=1

then
k
Z cihz,p =0 for every P € P.
i=1

Proof. Let x € R™ and define a map z : P — (R, +) by

k
2(P) = cihg,p(2).
i=1

From (4) we deduce that z is a valuation. Let S be an n-dimensional simplex
with one vertex at the origin. Note that there exists a ¢ € SL(n) and a positive
number s such that ¢(sT™) = S. Since all Z;’s are assumed to be either SL(n) co-
or contravariant, we obtain from (5) and (23) that z(.S) = 0.

Let 0 < k < n and S’ be a k-dimensional simplex with one vertex at the origin.
There exists a (k + 1)-dimensional simplex S with one vertex at the origin and a
hyperplane H such that SNH* and SNH ™~ are both k-dimensional simplices with

10



one vertex at the origin and S’ = SN H. As before, H* denote the two halfspaces
determined by H. The valuation property of z implies

2(S) +2(S) =z2(SNH')+2z(SNH™).

Since z vanishes on m-dimensional simplices with one vertex at the origin, an
obvious induction argument shows that z vanishes on all simplices with one vertex
at the origin.

By induction on the dimension k, we will now show that z vanishes on k-
dimensional polytopes. For & = 0 this obviously follows from the results of the
last paragraph. Assume that z vanishes on k-dimensional polytopes and let P € P
be (k + 1)-dimensional. Set H = lin P and write 7 : R¥*? — H for an arbitrary
but fixed linear bijection. Then 7 : P! — (R, +) defined by 2(Q) = z(7Q) is a
simple valuation which vanishes on (k + 1)-dimensional simplices with one vertex
at the origin. Lemma 2 shows that 2 = 0. Hence also z(P) = 0. O

5 Functional equations

Throughout this section let A € (0,1) and p,g € R. Suppose that functions
g,h:(0,1) —» Ry are given. We define two families of linear maps on R™ by

Orge2 = (1=Nei1+Xez, orger =e1, Prger =g(N)er for3<k<nifn>3,
and
Paner = (1=Nei+Xea, ©Yxpes =eas, Urper =h(Nep for3<k<nifn>3.

If g and h are constant to one we set ¢ = ¢ g and P = Y.

Let f: Ry x R™ — R be given. The aim of this section is to deduce properties
of such functions f which satisfy at least one of the following three functional
equations. The first one is

fls,x) = NP f (5)\q, ¢f\7gx) +(1=NPf (5(1 — )\)q,d)i,hx) . (24)

The second one is just the special case of (24) where g and h are constant to one.
It can be written as

F(s,x) = AP f (sA%, @5) + (1= NPS (s(1 = N, wha) (25)
The third one reads as
f(s,2) = AP f (sAL, ¢y @) + (1 — AP f (s(L = N4 95 'z) . (26)

The statement that a function f : Ry x R™ — R satisfies (24) on A C R™ has to be
understood as follows: There exist numbers p,q € R and functions g, h : (0,1) —
Ry such that for all A € (0,1), s € Ry, and = € A the function f satisfies equality
(24). Similarly, f is said to satisfy (25) and (26) on A C R™ if there exist numbers
p,q € R such that for all A € (0,1), s € R4, and « € A the function f satisfies
equality (25) and (26), respectively.

11



5.1 Homogeneity

Let us start by showing that a function which solves (25) at certain points is
positively homogeneous in its first argument.

Lemma 4. Let n > 3. If for some q # 0 the function f: Ry x R® — R satisfies
equation (25) at the points +es and the functions f(-,e3) and f(-, —e3) are bounded
from below on some non-empty open intervals I, C Ry and I_ C Ry, respectively,
then

flsies) = sUP/0f(Les)  and  f(s,—e3) = s TP/Uf(1, —e3)
for every s > 0.
Proof. Note that e3 is a fixpoint of both ¢} and 9. From (25) we see that
f(s,e3) = A f(sA%,e3) + (1 = A)Pf(s(1 = A)%, e3) (27)
for every s > 0 and A € (0,1). Define a function g : Ry — R, for s > 0, by
g(s) = f(s%,e3).
Then, for every s > 0 and A € (0,1), equation (27) reads as
g(s1) = Ag(s/9N) + (1 = A)Pg(sV/9(1 = \)). (28)
Let « and y be arbitrary positive real numbers. Set
s=(z+y)? and A=ax(zx+y) "
If we insert these particular values of s and A in (28), then we have for all z,y > 0
(z+y)Pg(x +y) = 2"g(x) + v 9(y).

Thus the function ¢t — tPg(t) solves Cauchy’s functional equation (1) on R, and,
by assumption, there exists a non-empty open interval I C R, where it is bounded
from below. We infer from (2) that tPg(t) = tg(1) and hence

g(t) =t"""g(1).
Finally, the definition of ¢ immediately yields
F(s,e5) = g(s9) = sUPg(1) = -/ f(1, e5).
Replacing ez by —ej3 in the above derivation concludes the proof of the lemma. [

Corollary 1. Letn > 3. Assume that for some q # 0 the function f : RyxR™ — R
satisfies equation (25) at the points Les, the functions f(-,es) and f(-,—es3) are
bounded from below on some non-empty open intervals I, C Ry and I- C Ry,
respectively, and

f(s,mes) = f(s,es3) and f(s,—mes) = f(s,—e3) (29)

for all s > 0 and m € SL(n) induced by a permutation matriz. Then for all
t=1,...,n and every s > 0

f(sv ei) = s(lip)/qf(]-v ei) and f(sa —61') = S(lip)/qf(]-v _ei)'
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Proof. Let i € {1,...,n}. Since the dimension n is assumed to be greater or
equal than three, there exists a map 7 € SL(n) which is induced by a permutation
matrix and satisfies e; = we3. From our assumption (29) and Lemma 4 we deduce

f(s,e;) = f(s,me3) = f(s,e3) = s(lfp)/qf(l,eg) = s(lfp)/qf(l,ei).

The argument for —e; is similar. O

5.2 Uniqueness

In this subsection we deduce that, under certain circumstances, solutions to the
equations (25) and (26) are uniquely determined by their values on a 2-dimensional
subspace.

Lemma 5. Letn >3 and f : Ry X R™ — R be a function which is continuous in
its second argument and satisfies (25) on Ry x R™. Assume moreover that

fs,mz) = f(s,7) (30)

for all (s,x) € Ry x R™ and each m € SL(n) which is induced by a permutation
matriz. If

f(s,z) =0 for every (s,z) € Ry x lin{ey, ea},

then
f(s,z) =0 for every (s,z) e Ry x R™

Proof. Let 2 < j < n. Using an inductional argument, it suffices to show that
f(s,2)=0 for every (s,z) € Ryxlin{er,... e} (31)
implies
f(s,z) =0 for every (s,xz) € Ry x lin{eq,...,ejq1} (32)
Assume that (31) holds. The invariance property (30) therefore implies
f(s,z) =0 for every (s,x) € Ry x linfes,...,ej11} (33)
and
f(s,z) =0 for every (s,x) € Ry x lin{eq,es,... €541} (34)
Let z € lin{es,...,e;j41}. Suppose that 0 < z1/x2 < 1 and set A = 1 /x2. Then

A
o}

(03" oh = (A3 ah = T — T
( ;tx)i:((lstﬂ/’;tm)i:o, i=j4+2,...,n.
Note that (25) gives

Fls. 3 w) = N F(sX7, 30y "2) + (1= NP f(s(1 = M), @)
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By (33) we conclude from this equality that f(s(1 — A)%,z) = 0 for all s > 0.
Hence (32) holds for 0 < 1 < 23 and 23 < z1 < 0.
If 0 < (z1 — w2)/x1 < 1, then set A = (z1 — x2)/x1. Thus

1-—A 1
I1—|—*Z’2:0,

(63'2)2 = (Y303 "2)2 = = —; 3
(p3'x); = (Phoy'a); =0, i=j+2,...,n.
Since we have by (25) that
F(s,03"x) = N (A%, ) + (L= AP f(s(1 = M), 959y '),

relation (34) proves (32) for 0 < zg < 7 and z1 < z2 < 0.
For x1, 29 # 0 and sgn(xy) # sgn(xza) set A = x1/(x1 — 22). Then A € (0,1) and

(Pha)2 = (Pha)i = (Vi) = (Wha); =0, i=j+2,...,n.

As before we conclude that (32) holds for 1 < 0, 9 > 0 and 1 > 0, z2 < 0. The
assumed continuity of f in the second argument concludes the proof. O

Next, let us establish a similar result for functions satisfying (26).

Lemma 6. Letn >3 and f : Ry X R™ — R be a function which is continuous in
its second argument and satisfies (26) on Ry x R™. Assume moreover that

f(s,ma) = f(s, @) (35)

for all (s,x) € Ry x R™ and each m € SL(n) which is induced by a permutation
matriz. If

fls,2) =0 for every (s,z) € Ry x lin{e,es},

then
f(s,z) =0 for every (s,r) €e Ry x R™

Proof. We proceed as in the proof of the previous lemma. Let 2 < j < n. Using
an inductional argument, it suffices to show that

f(s,2)=0 for every (s,x) € Ry xlin{eq,...,e;} (36)
implies
f(s,z) =0 for every (s,z) € Ry xlinfeq,...,ej41} (37)
Assume that (36) holds. The invariance property (35) therefore implies
f(s,2) =0 for every (s,x) € Ry xlin{es,..., €41} (38)
and

f(s,2)=0 for every (s,x) € Ry xlin{es,es,...,€j41}. (39)
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Assume that = € lin{ey, ..., ejH}. If 21 and x5 are not both zero and sgn(z1) =
sgn(za), then 0 < za/(x1 + x2) < 1. Set A = z3/(x1 + x2). Thus

_ 1—A

(%195)1 = - 9 =0,

Wy z)e = T3 te2=0,

(oxte); = (y'a)i=0, i=j+2,...,n

Note that (26) gives

F(s,2) = NP f(sAL, 63 a) + (1 — NP f(s(1 = N9, 95 ).

By (38) and (39) we therefore conclude that f(s,z) = 0 for all s > 0. Hence (37)
holds for 1 > 0, z9 > 0 and 1 < 0, x5 < 0.
Suppose that 0 < —z5/x1 < 1. Let A = —x2/x1. Then

(haz)2 = (¢} ¥az)2 =0,
(¢Ax)z = (d);lwkx)z :07 { :]+2aan
Note that (26) gives
F(s,002) = NP f(sA%, o3 M haa) + (1= AP f(s(1 = N7, ).

By (39) we therefore conclude from this equality that f(s(1 — \)4,2) = 0 for all
s> 0. Hence (37) holds for 0 < —x9 < 21 and 27 < —x5 < 0.
If 0 < (1 +x2)/z2 < 1, then set A = (1 + x2)/x2. Thus

(prz)1 = (¥} '¢rz)1 =0,
(prx)i = (Uy'oax)i=0, i=37+2,...,n.

From (26) and (38) we deduce as before that (37) holds for 0 < z; < —x2 and
—x9 < 1 < 0. The assumed continuity of f in the second argument concludes
the proof. O

5.3 Representations

The following result solves the functional equation (24) on a subspace.

Lemma 7. Suppose that f : R xR™ — R is positively homogeneous of degree one
in the second argument and satisfies (24) on Ry x R™. If there exists an r € R
such that for all s > 0 and x € {£ey, Les}

f(s,x) = STf(LiE), (40)

then for x1 > xo >0

f(s,x1e1 + x2e2)

f(s,—wie1 —x2e2) = (w1 —x2) P71 (ziﬂﬂrrq - Iéﬂgﬂq) f(s,—e1),

(1 — )P (;vi“ﬂ”q _ xé+p+rq) F(s,e1),
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for xo >x1 >0

f(s,m1e1 + z2€2) (w2 —ap) P71 <I§+p+rq - x%ﬂﬂrrq) f(s,e2),
f(s,—mie; —x9e0) = (w9 —x1) P71 (mé+p+7'q — x}+p+7'q) f(s,—es),

and for x1,x9 >0

f(s,—z1e1 +x202) = (71 +22)7 77" (Iéﬂ)wqf(sa e2) + a1 PTf(s, _61)) ’
f(s,x1e1 — x0e3) = (w1 +x9) P79 (x?[“ﬂrrqf(s, e1) + xéﬂj”qf(& —62)) )

Proof. Let A € (0,1). The functional equation (24) evaluated at e; together with
the assumed homogeneity of degree one gives

f(s,e1) = N f(sA%er + (1= Nea) + (1 = NP F(s(1— N7 ep) (41)

for all s > 0. Let t be an arbitrary positive real number. Choose s = tA™? in
equation (41) in order to arrive at

Ftser+ (1= Ne2) = AP [f(EA"% e1) = (1= N)FPFEATI(L = M) er)]  (42)

for every ¢ > 0. Thus the homogeneity assumption (40) and equation (42) evalu-
ated at t =1 yield

fltier+(1=Nea) = AP[f(A%er) — (1 =X)L =N, eq)]
= tTf(l,el + (]. — )\)62).

This and (40) show that we can rewrite (41) as
f(s,e1+ (1= Nea) = A7 (1 — (1= \) P79 f(s,e1). (43)

Let 1 > x9 > 0 and set A = 1 — xo/x1. Since f is homogeneous of degree one in
the second component we obtain

f(s,x1e1 +x0e2) = x1f(s,e1+ (1 — A)ea)

—p—rq 1+p+rq
T (1—2) (1_ <Z> ) f(s e1)

= (21— z9) P (x}+p+rq _ $%+p+m> £(s,e1).

Replacing e; and ey by —e; and —es, respectively, in the above derivation shows
— —p— 1+p+rg 1+p+rg
f(s,—z1e1 — xe2) = (11 — o) P77 (xl — 5 ) f(s,—e1)

for 1 > x9 > 0.
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Let 0 < A < 1. The functional equation (24) evaluated at ey together with the
assumed homogeneity of degree one gives

F(s,e2) = NFPF(sX% ) + (1 = AP f(s(1 = A)7, Aex + e2) (44)

for all s > 0. Let ¢ be an arbitrary positive real number. Choose s = t(1 — A)~¢
in the above equation (44) to get

flt,he1 +e2)=(1—XN)7P [f(t(l —A) "% en) — AP F(EAI(1 — N) T, 62)] (45)

for every ¢ > 0. Thus the homogeneity assumption (40) and equation (45) evalu-
ated at t = 1 yield

f(t, el + 62)

L =N (=N e) = AL = N7 )]
trf(l, Aei + 62).
This and (40) show that we can rewrite (44) as

f(s,Aer 4+ €2) = (1= X) P77 (1 = AMFPETD) f(s,e9). (46)

Let x5 > x1 > 0 and set A = x1/x5. Since f is homogeneous of degree one in the
second component we obtain

f(s,zre1 +x2e2) = x2f(s,Aer + €2)

—p—rq 1+p+rg
T2 (]. — i;) <]— - (2) ) f(sveQ)

= (z2—m) P (féﬂg”q - I%erﬂq) f(s;e2).

Replacing e; and ey by —e; and —es, respectively, in the above derivation shows
f(s,—w1e1 — wae9) = (wg — 1) P74 (x;rp”q — x}w“q) f(s,—ea)

for xo > x1 > 0.
Let A € (0,1). The functional equation (24) evaluated at —Ae; + (1 — A)ez
together with the assumed homogeneity of degree one gives

F(s,=Aer + (1= Nez) = AFPHf(s, —eq) + (1= N FPHf(s,e0).  (47)

Suppose that both z; and x5 are positive and set A = x1/(x1 + x2). Since f is
homogeneous of degree one in the second component we obtain

f(s,—x1e1 +x2e2) = (1 +x2)f(s,—Aer + (1 — Nea)

= (ot a2) T (0T (s e2) + 2} P (s, 1) )
Replacing e; and ey by —e; and —es, respectively, in the above derivation shows

f(s, 2101 — T902) = (21 + 29) P74 (wﬁpﬂqf(s, e1) + x;“ﬂrrqf(s, —62)) )
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6 The contravariant case

6.1 Preliminaries

Let us first show that SL(n) contravariant operators map (n — 1)-dimensional
simplices to line segments.

Lemma 8. Letn > 3,7 : P — K™ be SL(n) contravariant, and set T' = T"Nef .
Then there exists a non-negative constant a with

Z(sT') = as" [—eq, e1], for every s > 0. (48)
Proof. For arbitrary s > 0 and 2 < k < n, let ¢ € SL(n) be the map defined by
pe; = e1 + sey and oe; =e;, 1=2,...n.

Note that for z € R™ we have (¢~tz); = 21 — sxi. Clearly, T =T'. If x € ZT",
then the contravariance of Z therefore implies that also ¢~z € ZT". Since ZT" is
bounded, we conclude that o = --- = z,, = 0. Thus there exist constants a,b € R
such that —a < b and ZT’ = [—aey, bey]. Define ¢ € SL(n) by

e = —eq, Yes =e3, Yez =ey, and Ye;=¢;, i=4,...,n ifn>3.
Since YT’ =T, the SL(n) contravariance of Z implies
[~aey,be)] = ZT = " ZT' = [~bey,ae],
and hence a = b. Finally, for s > 0, define a transformation 7 € SL(n) by
Ter = s'""e;, and Te; =se;, i=2,...,n.

Note that 77" = sT” and 77 %(a|—e1, €1]) = as" ![—e1, e1]. The SL(n) contravari-
ance of Z therefore concludes the proof of the lemma. O

Assume that Z : P — (K™, +) is an SL(n) contravariant Minkowski valuation
and let A € (0,1). Now, we are going to derive a functional equation for the
support function of Z. This equation is closely related to those treated in Section
5 and will be much needed. Denote by H) the hyperplane through o with normal
vector Aey — (1 — A)eg and set T = T™ N ef. Note that

(sT™) N Hy =sppT", (sT™) N Hy, = sy T" and (sT") N Hy = spT".
So the valuation property of Z implies
Z(sT™) + Z(spaT") = Z(spaT™) + Z(sxT™).
The SL(n) contravariance of Z therefore gives

Z(sT™) + Ao P Z(sAY/ ™ T)
= Ao P Z(sAY T 4 (1= MY Z(s(1 — AT, (49)
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Let p € SL(n) be defined by pe; = es, pes = —ey, and pep = ey, for k > 3. Hence
p is the counterclockwise rotation by an angle of 7/2 in the plane spanned by the
first two canonical basis vectors. For g(A) = X and h()\) = 1 — X\ we obtain

poy ot =A""ony  and  peiTpTl = (1= X)) (50)
Let Z : P" — K™ be defined by ZK = pZ K. By (49) we therefore deduce
Z(sT™) + N1y JZ(sAV/ T =
AL LAY T + (1 — MYy wZ(s(1 — \)YTm). (51)

After these preparations we are now in a position to prove our first main result.

6.2 The crucial classification

In this subsection we establish a theorem which has all main results on contravari-
ant valuations stated in Sections 1 and 3 as consequences.

Theorem 7. Letn > 3. Suppose that Z : P} — (K™, +) is an SL(n) contravariant
Minkowski valuation such that the two functions

5 > hy ey (e3) and s+ hz(spny(—e3), s> 0,

are bounded from below on some non-empty open intervals Iy C Ry and I_ C R4,
respectively. Then there exist constants c1,ca,c3 with ¢y >0 and ¢y +co+¢3 >0
such that

hz p = cihnp + cahi,p + c3hm, (- p)

for every P € P}.
Proof. Define a function f: Ry x R™ — R by
f(s,2) = hZ(STn)(x) - hZ(ST/)(if)a

where as before ZK = pZ K and T/ = T™ N ei. Obviously we have T’ = T".
By (50) this implies that

(1 = Y7Ly nZ(s(1 = N)VYPT') = Z(sT").
Hence we infer from (51) that f satisfies (24) forp=1/n—1 and ¢ = 1/n, i.c.
Flsiw) = ML (X264 ) 4 (1= Y7 (s(1= 070 )
But f is positively homogeneous of degree one in x, and hence
f(s,xes) = A/ f (s)\l/”7 :I:qﬁﬁ\eg) + (1 =Ny (s(l —\)Ym :|:1/)§\63> .

In other words, the function f satisfies (25) at the points tes. Let s > 0. By
Lemma 8 there exists a non-negative constant a such that

hZ(ST,)(x) =as" Yy, s> 0. (52)
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This and the assumed boundedness of the functions s —— hz(y7n)(de3) show that
f(-ye3) and f(-, —e3) are bounded from below on some non-empty open intervals
Iy C Ry and I_ C Ry, respectively. So Lemma 4 implies

f(s,e3) =s""1f(1,e3) and f(s,—e3) = s""1f(1, —e3).
Since hy ) (€3) = 0 by (52), we obtain
hyrmy(€s) = f(s,e3) = 5" 71 f(L,e3) = 8" hyp (ea)-

Similarly, we deduce that hy ) (—€3) = 8" 'hyp (—e3). Since both ez and —es
are fixpoints of p, we infer from (5) that

hy sty (es) = 8" hy o (e3) and hy(stny(—€3) = 8" hy o (—e3).
The SL(n) contravariance of Z proves
hysrny(m2) = hyrny(2), x eR", (53)
for every map 7 € SL(n) which is induced by a permutation matrix. Hence
hy(stny(x) = 8" hy () for every x € {£eq,+ea}.
Since p'{+e1, tes} = {+e1, tes}, we infer from (5) that for every x € {£e;, +ea}
B (@) = hagerey(p') = " Wz a(p12) = 8" Mg (@), (54)
The equality (52) therefore implies
f(s,€2) = hypuy(e2) — as" "t =" hyra(e2) —a] = s" (1, e2).

Replacing es by —es in the above derivation proves f(s, —es) = s"1f(1,—e3).
Moreover, since f(s,%e1) = hgypa)(+e1) by (52), we obtain from (54) that
f(s,e1) = s""1f(1,e1) and f(s,—e;) = s" 1 f(1,—e1). An application of Lemma
Tforp=1/n—1,¢=1/n, and r = n — 1 shows that for y > 29 >0

f(s,x1e1 +x2e2) = (x1—x2) f(s,e1),
f(s,—z1e1 —2202) = (71— 72) f(5,—€1),
for xo > x1 >0
f(s,x1e1 +x2e2) = (x2— 1) f(s,€2),
f(s,—z1e1 —2202) = (T2 —71) (5, —€2),
and for 1,z >0
f(s,—x1e1 +x2e2) = x2f(s,e2) +x1f(s,—e1),
f(s,x1e1 —xaes) = x1f(s,e1) + xaf(s, —e2).
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The positive homogeneity of the functions f(-, £e;), ¢ = 1,2, and the fact that
hZ(STn)(:L‘161 + xoeg) = f(s,—xaer + x162) + as"_1|m1|
proves for z1 > x5 > 0

hy(stny(z1e1 — z2e2) = " Hzi(f(1,e2) +a) — zaf (1, e2)],
hasrmy(—T1€1 + 22e2) = " Mz (f(1, —e2) + a) — z2f (1, —e2)],
for xo > x1 >0
hysrmy(T1€1 — T2e2) = " xi(a— f(1,e1)) +z2f(1,e1)],
hystny(—z1er + x2e2) = " Mai(a— f(1,—e1)) + 22 f(1,—e1)],

and for 1,29 >0

hystoy(z1e1 + a2e2) = " Hzi(a+ f(1,e2)) + 22 f(1,—e1)],
hy(stny(—z1er — zae2) = s" 'ai(a+ f(1,—e2)) + 22 f(1,€1)).

Define a map ¢ € SL(n) with

ger =e3, ¢es =€y, ez =es, oe; =e;, i=4,...,n ifn>3.

Then ¢T™ = T™ and the contravariance of Z proves hyn(e1) = hzn(e2) as well
as hzn(—e1) = hzn(—e3). Thus by the definition of f, (52), the definition of Z,

and (5) we arrive at

f(Ler) = hypa(er) =hgrn(pler) = hypn(—e2) = hyrn(—e€1) = hypa(—€2)
f1,—ez) + a.

Similarly, by replacing e; and e3 by —e; and —eq, respectively, in the above deriva-

tion one sees that f(1,—e;) = f(1,e2) + a. Define constants

g = (n—=Df(1,e)+ f(1,—e2) + a],
2 = —(n—=1(1 e),
cg = —(n—=Df(1,—e2).

Using formulas (14) and (15) as well as the positive homogeneity of degree (n — 1)

of the operators IT and II, we see that

hysrmy(x) = crhiysrny (@) +cohi, (o) () +cshi, (s (2), @ € lin{er, ea}. (55)

For all s > 0 and z € R™ we have

ha sty (@) = as™ 1| = cihngery (@) + cohm, sy (2) + eshi, (—s1r) ().

Hence, by (49), the function g : Ry x R” — R defined by

9(s, %) = hysrn)(2) — crhn(srn) (T) — c2hi, (s7n) (2) — cshm, (—s7n)(2)
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satisfies (26). From (53), (55), and the SL(n) contravariance of the operators II
and II, we see that g satisfies the conditions of Lemma 6. Thus the equality (55)
actually holds for all x € R™. Lemma 3 implies that for all P € P}

hz p = cihup + c2hn,p + c3hm, (—p)- (56)

Note that by the definition of the constants c;, co, and c3 and the non-negativity
of a we have ¢; + ¢z + ¢c3 = a(n —1)! > 0. Let P € P be chosen such that the
origin is an interior point of P. Thus hyz p = c1hrp and we conclude that cihp
is a support function. From (3) we infer

0 < cilhnp(z) + hup(y) — hup(z + y)]
for all 2,y € R™. In particular, if we take P = [—1,1]", z = e1, and y = —ey, then
we get c; > 0. O
6.3 Proofs of the main theorems

Using the previous result, we are now in a position to establish all theorems on
SL(n) contravariant Minkowski valuations stated in Sections 1 and 3.

Proof of Theorem 4. Assume that Z : K7 — K™ is a continuous SL(n) contravariant
Minkowski valuation. The continuity of Z implies that the two functions

5+ hz(srny(e3) and 5+ hz(srny(—e3), s> 0,

are continuous. Hence they are bounded from below on some non-empty open
intervals I, C Ry and I_ C Ry, respectively. Theorem 7 shows that there exist a
non-negative constant c; as well as constants cs, cs € R with

hz p = cihup + cohn,p + cshir, (—p)-

for every P € PJ'. Since Z and II are continuous but II, is not continuous at
polytopes containing the origin on their boundaries, we have hz p = cihpp for
every P € P]'. The continuity of Z and II as well as the fact that P]' is a dense
subset of K7 prove

hz k = cihnk

for every K € KJ. O

Proof of Theorem 3. Let s > 0. Since the origin is contained in Z(sT™), we have
hz(srny > 0. Hence the functions hz(yrny(£es) are bounded from below on R.
By Theorem 7 there exist a non-negative constant c; as well as constants ca,c3 € R
with ¢; 4+ ¢o + ¢3 > 0 and

hz p = cihnp + c2hir, p + cahm, (—p)-

for every P € PJ. O

Proof of Theorem 1. Theorem 1 is an immediate consequence of Theorem 4. O
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7 The Covariant Case

7.1 Preliminaries

Let us collect some basic facts about covariant operators. The following statement
is an immediate consequence of the definition of covariance and (5).

Lemma 9. Letn > 3,1 <k <n. Fori=1,....,m let ¢c; € R and suppose
that Z; : P — (K™, +) are SL(n) covariant maps. If > i, c;hz,p = 0 for every
k-dimensional convex polytope P € P which is contained in lin{ey, ..., ey}, then
S cihgz,p =0 for every k-dimensional convex polytope P € PL.

The next Lemma is due to Ludwig [38]. For the sake of completeness we include
a proof here.
Lemma 10. Letn > 3. IfZ: P — K™ is SL(n) covariant, then Z P C lin P for
every P € Pl

Proof. The statement is trivial if P is n-dimensional. Next, assume that dim P =
0. Hence P = {o}. Define a map ¢ € SL(n) by
per =2e1, des =2""es, der=ey, 3<k<n

Clearly, 9P = P and so the covariance of Z together with (5) and the fact that
support functions are positively homogeneous of degree one yield

hz p(e1) = hzop(e1) = hyzpler) = hz p(d'er) = 2hy p(e1).

Hence hy p(e1) = 0. For each unit vector u € S™~1 it is possible to find a rotation
¥ € SL(n) such that uw = de;. This, (5), the covariance of Z, and the obvious
equality ¥'P = P imply

hz p(u) = hz p(Ve1) = hotz p(e1) = hzgep(er) = hz p(er) = 0.

Since support functions are positively homogeneous of degree one we conclude that
hz p = 0. This proves Z P = {0} and therefore settles the 0-dimensional case of
our lemma.

So let us finally assume that 0 < dim P = k < n and, without loss of generality,
that P C lin{ey,...,ex}. For arbitrary s > 0, let ¢ € SL(n) be defined by

pe; =e;, 1=1,...k, and pe; =se;_p+e, it=k+1,...n.

Clearly, pP = P. If x € Z P, then the covariance of Z therefore implies that also
¢x € Z P. Since Z P is bounded and s can be arbitrarily large we conclude that
Thy1 =+ =xp =0. O

Corollary 2. Suppose that n > 3 and Z : P} — K" is SL(n) covariant. If

0 <k <n and P is contained in lin{ey, ..., ex}, then
Z(sP)=sZP (57)
for any positive real number s. If 1 <k <n and P Clin{ey, ..., e}, then
Z(orP) = ¢rxZP  and  Z(YxP) =9 \ZP. (58)
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Proof. For s > 0 define a map ¢ € SL(n) by

pe; =se; i=1,...,n—1, and den = st e,

Clearly, ¢P = sP. Lemma 10 shows that also ¢ ZP = sZ P. From the SL(n)
covariance of Z we deduce (57).

The SL(n) covariance of Z together with (57) proves that Z(¢pP) = ¢Z P for
every P C lin{ey,...,ex} and all invertible linear transformation ¢ with positive
determinant which fix lin{es, ..., e;}. Hence (58) holds. O

Assume that Z : P? — (K™, +) is an SL(n) covariant Minkowski valuation.
Now, we are going to derive some functional equations for support functions of
the covariant Minkowski valuation Z. These equations are closely related to those
treated in Section 5 and will be much needed. Let s be a positive real number,
A € (0,1), and denote by H) the hyperplane passing through o with normal vector
Aer — (1 — A)ea. Then we have

(sT™) N Hy =sppT", (sT™) N Hy, = sy T" and (sT") N Hy = spT",
where T" = T™ N et . So the valuation property of Z implies
Z(sT™) + Z(sprT") = Z(spaT™) + Z(saT"). (59)
The SL(n) covariance of Z therefore gives
Z(sT™) + A"\ Z(sAV/™T")
= Aoy Z(sAYPT™) + (1 — N) =Yy Z(s(1 — \)V/Tm). (60)
So from (4) and (5) we obtain
ha(srm) (€) + A7 hoyaaimpn ($5.2)
= A_l/nhZ(SAI/nTn)(¢tAx) +(1- A)_l/nhz(s(lf)\)l/nTn)(w;x). (61)
An SL(n) covariant Minkowski valuation Z : Py — (K", +) gives rise to the
following valuation Z. For n > 3 and 1 < k < n we can define, by Lemma 10, a
map 7Z: P¥ — (KF,+) by A
P =m, (Z(x; ' P)) ,
where 7, : lin{ey, ..., ex} — R* denotes the projection of a vector to its first &
coordinates with respect to the standard basis vectors. Note that m; is a linear

bijection. It is easily seen that Z is in fact an SL(k) covariant Minkowski valuation.
We also remark that for P C lin{ey, ..., e;} we infer from (6) and Lemma 10 that

hz p(x) = hy (., py(Tr(T1e1 + - - - + Tper)), z € R". (62)

Moreover, Corollary 2 shows that for P € P*
Z(@rP) = sZP  and  Z(4zP) = \ZP, (63)

as well as R .
Z(sP) = sZP (64)
for any positive real number s. In particular, we get from (4), (5), (59), and (63)
Ry (@) + g rn (032) = hypny (852) + g gy (Vi) (65)
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7.2 The crucial classification

In this subsection we establish a theorem which has all main results on covariant
valuations stated in Sections 1 and 3 as consequences. We start by clarifying the
behavior of SL(n) covariant Minkowski valuations on lower dimensional sets.

Lemma 11. Suppose that n > 3 and Z : P — (K™, +) is an SL(n) covariant
Minkowski valuation which is continuous at the line segment [o,e1]. Then there
exist non-negative constants ¢y and co such that for every convex polytope P € P}
of dimension less than n one has

7P = Clp + 62(—P).

Proof. From Lemma 10 we know that there exists constants ¢; and co such that
—co < ¢1 and Z[o, e1] = [—caeq, cre1]. By (4) it suffices to prove that the constants
c1 and cy are non-negative and

hzp —cithp —coh_p =0 for every P € P} with dim P < n. (66)

By induction on the dimension, we are now going to show that (66) holds. If
dim P = 0, then Z P = {0} by Lemma 10 and hence (66) obviously holds. It easily
follows from (7) that

h[—czel,clel] = C1h[0,el] + CQh—[o,el]~

Hence, by the definition of the constants ¢; and ¢, equation (66) also holds for the
segment [0, e1]. Next, let P be a line segment of the form [o, z] for some non-zero
xz € R™. Let ¢ € SL(n) be a rotation with x = ||z||de1. Then the covariance of Z,
(57), (5), and the already established equality (66) for [0, e;] give

hZ[o,m} = HxHhZ[o,el]o’ﬂt = ||x||(clh[0,€1]+02h*[0,81])019t = Clh[ovx]—’—CQh*[O’z]' (67)

More generally, let P € P be of the form P = [—ax, bz] for some non-zero z € R"
and positive constants a and b. The valuation property, the fact that Z{o} = {0}
(which follows from Lemma 10), and (67) give

hz p = hzjo,—az] + "zopa] = c1hp + c2h_p.

Thus (66) holds for 1-dimensional bodies.

Let 2 < k <n —1 and assume that (66) holds for (k — 1)-dimensional bodies.
As before, define Z : P¥ — (KF, +) by ZP = m, (Z(wglP)). Recall that Z is an
SL(k) covariant Minkowski valuation. Note that 7 is also continuous at the line
segment [0, e1]. Moreover, since we assume that (66) holds for (k — 1)-dimensional
polytopes, we have

hyp —cihp —coh_p =0 for every P € Pf with dim P < k. (68)
Define a function f: R, x R¥ — R by

F(5,2) = by (&) = et (&) = 2 (2),
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Let ¢ be a linear map with
per =e2, ¢ex=e1, ¢ej=¢; ifk>3and3 <j<k.

Clearly we have ¢! = ¢ and ¢T* = T*. Recall that n is assumed to be greater or
equal than three and k is less than n. The SL(n) covariance of Z therefore implies
Z(¢T*) = ¢ZT* and we obtain from (5) that

f(lael) :f(17€2) and f(lv_el) :f(17_62)' (69)
From (64) and relation (4) one immediately deduces
f(s,z) =sf(1,z) for every (s,2) € Ry x R¥, (70)

Note that equation (65) holds in dimension k for Z, ¢; times the identity as well
as co times the reflection at the origin. Subtracting the respective equalities and
using (68) therefore gives for all (s,r) € R, x R*

f(s,2) = f(s,¢5z) + f(5,93). (71)

Thus f satisfies the functional equation (25) for p = ¢ = 0. By appealing to (70)
we can apply Lemma 7 for » = 1 and conclude that for z; > x5 > 0

f(s,xre1 +x2e2) = s(z1—x2) f(1,€1),
f(s,—zie1 —xaea) = s(z1—x2) f(1, —e1),
for xg > 21 >0
f(s,xie1 +xoe2) = s(z2—x1) f(1,e2),
f(s,—xie1 —xaea) = s(z2—x1) f(1, —ea),
and for 1,29 >0
f(s,—mier +x2e2) = slraf(l,e2) +x1f(1,—e1)],
f(s,x1e1 —x0e3) = slzif(1,e1) +x2f(1, —e2)].

Define constants
a:f(]-ael) and b:f(l,—61)~

Using these definitions, the symmetry relation (69), and the continuity of f, it is
readily verified that for all z1,22 € R

f(Lzier +x2e2) = al2max{(z1)+, (¥2)+} — (z1)+ — (72)+]
+b2max{(z1) -, (v2) -} — (z1)- — (z2)-].

Relations (7), (8), and the definition of E imply for x € lin{e;, e}

f(1,2) = 2ahp2(x) 4 2bh_p2 () — ahg 12 (x) — bhg—12)(z).
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Assume first that £ = 2. By the definition of f, (70), and the homogeneity of
E we have

hZ(STQ) = (2a + c1)hgrz + (2b+ c2)h_s2 — ahE(st) — bhE(fsT"’)
From Lemma 3 we therefore know that for all P € P2
th = (2CL+Cl)hP+ (2b+02)h_p 7ahEp 7bhE(_p). (72)

For sufficiently small & > 0 define P. € P2 as P. = [0,e1] — ge1 + g[—ea, €2]. Note

that lim._,o P- = [0,e1]. From (72) we infer by the continuity of Z at [0, e;] and
the fact that for every e the origin is an interior point of P. that

. = hZ[o,el}(el) = 51_i>%1+ thE (el)
= lim ((2a+cl)hpa(€1)+(2b+02)h,p5<61))
e—0*t
= 2a+cqc.

This shows that a = 0. By performing the same computation as before but for
—ey instead of e, one obtains that b = 0. Thus h;p, = c1hp + coh_p. From (62),
we obtain that hz p = c1hp 4+ coh_p for all P C lin{e;, es}. Now Lemma 9 proves
that (66) holds for all 2-dimensional polytopes.

Assume now that k > 3. Since te3 are fixpoints of both ¢, and )y, equation
(71) immediately shows that f(s,+e3) = 0 for all s > 0. Define ¢ € SL(k) by

de1 = ey ey =e3, ez =e1, ¢e=¢ for3<I<kif k> 3.
Since ¢'T* = T* we obtain from (5) and the covariance of Z that

f(s,e1) = f(s,¢e3)
= hZ(sTk)(¢€3) —crhgrr (¢€3) — coh_ g7 (¢e3)
= hZ(sT’C)(eC’)) - ClhsTk (63) - CQh,STk (63)

= f(s,e3)
= 0.

If we replace in the last argument e; and e3 by —e; and —eg, respectively, then
we see that f(s,—e;) = 0. From (69) we conclude that also f(s,%ez) = 0 for all
s > 0. Thus f(s,2) = 0 for every x € lin{e;,es}. Since f(s,7mz) = f(s,z) for
every m € SL(k) which is induced by a permutation matrix, Lemma 5 implies that
f(s,) = 0 for every = € R*. Hence hy u) = crhypr + cah_gpw for all positive
s. From Lemma 3 we therefore know that h,, = cihp 4+ cah_p. As above, one
deduces that (66) holds for all k-dimensional polytopes.

It remains to show that the constants ¢; and ¢y are non-negative. By (66),
cihp + coh_p has to be a support function for each P € P}’ with dimension less
than n. We infer from (3) that

0 <cilhp(x) + hp(y) — he(z +y)] + calh—p(x) + h-p(y) — h_p(z +y)]
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for all z,y € R™. Evaluate this inequality at the 2-dimensional standard simplex
T? = conv{o,e1,e2}, © = e1, and y = e5. Then (6) and (8) immediately imply the
non-negativity of ¢;. Similarly, by looking at P = —T?2, = e1, and y = ea, one
sees that also ¢y has to be nonnegative. O

We are now in a position to establish the main classification for SL(n) covariant
Minkowski valuations.

Theorem 8. Let n > 3. Suppose that Z : P} — (K", +) is an SL(n) covariant
Minkowski valuation which is continuous at the line segment [o,e1] and such that
the two functions

5+ hz(spny(€3) and 5 = hz(spny(—e3), s> 0,

are bounded from below on some non-empty open intervals Iy C Ry and I C Ry,
respectively. Then there exist non-negative constants ¢; and co as well as constants
c3,cq € R such that

hzp = cihp + cah_p + cshr, p + cahr, (_p)
for every P € P}.

Proof. Let ¢; and cg be the constants from Lemma 11. For (s,z) € Ry x R™ set
f(s,2) = hyrny(x) — crhsrn (x) — coh_gpn ().

By assumption, the functions f(-,e3) and f(-, —es) are bounded from below on
some non-empty open intervals Iy C Ry and I C Ry, respectively. Note that
for every map 7 € SL(n) which is induced by a permutation matrix we have

f(s,mx) = f(s,x). (73)

Equation (61) is true for Z, ¢; times the identity as well as ¢o times the reflection
at the origin. Subtracting the respective equalities and using Lemma 11 therefore
gives ) . ) )

f(s,2) = A77 f(sAn, gha) + (1= A) 77 f(s(1 = \) =, Y}z).
From Corollary 1 we deduce that f(s,4e;) = s"*1f(1,4e;). An application of
Lemma 7 for p=—1/n, ¢ =1/n, and r = n + 1 yields for 1 > z2 >0

f(s,xe1 +x2e2) = (z1+x2)f(s,€1),
f(s,—zier —x2e2) = (214 22)f(s,—e1),
for zg > 21 >0
f(s,z1e1 +x2e2) = (21 +22)f(5,€2),
f(s,—x1e1 —x202) = (71 +72)f(s, —e2),
and for 1,29 >0
fls,—wier +@sea) = (21 +22)7 " (23f(s,e2) + 21 f(s,—e1))
f(s,z1e1 —waes) = (z1+x2) " (21f(s,e1) +a3f(s,—e2)).
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Being the sum of continuous functions, f is continuous in x for each fixed s. This
continuity at xe; 4+ xes immediately shows

f(s,e1) = f(s,e2) and f(s,—e1) = f(s,—e2).
Define constants c3 and ¢4 by
cs=(n+DIf(1,e1) and ca =+ DIf(L, —eq).
An elementary calculation proves
f(s,z1e1 + 2202) = c3hp, (s7n)(T101 + T2€2) + Cahp, (—srn)(T1€1 + T2€2).

By what we already proved, the function f satisfies the assumptions of Lemma 5
but also cshr, (s7n) () +cahr, (—s7n)(7) does. Applying Lemma 5 to the difference
of these two functions shows

f(s,2) = cshr, (o) (T) + cahr, (—orn)(2)
for every x € R". The definition of f gives
hz(sny = crhsrn + cah—srn + cshpe (s7n) + cahpe (—gn)
for all positive s. From Lemma 3 we therefore know that

hzp = cihp + coh_p + czhr, p + cahr, (—p).

7.3 Proofs of the main theorems

Using the results of the previous subsection, we are now in a position to establish
all theorems on SL(n) covariant Minkowski valuations stated in Sections 1 and 3.

Proof of Theorem 6. Clearly, the identity, the reflection at the origin, and the
asymmetric centroid body operator are continuous SL(n) covariant Minkowski
valuations. Assume that Z : K — K™ is a continuous SL(n) covariant Minkowski
valuation. The continuity of Z implies that the two functions

5+ hz(srny(e3) and 5 = hz(srny(—e3), s >0,

are continuous. Hence they are bounded from below on some non-empty open
intervals I, C Ry and I_ C R, respectively. Theorem 8 together with the
continuity of Z and the fact that P} is a dense subset of X' show that there exist
non-negative constants c¢; and co as well as constants ¢s, ¢4 € R with

hz xk = cihk + cah_k + é3hr, k + Cahr, (—K)

for every K € K. Set c3 = (é3 + ¢4)/2 and ¢4 = (é3 — ¢é4)/2. Then it is easy to
see that
Cshry k + Cahr, (—k) = c3shrk + Calun(k)-

29



Consequently, for all K € K7 we have
hz k = cihk + cah—k + cshrx + cahyk)-

It remains to show that c3 is non-negative. Suppose that K is origin-symmetric.
Then m(K) = o and the positive homogeneity of the symmetric centroid body
operator implies for s > 0 that

Sinilhz(sK) = Sin[clh}( + CQh,K] + cshrk.

Thus for every positive s, the function s™"[cihg + cah_ k] + cshri is a support
function and hence sublinear. The pointwise limit of sublinear functions is sublin-
ear. So if s tends to infinity we deduce that c3hry is sublinear, i.e.

0 < cs[hrk (z) + hrx (y) — hrx (z + y)]

for all z,y € R™. In particular, for K = [-1,1]", 2 = e;, and y = —ey, it immedi-
ately follows that c3 > 0. O

Proof of Theorem 5. Let s > 0. Since the origin is contained in Z(sT™), we have
hz(srny > 0. Hence the functions hz(spny(£es) are bounded from below on R.
By Theorem 8 there exist non-negative constants ¢; and co as well as constants
c3,cq4 € R with

hzp = crhp + cah_p + cshr, p + cahr, (—p)

for every P € P'. It remains to show that the constants c3 and cs are non-
negative. Let s > 0. Since the origin is contained in Z(sT™), evaluating the last
equation at sT™ and e; gives

0< hz(STn)(el) = scihpn (61) + $n+1C3hr+Tn (61).

Since hr,7n(e1) > 0, taking the limit s — oo in 0 < s™"¢; + czhrp, 7n(e1) proves
c3 > 0. Similarly, by looking at —e; instead of ey, we get ¢4 > 0. O

Proof of Theorem 2. Theorem 2 is an immediate consequence of Theorem 5 and
the denseness of the set P’ in K7. O
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