AN ASYMMETRIC AFFINE POLYA-SZEGO PRINCIPLE
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ABSTRACT. An affine rearrangement inequality is established which strength-
ens and implies the recently obtained affine Pélya—Szeg6 symmetrization prin-
ciple for functions on R™. Several applications of this new inequality are de-
rived. In particular, a sharp affine logarithmic Sobolev inequality is established
which is stronger than its classical Euclidean counterpart.

1. INTRODUCTION

The classical Pdlya—Szegd principle [61] states that the LP norm of the gradient
of a function on R™ does not increase under symmetric rearrangement. It plays a
fundamental role in the solution to a number of variational problems in different
areas such as isoperimetric inequalities, optimal forms of Sobolev inequalities, and
sharp a priori estimates of solutions to second-order elliptic or parabolic boundary
value problems; see, for example, [8,40-42,65,66] and the references therein. In
recent years, many important generalizations and variations have been obtained
(see, e.g., [9,16,19-22,28, 31]).
Based on the seminal work of Zhang [71], a full affine analogue of the classical
Pélya—Szegd principle was recently established by Lutwak, Yang, and Zhang [55]
(for 1 < p < n) and by Cianchi, Lutwak, Yang, and Zhang [23] (for general p > 1).
In this remarkable affine rearrangement inequality, an LP affine energy replaces
the standard LP norm of the gradient leading to an inequality which is signifi-
cantly stronger than its classical Euclidean counterpart. Moreover, Lutwak, Yang,
and Zhang [55] and Cianchi et al. [23] obtained new sharp affine Sobolev, Moser—
Trudinger and Morrey—Sobolev inequalities by applying their affine Pélya—Szego
principle, thereby demonstrating the power of this new affine symmetrization in-
equality.
In this article we establish a new affine Pélya—Szegd type inequality which strength-
ens and directly implies the affine Pélya—Szego principle of Cianchi, Lutwak, Yang,
and Zhang. We will show that an asymmetric L affine energy, which takes asym-
metric parts of directional derivatives into account, leads to a stronger inequality.
As an application of our affine rearrangement inequality we strengthen the previ-
ously known affine Moser—Trudinger and Morrey—Sobolev inequalities of Cianchi
et al. and recover recent results by the first two authors [36] on asymmetric affine
Sobolev inequalities. Among further applications is a new sharp affine logarith-
mic Sobolev inequality which is stronger than the classical Euclidean logarithmic
Sobolev inequality.
For p > 1 and n > 2, let W1P(R"™) denote the space of real-valued L? functions on
R™ with weak LP partial derivatives. We use | - | to denote the standard Euclidean
norm on R™ and we write || f||, for the usual L? norm of a function f on R™. For
1
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wsl= ([ 1wsras)

Given f € WHP(R™), its distribution function pg: [0,00) — [0,00] is defined by
pr(t) =V({z € R" : |f(z)| > t}),
where V' denotes Lebesgue measure on R™. The decreasing rearrangement f* :
[0,00) — [0, 00] of f is defined by
[*(s) =inf{t > 0: py(t) < s}.

The symmetric rearrangement of f is the function f* : R™ — [0, oo] defined by

(@) = £ (knlz]™).
Here, k,, = 7/%/T'(1 + 2) denotes the volume of the Euclidean unit ball in R™.
The classical Pélya-Szego principle states that if f € WLP(R™) for some p > 1,
then f* € WHP(R") and
(1) IV £l < IV lp-
In the affine Pélya—Szegd inequality the LP norm of the Euclidean length of the

gradient is replaced by an affine invariant of functions, the (symmetric) LP affine
energy, defined, for f € W1P(R™), by

—1/n
A A

NKnKp_1

f e WhP(R™), we set

where ¢, , = (nk,) /™ ( e )P and D, f is the directional derivative of f in the

direction u. Note that ¢, , is chosen such that if f € W1P(R"), then

(2) E(f*) =V * Ny

We emphasize the remarkable and important fact that £,(f) is invariant under
volume preserving affine transformations on R™. In contrast, ||V f|, is invariant
only under rigid motions.

The affine Pdlya—Szego principle established by Cianchi et al. [23] states that if
f € WHP(R™), then

(3) Ep(f*) < &)
It was shown in [55] that
(4) En(f) < IV lps

with equality if and only if |D, f||, is independent of u € S™~1. Thus, by (2), the
affine inequality (3) is significantly stronger than its classical Euclidean counterpart
(1).
Define the asymmetric LP affine energy by

—1/n

=2, ([ I0EST @)

where D f(z) = max{D, f(x),0} denotes the positive part of the directional de-
rivative of f in the direction u. Observe that only the even part of the directional
derivatives of f contribute to £,(f), while in S;F (f) also asymmetric parts are ac-
counted for and that the asymmetric L? affine energy &£F(f) is invariant under
volume preserving affine transformations on R".
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The main result of this article is the following:
Theorem 1. Ifp > 1 and f € WHP(R™), then f* € WHP(R™) and
(5) Ey(f*) <& ().

In [36] it was shown that
(6) & (f) < &),

with equality if and only if ||D;f f||, is an even function on S™~!. Thus, the new
affine Pdlya—Szego inequality (5) is stronger than inequality (3) of Cianchi et al. In
particular, inequality (5) is also stronger than the classical Pélya—Szego inequality
(1).

In the proof of Theorem 1 critical use is made of a new affine isoperimetric inequality
recently established by the first two authors [35]. We will apply this crucial geo-
metric inequality to convex bodies (associated with the given function) which occur
as solutions to a family of (normalized) LP Minkowski problems. These techniques
clearly demonstrate that there are deep connections between the affine geometry
of convex bodies and sharp affine functional inequalities (see also [23, 55,57, 71]).
The background material on the geometric core of Theorem 1 will be discussed in
detail in Sections 3 and 4.

The classical Pélya—Szego6 principle has important applications to a large class of
variational problems, for example, it reduces the proof of sharp Sobolev inequalities
to a considerably more manageable one-dimensional problem. It was shown in
[23] and [55] that the affine Pélya—Szegd inequality (3) provides a similar unified
approach to affine functional inequalities. In particular, sharp affine versions of
LP Sobolev, Moser—Trudinger and Morrey—Sobolev inequalities were derived from
inequality (3), all of which are stronger than their Euclidean counterparts.

In Section 6 we aim to extend the picture given in [23], [55] and [71] by deriving
new sharp (asymmetric) affine versions of a number of fundamental functional in-
equalities such as LP Sobolev inequalities, Nash’s inequality, logarithmic Sobolev
inequalities and Gagliardo—Nirenberg inequalities. As an example, we state here
our affine version of the sharp LP logarithmic Sobolev inequality (the Euclidean
analogue is due to Del Pino and Dolbeault [27]).

Corollary 1. If f € WYP(R™), with 1 < p < n, such that || f|, =1, then

") [ 1Ptogls1de < 2iog (5,5 ().

For p > 1, the optimal constant b, , is given by

AP (p— 1\ raa+%) Y
(8) bn:P = (7) n(p—1)
n e 71—n/2I‘(1 + pT)

and by1 = lim, 1 b, . If p =1, equality holds in (7) for characteristic functions
of ellipsoids and for p > 1 equality is attained when

7201 + 2) 1
= _- _ p/(p—1)
O MWAMTu+n%ﬂ)mp<aww s/,

with a > 0, ¢ € SL(n) and zp € R™.
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2. BACKGROUND MATERIAL

For quick later reference we recall in this section some background material from
the LP Brunn—Minkowski theory of convex bodies. This theory has its origins in
the work of Firey from the 1960’s and has expanded rapidly over the last decade
(see, e.g., [10,15,35,38,46-54,56,57]). We will also list some basic, and for the most
part well known, facts from real analysis needed in the proof of Theorem 1.
A convex body is a compact convex subset of R™ with nonempty interior. We write
K™ for the set of convex bodies in R™ endowed with the Hausdorff metric and we
denote by K the set of convex bodies containing the origin in their interiors. Each
nonempty compact convex set K is uniquely determined by its support function
h(K,-), defined by h(K,z) = max{z-y: y € K}, x € R", where x - y denotes the
usual inner product of x and y in R™. Note that h(K,-) is positively homogeneous
of degree one and subadditive. Conversely, every function with these properties is
the support function of a unique compact convex set.
If K € K2, then the polar body K* of K is defined by

K'={zeR":z-y<1lforallye K}.
From the polar formula for volume it follows that the n-dimensional Lebesgue
measure V(K™*) of the polar body K* can be computed by
(10) V(K*) = l/ h(K,uw)™" du,

n Jgn-1

where integration is with respect to spherical Lebesgue measure.
If M and N are compact sets in R™, then the Brunn—Minkowski inequality (see,
e.g., [33]) states that

V(M + N)Y" > V(M)Y™ + V(N)Y/"

Here, M+ N ={z+y:2 € M and y € N}. For a compact set M and a convex
body K in R", define the mixed volume V3 (M, K) by

WVA(M, K) = lim inf LML ER) = VM)

e—0t 5

The Brunn-Minkowski inequality immediately gives the Minkowski inequality
(11) Vi(M, K)" > V(M)" "'V (K).

We denote by C§°(R™) the space of infinitely differentiable functions on R™ with
compact support. If f € C§°(R™), then for every ¢ > 0 we have

(12) Wz =] [ e @),

n

where v(z) is the outward unit normal vector of the smooth (n — 1)-dimensional
submanifold {|f| = t} at  and H"~! denotes (n—1)-dimensional Hausdorff measure
(cf. [71, Lemma 3.2]).

For real p > 1 and o, 8 > 0, the LP Minkowski—Firey combination of K,L € K is
the convex body a - K +, 8 - L defined by

h((){ - K +P ﬁ : L7 .)p = O[h(K, _)p + 6}7'([” _)p.
The L? mized volume V,(K, L) of K, L € K} was defined in [50] by
K -L)-V(K
P VIE 4y D)~ VE)

N e—0* e

VP(K7 L) =
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Clearly, the diagonal form of V,, reduces to ordinary volume, i.e., for K € K7,

(13) V,(K,K) = V(K).
It was also shown in [50] that for all convex bodies K and L
1
(14) Vp(K, L) = — / h(L,u)’h(K,u)' " dS(K,u),
Sn—1

where the measure S(K,-) on S"~! is the classical surface area measure of K.
Recall that for a Borel set w C "1, S(K,w) is the (n — 1)-dimensional Hausdorff
measure of the set of all boundary points of K for which there exists a normal
vector of K belonging to w.

We turn now to the analytical preparations. Let f € WP(R") for some p > 1.
Note that f, f*, and f* are equimeasureable, i.e., uf = pip+ = g - Therefore, we
have

(15) [flloe = £*(0) = [[f*[loo
and
(16) V(sprt f) = V(sprt f*),

where sprt f stands for {x € R™ : |f(x)| > 0}. Moreover, the equality

a7) [ atsande= [~ atrends= [ e

holds for every Borel measurable function ® : [0, 00) — [0, 00) with ®(0) = 0.

In the proof of Theorem 1, we will repeatedly apply Federer’s coarea formula (see,
e.g., [29, p. 258]). We state here a version which is sufficient for our purposes: If
f:R™ — R is Lipschitz and g : R™ — [0, 00) is measurable, then, for any Borel set
ACR,

T = g(.’L’) n—1 T
18 /f‘l(A)ﬂ{IVf>0}g( ) /A/f—l{y} Vi@ 7 (e) v

In the following we collect the critical ingredients for the proof of Theorem 1.
In the Euclidean setting, the Pdélya—Szego principle has the classical isoperimetric
inequality at its core. In the affine setting, the geometric tools are an LP affine
isoperimetric inequality established by the first two authors [35] and the solution
to the discrete data case of the normalized LP Minkowski problem [38].

The asymmetric LP projection body ILT K of K € K7/, first considered in [51], is the
convex body defined by

(19) ALK, u) = / (- o) h(K,0) P dS(K,v),  we S,
Sn—1
where (u-v)4 = max{u-v,0}. The (symmetric) L? projection body II,K of K € K,
defined in [54], is
MK =3 .TfK 4,1 1K,

where I, K = H;‘(—K). When p = 1, asymmetric LP projection bodies (and
symmetric LP projection bodies) coincide with the classical projection bodies in-
troduced by Minkowski.

Within the Brunn—Minkowski theory, projection bodies have become a central no-
tion. They arise naturally in a number of different areas such as functional analysis,
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stochastic geometry and geometric tomography. The fundamental affine isoperimet-
ric inequality which connects the volume of a convex body with that of its polar
projection body is the Petty projection inequality [60]. This inequality turned out
to be far stronger than the classical isoperimetric inequality and has led to Zhang’s
affine Sobolev inequality [71].

In the new LP Brunn—Minkowski theory, establishing an LP analog of Petty’s pro-
jection inequality became a major goal. This was accomplished for the symmet-
ric LP projection bodies by Lutwak, Yang, and Zhang [54] (see also Campi and
Gronchi [10] for an independent approach): If K € K7, then

ko ke \ P
(20) V)V R) < (22

Rnp4-p—2
with equality if and only if K is an ellipsoid centered at the origin. This
inequality forms the geometric core of the affine Pélya—Szego principle (3) of Cianchi
et al. [23].
Recently the first two authors [35] established a stronger L? Petty projection in-
equality for asymmetric LP projection bodies:

Theorem 2. Ifp > 1 and K € K2, then

0

n/p
(21) V(E)" PV (LK) < (“"“pl) :
Kn+p—2

where equality is attained if K is an ellipsoid centered at the origin.

Although this inequality was formulated in [35] for dimensions n > 3, we remark
that it also holds true in dimension n = 2. The proof is verbally the same as the
one given in [35].

It was also shown in [35] that inequality (21), for p > 1, strengthens and directly
implies inequality (20) of Lutwak, Yang, and Zhang: If K € K7, then

VLK) < V(H;’*K).
If p is not an odd integer, equality holds precisely for origin-symmetric K.

We turn now to the second tool from the geometry of convex bodies needed in the
proof of Theorem 1. The LP Minkowski problem, essentially an elliptic Monge—
Ampere PDE, deals with the existence and the uniqueness of convex bodies with
prescribed L? curvature (see, e.g., [15,38,56]). We will apply our affine isoperimetric
inequality (21) to the bodies occurring as solutions to this problem for p > 1. Since
the geometric inequality assumes that the convex bodies contain the origin in their
interiors, its application is intricate in the asymmetric situation. Here, the origin
can lie on the boundary of the bodies occurring as the solution to the LP Minkowski
problem. For this reason we will have to deal with a normalized version of the
discrete-data case of the LP Minkowski problem (see [38, Theorem 1.1]).

Theorem 3. Ifay,...,a; >0 and ui,...,u, € S*! are not contained in a closed
hemisphere, then, for any p > 1, there exists a polytope P € K such that

k
V(P)h(P,-)P~1 Y " adu, = S(P,-).
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Here, §,,; denotes the probability measure with unit point mass at u; € Snt
Two more auxiliary results [38, Lemma 2.2 & 2.3] regarding the convex bodies
which occur as solutions to the volume normalized LP Minkowski problem will also
be needed: Let p be a positive Borel measure on S”~!, and let K € K" contain the
origin. Suppose that

VKK, V'~ = S(K, ),

and that for some constant ¢ > 0,

/ (u-v)! dp(v) > 2 for every u € S"1
Sn—1 cP
Then
n n/p
(22) V(K) 2 Kn (W) and K C CBr,“

where B,, denotes the Euclidean unit ball in R™.

3. LEVEL SETS AND ASYMMETRIC LP? PROJECTION BODIES

In order to apply the crucial L? affine isoperimetric inequality (21) in the proof of
our main result, it will be necessary to rewrite LP gradient integrals over level sets in
terms of LP mixed volumes. This is done by constructing a family of convex bodies
containing the origin in their interiors by solving a family of L? Minkowski problems.
In [23], this was done by using the normalized even LP Minkowski problem. In the
asymmetric situation, we have to deal with solutions to the general LP Minkowski
problem. Here, the bodies can contain the origin in their boundaries. Therefore, we
will associate a family of convex polytopes to a given function which are obtained
from the solution to the discrete-data case of the volume normalized LP Minkowski
problem. This ensures that the polytopes contain the origin in their interiors and
allows us to apply Theorem 2.

We denote by C§°(R™) the space of infinitely differentiable functions on R™ with
compact support. If f € C§°(R™), we denote level sets by

[fle:={z e R" : [f(z)] > t}.
By Sard’s theorem, for almost every t € (0, || f||~), the boundary
Olfls ={z e R": |f(2)| = t}
of [f]+ is a smooth (n — 1)-dimensional submanifold of R with everywhere nonzero

normal vector V f(z).

Lemma 1. Suppose that p > 1 and f € C§°(R™). Then, for almost every t €
(0, I fllsc), the body ch € K2 given by

(23)  h(LL,u)?P = /am (u-VI@)L|VF()| HdH" (z), uwe S"L.

has the following properties. There exists a sequence of convex polytopes Pl € K,
k € N, such that

lim P} = K{eKk"

k—oc0

(24) L / B(EE, Y F (2)PIV (@)~ dHn () = 1,
A fl+

n
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as well as
Jim. V(P{)YPILY Pl = LY.

Proof. Let t be chosen such that 9[f]; is a smooth manifold with everywhere nonzero
normal vector V f(z) and denote by v(z) = Vf(z)/|V f(x)| the unit normal of 9[f];
at .

Let u! be the finite positive Borel measure on S™~! satisfying

29) [t = [ aua)viwrtar-@)

olf]:
for every g € C(S"1). From

{v(z): ze€fli}=85""",
it follows that for any u € ™1,

[ weosdi ) = [ s@) Vi@ e @) > o
gn-1 alfl:

Consequently, the measure pu! is not concentrated in a closed hemisphere.

We can find a sequence pf, k € N, of discrete measures on S7~1 whose supports
are not contained in a closed hemisphere and such that p converges weakly to
as k — oo (see, e.g., [63, pp. 392-3]). By Theorem 3, for each k € N, there exists a
polytope P € K2 such that

(26) V(PP )P~ g = S(Py, ).

From definition (19), relation (26) and the weak convergence of the measures pf, it
follows that for every u € S"1,

P
(27) h (V(P,i)fl/pH;P,z,u) = /Snil(um)ﬁ_ dpt.(v) — Snfl(u'v)i du'(v) > 0.

Since pointwise convergence of support functions implies uniform convergence on
S7=1 (see, e.g., [63, Theorem 1.8.12]), there exists a ¢ > 0 such that for all k € N,

(28) / (u-v) dul(v) > ¢, for every u e S™ L.
Sn—1

From (26), (28) and (22), it follows that the sequence Pf, k € N, is bounded and
that the volumes V(P}) are also bounded from below by a positive constant. By
the Blaschke selection theorem (see, e.g., [63, Theorem 1.8.6]), we can therefore
select a subsequence of the P} converging to a convex body K} After relabeling
(if necessary) we may assume that limy o, Pf = Kf. By definition (25), we have

l t )P 1,71 nflle t,vp t'U
[, nh T I@PI s e = O o),

n n

Thus, from the uniform convergence of the support functions h(Pf, ) and the weak
convergence of the measures pf, to the finite measure pf, we obtain

1 1
tw [ PP @) = 5 [ G V@IV e o),
Snt olfe
By (13), (14), and relation (26), we have for each k € N,
1

1 / W(PLw)P dpd(v) = 1,
n Sn—1
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which proves (24). Finally, we define h(L%,) by
MEpwr = [ e V@IV ), ue s
a[fl+

From Minkowski’s integral inequality, it follows that h(L%, -) is the support function
of a compact convex set. From definition (25) and (27), we deduce that L} € Ky

and that limy_,ec V/(P}) P IL} P = LY. O

The following lemma is a special case of Lemma 1 for functions with rotational
symmetry arising from symmetric rearrangement.

Lemma 2. Suppose that p > 1 and f € C§°(R™). Then, for almost every t €
(0, I fllec); there exists a real number ¢’ > 0 such that

(u- V> ()]

29 h(V(cB,) " YPIIH (¢hB,),u) :/ VT % gn1 (),
@) (VB B ) = | Sy ()
for every u € S, and
(30) l/ h (4B, V* ()" |V f* (@)t dH" H(z) = 1.

v Jalrky,

Proof. Note that f* is Lipschitz. For almost every ¢ € (0, || f||c), the set d[f*]; is
the boundary of a ball of radius r; with nonvanishing normal V f*. Note that in
this case, |V f*| is in fact constant on J[f*];. Define the real number ¢} by
c? = (m;1|Vf*\1_prtl_")l/p .
We write v, (x) = Vf*(x)/|V f*(x)| for the unit normal vector of 9[f*];. Since for
every g € C(S"1),
[ swanr e == [ g @)an ).
Sn-t Xl

the definition of asymmetric LP projection bodies (19) yields, for u € "1,

/a[f*]t(u v (@) A" ().

1—-n
T

P
_1 2
(Ve Ba) ™ PTG B ) RCATS

Thus, we obtain (29) from the definitions of ¢} and v.(z). Finally, we have

1/ h(cyB", NV f* (@) (c§)? _1 ypmei

— dH"  (x) = 7/ |V f*(x)|P~dH" " (2),
W Jan ) =T YT (
which yields (30) by the definition of c}. O

4. PROOF OF THE MAIN RESULT

We are now in a position to prove our main result. The approach we use to establish
Theorem 1 is based on techniques developed in [23] and [55].

Before we begin, we want to point out that the asymmetric affine L? energy & (f)
is well defined. This follows from the fact that || D} f||,, is positive for each u € S"~*
and every nontrivial f € WHP(R") (see [36, Lemma 2]).

Proof of Theorem 1 In order to prove inequality (5), let us first assume that p > 1
and that f € C§°(R™). Clearly, we may also assume that f is not identically zero.
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Since f is Lipschitz, the reverse triangle inequality shows that |f| is also Lipschitz
and hence, by Rademacher’s theorem, differentiable almost everywhere. Moreover,

the equality |V f| = |V|f|| holds almost everywhere on R™ and on each level set
{If| =t} where t > 0. Now, an application of the coarea formula (18) shows that

DY P = u-VFa)? do
D7 £ Avfw; f@)
— [ V@)
{IVIf11>0}

£ lloo u-Vf(z )+ I
/ /amt T AR @)

By Lemma 1 and (23), there exist convex bodies L’} € K7 such that

N 1l —n/p
ES(f)F =2cp , /an /o h(L%,w)P dt du

Since h(L§c7 -) is positive for almost every ¢, we can apply Minkowski’s inequality
for integrals (see, e.g., [37, p. 148]), and obtain

N [l f1loo R —-p/n
ez, [ ([ nagarad

Hence, the volume formula (10) yields

I £lloo

(31)

—p/n

(nV(Lf;*)) T

By Lemma 1, there exists a sequence of polytopes P{ € K7 such that

(32) qﬂnpz2%m4

. t t n . t\—1 t _ 1t
Jim P =Kjek and  lim V(Py) /PILF P = LY.
Thus, an application of Theorem 2 shows that
(33)  (V(LY") ™" = L (nV (PO PV (IL5 PO) " > eV (EG) T,
where

_ fintp-2
nP/ " Ky

Cn,p =

From (32) and (33), we deduce
[l f1loo
(34) EF(F)? > nwt/m /0 V(KL dr.

By (24) and Hélder’s integral inequality, we have

p—1)/p
</3[f] |Vf(x)\’1 d?{nl(ﬂc)> > pl-l/p Vi{lf]| > t}, K}),

where we have used representation (12) for the mixed volume Vi({|f| > t}, K¥).
From the Minkowski inequality (11) and the fact that V/({|f] > t}) = V({|f| > t})
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for almost every t, we deduce further that

(p—1)/p
(35) (/8”] |Vf(x)|_1 d?-{,”_l(x)> > pl-l/p ,uf(t)("_l)/"V(K})l/"

for almost every t. By the coarea formula (18), we have for almost every ¢,

[[f1loo
(36)  ppt) = V(LN {Vf = o}) + / /am IV F ()|t dH (@) ds.

Since p5 is the sum of two nonincreasing functions, we obtain
(37) NG NI

for almost every t.
Combining (35) and (37), yields the estimate

(38) V(K})_p/” > np—lwl
SR ETAT)
Thus, by (34) and (38), we obtain
5+(f)p > nPrP/m /|f|°° ’uf<t)p(n_1)/n
P = n (1)1
0 ( l‘f(
It remains to show that

1o p(n—1)/n
_ n py(t)
(30) EX(FFYP = nPwt! / -

T

By (15), (18), and (29) we have

—p/n

-n/p
1 lloo
v ([ vorasmors) ")

Sn—1

where B; denotes the ball C?Bn whose existence is guaranteed by Lemma 2. Since
H;‘B;» is a ball, h(H;‘B}, -) is a constant function on the sphere. Thus, we obtain
as in the first part of the proof,

17 1loo
(40) EF(f*)P = nrb/" /0 V(B}) P/ dt.

From (30), Minkowski’s inequality (11), and the fact that [f*]; and Bf are dilates,
we have for almost every ¢ on one hand

(p—1)/p
[ vt =V (00D (B
AL X1t
and, by (36) and [20, Lemma 2.4 & 2.6], on the other hand
gt = [ V) e ),
>

Hence, the equimeasurability of f and f* yields

p ,uf(t)p(nfl)/n

t\—p/n _
VB (=GP
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Combining this with (40) proves (39). Consequently, we have
(41) Ey(f*) < &ES(f)

for every p > 1 and every f € C§°(R™). Clearly, the case p = 1 of inequality (41)
can be obtained by using a limiting argument as p — 1.

In order to establish inequality (41) for an arbitrary f € WUYP(R™) whose
support has positive measure, consider a sequence fi, € C5°(R™), k € N, converging
to f in WHP(R™). Then, for every k € N,

(42) £ (1) < &) (fi)-

By Minkowski’s integral inequality, the function u + ||DJ f|l,, v € S"7!, is a
support function of a convex body for every f € W1P(R"). Thus, the pointwise
convergence | D fx|l, — |IDf fll, on S™~1, implies in fact that ||D;f fx||, converges
to ||Df f|, uniformly (see, e.g., [63, Theorem 1.8.12]). Moreover, since |D; f||, is
strictly positive on S™7! (see [35, Lemma 2]), also [|[D;f fil,™ — D fll,™ uni-
formly on S"~!. Hence,

(43) lim &5 (i) = & (f).

On the other hand, the nonexpansivity of symmetric rearrangements (see, e.g.,
[14, 44] for the terminology and the corresponding result) implies f]: — f* in
LP(R™). Thus, the sequence f,:‘, k € N, converges weakly to f* in WP (R"). Since

EXU) =V,  and  EF(f*) =IV*,

and since the LP norm of the gradient is lower semicontinuous with respect to weak
convergence in W1P(R"), we obtain

limint & (/) > £ (f*)
which, by (42) and (43), concludes the proof.

5. APPLICATIONS OF THE ASYMMETRIC AFFINE POLYA-SZEGO PRINCIPLE

In this section we will illustrate how Theorem 1 provides a direct unified approach
to a number of affine functional inequalities. We will derive sharp affine versions
of certain Gagliardo—Nirenberg inequalities, all of which are stronger than their
Euclidean counterparts.

Affine LP logarithmic Sobolev inequalities

The classical sharp logarithmic Sobolev inequality states that if f € W2(R") such
that || f]|2 = 1, then

1/2
(44) [ rProsistar < o <(nzﬁ) IIVf||2> .

In this form, the logarithmic Sobolev inequality first appeared in [69]. However, it is
well known that inequality (44) is equivalent to the logarithmic Sobolev inequality
with respect to Gauss measure due to Stam [64] and Gross [34]. Different proofs
and extensions of these inequalities have been the focus of a number of articles (see,
e.g., [1,5,6,11], and the references therein).
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The natural problem to find a sharp LP analogue of inequality (44) was solved by
Ledoux [43] for p = 1 and recently by Del Pino and Dolbeault [27] for 1 < p < n:
If f e WHP(R™), with 1 < p < n, such that ||f|, = 1, then

(15) [ 1ol 1 de < 2 10g (b, 1971,

where the optimal constant b, ,, is given by (8). Beckner [6] proved that, for p =1,
the only extremals in inequality (45) are the characteristic functions of balls. Carlen
[11], for p = 2, and Del Pino and Dolbeault [27], for general 1 < p < n, showed
that equality holds in (45) if and only if for some ¢ > 0 and zy € R",

a/20(1 4 2) 1
46 = 2 g — P/ (=D )
(46) f(x) Ty n(pp_l)) exp ( a\m Zo]

The first application of our new affine Polya—Szego principle is an asymmetric affine
version of (45), which in light of (4) and (6), is stronger than (45) and is stated as
Corollary 1 in the Introduction.

Proof of Corollary 1 By (17) and (45), we have
n
@n [ iroglslde = [ 7P logl e < Dlog (b, 1944,

for every f € W1P(R") such that || f||, = 1. Since

- 1 1 ’ ro A\
&) = ([ (omtinstr g o)) ds) =194
we deduce from (47) and Theorem 1 that

(48) / 17 log |f] dz < " log (bnp &5 (%)) < " log (bup £ (F)
R p p

which proves inequality (7). Equality holds in (47) for any function having the form
(46) with 29 = 0. Any such function is spherically symmetric, so that equality holds
in Theorem 1 and, thus, also in inequality (48). Equality continues to hold in (7)
for any function of the form (9), as (7) is invariant under volume preserving affine
transformations. a

Affine LP Sobolev inequalities

The classical sharp LP Sobolev inequality states that if f € WHP(R"), with 1 <
p < n, then

(49) 1 fllps < anp IV £llp,

where p* = np/(n — p). For p > 1, the optimal constants a,,, are given by

1-1 1/n
iy = n 17 <p_1> » L(n)
P n—p rl(5)0(n+1-2) ’

and a1 = lim,_,1 ay, . They go back to Federer and Fleming [30] and Maz’ya [58]
for p = 1 and to Aubin [2] and Talenti [65] for p > 1. Extremal functions for
inequality (49) are the characteristic functions of balls for p = 1 and for p > 1
equality is attained if for some a,b > 0 and xy € R"™,

f(@) = (a+b|(z — ao)|P/P~D)L=n/P,
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The sharp LP Sobolev inequality plays a central role in the theory of partial
differential equations and functional analysis. Generalizations of (49) and related
problems have been much studied (see, e.g., [3,8,20,25,26,42,57,66,70]), and the
references therein).

An affine version of inequality (49), which is in light of (4) stronger than (49),
was established by Zhang [71] for p = 1 and Lutwak, Yang, and Zhang [55] for
1 < p < n. It states that if f € WP, with 1 < p < n, then

(50) [fllpe < anp E(F).

If p = 1, equality holds in (50) for characteristic functions of ellipsoids and for p > 1
equality is attained when

(51) f(@) = (a +|@(x — @)/ P~ D) 1=/P,

with a > 0, ¢ € GL(n) and zy € R™.
Using (6), a strengthened asymmetric version of the affine Sobolev inequality (50)
was recently established by the first two authors [36]. It is now an immediate
consequence of Theorem 1 and (49):

Corollary 2. If f € WLP(R™), with 1 < p < n, then

(52) 1£llp < anp &y (f)-

If p = 1, equality holds in (52) for characteristic functions of ellipsoids and for
p > 1 equality is attained for functions of the form (51).

We turn now to the limiting case p = n of inequality (49). It is well known
that functions f € W™ (R"), whose support has finite Lebesgue measure, are
exponentially summable (cf., e.g., [68]). The sharp Moser—Trudinger inequality
[59,68] states that there exists a constant m,, > 0 such that

n/(n—1)
1 niy " |f ()]
53 7/ exp | —=——+— dr < m,
( ) V(SpI‘t f) sprt f ( ||Vf||’ﬂ

for every f € WL (R™) with 0 < V(sprt f) < co. Inequality (53) and its variants
have been the focus of investigations by specialists in different areas (see, e.g.,
[4,17,18,24,32,45,62]).
The constant n&y' ™ is optimal, in that inequality (53) would fail for any real number
my, if nn}/ " were to be replaced by a larger number. The best constant m,, is
characterized as follows

oo
m, = sup/ exp (g(t)"/(”_l) - t) dt,
0

g
where the supremum ranges over all nondecreasing and locally absolutely continu-
ous functions g on [0, 00) such that g(0) = 0 and [~ ¢'(t)" d¢t < 1. In [13] Carleson
and Chang showed that spherically symmetric extremals do exist for the Moser—
Trudinger inequality (53).

An affine version of the Moser-Trudinger inequality, stronger than (53), was re-
cently established by Cianchi et al. [23]. It states that if f € W1 ™(R") with
0 < V(sprt f) < oo, then

| /" p )
(34 T oy < &nlh) o =
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The constants nn}/ " and m,, are again best possible. Composing any extremal f
for the Moser—Trudinger inequality with any element of GL(n) will also yield an
extremal for inequality (54).
From Theorem 1 we can derive a strengthened asymmetric version of the affine
Moser—Trudinger inequality (54):

Corollary 3. If f € WL (R™) with 0 < V (sprt f) < oo, then

n/(n—1)
1 nisn " |f ()|
55 ey E— / exp | ———— dr < m,.
( ) V(Sprt f) sprt f < (c/"r—zi_(f)
The constant n/i,l/n is optimal, in that (55) would fail for any real number my,

if nml«/n were to be replaced by a larger number. Composing any extremal f for

inequality (53) with any element of GL(n) will also yield an extremal for inequality
(55).

We will omit the proof of Corollary 3 since it is almost verbally the same as the one
for inequality (54) given in [23] when [23, Theorem 2.1] is replaced by Theorem 1.

Finally, we come to the case p > n. The sharp Morrey—Sobolev inequality [67]
states that if f € WYP(R™), p > n, such that V(sprt f) < oo, then

(56) 1 £lloo < np V(sprt f)P=/m2 |V £,
where the optimal constant a, , is given by
(r=1)/p
-1
Qnp = n—l/Pﬁgl/” (p> .
p—n
Equality holds in inequality (56) if for some a,b € R and x¢ € R",
f(z)=a (1 ~ |b(z — x0)|(p—n)/<p—1)) .
+
The affine counterpart of (56) established by Cianchi et al. [23] states that
(57) 1F e < anp V(sprt £)P/2E, (f).

By (4), the affine inequality (57) is significantly stronger than (56). As an immediate
consequence of Theorem 1, (15), (16) and (56) we obtain the following strengthened
asymmetric affine Morrey—Sobolev inequality:

Corollary 4. If f € WYP(R™), p > n, such that V (sprt f) < oo, then

(58) I £lloe < ctnp V(sprt f)P=/"PES(F).

Equality is attained in (58) if for some a € R, 9 € R", and ¢ € GL(n),
fz)=a (1 ez — $0)|<,}_n>/(p_1))

Let W1°°(R™) denote the space of real-valued L> functions on R” with weak L
derivatives. For f € W1°°(R") define the asymmetric L™ affine energy by

exn) = ([

S’IL

N .

—1/n
LIDEfIR )

We are now in a position to prove the following Faber-Krahn type inequality.
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Corollary 5. If f € W1°(R") such that V (sprt f) < oo, then

(59) flloe < w7 /7V (sprt £) /"€ (f)-

Equality is attained in (59) if for some a € R, g € R", and ¢ € GL(n),
fx)=al —|p(z —z0)]), .

Proof. We take a limit in (58) to get the desired estimate. Indeed, by Fatou’s
lemma we get

IFflloe < w "V (spre £)Y" ()™ limsup £F (f)

- q— o0

_1
< n;l/”V(sprtf)l/”(nnn)l/”(lzrgg}f/g71 1DF I dv)
_1
<V snt ) ([ i D7 7o)
1
S n

IV (pnt £ o[ DL )
Snfl

The corresponding equality case can be verified by a straightforward computation.
|

Affine Nash inequality

Nash’s inequality in its optimal form, established by Carlen and Loss [12], states
that if f € LY(R") N WH2(R"), then

1+2/n 2/n
(60) 1£15*%" < Ba IV F12 1™
The best constant 3, is given by

14n/2
62 — 2 (1 + %) ,
" n)\n/-ff/n

where ),, denotes the first nonzero Neumann eigenvalue of the Laplacian —A on
radial functions on B,,. There is equality in (60) if and only if up to normalization
and scaling
_ { ulle— o) —u(1), iffa] <1

f(x){ 0, if 2| > 1,
for some xy € R™. Here, u is the normalized eigenfunction of the Neumann Lapla-
cian on B, with eigenvalue \,. Note the striking feature that all of the extremals
have compact support. Nash’s inequality and its variants have proven to be very
useful in a number of contexts (see, e.g., [3,5,7,39] and the references therein).
From an application of Theorem 1 together with (60), we immediately obtain a new
stronger asymmetric affine version of Nash’s inequality.

Corollary 6. If f € L'(R") N W12(R™), then
(61) 11572 < B &S (I

FEquality is attained in (61) if up to normalization and scaling

u(|o(xz — xo)|) —u(l), if || <1
f(x) — { 07(| O)D ( Zf |xi >,

for some ¢ € SL(n) and zo € R™.
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Affine Gagliardo—Nirenberg inequalities

The LP Sobolev inequality (49), Nash’s inequality (60) and the logarithmic Sobolev
inequality (45) are special cases and a limiting case, respectively, of the Gagliardo—
Nirenberg inequalities

(62) 1 £llr < Calpsr ) IV LI I,

where 1 < p <mn,s<r <p* and 6 € (0,1) is determined by scaling invariance.
While inequality (62) can be deduced from (49) with the help of Holder’s inequality,
the computation of the optimal constants C),(p,r, ) is an open problem in general.
A breakthrough was recently achieved by Del Pino and Dolbeault [26,27] (see
also [25] for a different approach). They obtained the following sharp one-parameter
family of inequalities: Suppose that 1 <p <n,p <q¢<p(n—1)/(n—p) and let

plg—1) n(q —p)

63 r=—2" and 0= .
(63) p—1 (¢ —1)(np—(n—plq)
Then, for every f € DP4(R"™),

(64) Ifllr < Ynpg IV LIS AN,

where DP-? denotes the completion of the space of smooth compactly supported
functions with respect to the norm || - ||, defined by || fllp.q = IV fllp + || fllg- The
optimal constant -, 4 is given by
0/n
r a(p=1) n
o (52 () () (e
n,p,q T n(q —p) g r (5(1}71)) T (1 + n(p*l)) )
p(a—p) p

where 6 = np — g(n — p). Equality holds in (64) if and only if for some a € R, b > 0
and zg € R",

Fl@) = a (14 —agp/e-) T

Observe that for ¢ = p(n — 1)/(n — p), we have § = 1 and inequality (64) becomes
the sharp L, Sobolev inequality (49) of Aubin and Talenti. On the other hand,
the logarithmic Sobolev inequality (45) corresponds to the limit ¢ — p in (64).
Thus the Gagliardo-Nirenberg inequalities (64) interpolate between the sharp LP
Sobolev and the logarithmic Sobolev inequalities.

We conclude this final section with a family of strengthened asymmetric affine
Gagliardo—Nirenberg inequalities which interpolate between inequalities (52) and

(7). These inequalities are obtained as an immediate corollary of Theorem 1 and
(64):

Corollary 7. Let 1 <p<mn,p<q<pn—1)/(n—p) and let r,0 be given by (63).
If f € C§°(R™), then

(65) 1l < mpa &5 1F 11"
Equality is attained in (65) if for some a € R, ¢ € GL(n) and z¢ € R",
£(2) = a (1+ fola — o)/~

Acknowledgments. The work of the first two authors was supported by the Aus-
trian Science Fund (FWF), within the project “Minkowski valuations and geometric
inequalities”, Project number: P22388-N13.

)—(p—l)/(q—p)



18 CHRISTOPH HABERL, FRANZ E. SCHUSTER, AND JIE XIAO

REFERENCES

[1] R.A. Adams, General logarithmic Sobolev inequalities and Orlicz embedding, J. Funct. Anal.
34 (1979), 292-303.

[2] T. Aubin, Problémes isopérimétriques et espaces de Sobolev, J. Differential Geom. 11 (1976),
573-598.

[3] D. Bakry, T. Coulhon, M. Ledoux and L. Saloff-Coste, Sobolev inequalities in disguise, Indiana
Univ. Math. J. 44 (1995), 1033-1074.

[4] W. Beckner, Sharp Sobolev inequalities on the sphere and the Moser—Trudinger inequality,
Ann. Math. 138 (1993), 213-242.

[5] W. Beckner, Geometric proof of Nash’s inequality, Int. Math. Res. Not. 1998, 67-71.

[6] W. Beckner, Geometric asymptotics and the logarithmic Sobolev inequality, Forum Math. 11
(1999), 105-137.

[7] A.D. Bendikov and P. Maheux, Nash type inequalities for fractional powers of mon-negative
self-adjoint operators, Trans. Amer. Math. Soc. 359 (2007), 3085-3097.

[8] J.E. Brothers and W.P. Ziemer, Minimal rearrangements of Sobolev functions, J. Reine Angew.
Math. 384 (1988), 153-179.

[9] A. Burchard, Steiner symmetrization is continuous in WP, Geom. Funct. Anal. 7 (1997),
823-860.

[10] S. Campi and P. Gronchi, The L,-Busemann—Petty centroid inequality, Adv. Math. 167
(2002), 128-141.

[11] E.A. Carlen, Superadditivity of Fisher’s information and logarithmic Sobolev inequalities, J.
Funct. Anal. 101 (1991), 194-211.

[12] E.A. Carlen and M. Loss, Sharp constant in Nash’s inequality, Int. Math. Res. Not. 1993,
213-215.

[13] L. Carleson and S.Y.A. Chang, On the existence of an extremal function for an inequality of
J. Moser, Bull. Sci. Math. 110 (1986), 113-127.

[14] G. Chiti, Rearrangements of functions and convergence in Orlicz spaces, Appl. Anal. 9
(1979), 23-27.

[15] K.-S. Chou and X.-J. Wang, The Lp-Minkowski problem and the Minkowski problem in
centroaffine geometry, Adv. Math. 205 (2006), 33-83.

[16] A. Cianchi, Second-order derivatives and rearrangements, Duke Math. J. 105 (2000), 355—
385.

[17] A. Cianchi, Moser—Trudinger inequalities without boundary conditions and isoperimetric
problems, Indiana Univ. Math. J. 54 (2005), 669-705.

[18] A. Cianchi, Moser—Trudinger trace inequalities, Adv. Math. 217 (2008), 2005—-2044.

[19] A. Cianchi, L. Esposito, N. Fusco and C. Trombetti A quantitative Pélya—Szegé principle, J.
reine angew. Math. 614 (2008), 153-189.

[20] A. Cianchi and N. Fusco, Functions of bounded variation and rearrangements, Arch. Rat.
Mech. Anal. 165 (2002), 1-40.

[21] A. Cianchi and N. Fusco, Steiner symmetric extremals in Pdlya—Szego type inequalities, Adv.
Math. 203 (2006), 673-728.

[22] A. Cianchi and N. Fusco, Minimal rearrangements, strict convezity and minimal points,
Appl. Anal. 85 (2006), 67-85.

[23] A. Cianchi, E. Lutwak, D. Yang, and G. Zhang, Affine Moser—Trudinger and Morrey—Sobolev
inequalities, Calc. Var. Partial Differ. Equ., 36 (2009), 419-436.

[24] W.S. Cohn and G. Lu, Best constants for Moser—Trudinger inequalities on the Heisenberg
group, Indiana Univ. Math. J. 50 (2001), 1567-1591.

[25] D. Cordero-Erausquin, B. Nazaret, and C. Villani, A mass-transportation approach to sharp
Sobolev and Gagliardo-Nirenberg inequalities, Adv. Math. 182 (2004), 307-332.

[26] M. Del Pino and J. Dolbeault, Best constants for Gagliardo—Nirenberg inequalities and ap-
plications to nonlinear diffusions, J. Math. Pures Appl. 81 (2002), 847-875.

[27] M. Del Pino and J. Dolbeault, The optimal Euclidean LP-Sobolev logarithmic inequality, J.
Funct. Anal. 197 (2003), 151-161.

[28] L. Esposito and C. Trombetti, Convex symmetrization and Pdélya—Szegé inequality, Nonlin.
Anal. 56 (2004), 43-62.

[29] H. Federer, Geometric Measure Theory, Springer, Berlin, 1969.

[30] H. Federer and W. Fleming, Normal and integral currents, Ann. Math. 72 (1960), 458-520.



AN ASYMMETRIC AFFINE POLYA-SZEGO PRINCIPLE 19

[31] A. Ferone and R. Volpicelli, Convex symmetrization: the equality case in the Pdlya—Szego
inequality, Calc. Var. Part. Diff. Equ. 21 (2004), 259-272.

[32] M. Flucher, Extremal functions for Trudinger—Moser inequality in 2 dimensions, Comment.
Math. Helvetici 67 (1992), 471-497.

[33] R. J. Gardner, The Brunn-Minkowksi inequality, Bull. Amer. Math. Soc. (N.S.) 39 (2002),
355-405.

[34] L. Gross, Logarithmic Sobolev inequalities, Amer. J. Math. 97 (1975), 1061-1083.

[35] C. Haberl and F.E. Schuster, General L, affine isoperimetric inequalities, J. Differential
Geom., 83 (2009), 1-26.

[36] C. Haberl and F.E. Schuster, Asymmetric affine L, Sobolev inequalities, J. Funct. Anal. 257
(2009), 641-658.

[37] G. Hardy, J.E. Littlewood, and G. Pélya, Inequalities, Cambridge Univ. Press, Cambridge,
1952.

[38] D. Hug, E. Lutwak, D. Yang, and G. Zhang, On the L, Minkowski problem for polytopes,
Discrete Comput. Geom. 33 (2005), 699-715.

[39] E. Humbert, Extremal functions for the sharp L?-Nash inequality, Calc. Var. Part. Diff. Equ.
22 (2005), 21-44.

[40] B. Kawohl, Rearrangements and convezity of level sets in PDE, Lect. Notes Math. 1150,
Springer, Berlin 1985.

[41] B. Kawohl, On the isoperimetric nature of a rearrangement inequality and its consequences
for some variational problems, Arch. Rat. Mech. Anal. 94 (1986), 227-243.

[42] S. Kesavan, Symmetrization and applications, Series in Analysis 3, World Scientific, Hacken-
sack, NJ, 2006.

[43] M. Ledoux, Isoperimetry and Gaussian analysis, Lectures on Probability Theory and Sta-
tistics (Saint-Flour, 1994), Lecture Notes in Mathematics, Vol. 1648, Springer, Berlin, 1996,
165-294.

[44] E. Lieb and M. Loss. Analysis, Graduate Studies in Mathematics, 14. American Mathematical
Society, Providence, RI, 2001.

[45] K.C. Lin, Eztremal functions for Moser’s inequality, Trans. Am. Math. Soc. 348 (1996),
2663-2671.

[46] M. Ludwig, Ellipsoids and matriz-valued valuations, Duke Math. J. 119 (2003), 159-188.
[47] M. Ludwig, Minkowskt valuations, Trans. Amer. Math. Soc. 357 (2005), 4191-4213.

[48] M. Ludwig and M. Reitzner, A classification of SL(n) invariant valuations, Ann. Math., in
press.

[49] E. Lutwak, On some affine isoperimetric inequalities, J. Differential Geom. 23 (1986), 1-13.
[50] E. Lutwak, The Brunn—Minkowski-Firey theory. I. Mized volumes and the Minkowski prob-
lem, J. Differential Geom. 38 (1993), 131-150.

[61] E. Lutwak, The Brunn-Minkowski-Firey theory. II: Affine and geominimal surface areas,
Adv. Math. 118 (1996), 244-294.

[62] E. Lutwak and V. Oliker, On the regularity of solutions to a generalization of the Minkowski
problem, J. Differential Geom. 41 (1995), 227-246.

(53] E. Lutwak, D. Yang, and G. Zhang, L, affine isoperimetric inequalities, J. Differential Geom.
56 (2000), 111-132.

[64] E. Lutwak, D. Yang, and G. Zhang, A new ellipsoid associated with convez bodies, Duke
Math. J. 104 (2000), 375-390.

[55] E. Lutwak, D. Yang, and G. Zhang, Sharp affine L, Sobolev inequalities, J. Differential
Geom. 62 (2002), 17-38.

[56] E. Lutwak, D. Yang, and G. Zhang, On the L, Minkowski problem, Trans. Amer. Math. Soc.
356 (2004), 4359-4370.

[57] E. Lutwak, D. Yang, and G. Zhang, Optimal Sobolev norms and the L, Minkowski problem,
Int. Math. Res. Not. 2006, 1-21.

[58] V.G. Maz’ya, Classes of domains and imbedding theorems for function spaces, Dokl. Akad.
Nauk. SSSR 133 (1960), 527-530.

[59] J. Moser, A sharp form of an inequality by Trudinger, Indiana Univ. Math. J. 20 (1970/71),
1077-1092.

[60] C. M. Petty, Isoperimetric problems, Proc. Conf. Convexity and Combinatorial Geometry
(Univ. Oklahoma, 1971), University of Oklahoma, 1972, 26-41.



20 CHRISTOPH HABERL, FRANZ E. SCHUSTER, AND JIE XIAO

[61] G. Pdlya and G. Szegd, Isoperimetric inequalities in Mathematical Physics, Ann. Math. Stud.
27, Princeton University Press, Princeton 1951.

[62] B. Ruf, A sharp Trudinger—Moser type inequality for unbounded domains in R2, J. Funct.
Anal. 219 (2005), 340-367.

[63] R. Schneider, Convez bodies: The Brunn—Minkowski theory, Cambridge Univ. Press, Cam-
bridge, 1993.

[64] A.J. Stam, Some inequalities satisfied by the quantities of information of Fisher and Shan-
non, Inform. and Control 2 (1959), 255-269.

[65] G. Talenti, Best constant in Sobolev inequality, Ann. Math. Pura Appl. 110 (1976), 353-372.

[66] G. Talenti, On isoperimetric theorems in mathematical physics, in: Handbook of convex
geometry, P.M. Gruber and J.M. Wills, eds., North-Holland, Amsterdam 1993.

[67] G. Talenti, Inequalities in rearrangement invariant function spaces, in: Nonlinear Analysis,
M. Krbec, A. Kufner, B. Opic, J. Rdkosnik, eds., Function Spaces and Applications, vol. 5,
177-230, Prometheus, Prague (1994).

[68] N.S. Trudinger, On imbeddings into Orlicz spaces and some applications, J. Math. Mech. 17
(1967), 473-483.

[69] F.B. Weissler, Logarithmic Sobolev inequalities for the heat-diffusion semigroup, Trans. Amer.
Math. Soc. 237 (1978), 255-269.

[70] J. Xiao, The sharp Sobolev and isoperimetric inequalities split twice, Adv. Math. 211 (2007),
417-435.

[71] G. Zhang, The affine Sobolev inequality, J. Differential Geom. 53 (1999), 183—202.

INSTITUTE OF DISCRETE MATHEMATICS AND GEOMETRY, VIENNA UNIVERSITY OF TECHNOLOGY,
WIEDNER HAUPTSTRASSE 8-10, 1040 VIENNA, AUSTRIA
E-mail address: christoph.haberl@tuwien.ac.at

INSTITUTE OF DISCRETE MATHEMATICS AND GEOMETRY, VIENNA UNIVERSITY OF TECHNOLOGY,
WIEDNER HAUPTSTRASSE 8-10, 1040 VIENNA, AUSTRIA
E-mail address: franz.schuster@tuwien.ac.at

DEPARTMENT OF MATHEMATICS AND STATISTICS, MEMORIAL UNIVERSITY OF NEWFOUNDLAND, ST.
JouN’s, NLL A1C 5S7, CANADA
E-mail address: jxiao@mun.ca



