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Abstract

The b-adic diaphony is a quantitative measure for the irregularity of distribution
of a sequence in the unit interval. In this paper we show that the b-adic diaphony of
digital (0, 1)-sequences satisfies a central limit theorem. Further we show a relation
between the functions ij and 1y, which appear in the formulas for the classical di-
aphony and the b-adic diaphony of digital (0, 1)-NUT-sequences respectively. This
relation implies that the expected value of the squared classical diaphony over all
digital (0,1)-NUT-sequences is given up to a constant by the squared b-adic di-
aphony, which has the same value for any digital (0, 1)-sequence over Zj,.
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1 Introduction

The classical diaphony Fi (see [I§] or [0, Definition 1.29] or [13, Exercise 5.27, p.162]) of
the first IV elements of the sequences w = (,,)n>0 in [0, 1) is given by

1/2
N—1 2\ 1/

1 Tikxy,
Nzez k

n=

— 1
Fy(w) := 22@
k=1

It is well known that the classical diaphony is a quantitative measure for the irregularity
of distribution of the first N points of a sequence: A sequence w is uniformly distributed
modulo one if and only if limy_,o Fy(w) = 0.

In [12] Hellekalek and Leeb introduced the notion of dyadic diaphony which was later
generalized by Grozdanov and Stoilova [10] for general integers b > 2. This b-adic di-
aphony is similar to the classical diaphony but with the trigonometric functions replaced
by Walsh functions in base b. Before we give the exact definition of the b-adic diaphony
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we recall the definition of Walsh functions.

Let b be an integer. For a non-negative integer k& with base b representation k =
Ka_10"' 4+ - -+ Kk1b+ Ko and a real x € [0, 1) with base b representation z = TEBt
(unique in the sense that infinitely many of the x; must be different from b — 1) the k-th
Walsh function in base b is defined as

pywaly(z) := e2ri@irottzara—1)/b,

Now we give the definition of the b-adic diaphony (see [10] or [12]).

Definition 1. Let b > 2 be an integer. The b-adic diaphony of the first N elements of a
sequence w = (,)n>0 in [0,1) is defined by

o\ 1/2

Fyn(w Zb

1 V=
— Z pwaly,(z,)
N n=0

where a(k) is the unique determined integer a such that o < k < 1. If b = 2 we also
speak of dyadic diaphony.

The b-adic diaphony is a quantitative measure for the irregularity of distribution of a
sequence: a sequence w is uniformly distributed modulo one if and only if limy_,o Fp n(w) =
0. This was shown in [I2] for the case b = 2 and in [I0] for the general case. Further
it is shown in [2] that the b-adic diaphony is — up to a factor depending on b and the
dimension s — the worst case error for quasi-Monte Carlo integration of functions from a
certain Hilbert space Hyal s, which has been introduced in [4].

Throughout this paper let b be a prime and let Z; be the finite field of prime order
b. We consider the b-adic diaphony of a special class of sequences in [0, 1), namely of
so-called digital (0, 1)-sequences over Z;,. Here 1 is the dimension of the sequence and 0 is
the (best possible) quality parameter. This is a special case of digital (¢, s)-sequences over
Zy, which were introduced by Niederreiter [14], [I5] in a more general setting and provide at
the moment the most efficient method to generate sequences with excellent distribution
properties.

Before we give the definition of digital (0,1)-sequences over Z, we introduce some
notation: For a vector ¢ = (¢1,¢2,...) € Zy° and m € N we denote the vector in Z}"
consisting of the first m components of ¢ by c(m), i.e. ¢(m) = (c1,...,¢n). Further let
c; denote the ith row vector of the matrix C.

Definition 2. Let b be a prime and C' a N x N matrix over Z;, with the property that for
every m € N the vectors

ci(m),...,cp(m)

are linearly independent.
For n > 0 let n = ng + n1b + nyb? + - - be the base b representation of n. Multiply the
vector n = (ng,ny,...)" € Z° by the matrix C,

C-n=:(2,(1),2,(2),...)" €Z,



and set
2, = Tn(1) T Tn(2)
b b?
Every sequence (z,,),>0 constructed this way is called digital (0, 1)-sequence over Z;,. The
matrix C' = (¢; ;)i j>1 is called generator matrix of the sequence. If the generator matrix
C' is a non-singular upper triangular matrix the sequence is called a digital (0,1)-NUT-
sequence.

For example if we choose as generator matrix the N x N identity matrix, then the
resulting digital (0, 1)-sequence over Z; is the well known van der Corput sequence in
base b. Hence the concept of digital (0,1)-sequences over Z, is a generalization of the
construction principle of the van der Corput sequence.

To guarantee that the points x,, belong to [0,1) (and not just to [0, 1]) we need the
condition that for each n > 0 infinitely many of the x,(i) are different from b — 1. This
condition is always satisfied if we assume that for each » > 1 we have ¢;, = 0 for all
sufficiently large 7. Throughout this article we assume that the generator matrix fulfills
this condition (see [I5, p.72] where this condition is called (S6)). More information about
(t, s)-sequences can be found in the books [I5] and [3].

In this article we pursue two main goals:

1. We want to extend the central limit theorem for the dyadic diaphony of digital
(0, 1)-sequences over Zy (see [16, Corollary 2.4]) to the b-adic diaphony for primes
b > 2. This will be done in Theorem [ in Section [2

2. We want to show a relation between the functions ng and 1, which appear in the
formulas for the classical diaphony and the b-adic diaphony of digital (0,1)-NUT-
sequences in base b, see Proposition [ in Section [2J This relation will imply that
the expected value of the squared classical diaphony over all digital (0,1)-NUT-
sequences is given up to a constant by the squared b-adic diaphony, which has the
same value for any digital (0, 1)-sequence over Zy, see Theorem @ in Section .

For the classical diaphony it was proven by Faure [7, Theorem 4] that
471'2 > S5 N
e = o () )
]:

where w is a digital (0, 1)-NUT-sequence over Z,. Here ng are certain functions depend-
ing on the generator matrix C', which are defined in the following way (see [7]):

Let b be a prime and ¢ be a permutation of Z;,. Set

For any integer h, 0 < h < b — 1, the function ¢, : R — R is defined as follows. Let k

be an integer with 1 < k& < b. Then for x € [%, %) we set

o (1) A([0,2) k,Zg) —he  if0<h<o(k—1)
P (b= h)e — A([21) K, Z7) ifo(k—1) <h<b,
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where A([a, ), k,Z{) is the number of indices n such that 1 < n < k and Z7(n) €
[, 3) € [0,1); then the function ¢f, is extended to the reals by periodicity. Note that

SDb,o =0.
Thus we have associated b functions with the pair (b, 0):

o

J— a o
Y0 = 0, Gp1s- - Phb1-

For a given pair (b,0) we set now

b—1 2
Xp = bz SObh (Z ngh> :
h=0

For x € Z let [z], denote the remainder of z, when divided by b, i.e. [z], € {0,1,...,b—1}.

For simplicity we omit from now on the subscript b, i.e. [z] = [z],. For j > 1 the
permutation d; of Z;, is defined as

5 <0 12 . b1 )

=0 ¢ pdl - (b-1e)

where C; are the diagonal entries of the generator matrix C'.

For the b-adic diaphony the author showed in [8, Theorem 6] that

(NFyn(w))? = Z Wy (bu) (2)

for any digital (0, 1)-sequence over Z;. Here the function v, does not depend on the
generator matrix C', so the b-adic diaphony is invariant for all digital (0, 1)-sequences over
Zy. The function 1)y, is defined as follows:

Definition 3. Let S be an integer in {1,...,b—1}. For x € [%,7%1), je{0,....b—1}

we set A
1z—1 J
b1\ Ty

where 25 = 08 = pwal; (%), then the function is extended to the reals by periodicity.

2

B2(b2 — 1)

y(x) = ——

)

The function v, is now defined as the mean of the functions 1/)5 ;

—_

b—1

The functions ng appearing in and 1, appearing in have a similar structure
(see [I, Propriété 3.3, Propriété 3.5 (ii)] and [8, Lemma 11]):

1xy (z) = dy(x) = ZE122 for 2 € [0, 1),

8; .
2. x,’ and v, are continuous,



3. on intervals of the form [%, ﬂ) the functions Xij and 1, are a translation of the

b
parabola %x?
We use the following notation: For ¢ € {1,...,b— 1} let x§ denote the function x§
with the permutation o of Z, given by.

(01 2 .- b—1
7N ¢ 2 - [(b=1)])"
Note that X?E{xé,...,xg_l} for all 5 € N. For b = 2 and b = 3 the functions 5 and xj

are the same. This can be easily calculated. Hence we have for any digital (0,1)-NUT-
sequences w over Zsy and Zg

Fon(w) = ?FN(w) and Fs y(w) = ?FN(W) (3)

respectively. l.e., the classical diaphony and the b-adic diaphony of any digital (0, 1)-
NUT-sequences w over Z; are for b = 2,3 up to the constant \? the same. For greater
values of b this is no longer true. The aim of this paper is now to prove a relation
between the functions xj and v, see Proposition This will imply that the squared
(invariant) b-adic diaphony of a digital (0, 1)-sequence over Z, is the expected value over
all (0,1)-NUT-sequences of the squared classical diaphony, see Theorem |§|

2 Results

We will show a central limit theorem for the b-adic diaphony of digital (0, 1)-sequences
over Zy.

Theorem 4. Let b be a prime and w be a digital (0, 1)-sequence over Zy. Then for any
real y we have

pm
=®(y) +o(1)  (asm — o),

logy N+ y75 25920

2 _ 4 _ 2
{N<bm:(NFb,N(w))2§b 1 12 [log, N(b* — 1)b }|

where

1 v e

denotes the normal distribution function and log, denotes the logarithm to the base b.
Le., the squared b-adic diaphony of a digital (0, 1)-sequence over Zy satisfies a central
limat theorem.

The proof of this theorem will be given in Section [3]

For b = 2 and b = 3 the functions i, and xj are the same. For greater values of b
this is no longer true, i.e. the functions xj depend on the parameter ¢, but we have the
following nice relation between 1), and xj:



Proposition 5. Let b be a prime and ¢y, and xj as above, then we have

b—1
o) = 5 S xi) g

The proof of this theorem will be given in Section [4]

For b = 2 and b = 3 the classical and the b-adic diaphony are up to a constant the
same, see . For b > 5 such a simple relation is no longer true, but we still have a relation
between the classical diaphony and the b-adic diaphony of digital (0,1)-NUT-sequences
over Zy.

Theorem 6. The expected value of the squared classical diaphony over all (0,1)-NUT-
sequences over Zy 1S given by

E((NFy())’) = 5 (NFo)”

where (N F, n)? is the squared b-adic diaphony of any digital (0, 1)-sequence over Zy,. (Note
that the b-adic diaphony is invariant for all digital (0, 1)-sequences over Zy.)

Proof: For (0,1)-NUT-sequences the diagonal entries must be in {1,...,b — 1}. If we
consider the expectation of the diaphony over all (0,1)-NUT-sequences, each diagonal

entry appears with the same probability 1/(b — 1). The functions ng can therefore be
replaced by Zc_l Xi(z) = ¥p(x) and we have

E((NFy(w =bi§:j 1blxz(g)— Zwb() (N

c=1

3 Proof of Theorem 4

For the proof of this theorem we will need the following central limit theorem [I7, Theo-
rem 2.3.1].

Theorem 7. Suppose S,, is given by

where X; = {/U}, U a random variable that is uniformly distributed modulo 1, and f;
are uniformly bounded and uniformly Lipschitz continuous. If the variance of S, satisfies
V(Sm) = m® for some a > 2/3, then S, satisfies a central limit theorem:

Sp — E(Sm)

— N(0,1).
V(Sm)



Remark 8. One can easily check, that the above theorem also holds with the slightly
weaker condition V(S,,) > m® for all m > my, for some o > 2/3 and m, € N.

Lemma 9. The function vy is Lipschitz-continuous.

Proof: Let z,y € [£,21], j € {0,...,b— 1}. On this interval ¢, is a translation of the

parabola #x and therefore Llpschltz continuous with constant Cj.
Let z € [% %) y € [L ”—1), l,j€{0,...,b—1},1> j,and C := maxje(o,. p-1} Cj, then

55 )b €Y, 0= 1 0>, and O i= maX,eqo,...,
we have
[Us(y) — Pu()]
) [—1
w() - (5)] =

<[t - (5)| +

w (1) - v

l A | 741
< _ - J-
_C"y b‘+0’b 2 ’—l— +C 2 T
=Cly — x|
So we have shown that 1, is Lipschitz-continuous. O

We will apply Theorem [7] to
=1

where X is uniformly distributed on [0,1). The function v, is bounded (see [§, Lemma
12] and Lipschitz continuous (see Lemma[9). Now we have to compute E(S,,) and V(S,,).

Lemma 10. With S, as in (@, we have

~ mb(b* - 1)

E(Sm) = 72
mb?(b* —1)  B(1+b+b?)(1—b27)
V(Sm) = 25920 + 12960 '

Proof: In the following we will use the two formulas

e bz _

3
k:ls

1
Lol —b), forle {—b,...,b}, (6)

(see [3, Corollary A.23]) and

b—1 2mi kl 1

Zezmk J=bol forle {10} (7)

k=1

which can be easily deduced from @ in the following way.

S L R R ] (2L



b—1  2mig 2mi 2mi
e FU=L) Tk oStk 1]

4 sin® (kb”)

k=1

b—1.

=

Let pe{l,...,b—1} and j € {0,...,b— 1}, with the abbreviations

27t 9 271 Q.
1 51 1 51
A - R’e 27rze : 27 and BIB J - Im 27rze : 27
bebﬂ(ebﬂ_l) bebﬂ(ebﬁ—l)

the function wf on the interval [%, ]%1) equals

.12

b2(b? — 1 , J
z/f(az) = (—) Agj+iBgj+x— 5
12 b
We have
b—1 b—1 271
1 e3hPi—1
Z Aﬁﬂ = Z R’e <_ 27r7, 27mi )
A=1 5=1 be v bi(e™? —1)
_ ! Re bi e%—ﬁ(bij) ! _J
b 51 62;”5 —1 b
and
b—1 b—1 2mi 2
1 e P -1
Z(A%, + Bé, ) = Z 7 271 271
le J J B:]_ beT’B (e b ﬁ — 1)

() ()
TER () (e




mb2b+ “’i 1 Aﬁ] Agﬁgg’j
33 T e b

M

0 B=1

). mb(b2 —
72

Now we compute V(S,,).

E(S2) :/ Zziﬂb(xbw)wb(xb”)dx

:wlvz; e Up(x)y (bw v> dx + wz:lvzw;l —U/ Uy () (bv w) dz
t Zm: biw b Py(z) dr
w=1 0
m w1 o
SN [ e () e
mom po—w
PNy AC O

0

bk /o bk
1 b—1 (j+1)bk—1 1 b—1 b—1 % .
i (2)
bk jZO l;k (b—1)2 e =1/f, p (2)Uy bk T
=j n
(b2 — 1)? b—1 (GH1bF =1 bp—1 b1
~ 1446 — 1) 2
144(b 1) b J=0 =50k B=1n=1
H l 2 v j 2
[ Aﬁ,l—FiBﬁ’l—i-l‘—g Anj+iB77]+b_k E dz
b
- bF—1 b-1 b—1
b+ 1 9 b—1 (j+1
B Z 2 22
J=0 1=jbk B=1n=1
x 1= bk
/ |[Aps+iBgs+al* | Ay +iBy; + o T T dx

— Wk —1
bA(b+1)2 LA U7
= o 144pF Z Z I(j,k,1).
Jj=0  [=jbk

Let now Cj,; = lb_k%blk and a € {0,...,b— 1} such that [ = rb + a. Note that in the case

9



k=0 we have | = j = a and Cjo; = 0. With (8) and (9) we obtain
1
k1) =30 Y (434 B, + B,);
9 9 1 5 1 1
+(Ass + Boa) | gpangs T Cinayy + Cimigims
1 1 1
+ (43, + B3 ) A, (bm +2C; b) + Ag(AZ; + Bg])b2
1 , 1 4 4 2
+ Ag, <2b2k+4 + 5 ikl B2 + Cj}k,lW) + Agi Ay (W + Cj,k,zbj)

| | 2
2 2
(g Bl + A <2bk+4 " CJ”“”%)

1 , 1 1
" (wm * Cinag C%T)]

alb—a)j(b—7)1 alb—a)(b—1) 1 5 1 1
= b4 E + b2 3b2k+3 + ijkvlg + Cj’k’lw
alb—a)j (1 1 aj(b—j) 1
-G (20 ) -
a(b—1) 1 5 1 4 aj 4 2
) (252k+4 +Gj kA2 + ijk,l—%mg) + w2 \ 3pers + Cj,k,lb—2
jo—j-1) 1 40-1)( 1 2
* B 3 b\ T Ckigg
1 1 1
2 2
+(b—1) (5b2k+5 + C k33 CJ@WW) :
For k& > 0 we obtain now
-1 (j+1)pF -1 p—1
(b + 1)? <2
== —-——— ] ] k b
Te= =TI 2 ‘ (kb + a)
J=0  r—jpk—1 a=0
LB - 1) (=1 b (1 +b— 56%))
N 25920 ‘
For k = 0 we obtain
b b+ 1) =
= I(
VYT Z (7,0.7)
(- 1)b(b+ 1) (14+b6(3b—1))
N 12960 '
Now we have
V(Sm) = E(S;,) — IE(Sm)2
m w—1
(bZ _ 1)2b2
= Jw v T Jv w +mJy — e —

10



_ mb*(b* - 1) N V(14 b+ b*)(1 —b—2m)
25920 12960 '

Remark 11. For b = 2 we obtain

m m 7(1—272m
B(S,) = 0 and (5,,) = o4 2T

as in [16, Proof of Corollary 2.4].
The idea of the following proof is the same as in [, Proof of Theorem 2], see also [17].

Proof of Theorem [4: Let M = ™. We will not prove the limit relation of Theorem
but

logy M +y73 25920

=®(y) +o(1) (as m — 00). (10)

<| -

b -1 12 [log, M(b* — 1)12 H

{N <M : (NF[LN((U))Z <

It is easy to see that both limit relations are equivalent. This follows directly by restricting
N with M/(log M) < N < M. Of course, N with N < M/(log M) do not matter in the
limit. For the remaining ones we have |log M — log N| < loglog M and this difference
does not matter in the limit either.

The idea of the proof of is to use and approximate (NFj, y(w))? as a sum of
weakly dependent random variables.

We use now the same argument as Drmota et al. in [5, Proof of Theorem 2] (for the
case b = 2) for general primes b, see also [I7]. Since M = b™, the digits N; of the b-adic
expansion N = Ny + bN; + --- + 0™ I N,,_; can be considered as independent random
variables that are uniformly distributed on {0, 1,...,b—1} (by assuming that all numbers
N < b™ have equal probability b6~™). Then

. N _N'r—l N’r—2 NU
Ur_{bT}— R

is very close to a random variable that is uniformly distributed on [0,1). In fact we
can add missing digits N_1, N_o,... that are independent and uniformly distributed on
{0,1,...,b— 1} and get

[e.e]

N_;
(7/ U E J
r - T br""j.
j=1

Then U/ is exactly uniformly distributed on [0,1) and |U, — U] < b7".

Furthermore, U, and U, get more and more independent as k gets large. More precisely,
U, — b *U, and U, are independent. This means, that a slight modification of order b=*
makes U, and U, independent.

Note that

CNE (@) = 3 a(U) + 0()

for all N < b™ (see [8, Proof of Corollary 9]). Thus, & (N Fy n(w))? can be represented

12
(up to a small error term) by a sum of weakly dependent random variables.

11



We further note that the above smoothing by introducing missing digits can be also
obtained by considering the following slight variation of the above probability model. Let
N be a random variable that is uniformly distributed on [0,5™), then U, = {N/b""'} is
uniformly distributed on [0, 1) and the common distribution of (U )1<r<m is the same as
that of (U])1<r<m. Furthermore, if we set £ = N /b and V, = Upp_rs1 then € is uniformly
distributed on [0, 1) and

V. = {ev}.

Since |V, — Up—ri1| < b=(m=7+1) and 1)y, is Lipschitz continuous we also have

RN =30 () +o
= ;@/Jb (WLTH) +0(1)
= ém(&b”) + XZ (wb <bm_—N+l> - wb<§b7“)> +0(1)

= (&) + O(1).

Now by Theorem [7] it follows that

S = Z Uy (ED")

satisfies a central limit theorem. With Lemma [10] we thus have
S —m(b* —1)b/72

mbiDR bbb -2
25920 12960

— N(0,1) (as m — 00)

and also all moments converge. Since (NF,n(w))? = 35S, + O(1) we get up to the
factor 12/b* the same limit relation for (NFj x(w))? if N is uniformly distributed on
{0,1,...,0™ — 1}. In the limit the second term of the variance can be neglected and the
result follows. O

4 Proof of Proposition

Since 1, and x§ are on intervals of the form [¥, 5] k€ {0,...,b— 1} translations of the
same parabola, it is enough to show that equation ( . holds for r=15,k=0,1,...,b. In

the case where b = 2, the functions ¢, and xj are the same, so we consider henceforward
only odd primes b. Since 1,(0) = x§(0) = 0 we assume in the following k£ > 1.

From the definition of the functions ¢f, we get

i (§) = {0y n (05 ) <t
k —
3 =




2
With xj = bZh o(% h) <Zh —0 % h) we get

c=1 c=1 h=1 c=1 h=1
b—1 b1 -1 b1 1
b 2k k2
:b——lz A e b 1Zh2Ahbkc+€ h?
=1 h=1 h=1 =1 h=1
e b—1 b1 Kb 1)?
i — (Z Ah,b,k,c) + k Z Z Anp ke 1
=1 \h=1 h=1 =1

We will need the following three lemmas to simplify the above expression.

Lemma 12. For h #0, k> 1, b a prime, we have

b—1
> Anpge=b+hk—h—k

c=1

Proof: We have

b—1 h—1 b—1
S Anpre=d > {l€{0,...,k—1}: lc=j mod b}
c=1 j=0 c=1
b-1 h—1b-1 k-1
:ZHZG{O,...,I{:—l}:lczOmodb}H— Z
=1 j=1c=1 =1
lec=j mod b
h—1 k-1  b-1 h—1 k-1
=b—1+ Y o1=b-1+ 1
I e b g=ti=t
=b+hk—h—k

Lemma 13. For k > 1, b a prime, we have

b—1 b—1 b—1 k—1 k-1
c=1 h=1 c=1 1=0 [—o

Proof: Since App i = k we have
b—1 b—1
Af e =— b_1k2+ZZAhbkc
e=1 h=1 =1 h=1

13

b—1 b—1 b-—1 2 b—1 b—1
LS 1 5 kh S kh
b——l Xb (6) = Tl b (Ah,b,k,c - 7) - b——l ( (Ah,b,k,c - 7
b



i

2

=0

J mod b

lc

AL

o

=
AL
I_I

=—(b—1)k?

1

b
max([ld],[lc])+1

0 h=

b—1 k—1 k-1

(b—1)%k?* — ZZZmaX

([lel, ic]).-

=0

[

=1 1

C

, b a prime, we have

Lemma 14. For k > 1

b—1
E Appke
h=1

Proof: Since App . = k we have

b—1
c=1

2

) |

b
E Appic
h=1

1

b—1
c=

b—1

b
(b—DE =2k) > Anpre+ Y
1 h=1

C

We proceed as in the proof of Lemma [13| and get:



Together with Lemma [12] this gives the desired result.
With Lemma [12] Lemma [13] and Lemma [I4] we have now

= NN ; b ([ic]
_1sz > = (—1) b—lz Zmax q,
st c=1 =0 [j—o
b—1
9 k% (b—1)b(2b — 1)
_b__lglh(mhk—h—k) n 6
b—1 k—1 k—1 -
=1 1=0 [:0
b—1 /{32(b2—1)
+hY (b+hk—h—k) = ———
h=1
b—1 k—1 k—1
1)k(2b — bk — 1 I
:(b—i- )k<21b2 bk — k) — ZZ (bmin([lc], lC — [lc][lc])
e=1 1=0 j—
b—1 k—1 k—1
1)k(2b — bk — 1 I
_(b+ D)k( 1b2 b = &) o7 20 >0 > (bmin((d], 1)) — [d][iI"]).
c=1 1=1 [

We will need the following lemma, which will be proved afterwards.

Lemma 15. Let b be a prime and a € {1,...,b—1}. We have

! _ bp*—1) a=1,
;wmm([c],[ac])—[cnacnz{@ o

With this last lemma we get
(b+1)k(2b—bk — k)  k(k—1)b(b*—1)

ZXb( )_ 12 T T TR

_ (b+1)1k:2(b—k) . (g) |

where we have used [§, Lemma 13] for the last equality. This finishes the proof of Propo-

sition Bl O

Proof of Lemma The case a = 1 is easy:

S mintel ) - ) = S ) = 4021

From now on let a € {2,...,b— 1} be fixed and let |-] and [-] denote the floor and ceiling
function respectively. We have

b—1

= (bmin([d], [ac]) - [¢][ac])

c=1
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=> | Y. o-olac—w)+ > cb—ac+ib)

b (+1)b
u71§C< a

b—1 a—1
=— Zac2 + Z Z (1 + a)bc — 1b%) + Z (I+1)be
c=1 =0 %§c<% %§C<(l%l)b

We set now z; := (%W and y; 1= (%w and note that xg =0,y =0 and z, = b,y,_1 = .

We have

a(b—l (2b—1) <[4 ey
Y= +Z Zl+abc—l62+ Z (I + 1)be

:_a(b—l (20— 1) +Z( e _21)(yl_xl) — Wy — w)
=0
($z+1 +y = (@1 —w)

+(I+1)b 7 >

_ (b—l (2b— 1) Z( iy — 1) = 0 (y — )
(i +a)b (L+1)b

i x(x — 1) + 5 T (T — 1>>
D S (- 1) - — ) - - )

+ lz:; %%(ﬂ - 1)

- E 2 2]l
_ zj_%b {%J Q%J +1) 12 VSJ I

Note that £ is not an integer for [ € {1,...,a—1} and therefore we can write [-] = |-]+1.
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So far we have

b(b+ 1)(a — 3b+ 2ab)
6

Y

Our goal is now to find a closed formula for g(b, a). We will need the following lemma.

Lemma 16. Let m,n be positive and co-prime and let i(I,m,n) € {0,...,n — 1} such
that i(l,m,n) = lm mod n. Then we have

| 2 ’
) :‘: V%”LJ? _(m? - 1)(716; DEn-1) %’gz(l’m’n) {%mJ |
5 : - {%J _ (m? - 1)(n6— DEn-1) j:jl(l’m’n) {@J

Proof: Use that {i(l,m,n) : I = 1,...,n —1} = {1,...,n — 1}, since m and n are
co-prime, and %m = V;mj + Umn) - Then the above results follow by easy calculations. O

With the above lemma we get now

—_

sy — = 1)(a1—2 DR S50 {%J
_abla—=1)(b—1) N b(b* —1)(a —1)(2a — 1)
1 6
~53il,b,a) {%J +w
b(b 1) (a—1)(1+a— b+ 2ad)
B 12

and hence from equation it follows that

b—1
: b(b* —1)
S min([e [ac)  [elfac]) = 1)
c=1
This finishes the proof of Lemma [15] O
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