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Abstract

Higher order polynomial lattice point sets are special types of dig-
ital higher order nets which are known to achieve almost optimal con-
vergence rates when used in a quasi-Monte Carlo algorithm to approx-
imate high-dimensional integrals over the unit cube. The existence of
higher order polynomial lattice point sets of “good” quality has re-
cently been established, but their construction was not addressed.

We use a component-by-component approach to construct higher
order polynomial lattice rules achieving optimal convergence rates for
functions of arbitrarily high smoothness and at the same time — under
certain conditions on the weights — (strong) polynomial tractability.
Combining this approach with a sieve-type algorithm yields higher
order polynomial lattice rules adjusting themselves to the smoothness
of the integrand up to a certain given degree. Higher order Korobov
polynomial lattice rules achieve analogous results.

*The support of the Australian Research Council under its Centre of Excellence Pro-
gram is gratefully acknowledged.

fThe support of the Australian Research Council under its Centre of Excellence Pro-
gram is gratefully acknowledged. The author is supported by an Australian Research
Council Queen Elizabeth IT Research Fellowship.

J.G. is supported by the Austrian Science Foundation (FWF), Project P21943

SF.P. is supported by the Austrian Science Foundation (FWF), Project S9609, that is
part of the Austrian National Research Network “Analytic Combinatorics and Probabilis-
tic Number Theory”.



1 Introduction

Quasi-Monte Carlo rules are equal weight integration formulas used to ap-
proximate integrals over the unit cube [0, 1]*, where the dimension s is typi-
cally large. In particular, one approximates an integral I(f) = f[Oal}S f(x)dx
by

N—-1
Qn.s(f) = % > f(@,) where zo,...,xy_1 €[0,1)".
n=0

Popular choices for the underlying integration nodes g, ...,xy_1 € [0,1)*
are either lattice point sets (see [16, 17]) or digital (¢, m, s)-nets (see [14, 16]);
in this paper, we focus on digital nets.

Recently, digital higher order nets were introduced by Dick [5] which in-
clude digital (¢, m, s)-nets as special cases and have the appealing property
that they can exploit the smoothness of the integrand under consideration.
This is not possible with ordinary digital (¢, m, s)-nets. To be more precise, if
the integrand under consideration has square integrable mixed partial deriva-
tives of order « in each variable, then digital higher order nets consisting of
N points can produce integration errors converging at a rate of N~**¢ with
arbitrarily small € > 0.

Having established the desirable properties of digital higher order nets,
we now address their construction. One possible method based on classical
digital nets was shown in [5, Section 4.4]. In this paper, we present construc-
tions independent of classical digital nets, instead we employ polynomial
lattice point sets, first introduced by Niederreiter [15, 16] as special cases of
classical digital nets, and later generalized in [10] as special cases of digital
higher order nets. Quasi-Monte Carlo rules using such point sets as integra-
tion nodes are nowadays known as (higher order) polynomial lattice rules,
see [11, 16] for more information. In [10] the existence of higher order poly-
nomial lattice rules achieving optimal convergence rates was established and
furthermore these rules were shown to achieve (strong) polynomial tractabil-
ity. However, being of probabilistic nature, the approach does not show
how to construct such point sets; see also [7] for a further nonconstructive
existence result based on the concept of a figure of merit.

In this paper we use a component-by-component (CBC) approach (an
idea first used in [18]) to produce higher order polynomial lattice rules achiev-
ing the optimal rate of convergence for functions having higher order mixed
partial derivatives, see Algorithm 1 and Theorem 3.1. Furthermore, by com-



bining the CBC approach with a “sieve”-type algorithm (as used in [4, 12])
we can even construct higher order polynomial lattice rules which automat-
ically adjust themselves to the smoothness of the integrand in terms of the
convergence of the integration error within a certain (arbitrarily high) range;
see Algorithm 2 and Theorem 4.2. We point out already here, that an anal-
ogous result for lattice rules is not known. Finally, analogous results are
obtained using so-called higher order Korobov polynomial lattice rules.

The structure of the paper is as follows: In Section 2 we recall higher order
polynomial lattice rules, discuss the function space under consideration and
present a result on numerical integration in this function space employing
higher order polynomial lattice rules. In Section 3 we use a CBC approach
to construct higher order polynomial lattice rules achieving optimal rates of
convergence for functions of a given smoothness and in Section 4 we show
how to construct higher order polynomial lattice rules achieving optimal
convergence rates for a given range of smoothness parameters using a CBC
sieve algorithm. Finally, in Section 5, analogous results for higher order
Korobov polynomial lattice rules are established.

2 Preliminaries

In this section we introduce higher order polynomial lattice rules which can
achieve arbitrarily high convergence rates, the function space under consid-
eration, and a result on numerical integration in this function space when
using higher order polynomial lattice rules.

2.1 Polynomial lattice rules for arbitrarily smooth func-
tions

For a prime b let Z;, be the finite field with b elements and let Zy((z™!)) be
the field of formal Laurent series over Z;. Elements of Z((z™')) are formal

Laurent series,
oo
L= E tlﬁ_l,
l=w

where w is an arbitrary integer and all ¢, € Z,;. Note that Z,((z™')) contains
the field of rational functions over Z, as a subfield. Further let Z;[x] be the
set of all polynomials over Zj,.



For an integer n let v, be the map from Z,((z™!)) to the interval [0, 1)

defined by
Un <Z tll'_l) = Z tlb_l.
l=w

l=max(1,w)

Furthermore, we write h for vectors over Zy, h for vectors over Z or R and
denote polynomials over Z;, by h(x) and vectors of polynomials by h(x).
Given an integer h with b-adic expansion h = Y~ h,b", we denote the
associated polynomial by h(x), which is given by

and vectors of associated polynomials are denoted by h(x). For arbitrary
k(z) = (ki(z),...,ks(x)) € Zp|x]® and q(z) = (1 (), ..., qs(x)) € Zp[z]®, we
define the “inner product”

k(z) - q(r) = Z kj(x)q;(x) € L],

and we write ¢(z) = 0 (mod p(z)) if p(x) divides q(z) in Zy[z]. The following
definition of higher order polynomial lattice rules given in [10] is a slight
generalization of the definition from [15], see also [16].

Definition 2.1 Let b be prime and let 1 < m < n be integers. For a
given dimension s > 1, choose p(z) € Zy[z] with deg(p(z)) = n and let

@1(x),...,qs(z) € Zp[z]. Then S, mn(q), where ¢ = (¢:(),. .., ¢s(x)), is the
point set consisting of the 0" points

Tha) = (vn (%) S (%)) € [0,1)°,

for h(z) € Zy|x] with deg(h(x)) < m. A quasi-Monte Carlo rule using the
point set S, ,.n(q) is called a polynomial lattice rule.

Remark 2.1 Using similar arguments as for the classical case n = m, see
[15, 16], it can be shown that the point set S, ., »(q) is a digital net in the
sense of [5] which can be seen as a generalization of the classical definition of



digital nets according to Niederreiter [11, 14, 15, 16]. The generating matrices
Ch,...,C5 € Zy™™ of this digital net can be obtained in the following way:
For 1 < j < s consider the expansions

) § 00t e 2407,

l=w;

where w; € Z. Then the elements c(j

given by

of the n x m matrix C; over Z; are

Cl(r) = 1(21 <€ Ly,

for1<j<s51<I<n,0<r<m-—1.

We remark here that for our results only the degree of the polynomial p(x)
is important and not the specific choice of p(x) itself (we assume though
that p(z) is irreducible, but this assumption could be removed by a more
complicated analysis).

2.2  Walsh functions and the function space %, 5

We now define the space of functions we are going to study. This function
space is based on Walsh functions whose definition is recalled in the following.

Let Ny denote the set of nonnegative and N the set of positive integers.
Each k € N has a unique b-adic representation k = > 7, k;b" with digits
ki € {0,...,b— 1} for 0 < i < a, where K, # 0. For k = 0 we have a = 0 and
ko = 0. Similarly, each 2 € [0,1) has a b-adic representation x = oo &b~
with digits & € {0,...,b— 1} for i > 1. This representation is unique in the
sense that infinitely many of the & must differ from b — 1. We define the kth
Walsh function in base b, wal, : [0,1) — C by

walg(z) = exp(2mi(& ko + -+ - + Ear1Ka) /D).

For dimension s > 2 and vectors k = (ky,...,ks) € NS and x = (xq,...,z5) €
[0,1)° we define walg : [0,1)* — C by

walg(x H Walk ().



It follows from the definition above that Walsh functions are piecewise
constant functions. For more information on Walsh functions, see, e.g., [2, 20]
or [11, Appendix A].

When studying integration errors resulting from the approximation of an
integral based on a digital net or digital higher order net or a (higher order)
polynomial lattice rule, it is convenient to consider the Walsh series of the
integrand f. In particular, for f € Ly([0,1]%), the Walsh series of f is given
by R

fl@) ~ Y flk)walg(), (1)
keNg

~

where the Walsh coefficients f(k) are given by

f("’) = (x)walg(x) de.

[0,1]*

In general, the Walsh series given in Equation (1) need not converge to f,
however, for the space of Walsh series %, 5 ~, which we define in the following,
it does, see also [5]. For more details on the convergence of Walsh series, we
refer to [5] or [11].

Throughout the paper we assume that b is a fixed prime, all polynomials
are over Zy and all Walsh functions are also considered in the same base b.

The function space under consideration in this paper is the space #;, s C
Ly([0,1]°) as introduced in [5]. Here v = (7;)52, is a sequence of positive
non-increasing weights, which are introduced to model the importance of
different variables for our approximation problem, see [19]. For s € N let
[s] :=={1,...,s} and for u C [s] let v, := [];c,7; be the weight associated
with the projection onto components whose index is contained in u. The
parameter «, which assumes values in N and satisfies o > 2, determines the
smoothness of the function space via the function p,(.), which we now define.

Given a positive integer k with base b expansion k = kb1 + xob%2 1 4
ot k™1 <a, <o <a,v>1and Ky, ...k, € {1, 0 — 1}, we
define 1o (k) := a1 + - - + Gmin(v,a). Furthermore we put 1,(0) := 0.

For k € Ny and a weight v > 0, we define a function

1 if k=0,
ra(7, k) = { Ab~#e k) otherwise. @)



If we consider a vector k € N§ of the form k = (k,...,ks), we set

ra(v. k) = [[ra(v. k).
j=1

Definition 2.2 The space %4~ C Ly([0,1]*) consists of all Walsh series
f= ZkeNg f(k)walg for which the norm

k
||f||Wa,S,,Y 1= sup M

keNg Ta (v, k) )

is finite.

For a > 2, the following property was shown in [5]: Let f : [0,1]* — R
be such that all mixed partial derivatives up to order « in each variable
are square integrable, then f € %, ;.. Furthermore, an inequality using a
Sobolev type norm and the norm in Equation (3) was shown in [5] establishing
that #,, s~ contains certain Sobolev spaces, see also [3, 6]. Consequently, the
results we are going to establish in the following for functions in %%,  » also
apply automatically to smooth functions. The assumption o > 1 is needed to
ensure that the sum of the absolute values of the Walsh coefficients converges.
For the case a = 1, which requires a different analysis, we refer to [9] or to
[11].

2.3 Numerical Integration in %, ;

We are interested in the worst-case error of multivariate integration in %, ;4
using a quasi-Monte Carlo rule Q= 5, which is given by

e(Qbm,sa %,s,’y) = sup |Is(f) - Qbm,s(f)|- <4>

f&W sy
11 #e, s,y <1

The initial error is given by

e(QO,s;%,s,'y) = sup ‘[S(f)‘ = HISH

feWa,s,‘y
”fHWa,s,’y <1
We denote the quasi-Monte Carlo rule based on a polynomial lattice point
set Spmn(q) by Qpm s(q) and the associated worst-case integration error by
epm o(q,p). The next proposition gives information on this quantity.



Proposition 2.1 Let b be a prime and o« > 2 an integer. Then the worst-
case integration error for multivariate integration in Wy s~ using the polyno-
mial lattice point set Sy m.n(q) is given by

ebM,a(QaP) = Z TO&(V) k)v
keZp(q)
where
Dp(q) = {keNj\{0}:k(z) q(z) =u(z) (mod p(z))
with deg(u(x)) <n —m}. (5)

Proof. Combine [5, Equation (5.2)] with the determination of the dual net
2 of a polynomial lattice from [10, Section 4]. O

Finally, the next proposition presents an expression for eym o(q, p) which
is computable; of course, such an expression is needed to implement the
algorithms presented in this paper.

Proposition 2.2 The worst-case integration error in W, s~ associated with
the polynomial lattice point set Sy.m.(q) satisfies

bm—1 s

€pm o (g5, 1) —_1‘1'_21_[ 1+ 7w $hj> @)), (6)

h=0 j=1
where, for x € [0,1), w(z,a) =D 1, ra(l, k)walg ().

Proof. Using Proposition 2.1 and [5, Lemma 4.2], we get

eb’”,a(qsvp) = Z Ta(77k)

keZp(q)
> ) Y e
= ’,”a s R
ke (q) h=0
pym_1
Walk(iﬁh)
= oy k) D St
> kY
keNs\{0} h=0

= —1 + — Z Z ro(y, k)walg(xh)

h=0 keNj



bm—1 s

— _1+—ZH Zm i k)waly(2,5)

h=0 j=1 Lk=0
bm—1 s

_ _1+_ Z H 1+ yjw(zny, a)).

O

We conclude this subsection by noting that an efficient implementation of
the function w(-,-) is presented in [1].

3 Component-by-component construction of
polynomial lattice rules

We propose the following algorithm to construct a polynomial lattice rule
that achieves higher order convergence. We remark that unlike the results
presented in Section 4, we only deal with a fixed « in this section. For ease of
notation, we proceed as follows: We use ¢ = q(x) € Zy[x], p = p(x) € Zy[z]
and u = u(x) € Zy[z]; also, if we consider the polynomial associated with an
integer k, we use k = k(z) € Zy[x]. We put

G = {q € Zy[x] : deg(q) < n}.

We also make use of the following lemma, which appeared in a weaker
and non-explicit form as [10, Lemma 4.2]. The constant Cj, » introduced in
the following lemma will be used repeatedly throughout the paper.

Lemma 3.1 Let o > 2 be an integer. Then for every 1/a < X\ <1 we have

o0

Z Ti\y(’% l) S ’y)\cb,a,)w

=1
where
b-—1)2%F 1
pra —p Ll pri 17
=1
_ ‘{a—l iFA=1,

_ _1Ya—1_(pA_1\a—1 .
DOy g
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Furthermore, the series > -, ra(v,1) diverges to 0o as A goes to 1/a from
the right.

Proof. Let | = \b® 1 + -+ + X\b% ! wherev > 1,0 < a, < --- < a; and
Ai € {1,...,b—1}. We divide the sum over all [ € N into two parts, namely
firstly where 1 < v < a— 1 and secondly where v > o — 1. For the first part,
it follows from Equation (2) that

o] a—1
v 1
Do o) = A 0-1" Y s
=1 v=1 O<ay<-—-<ai
1<v<a—1
a—1 a1—1 ay—1—1
_ A
=7 Z(b Z b)\al b)\ag b)\av
a]=v az=v—1 ay=1

b—1 Mo — 1) if A =1,
< A E = AV (b1Y=1_(pA 1)~ _
< (b>‘ — 1) { A (b 1)(((bb_blk))(b:—£l)72*11) Dooif < 1

= 7 Cb,a,A~

For the second part we have

OO baafl
A o A . «
Z (’77 l) =7 (b 1) Z praittaq)
=1 0<an<-<ar
v>a—1
b— 1 a;—1 aa—1—1 bao‘
= > D DIt Dl
a1=a as=a—1 aq=1
RN (e S N 1 e N |
=7 b Z b)\aa Z b)\aa_l T Z b)\ag Z b)\al
an=1 aq—1=aa+1 az=az+1 ar=az+1
b—1°f"‘1 iy |

b)\z _ 1 b)\aa b)\ a—1)a

L (b—1)
ﬁy b)\a_b Hb)\l_

Hence, we have shown that

b . oo
P)/ b)\a 1 b H b)\z _ ZTQ(’}/ l)
=1
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b—1a“1
< Cba A + v = Chan
b b i —
As bm b ?:_11 b/\ilfl — 00 whenever A — 1/« from the right we also obtain
the second assertion. O

Now we show that a component-by-component approach can be used to
construct a polynomial lattice rule that achieves higher order convergence,
where for 1 < d < s, we set q; = (q1,...,94). Note that we consider
this vector instead of (1,¢s,...,qs), c.f. [8, Algorithm 4.3], as otherwise the
projection onto the first coordinate does not achieve a convergence rate of
b=*™ see also [10, Remark 2.3]. The component-by-component algorithm
for a fixed « is summarized in Algorithm 1.

Algorithm 1 CBC algorithm for fixed «
Require: b a prime, s,m € N,n > m and weights v = (;);>1-
Choose an irreducible polynomial p € Z[x], with deg(p) =
for d =1 to s do
find ¢4 € Gy, by minimizing eym o((q1, - .., qa), p) as a function of g,.
end for
return q = (q1,...,qs)-

Theorem 3.1 Let b be prime, let s,n,m,ac € N, m < n and let « > 2.
Suppose (qi, ..., q;) € Gy, is constructed using Algorithm 1 and p is chosen
by Algorithm 1. Then for alld=1,...,s we have:

d
* * 1 1/7 T
eb’”,a((q17 e 7qd)7p> S W r[(l —+ 3’)/]/ Cbpc,l/’r) V]. S T < (.
]:

Proof. The proof is completed by induction and we first show the result for
d = 1. By Proposition 2.1,

epm (g1, p) = Z ra(7, k).

k€Pp(q1)

The algorithm chooses ¢j as to minimize the worst-case error, so we have

ebm,a(CIik,p) S 6bm,a(q17p)7 VQ1 S Gb,n'
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Hence for all 1/a < A <1 we have

1
A S b_n Z ebm,a(th))\'

q1 eGb,n

epm o(q5, D)

Using an argument very similar to the one used in the proof of [10, Proposi-
tion 4.3], it can be shown that for all 1/a < A <1

evma(qi,p)" < Z evma(q1,p)* <N Chapn (0™ + 0.
q1 eGb n
Consequently, setting 7 = 1/\ we obtain

eom o(@5,p) < (14 29)Chq) Y~ min(m/An)
< (1 + 3,)/11/7'01770471/7)7'[)—min(mT,n)'

We now assume that for some 1 < d < s we have qj; € Gl‘f’n such that

d
ebm,a<q27p> b min(rm,n H 1 +37;/T0b,a,1/7'>7-
7j=1

We consider

ebm,a((qua Qd-i-l)ap)

= Ta('% k)Ta(VdH, k?d+1)
(kyka+1)€Dp(q),9d+1)

- Z To(v, k) + Z Ta(Yat1, Kat1) Z ra(7, k)

keZp(ay) kay1=1 keNd
(kka+1)€Zp(q),q9a+1)

- ebm,a(q:;ap) + e(q:;: Qd+1)7

where we set

0(qy dar1) == D Ta(Yar1 kar1) > ra(7. k)
kd+1:1 kENg

(kkat11)€Zp(a,9a+1)

We see from Algorithm 1 that ¢, is chosen in such a way that the worst-
case error eym o((q}, ¢4+1),p) is minimized. Since the only dependence on
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Qa1 is in 0(q), ga+1) we have 0(q), ¢, 1) < 0(@), gar1) for all gz € Gy
This implies that for all 1/a < A <1 we have

* * ]'
0(as, 4is1)” b_ Z 0(qy, qa)’

4d+1€Gbn
A
1 0o
= o E E To (Va1 Kar1) g T (7, k)
qa+1€Ghn | kat1=1 kend
(k.kat+1)€EZp(a),qd+1)
A
< E E a(Yas1, kas1) E ra(7, k)
Qd+1€Gbnkd+1 1 keng
(k.kat11)€Zp(a),qa+1)
A
o)
A
< E Ta(7d+17kd+1> E , T’a(’j/,k> (7>
kqq1=1 keNg
plkda+1 k-gi=u (mod p)
deg(u)<n—m
1 - A A
+b_n § , Ta(7d+l7kd+1) § § Ta(77k)7(8>
kdilzl qd+1€Gb,n k’eNg
plhai1 E~q2+%d+1qd+1zu (mod p)
deg(u)<n—m

where we used Jensen’s inequality, which states that for a sequence (ay) of
nonnegative reals we have (> ak)’\ < > ap for any 0 < A < 1. We now prove
bounds for the terms in Equations (7) and (8). First we consider the term
in Equation (7). We have

o0 00 co b"—1
D ordvn k) =D () )Y (k4 ).
k‘:El =1 =0 k‘:El

For | > 0 we have r,(v,0"l) < b™"ry(v,l). Further for 1 < k& < 0" the
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polynomial p never divides k since deg(p) = n. Hence
= A nl n 7 Cb « )\
> k) Zr (7,0") < b™ Z’" 7)< —5
plE

Therefore we can bound the term in Equation (7) by

A
Z 7“2 (’Yd—i-la kd+1> Z TCM(77 k)
kgy1=1 keNd
plkda+1 k-q5=u (mod p)
deg(u)<n—m
A
%\HCb,a,A
< o I+ Z ra(7: k)
keNg\{o}
kg =u (mod p)
deg(u)<n—m
A
Yar1Cb.an *
< S (Lt aa(gin)?) - (9)

Next we provide a bound for the term in Equation (8). We have

A
§ E o (Yar1s kagr) § Ta(V, k)
Qd+1€Gbnkd+1 1 (kyka+1)€Dp(q),9d+1)
ptkat1
1 o0
A A
< o E 7o (Vas1, kar1) E E: ra(v, k).
kdilzl qd+1€Gb,n kENg
ptkgy1 kqi+kqy19a41=u (mod p)
deg(u)<n—m

Now we have

> 3 (v, k)

qd+1€Ghn keNd

k-qi+kit1qa41=u (mod p)
deg(u)<n—m
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= Y nk) ) > 1

keNg uEZy|x] B B 44+1€Gp n
deg(u)<n—m k-q}j+kq19q41=u (mod p)

< D raly R

keNg

d
= H(l + Cb@)\’)/;‘).

j=1
Hence
1 oo
o Z o (Var, kasr) Z Z (v, k)
kay1=1 qa+1€Ghn keNd
pkay k-qi+kit19a41=u (mod p)
deg(u)<n—m
1 [e's) d
A n—m A
S b_n Z Ta(,}/d-i—la kd+1)b H(l + Cb,a,)\,y]')
k’d+1=1 ]:1
1 d
< —ChapVan H(l + Chan}) - (10)
j=1

Now, from Equations (9) and (10) it follows that

* ok ’Yc/l\+10b7a7)\ * A
e(qd7qd+1) < —<1 + ebm,Oz(qdap) )

b/\n
. d 1/A
+b_mcb,a,)\72+1 H(l + Cb,a,AV?))
j=1
1/A
o |1 1 &
< Y410y P + ey a(qy, D) —m H + Cha A’Y]) .

We now set 7 = 1/ and use the induction hypothesis to obtain

d T
* ok T 1 T 1 1/
0(as Giv1) < Ya1Cpanyr (bn/T + ey a(g),p)"/ tom H 1+ Cb,a,l/r%-/ ))
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- 3 1/7 '
S 7d+1C'b’a,1/T (W H(]. + 3/}/]/ Cb,oz,l/T))

j=1

d
3T T 1/7 T
= bmin(Tm,n) ’7d+lcb7a,1/7— H<1 + 3’}/]/ Ob,a,l/q-) .

J=1

Finally, we have

ebm,a(q:;ZJrlup) = €Epma (q;kh )+6(q27q2+1)

IA

d

1/ T

bmln(q‘mn H + 373/ Cb,a,l/T)
J=1

d
37 T 1/7 T
+bmin(7—m,n) 7d+10b70¢71/7' | |1<1 + 3")/]/ Cb,a,l/r)
j:

S

1 T T T T
- bmin(q-m,n) (1 +3 Pderle,ogl/T) H(l + 3731/ Cb,a,l/q-)

j=1
d+1
1

1/7 r
S bmin(q‘m,n) H(l + 37j Cb,a,l/r) )

j=1
where we again used Jensen’s inequality. 0J
From Theorem 3.1 we obtain the following corollary.

Corollary 3.1 Let b be prime, let s,n,m,a € N, m <n and o > 2. Suppose
q € Gy, is constructed using Algorithm 1 and p is chosen by Algorithm 1.

o We have

Cs,a,7,8 .
eym.a(q”,p) < pmin((a—oymm) Vo<d<a-—1,

where

s

a—3§
_1
Cs,a,y,6 *— H (1 + 37;75 Cb,oa,alé> :

j=1
° Supposez 1% * <00, then ¢sans < Cooanms < 00 and we have
Coo,a,7,8
eoma(d,P) € prtacgemy 0 <d<a—1L

Thus the worst-case error is bounded independently of the dimension.
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e Under the assumption A := limsup,_, ., > °_, 7;/(logs) < co we obtain
Cs i (a—1) < Cps?CoatA4n) and therefore
’57782017*‘1’1 (A+n)
pm
where ¢, depends only on n. Thus the worst-case error satisfies a bound
which depends only polynomaially on the dimension.

6bm7a<q*,p) S vn > 07

Proof. The first part follows from Theorem 3.1 by setting 7 = o — 6. The
second and the third part follow from the first part in exactly the same way
as in the proof of [8, Corollary 4.5]. O

The above result shows that higher order polynomial lattice rules can
achieve a worst-case error satisfying at the same time the almost optimal
convergence rate and a bound which depends only polynomially (or even
does not depend) on the dimension s (the technical term for such a behavior
is (strong) polynomial tractability). Until now it is not known whether this
is possible for ordinary lattice rules.

4 Optimal convergence rates for a range of
smoothness parameters

In this section, we construct polynomial lattices which are optimal for a range
of smoothness parameters; we use o and 7, to denote the smoothness, where
2<a<p, 1<, <a.

We set

1
Aos) = 5 3 chenla,n)

€6y,

Proposition 4.1 For o > 2 and 1/a < XA < 1 we have

2 - A
Am,n,s,a,p()\) < W <_1 + H(l + ’Yj Cb,oz,k)) .

J=1

Proof. Using Proposition 2.1 and Jensen’s inequality we obtain,

Amp,sap(A) < bsin Z Z Tg(’y,k)

q€Gy , ke 7p(q)



1
_ A
= Ta<’)’,k)bs—n > L. (11)
kENS\{O} qGGb n

k-g=u (mod p)
deg(u)<n—m

In the case where all components of k are multiples of p every q satisfies
the equation k- ¢ =0 (mod p) and hence we have

bsin Yooo1=1
q€G3 ,

k-g=u (mod p)
deg(u)<n—m

and the sum over all k which satisfy this condition equals

Yo k) =—1+]]D (k)

keNg\ {0} j=1 k=0
k=0 (mod p) plk
Now we have
oo 00 oo b"—1
ST k) = S )+ S0 S A (kb7
k=0 1=0 1=0 k=1
plk plk

For [ > 0 we have r4(7;,b"l) < b7"74(7;,1) and further for 1 < k < b" the
polynomial p never divides k since deg(p) = n. Hence

[e.9]

§ 7]7 _1+ § ”)/],bnl <1 E /Yja
=0
E

=1

Therefore,

Y. k) < —1+H1+bA"vACbaA>

keNg\{0}
k=0 (mod p)

= Z b“”'A"%TCzLﬂ,A
0AuC|s]
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< o < 1+H 1+%Cm>.

In the case where there is at least one component of k which is not a
multiple of p we have
1 1
— 1= —
bsn Z bm

q€Gy ,
k-g=u (mod p)
deg(u)<n—m
and therefore this part of Equation (11) is bounded by

bim > k) < bim > k)

keNg\{0} keNg\{0}

k#£0 (mod p)
1
S bm< 1+|| 1+7]Cba)\)>'

7j=1

Altogether we now obtain that

11 -
Am,n,s,a,p()\) < (bm + W) (_1 + H(]- + V;Cb,ow\))

j=1

2 i N
= pmin(m,An) <_1 + H(l + Vi Cb7a7A))

i=1
as required. O

Let a < 8 and set n = m. Let v denote the equiprobable measure on
G,‘jﬁm. For ¢ > 1 and 1 <7 < a < [ the following set is introduced:

%,a(cv T) = {q € Gi,ﬁm : ebm,a(qap) S Eb,a,'y,s,m(c7 T)} ) (12>

where

o7 (T S - ’
By~ sm(c,T) = o (—1 + H(l +%V Cb,a,1/r)> .

j=1
Furthermore, let



20

{a€ G evmal@,p) < Eparysmle,7) V1 <7 <a}.(13)

(Note that the intersection ﬂnga ©6b,a(c, T) is finite since 6, o (c, 7) has only
finitely many elements.)

Lemma 4.1 Letc> 1 and 1 <71 < a < [3, then we have
V(6ha(c, 7)) >1—c!

Proof. We denote €(c, 7) := G} gm \ Goalc, 7). Then for all 1 <7 < o we
have

1/7
Am,ﬁm,s,a,p(l/T = bsﬁm Z 6/

qeGy Bm

> v(Chalc,T) < 1 —I—H (1 +fy;/70b,a71/7)> :

Now using Proposition 4.1 we obtain v(%}4(c, 7)) < ¢! and the result fol-
lows. O

Lemma 4.2 Let ¢ > 1, then we have
V(6halc)) >1—c .
Proof. Let 1 < 7, < a be such that

Ehaqﬁmxcaﬁdzzléni E@a7snxc T)

(note that by Lemma 3.1 we have Ej 4 ~sm(c,7) — 0o whenever 7 — a~
and hence we can find 7, with the demanded property). Then we have

%%a C ﬁk = (Nl %%a C T %%@(C)
1<r<a
and hence the result follows from Lemma 4.1. O

If we choose ¢ = (3 in Lemma 4.2, then we obtain v(%,.(8)) > 1— 7!
and consequently we have

B B B
v (ﬂ %,a(@) =1-v (U ?b,aw)) > 1= v(@ha(B)) > 0.

a=2

Hence we obtain the following theorem which establishes the existence of a
q" € G} g, which achieves the optimal convergence rate for a range of a’s.
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Theorem 4.1 Let 3,m,s € N, § > 2 and let p € Zy|z| with deg(p) = fm.
Then there exists a q* € Gy 5, such that

* 27—&57—& 2 To "
emald’,p) < =0 (—1+H(1+7;/ Cb,a,l/m)) (14)

j=1
forall2 < a < and for all1 <71, < a.

The proof of Theorem 4.1 suggests that in principle we can find g* which
satisfies Equation (14) for all 2 < o < f and all 1 < 7, < « by using a
so-called “sieve algorithm” which will be explained in the following.

Use a computer search to find |(1 — 371)6"™%] + 1 of the b°™* vectors q
in Gj 5,, which satisfy

evm 2(q,p) < Epomsm(B,m2) V1< <2,

and label this set .%5. By Lemma 4.2 we know that at least such a number
of vectors exists.

Then proceed by using a computer search to find [(1 — 2871)p?™¢] + 1
vectors q in 75 which satisfy

erm3(q,p) < Eps~sm(B,13) V1<713<3

and label this set .75. Since

v (ﬂ (gb,oc(ﬁ)> = 1—-v (U ?b,a(ﬁ)> Z 1- ZV(?b,a(ﬁ)) >1- %:

we know that there are at least [(1—2371)b%"*| 41 values in % to populate
the set 7.

In the same way we proceed to construct the sets .7, ..., 73. Theorem 4.1
guarantees that .73 is not empty and we may select g* to be any vector from
J3. This vector satisfies Equation (14) forall 2 <a < fandall 1 <7, < a.

However, in practice such a search algorithm would not be applicable
since it is much too time consuming. For this reason we show in the fol-
lowing how the sieve algorithm may be combined with the component-by-
component (CBC) algorithm; the resulting algorithm, referred to as "CBC
sieve algorithm” is presented in Algorithm 2 and its computational complex-
ity is feasible. For its statement we use the following notation:
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For 2 < o < B and p € Zy[z] with deg(p) = Sm we define the following:
for d =0 and ¢; € Gy g, We set

ea(ov Q1) = €bm,a(Q1>P)a
and ford € N, g, € Gl‘fﬂm and ¢q11 € Gy g We set

9a<qd7 Qd+l) = €bm,a((qd7 QdJrl)ap) - ebm,a<qdap)'

Furthermore, for short we use the notation
|
1/7
Maa(T) = o [T +38%" Chanr)- (15)
j=1

Now we prove the following result.

Theorem 4.2 Let s,m,( € N, 3 > 2, then Algorithm 2 constructs a vector
q; € Gi 5, such that

1
b

d
* 1/7a Tal
epm a(gqy p) < m H(l + 35'7]'/ Cha,1/7a)
j=1

forall1 <7, <a and for all 2 < a < (3.

To prove Theorem 4.2 we introduce the following set: for g, € Gf 5, let
Fa(c,qy) be the set of all gg41 € Gy gy, such that

0 (qg, Gas1) < <3C'Ycllf1aCb,a,l/de,a(Ta)> ) (16)
forall1 <7, < a.

Lemma 4.3 Let 2 < o < 3 and let ¢ > 1. Assume that there exists a
q, € Ggﬂm such that
ebm.a(qap) < Maa(Ta)™ (17)

foralll <7, <a and for all2 < a < 3. Then

v (Faleq)) > 1—c
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Algorithm 2 CBC sieve algorithm for 2 < a < 3

Require: b a prime, s,m,3 € N, § > 2, and p € Z,[x] with deg(p) = Sm.
1: Set J1 4 := Ghpnm forall 1 <d <sand gq;:=0.
2: ford=0tos—1do
3: fora=2tofdo

4: perform a computer search to find | (1 —(a—1)371)b"™]+1 elements
q in J,_1.4+1 to populate the set .7, 411 , which is a subset of

5: if d =0 then

6:

T

1 . o
{q € To—1,d+1 0(0,q) < — (1 + 3711/ aCb,a,l/ﬂh) V<71, < Oé}

bra m

7 else
8:

{q € %,17d+1 : ea(q:;a Q) S (3575_/;1&Cb,a,l/TaMd,a,—y(Ta)> V1 S Ta < CY}
9: end if

10:  end for

11:  Select ¢* € T 441
12: Set g, = (g}, q").
13: end for

14: return q* = q;.

Proof. From the proof of Theorem 3.1 and using Assumption (17) for all
1/a < XA <1 we have

pBm Z 00(q qar)”

4d+1€Gp,gm

d
1 . 1
< ’ij\HCb,a,,\ (_b/\am + ffbm,a(qd,p)A + o H(1 + ”Y}\Cb,a,A))
Jj=1

< 39011 ChanMaa(1/X).

From this the result follows in the same way as in the proofs of Lemmas 4.1
and 4.2. 0

Now we give the proof of Theorem 4.2.
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Proof. The proof is completed by double induction on d and a. We proceed
by induction on d and firstly show the result for d = 1, i.e. we need to prove
that Algorithm 2 constructs a ¢i € Gy gy, such that

eomalqr,p) < n (14 367 Chatm)™ (18)
forall 1 < 7, < a and for all 2 < o < 3. We now proceed by induction on «:
we wish to show that for 2 < o < 3, we can find | (1 — (a — 1) 10" ] + 1
elements ¢ € 7,11 to populate .7, 1, see Algorithm 2 for the definition of
Jaa, in particular, we note that 711 = Gy g,. Consequently, Equation (18)
will follow from the definition of .7, ;.

We firstly show the required for v = 2: from the definition of € 2(3), see

Equation (13), we have

ebm,z(q,p) S b7'2m<1 + 35711/7'201),271/72)72 V1 S Ty < 2.
According to Lemma 4.2, v(%,2(8)) > 1 — 7', hence there are |(1 —
ﬁfl)bﬁmj + 1 elements in 77 ; to populate 7 ;. We now formulate the in-
duction hypothesis that for 2 < o < 3, there are | (1 — (o — 1)~ 1) | + 1
elements to populate 7, 1, hence v(Z, 1) > 1—(a—1)5~". We want to show

that

v({qg € T epmar1(,p) < Mioar1(Tas1) VI < 7h1 <a+1})
>1—af™ ! (19)

which implies that there are [ (1—a871)b°" | +1 elements in 7, ; to populate
Ta+1.1; we remind the reader that this would complete the induction over a.
But

{a€ Toq:epmari(q,p) < Migi1(Tag1)™ VI < 1o < a+ 1}
= Ta1 NM1{q € Gypm © eymar1(q,p) < Miar1(Tas1) VL < 1o < a4 1},

hence we get Equation (19) from the induction assumption and from Lemma 4.2.
This completes the induction over ao. As we have shown that for 2 < a < 3
we can find | (1 — (a—1)371)0™] + 1 elements ¢ in 7, 1, to populate Z, ;,

it follows from the definition of .7, ;, see Algorithm 2, that Equation (18)
holds.
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We now continue the induction on d, hence we assume that for 1 < d < s
the algorithm has found g} such that

d
H + 3ﬁ7;/T&Cb,a,l/Ta)Ta = Md,a<7-a)7—a (20>

=1

6bm (qd7 —_ bT

forall 1 <7, < o and for all 2 < a < 3, see Equation (15) for the definition
of My.(7). Of course, this assumption is to be used to establish that the
algorithm has found a g, € Gy, such that

ey (@1, P) < Mayra(Ta)™ (21)

forall 1 < 7, < a and for all 2 < a < 3. We prove Equation (21) by
induction on «, as for the case d = 1. In particular, we will show that for
2 < a < fBwecan find [(1 — (o — 1)) | + 1 elements in F, 141 to
populate 7, 441, which means that for all 1 <7, < o and for all 2 < a < g3,
Algorithm 2 finds a ¢* € Gy, gy, such that

e(qurlv q*) S (367;./5_7—1a0b,a,1/7aMd,a)

for all 1 < 7, < a and for all 2 < a < 3. A simple manipulation involving
ey o (@), p), 0@, 1, q%), and eym (g1, p) Will then complete the proof.

Let us now proceed with the induction on «, i.e. we show that we can
find [ (1 — 871%™ | + 1 elements in J; 4,1 to populate Z 411. According to
Lemma 4.3, under the Assumption (20), we have

v(Za(B,q3) >1- 07" V2<a<p,

hence there are [(1 — 371)b°™| + 1 elements in 7] 4,1 to populate Zp 4.
We now formulate the induction hypothesis that for 2 < a < 3, there are
(1 = (= 1)B3 10| + 1 elements to populate T, 411, hence (T, 441) >
(1—(a—=1)87").

Since

* 1/7a Ta+1
{q € Tnar1:0(q),q) < <357d41 +1Cb,o¢+1,1/7'a+1Md+1,a+1<7—a+1))

V1§7a+1<06+1}

= Tpdr1 N Far1(6.4))
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we obtain from the inductive hypothesis and from Lemma 4.3 that

Ta Ta+1
V({q € %,d-{-l : 9(‘12»@1) S <3ﬁ75114/rl +1Cb,0¢+l,1/7’a+1Md+1,a+1,’7(7-a+1)>
V<7, <a+ 1}) >1—af ™,

which implies that there are | (1 — a8~ 1)0°"] + 1 elements in 7, 4,1 to pop-
ulate Z,414+1. This completes the induction on «, and we conclude that
for 2 < a < 3 there are |[(1 — (o — 1)371)0°™] + 1 elements in Z, 1 441 to
populate 7, 441. But from the definition of .7, 411, see Algorithm 2, this
shows that Algorithm 2 finds a ¢* € G} g, such that

0<q2+17q*) < <357;./5_7—1a0b,a,1/’r@Md,a>

forall 1 <7, <aandforall 2 <a <g.
Using Equation (20) we obtain,

evn o((@5q7),p) = eyma(qyp) +60a((qq%))
< Myany(7a)™ (14 38755 Craajr)™)
<

Md+1,oz,'y(7_a)7-a ’

for all 1 <7, < a and for all 2 < o < 3, which completes the proof. OJ

5 Optimal convergence rates for a range of
smoothness parameters using Korobov poly-
nomial lattice rules

In this section we study a special case of polynomial lattice rules, namely
Korobov polynomial lattice rules. We present an algorithm which shows how
to construct higher order Korobov polynomial lattice rules achieving optimal
rates of convergence for a range of smoothness parameters. This algorithm is
the same as the “sieve algorithm” presented in Section 4 (not to be confused
with the CBC sieve algorithm, see Algorithm 2), but due to the structure of
Korobov polynomial lattice rules, the cost of such an algorithm is feasible.
Regarding notation, we use ¢(q) = (¢,¢% ...,¢°) (mod p), ¢ € Gppm, to
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denote the generating vector of the higher order Korobov polynomial lattice
rule Sy m am(0(q)) and epm o(P(q), p) to denote the corresponding worst-case
error, 2 < a < 3; we recall that a < § and n = fm. As in Section 3 we point
out that we use generating vectors ¢(q) := (¢,¢%,...,¢°) (mod p) instead of
(1,q,...,¢°71) (see e.g. [8, Algorithm 4.6]), as otherwise the projection onto
the first coordinate does not achieve a convergence rate of b=*™.

As in Section 4 we now introduce a “sieve algorithm” (see Algorithm 3)
which shows how to obtain a generating vector for a higher order Korobov
polynomial lattice rule, which achieves optimal convergence rates for a range
of smoothness parameters, where we use the notation

- c(s+1)" > r ’
By onsm(c,T) = % (‘1 + H(l "‘7;/ Cb,oc,l/T)) :

J=1

The next theorem shows that Algorithm 3 does indeed produce such a vector;
as the proof is similar to the proof of Theorem 4.2, it is omitted.

Algorithm 3 Korobov sieve algorithm
Require: b a prime, s,m,3 € N, 3 > 2, and p € Z;[x] with deg(p) = Sm.
1: Set % = Gb”gm.
2: for « =2 to  do
3. perform a computer search to find | (1 — (o —1)371)b°"| + 1 elements
q in J,_; to populate the set .7, which is a subset of

{(] € %—1 : 6b’",a(¢(£])7p) S Eb,a,’y,s,m(ﬁa Ta) V1 S Ta < a}

4: end for
5: Select ¢* € T
6: return ¢*.

Theorem 5.1 Let s,m,3 € N, 8 > 2. Then Algorithm 3 finds an element
q € Gy pm such that

S+ 1)7aFTa ° - Ta
e o(6(q),p) < T DO (—1 T+ acbva,l/@) |

b’ram
J=1

forall1<7,<a,2<a<f.
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