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Abstract

In this paper we consider sequences which are connected with the so-called
weighted g-ary sum-of-digits function and give an if and only if condition under
which such sequences are uniformly distributed modulo one. The sequences consid-
ered here contain the g-ary van der Corput sequence as well as the (na)-sequences
as special cases.

AMS subject classification: 11K06, 11J71.

1 Introduction

A sequence (x,),>0 in the d-dimensional unit-cube is said to be wuniformly distributed
modulo one if for all intervals [a,b) C [0,1)? we have

0<
lim #{n :0<n< N,x, €a,b)}
N—oo N

= Aa([a, b)),

where \; denotes the d-dimensional Lebesgue measure. An excellent introduction into
this topic can be found in the book of Kuipers and Niederreiter [7] or in the book of
Drmota and Tichy [4].

In this paper we consider the uniform distribution properties of special sequences which
are connected with the weighted sum-of-digits function and which are generalizations of
many well known sequences.

Let v = (y0,71,--.) be a sequence in R and let ¢ € N, ¢ > 2. For n € Ny with base
q representation n = ng + n1q + naq® + --- we define the weighted q-ary sum-of-digits
function by

54(n) = Yong + M1 + yong 4 - - .

We remark that the weighted g-ary sum-of-digits function is a ¢g-additive function, but it
is not strongly g-additive (unless the weight-sequence ~y is constant); see [5, 6] or [4] for
the notion of (strongly) g-additive functions.

For d € Nlet v = (¥0,71, - - .) be a sequences in R? with v, = (7](1), e j(d)), ie., fyj(k)
denotes the k-th component of the j-th element of the sequence «. For k € {1,...,d} let

k) = (fy((]k), %k)’ ...) be the k-th coordinate sequence in R. For n € Ny define

sy(n) == (s, (n), ..., 5,@(n)).
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Now we consider the d-dimensional sequence

({54(7)})no0, (1)

where {x} denotes the fractional part of the vector & (applied component-wise), and ask
under which conditions on the weight-sequence -« the sequence (1) is uniformly distributed
modulo one?

Observe that the definition of the sequence in (1) covers many well known and exten-
sively studied sequences as, for example:

1. If d=1and v; = ¢/~ (here we simply write ; instead of fy](»l)) for all j € Ny, then
the sequence ({s,(n)})n>0 is the g-ary van der Corput sequence which is of course
well known to be uniformly distributed modulo one. See, for example, [7, 11].

2. Ifv,; = da for all j € Ny with a = (g, ..., g) € R? then we obtain the sequence
({na}), >, which is well known to be uniformly distributed modulo one if and only
if 1, v, ..., aq are linearly independent over Q. See, for example, [4, 7, 12].

3.If vy, = a = (a1,...,aq) € R? for all j € Ny, then we obtain the sequence
({s(n)a}),~,, where s(-) denotes the classical, i.e. unweighted g-ary sum-of-digits
function. In the case d = 1 it was shown by Mendes France [10] and later by Coquet
[1] that the sequence ({s(n)a}), s, is uniformly distributed modulo one if and only
if « € R\ Q. See also [2, 3] and the references therein. We remark that this result
even holds if the g-ary sum-of-digits function is replaced by an arbitrary strongly
g-additive function; see [4].

4. If d =1 and 7; = rja (again we simply write v; instead of 'y](l)) with r; € Z for
all j € Ny where o € R, then the following was proved (in fact in a more general
setting) by Larcher [8]: the sequence ({s,(n)}) ., is uniformly distributed modulo
one if and only if

n>0

> llhreal* =00 VhEN,

k=0

where for z € R, ||z|| = mingez |z — k.

It is the aim of this paper to characterize the weight-sequences v : Ny — R? for
which the sequence (1) is uniformly distributed modulo one. As corollary we obtain
that the sequence (1) is uniformly distributed modulo one for almost all weight-sequences
~ : Ny — [0,1)% We close the paper with an interesting open question.

Throughout the paper let the base ¢ € N, ¢ > 2, and the dimension d € N be fixed.
By (-,-) we denote the usual inner product in R%. As above || - || denotes the distance-to-
the-nearest-integer function.

2 Statement and proof of the results

The following theorem gives a full characterization of the sequences v : Ny — R? for
which the sequence (1) is uniformly distributed modulo one. The proof is based on easy
estimates for exponential sums and Weyl’s criterion (see, for example, [4, 7]).



Theorem 1 The sequence ({s+(n)})n>0 is uniformly distributed modulo one if and only
if for every h € 72\ {0} one of the following properties hold:
Either

o0

Y K] = oo

k=0
(hyY 1) aEZ

or there exists a k € Ng such that (h,~,) ¢ Z and (h,~,)q € Z.

Of course the condition from our theorem covers all special cases from the list of
examples in Section 1. Before we give the proof of the theorem let us consider two of
them.

Example 1 Consider the g-ary van der Corput sequence, i.e., d =1 and v; = ¢/~ for
all j € Ny. For h € Z \ {0} let k € Ny be maximal such that ¢*|h. Then hq=*~! ¢ Z and
hqg™* € Z. Hence from Theorem 1 we obtain the well known fact that the g-ary van der
Corput sequence is uniformly distributed modulo one.

Example 2 Let v; = a = (v, ..., aq) € R? for all j € Ng. Then for any h € Z%\ {0}

we have
o0

> )P = ZH (h, o) ||* =

k=0
(h,vE)agZ

if and only if (h,a) ¢ Z. But the last condition holds if and only if 1, a4, ..., a4 are
linearly independent over Q.

For the proof of Theorem 1 we need the following easy lemmas. For the sake of
completeness we give short verifications of these results.

Lemma 1 Let xo, ..., 241 € (—3, 3| and define x := maxo<j<q|z;|. Then we have
q—1
Ze%ixﬂ' > q(1 — 47%2?).
=0

Proof. We have

q—1 q—1
Tz | > |Re <Z e%i%) ‘ = Zcos(%r:cj) > qcos(2mx) > q(1 — 4n°2?).
=0 =0
O
Lemma 2 For any x € R we have
qg—1
e27r19m S q-— 4||$||2
=0




Proof. We have

q—1

§ e27riam
n=0

S ’1 + e?ﬂ'i{r

2 2
< 2 <1 _ el ) Fq—2<q—4|z)*
T

+q—2=2cos(mla]) + ¢ -2

Proof of Theorem 1. Let h € Z%\ {0}. By Lemma 2 we have

q—1
n=0

But if (h,v,) € Z and (h,~,)q € Z we also have

q—1
n=0

< q— 4| (h, vl

=0.

For j € Ny we have

qJ 1 Jj—1]q-1 Jj—1 2 -
2mih,sy(n)) | i 2ri(h,y,)n q— 4||<h7 7k>” 0
J (§ ; [§
q q k=0 | n=0 k=0 q
(h,Yg)aEL (h, '*/k>€ < Vk)GEL

Here and later on an empty product is considered to be one.
Let N € N with base ¢ representation N = Ny + Nig+ - -+ N,,¢™ with N,, # 0. For
0<j<mset N(j):= N;¢’ + -+ N,,g™. Define g(n) := 2“”‘ 7)) Then

N-1 N(m)-1 m—-1 N(j)—1
e2mi(h,sy(n)) Z g(n) + Z Z g(n)
n=0 n=0 J=0 n=N(j+1)
Now
N(m)-1 Np—1 (I4+1)g™ 1 Npn—1 q™—1
g(n Z Y efmlbmontty) = N g(1g™) Yy g(n),
n=0 = n=lqg™ =0 n=0
and
N()-1 Njgi—1 Nj—1 @1
> gn) =g(N(+1)) g(n) = g(NG+1) Y gllg) > g(n)
=N(j+1) n=0 =0 n=0
Therefore
N-1 m | Nj—1 ¢ -1
D el < NN g(ig?)| - | g(n)
n=0 j=0| 1=0 n=0
m 1 -1
< ZNJ(]]? g9(n)
§=0 n=0
r—1 m j—1 j—1
, . — 4||(h, 2
< qu]+Zquj H (C] [, ) ) H 0
=0 j=r k=0 1
(h,vE)aZZ (hvk)g < Y k)IEL



for any r € N.
We consider two cases

1. There exists a k € Ny such that (h,~,) € Z and (h,~,)q € Z. Let ko be minimal
with this property (of course kg is independent of N). Then we have

= orithe = (a— 4| L i et
Z . Z all . <@@-1)) ¢ =" -1
=0 k=0 7=0

(h,YE)aZZ

2. For all k € Ny we have (h,v,) € Z or (h,~,)q ¢ Z. Then we have

<q+N H <q_4l|<(’;’7’7k>”2). (2)

k=0
(h,vg)aEL

N—

Z i(h,sy(n))

=0

Define

o = ar| I (q—4|r<;z,vk>|!2)

k=0
(h, Y )aEZ
r—1 r—1 2
4q r
- | I« I ( )z
k=0 k=0 q_4l|<h77k>”2
(h,YE)9€EL (Y1) aEZ

Therefore x, — oo as r — oco. Choose r such that x, < N < x,,;. Then we have

v (=l 5

k=0
(h,Yg)aEL

On the other hand we have

[ (L=l s fp (=l fpl

k=0 k=0 k=0
(h,v)a€L

and hence

r - q_4 h77 2 r
weqny [ T (SREWEY) < goon

k=0
(h,vE)agZ

Thus we have log, VN <7 +1 resp. |log, VN| < r and hence

Uqu \/NJ -1

r—1
—4 2 —4 2
H <q (R, ) | ) < H <q (R, )| ) (4)
k=0 q k=0 q
(h, Y ) aEZ (h,yg)a€Z



From (2), (3) and (4) we find

N Llogq\/ﬁj—l 9
|Z o) <oy ] (q 4||<h,fyk>||)
— q

- (hv)agZ

[logg VN|—-1 2
a—4l[¢h )l
> log( m )

k=0
< 9Ne haragL
\_logq\/ﬁj—l
— S T Rl

k=0

< 9Ne  (hpagz

In both of the above cases we obtain - ZN 'e2rithisy(m) () as N — oo. Hence the
result follows by Weyl’s criterion.
Assume now that there is a h € Z%\ {0} such that

e}

Y IKhv)lP < oo

k=0
(h,v)a€Z

and for all k € Ny we have (h,~,) € Z or (h,7v,)q & Z.
Then we have

Z KRy P = D K lP+ D ey l? < oo
<h,fk:>0qu <h,::>0qez
For j € Ny we have

1 ¢-1 T K

— Z e27r1(h sy(n))| — 627ri(h;yk>n

q n=0 q k=0 [n=0

Here we have

q—1
Z e2milhy)n 7& 0
n=0

for all k& € Ny. This is clear for the case (h,7,) € Z. If (h,v,) € Z, then we have
(h,~v.)q € Z and the inequality holds as well.
With Lemma 1 and since ||nz|| < n||z|| for all n € Ny we obtain

—1
ith,yi)n

> g (1= g ol ) > (1= 4ma o) ).
3 ?

Let 0 < c < 1and let I € N be large enough such that

1—47qu|| 2> > 0.
k>1



For j > [ we have

i1 l q—1 J
1 \ i sy (n 1 i n
— Z e2mithusy ()| > H - 2mi(hyy) H (1 — 4m2q|| (R, vi) |I7)
=0 ko 4 |5 k=141
> (1—47“12!\ H2>>c’~c>0.
k>1
and by Weyl’s criterion ({s~(n)})n>0 is not uniformly distributed modulo one. O

Corollary 1 The sequence ({s+(n)})n>0 is uniformly distributed modulo one for almost
all sequences vy : Ny — [0, 1)<,

Proof. We consider the sequence of random variables X, X5, ... uniformly i.i.d. in [0, 1)<.
For h € Z4\ {0}, we have E(||(h, X;)||?>) = 1/12 and hence it follows from Kolmogorov’s
strong law of large numbers that for n — oo we have

[ X012+ [ X2 1
n 12

a.c..

Therefore

Z KR, v I* =

for almost all sequences v : Ny — [0, 1)¢ and hence

Z KR, vi I = vh € Z*\ {0}

for almost all sequences ~ : Ny — [0, 1)% The result follows from Theorem 1. O
Finally we state an

Open question: Let qy,...,qs > 2 be pairwisely coprime integers. Under which condi-
tions on the weight-sequences y*) = (’yék), % ), ...)in R, ke {1,...,d}, is the sequence

({(sg700 ()5 -5 84,500 (7)) }n0 (5)

uniformly distributed modulo one? (Here we wrote s, (-) for the weighted g-ary sum-of-
digits function to stress the dependence on the base q.)

For example if %(k) =¢q, ' forall k € {1,...,d} and all i € Ny, then we obtain the
d-dimensional Halton sequences which is well known to be uniformly distributed modulo
one. If %(k) =ar € Rforall k € {1,...,d} and all i € Ny, then it was shown by Drmota
and Larcher [3] that the sequence (5) is uniformly distributed modulo one if and only if
ai,...,aq € R\ Q. But also the classical (na)-sequence is contained in this concept.
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