A LOWER BOUND ON A QUANTITY RELATED TO THE
QUALITY OF POLYNOMIAL LATTICES
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ABSTRACT. In this paper, we study a quantity R which is closely re-
lated to the quality of an important subclass of digital (¢, m, s)-nets over
a finite field Fy, namely polynomial lattices. Niederreiter has shown by
an averaging argument that there always exist generators of polynomial
lattices for which Ry is small, establishing thereby the existence of poly-
nomial lattices with particularly low star discrepancy. In this work, we
show that this result is best possible, i.e., we prove that for all gener-
ators of polynomial lattices the quantity Rj, cannot go below a certain
threshold.

1. INTRODUCTION AND STATEMENT OF THE RESULT

In many applications, one is interested in approximating the value of an
integral I,(F) = f[o e F(x)dx of a function F' : [0,1]* — R. One way of
numerically approximating I;(F) is to employ a quasi-Monte Carlo (QMC)

rule,
L V2
QualF) = 2 Fla).
where xg,1,...,xy_1 are deterministically chosen points in [0,1)%. We

refer to a collection of integration nodes as a “point set”, by which we
mean a multi-set, i.e., points may occur repeatedly. It is well known (see,
e.g., [, 18]) that point sets which are in some sense evenly distributed in
the unit cube yield a low integration error when applying a QMC rule for
approximating Is(F).

Naturally, an essential question in the theory of QMC methods is how the
node set of a QMC integration rule should be chosen. One very prominent
class of point sets are polynomial lattices, as proposed by Niederreiter in
[17, 18]. These point sets are special cases of digital (¢, m, s)-nets (see [5,
15, 18]).
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For the construction of a polynomial lattice, choose a prime b and let
F, be the finite field consisting of b elements. Furthermore let Fy[z] be the
field of polynomials over Fy, and let Fy((z™!)) be the field of formal Laurent
series over [Fy,, with elements of the form

[e's)
E tlZE_l,
l=z

where z is an arbitrary integer and the ¢; are arbitrary elements in [F;,. Note
that the field of Laurent series contains the field of rational functions as a
subfield. Given an integer m > 1, define a function x,, : Fy((z™!)) — [0,1)
by

=z l=max(1,z)

Let, in the following, given a prime b and an integer m > 1,
Gom = {a € Fp[z] : deg(a) < m}.

Given a prime b, an integer m > 1, and a dimension s > 2, we choose an

f € Fy[z] with deg(f) = m and s polynomials gy, ..., gs € Fy[x] and define

The point set consisting of the points @y, h € Gy, is denoted by P(g, f),
where g := (g1,...,9s). Note that |P(g, f)| = |Gpm| = b™. Due to the
many analogies of such a point set to good lattice points (see, e.g, [18, 19]),
a QMC rule using P(g, f) is called polynomial lattice rule, and P(g, f) is
called polynomial lattice. Using a more general terminology, P(g, f) can
also be called a polynomial lattice rule of rank 1, see, e.g., [13, 14]. The
polynomial f in the construction of P(g, f) is referred to as the modulus,
and the vector g is referred to as the generating vector of the polynomial
lattice.

Furthermore, given two vectors of polynomials w = (ug,...,u,),
v=(v1,...,0.) € (Fp[z])", we define

r
u-v = E U;V;.
i=1

When studying the quality of a QMC rule using a polynomial lattice
P(g, f), one frequently considers (see [1]- [5], [11, 12, 18]) the quantity

Rig.N)i= > nlh),

heGy  \{o}
h-g=0( mod f)
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where for h = (hy,...,hs) € G}, we put ry(h) = ry(h1) - - - 13(hs), and for
h € Gy,m we put
1 if h=0,
rs(h) :{ WM if h=rko+Kix+-+rKa", 5 #0.
Note that slightly different versions of r, are considered in some of the
papers cited above.

It is well known that low values of Ry(g, f) imply high quality of P(g, f)
with respect to the performance of a QMC algorithm using P(g, f) as the
underlying node set. In particular, the quantity Ry(g, f) is closely related
to the so-called star discrepancy of P(g, f). The star discrepancy of a point
set P of N points is defined as follows.

Ay ([0,01) x -+ x [0, a5), P)
0<a;<1 N

1<i<s

Dy (P) := —ag - agl,
where Ay (E, P) denotes the number of points of P lying in an interval
E C[0,1)*. Obviously, the star discrepancy of a point set provides a way of
measuring to which extent the points are uniformly distributed in the unit
cube. It was shown by Niederreiter ([18, p. 77]) that the star discrepancy
D3, of a polynomial lattice P(g, f) with N = 0™ points in dimension s
satisfies

(L) Dy(P(g. f)) < — + Rulg. f),

hence low values of Ry(g, f) imply low star discrepancy. In particular, The-
orem 4.43 in [18] states that for any prime b and dimension s > 2 there
exists a number Cy;, > 0 such that for any f € Fy[z| with deg(f) =m > 1
there exists a vector g, € Gy, such that

mS
(1.2) Ry(go: f) = Csvyr
The result in (1.2) was obtained by averaging over all g € Gj . Together
with (1.1) this establishes for any N = b™ the existence of polynomial
lattices P(g, f) of cardinality N and with star discrepancy

Dy(Pig.) =0 (W5,

Constructions of such polynomial lattices using the component-by-component
approach or generating vectors of so-called Korobov form can be found in
11, 3, 5].

In this paper, we are going to show that Niederreiter’s result is essentially
best possible, i.e., given f, there is no g with components different from zero
such that the order of magnitude of Ry(g, f) with respect to the degree of
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f is better than that given in (1.2). To be more precise, in Section 3 we are
going to show the following theorem.

Theorem 1.1. For any prime b and dimension s > 2 there exists a number
csp > 0 with the following property: for any f € Fy[z] with deg(f) =m >1
and any g € Gy ., 9i 70, 1 <1 <'s, we have
(m — deg(ds))*

b ’

Ry(g, f) > cs b8
where 65 = ged(g1, .-, 9s, f)-

We remark here that a corresponding result for classical integration lat-
tices has been shown by Larcher [9] (for dimension s = 2) and [10] (for
arbitrary dimensions s > 2).

2. PRELIMINARIES

We use the convention deg(0) = —oo. Note that for any h € Gy, \ {0}
we have r,(h) > b~ 1des(h),

For L € Fy((x™')) we write | L] for the polynomial part of L and {L} :=
L—|L].

For the proof of Theorem 1.1 we use facts from the theory of continued
fractions of formal Laurent series; see, for example, [18, Appendix B, or [7].
For the sake of completeness we recall the most important results.

Let g, f € Fy[z] with deg(g) < deg(f) and let [0, Ay, Ay, ..., A,] be the
continued fraction expansion of g/ f, Q1,...,Q,, @, = f, the denominators
of the convergents. Formally, we set ()_; = 0 and ()9 = 1. Furthermore, we
denote by P; the numerator of the i-th convergent to g/ f. It is well known
that deg(Q1) < deg(Q2) < --- < deg(Q,), that deg(Q;) > i, and that

m = deg(Qr) = ) deg(4y).

We define v as the discrete exponential valuation on Fy((z7!)) defined

by

—00 it L =0.
Note that v extends the degree function from Fy[z] to Fy((z™!)), in partic-

(L) _{ —min{k : uy #0} L= 77 wa ™ #0,

ular, v(p) = deg(p) for p € Fy[z]. Furthermore, for p,q € Fy[z], ¢ # 0, we

have v(p/q) = deg(p) — deg(q).
It is known that (see, e.g., [18, p. 220], or [7, p. 11]), for 0 < i < r,

v (% - %) = —deg(Q;) — deg(Qit1)



A QUANTITY RELATED TO POLYNOMIAL LATTICES 5

(2.1) = —2deg(Q;) — deg(Ais1).
Furthermore, see again [7], for 0 <14 < r we have
9 b (=1’

fQ (RinQi+ Qi@
where R; := [A;; Aivq, ..., A.]. Using the identity Q;11 = A;11Q;+ Qi_1, we
obtain

9 bk _ (1)
[ Qi Ri1@Q? + Ai1Q? + Qi1 Q;
_ 1 (1)’
- . 2 R; i-1
AHlQi TE +1+ Ai+1619i

Since v(l1ly) = v(ly) + v(lo), for Iy, 1y € Fy((z71)), it follows from (2.1) that

v < (=) ) =0
Rit1 Qi—1 o
Aig1 +14 Ait1Qi

g_f_ 0
(22) PO A

for 0 < i < r, with 0; # 0 and v(6;) = 0.

such that we arrive at

3. THE PROOF OF THEOREM 1.1

We now give the proof of Theorem 1.1.

Proof. The proof is inspired by [10]. Note that it is sufficient to show The-
, since

orem 1.1 for the case deg(d,) =

0
Rb(gaf) > Z rb<h)7

hEGi,m/\{O}
h-g’=0( mod f/)

where f' = f/ds, g = g/ds, and m' = m — deg(ds).

Hence, we assume in the following that deg(ds) = 0. Furthermore, we are
going to assume that m is large enough to satisfy the inequality log, m <
2log,(m — 2slog, m). For the finitely many m not satisfying this condition,
the theorem holds by choosing the constant ¢, > 0 small enough.

Let d; := ged(g;, f) for 1 < ¢ < s, and g;t; = d; (mod f) such that
deg(ged(t;, f)) = 0. We consider three cases:

(1) Suppose that deg(d;,) > slog,m for an ig € {1,...,s}. Then we

have )
Ry(g. f) = Z Bdeathig) 1"

o €(Gp,m \{0})
hiogio =0 ( mod f)
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However, h;,g;, = 0(mod f) if and only if h;, = ldi_, where 0 <
iQ
deg(l) < des(ds,), so
| pestd) 1
Ro(g. f) = b ZZ pdes(l)+deg(f) = b e
Fy [z
0§deg(§)<bc[:le]g(di0)
Hence, we can assume deg(d;) < slog, m for all i € {1,...,s} in the
following.

2) Suppose that one continued fraction coefficient Ay, of a m,
0 f

io # jo, 1 <'ig, jo < s satisfies deg(Ag,) > slog, m. Then we have

Ry(g, f) > > ro(hig )re(hjo )

<hi0,hj0)€G§,m\{0}
hig 9ig+hijo 95, =0 (mod f)

= > ro(hig)7( o)
(hig:hjg)EGE , \{0}

0’ J0 ,
,L-OgiOth+thgjOth:0( mod f)

= > ro(hig)7( o)

(hig hjg)€GE | \{0}

h

10730
hiogiotjo+hj0dj050( mod f)

> > ru(hig )T (hjo)
(higshjo)€GE ,, \{0}
hz‘OEO ( mod djO)
Riy Gigtio+hjodip=0 ( mod f)
7 (Pig )5 (R )
Z Z bdeg(djo)

(hio 7hj0)€G§’m/\{0}
hiogz‘otjo-i-thEO (' mod f/djo)

where m' := deg(f/dj,). Let now Q, 0 < k < r, be the denominator
of the k-th convergent of %, Q_1=0,Q =1, Qr=AQ1_1+
Qr—2 for 1 <k <r.

Furthermore, let h;, := Qg,—1, then there is a solution h} of
R, gigts, + I, = 0 (mod f/dj,) such that

dog,) = deg(f/dy) +v ({Lotelnto |)

= ey v ({u (tate Pt

< sty o (o (Bt it

= deg(f/d;,) — deg(Ar,) — deg(Qry-1),
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where we used (2.1). Hence,

r(hi)r(h,) 1 btk 1m®
pleeldiy) = b2 peeldig) pdea(F/ds) = 2 pm”

Rb(Q)f) >

So we can assume that the degrees of the continued fraction coeffi-

cients of %'dj, 1 # 7,1 <1i,j <s, are smaller than slog, m.

(3) Suppose that deg(d;) < slog,m for all 1 < ¢ < s and that the
degrees of the continued fraction coefficients of %ﬂj, i # 7,1 <
i,7 < s, are smaller than slog, m. In this case the result follows
from the subsequent Lemma 3.1, so the result of the theorem is

shown.

g

We now prove the following lemma which completes the proof of Theo-

rem 1.1.

Lemma 3.1. Let b be a prime, let s > 2, 0 € {2,...,s}, and g =
(91,---,95) € Gy g # 0, 1 < i < s. Furthermore, define d; := ged(g;, f)
with deg(d;) < slog,m for 1 < i < s. Let g;t; = d; (mod f) such that
deg(ged(t;, f)) = 0, and assume that the degrees of the continued fraction
coefficients of %'dj, it # 73,1 < i,5 < s, are less than slog, m. More-
over, assume that m is large enough to satisfy the inequality log,m <
2log,(m — 2slog, m). Then it is true that

§<O_> g, f7 ’LU) = Z Tb<h) 2 C(U, S, b)bdeg(

hEGgym\{O}
h191++hogo=w (mod f)

g
5) M
pm’

for any w € Fy[z]| for which

50’ = ng(gl7 s 7ga7f)

is a divisor of w. Here c(o,s,b) > 0 is a constant depending only on o, s,

and b.

Proof. First of all, assume that the bound in the lemma holds true for
deg(d,) = 0, then for the case that deg(d,) > 0 we set ¢g; = ¢;/6, for
1<i<o,w =w/by, f' = f/0,, and m’ = m — deg(d,). Since we assumed
deg(d;) < slog, m, which implies deg(d,) < slog, m, we then obtain

Z rpy(h) > Z ro(h)

heGy  \{0} heGy {0}
h191++hogo=w ( mod f) hlg/1+m+ho-gé.zw’ (mod f/)
o
(m')
> c(0,5,b)

b
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) (m — slog,m)”
bm

> ¢(o, s, b)bpdes®
> 5(07 S, b)bdeg(&y) b_ma
with another constant ¢(o, s,b) > 0 depending only on o, s, and b.
Hence there is no loss of generality in assuming in the following that
deg(d,) = 0.
We are going to show the result of the lemma by induction on o.

The case o = 2: Here, we study

R(2, (91, 92), f,w) = > ro(h),

heG2 m MO}
h191+h292 w(mod f)

where we assume, without loss of generality, deg(ged(gi, g2, f)) = 0, and set
d; == ged(gs, ), p = f/ds.

Now, if h1g; + hogo = w (mod f), then hygy = w — hyg; (mod f), and
the latter equivalence can be solved if w — h;g; = 0(modds), which is
fulfilled due to our assumptions. Hence there exist a,l € Fy[z], deg(a) <
deg(dy), such that hy = a + ldy and w — ag; = 0(modds), so hage =
w— g1a— g1ldy (mod f). Let now v := “ 245, With this notation, we have
that he = v — ¢1lts (mod p), where p is defined as above.

Therefore, for every | € Fy[x], there exists a solution

and we obtain

R 1
R(27(91;92)7f,w) Z — —
b2 0;&;[“ pdeg(ld2) max < bdeg(p{ 1l 2 }))

deg(l)<deg(p)

1 1 1 1
2 deg deg(d2) : : v _ g1lt :
b b 'b 0#1€Fy [z] bdeg(l) max (m) by({p p ))
deg(l)<deg(p)

Let now G := % and F':= I, then ged(G,F) = %gcd(gltg,p) =1, and,
due to our assumptions, G/F has continued fraction coefficients A, with
deg(Ay) < slog,m < 2slog,(m — 2slog, m) < 2slog,(deg(F)).

We are now going to show the following inequality. For every a € Fy((z71)),
v(a) < 0, and for a constant c¢(s,b) > 0 it is true that

1
(3.1) X:= E > c(s,b)(deg(F))>.
0ALEFy [z] pdes(l) max (bdeg(F), <{a ZG}>)
deg(l)<deg(F)

Let Qo,Q1,...,Q,, Qo =1, Q_1 =0, Q, = F, be the denominators of the
convergents to G/F, with Q; = A;Q;_1 + Q;—2 for 1 < i < r, deg(4;) <
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slogy m. Then we have, as shown in (2.2),

G b _ 0 where v(6;) < 0.

FooQ AnQf

Furthermore,
deg(F)—1 1
D ——
Z Z deg(l) pr({a-12})
y=0 leFy [z] b € max bdeg(F)? e
deg(l)=y
r—1 deg(Ajp1)—1
Z Z Z S<i721722)7
z1=0 z2e{—OO,O,:LQ,...,ng(Qi)_l}
where

1
S(’i,Zl,Zg) = Z

I=rQ;+A bdeg max <bdeg(F)7 ({a ZF}>)

deg(r)=z
deg(A):Zz
We have
bdeg(l) max (bd 1 ol by({al?})) — p* bdeg(Qi)bmax( deg(F), ({a ZF}))

— p bmax(deg(Qi)—deg(F),deg(Qi)—s—y({a—l%})) )

Now, on the one hand, for 0 <7 < r we have

deg(Qi) — deg(F) < -1,

and, on the other hand, for 0 < i < r and [ = kKQ; + \ we have

deg(Q;) +v ({a _ z%}) _

= deg(Qi) +v ({a (@A) <% - g i 5) })

= deg(Q;) + <{a— /in—l—/\)( & 2+P)})
z+1Q
sy oo (fo- 00
z Z+1Q
o ({LaQH{aQ} LRSI
'L+1Qi
_ k(A) + {an (kQ; + N)b;
= dea(Q)+ <{ A @? }>
(2 ) 0
AinQ;

: (Qz( o))
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(kQ: + A)ei)

= v (k()\) + {a@Qi} — Ai1Q;

< deg(k(N)) + 1.
where k(A) := |aQ;] — AP; (mod Q;).
Consequently,

bdes®) max <

p({o- zG}>) < B

bdes(£)’
where
d(\) == {deg<Qi) —deg(F) if k(\) =0,
deg(k()) +1 otherwise.
Therefore,

r—1 deg(Ait1)—1

_ A,
1 1
DEED DD D = > > 2 o
1=0 21=0 29€{—00,0,1,2,...,deg(Q;)—1} ngE(]Fz;[T] d/\ge(ﬁ‘;z; x]
e K Zl e,

r—1
1
- (b—l);deg(flm) ) P

AEFy [z]
deg(X)<deg(Q;)

1 1
= (b—1) Z deg(A;t1) Bea(Q:)—dea(F) + Z pdeg(k(N)+1
i—0 AEF [z]
k(X\)#0
deg(X)<deg(Q;)

Now as A runs through all polynomials in F,x] with degree less than
deg(Q;), so does k(A).

r—1 deg(Qi)—1 1
i=0 z=0 AEFy [x]
deg(N)=z
b . 1 9 r—1
= ( Z deg i+1 deg(@z)
For the latter expression,
r—1
Z deg(A;11) deg(@Q Z deg(A;1 Z deg(A
Note that
r—1 i r i—1
Y deg(Ain) Y deg(4;) = > deg(Ai) ) deg(4;)
=0 j=1 i=1 j=1
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Hence,
r 1—1 r r r
2 “deg(A) Y deg(A;) = Y deg(Ai) > deg(A;) — ) deg(A;)
i=1 j=1 i=1 j=1 i=1

= (deg(F))* — Z deg(A;)".

However, from the assumption on deg(A;) we obtain deg(A4;) < 2slog,(deg(F)),
hence the latter expression is bounded from below by

(deg(£7))* — deg(F)(2s log, (deg(F))*,
and (3.1) is shown.

However, (3.1) implies
~ 1 1 1

R(Z (91, 92>7 /5 w) > b_Q—bdeg(P) Mc(s, b)(deg(F))2
1 1 1 )
> 5 o) ey (8: D) (m — 2slog, m)
1 1 1 )
- 12 pdes(f)—deg(dz) pdeg(da) c(s,b)(m — 2slog, m)
2
> (s, b)%,

with ¢/(s,b) > 0 another constant depending only on s and b. Hence we
have shown the result of the lemma for o = 2.

Induction step 0—1 — o: The condition hyg;+- - -+h,g, = w ( mod f)
is equivalent to

h191 + -+ ha—lga—l =w — hago (mOd f)

The latter congruence has a solution if and only if §, 1 := ged(g1, - - -, go—1, f)
is a divisor of w — h,g,, i.e.,

hsgs = w (mod d,_1).

Now, since deg(ged(d,-1,9,)) = deg(d,) = 0, there exists an a € Fylz],
deg(a) < deg(d,—_1), such that

w — ag, = 0 (mod d§,_1),

and so
ho- =a+ l5o'71-
Hence we have, using the induction assumption,
R(O-’ 97 f7 w)
1
Z Z bdeg(a+l(5(,_1) Z rb(h)
LEFy [«] hecg;nl\{o}

d l —d S,
cg(l)<m—des(bo—1) h191++he 195 1=w—(a+18,_1)go (mod f)
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o—1
_ deg(65_1) § : ;
> C(O’ 1, S, b)b & ! pdeg(at+ldo—1) "

bm
LEFy [x]
deg(l)<m—deg(d5—1)

Now, for the latter sum we have

: > 1 1 1
Z W - bdeg(a) + bdeg((saﬂ) Z bdeg(l)
l€Fy [z] e
deg(l)<m—deg(6,_1) 0<dos(t) < deg (1)
1
bdeg(&a_l) (m - deg(éa—l))

1

/!
> b, 1) C (s,b)m,
where ¢”(s,b) > 0 is another constant depending only on s and b, and
where we made use of the assumption that deg(d,_1) < slog, m. The result

follows. O
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