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Abstract

In this paper we study construction algorithms for polynomial lattice rules over
arbitrary polynomials. Polynomial lattice rules are a special class of digital nets
which yield well distributed point sets in the unit cube for numerical integration.

Niederreiter obtained an existence result for polynomial lattice rules over arbi-
trary polynomials for which the underlying point set has a small star discrepancy
and recently Dick, Leobacher and Pillichshammer introduced construction algo-
rithms for polynomial lattice rules over an irreducible polynomial for which the
underlying point set has a small (weighted) star discrepancy.

In this work we provide construction algorithms for polynomial lattice rules over
arbitrary polynomials, thereby generalizing the previously obtained results. More
precisely we use a component-by-component algorithm and a Korobov-type algo-
rithm. We show how the search space of the Korobov-type algorithm can be reduced
without sacrificing the convergence rate, hence this algorithm is particularly fast.
Our findings are based on a detailed analysis of quantities closely related to the
(weighted) star discrepancy.
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1 Introduction

In many applications, notably numerical integration, point sets with good
distribution properties are required. To be more precise, one is frequently
concerned with approximating the s-dimensional integral of a function F,

I(F):= /[0,1]5 F(zx)dx

by a quasi-Monte Carlo (QMC) rule of N points,

QualF) =y Z_o Fa,).

It is well known that point sets with good distribution properties yield a
small integration error for certain classes of functions. A well-known error
estimate for the integration error is given by the Koksma-Hlawka inequality
(see, e. g., [6,9,12]),

|IS(F) - QN,S(F)| < V(F)D}k\fa

where V(F') is the variation of F' in the sense of Hardy and Krause and D3, is
the so-called star discrepancy of the point set used for the QMC rule. The star

discrepancy of a point set consisting of N points xg, @1, ..., xy_1 in [0,1)% is
defined as
Dy = Dy(xo,...,xy_1) := sup |A(aq,...,as)|.
0<; <1
1<i<s
Here, A(ay, ..., ay) is the discrepancy function,
A i 0,0éi
Aoy, ... o) = N<HZ]_V1[ ))—a1~-~as,

where Ax(F) denotes the number of indices n, 0 < n < N — 1, such that
x, € F.

Many constructions of point sets with particularly small star discrepancy are
based on the concept of (¢, m, s)-nets in base b. A detailed theory on this topic
was developed in Niederreiter [10] (see also [12, Chapter 4], for a recent survey
see [13]).

Definition 1 Let s > 1, b > 2, and 0 < t < m be integers. A point set
P consisting of b™ points in [0,1)% is called (t,m,s)-net in base b if every
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interval J = [I5_,[a;b=%, (a; + 1)b=%) C [0,1)*, with integers d; > 0 and
integers 0 < a; < b%, 1 < i < s, of volume b'™™ contains exactly b* points of

P.

A special construction of (¢,m, s)-nets was proposed by Niederreiter in [11]
(see also [12, Chapter 4.4]). Let p be a prime and let ), be the finite field
consisting of p elements. Further, let F,((z~!)) be the field of formal Laurent
series over I, with elements of the form

L= Z f}ll’il,
l=w

where w is an arbitrary integer and all ¢; € IF,. Note that the field of rational
functions is a subfield of F,((z™!)). We further denote by F,[z] the set of all
polynomials over IF,,. For a given integer m > 1 and dimension s > 2, choose
f € F,[z] with deg(f) = m, and let gy,...,9s € F,[z]. We define the map

Om  Fp((271)) — [0,1) by

on(Stet) = 3w
l=w l=max(1,w)

Let n € {0,1,...,p™—1} with p-adic expansion n = ng+mnip+---+n,_1p™ .
With such an n we associate the polynomial

m—1

n(z) = > na" € Fpyla].

r=0

Then the point set P(g, f) is defined as the collection of the p™ points

for 0 < n < p™ — 1. Due to the construction principle, a QMC rule using the
point set P(g, f) is often called a polynomial lattice rule. The vector g is called
the generating vector of P(g, f) or the generating vector of the polynomial
lattice rule, depending on the context.

Apart from the classical concept of the star discrepancy (which we call from
now on classical star discrepancy) there is also the idea of the weighted star
discrepancy introduced by Sloan and Wozniakowski in [17], who observed that
different coordinates may have different influence on the quality of approxi-
mation of an integral by a QMC rule. We need some notation that will be
used throughout the paper: let v = (7;);>1 denote a sequence of positive real
numbers, the “weights”, and let D = {1,2,...,s} be the set of coordinate
indices. For v C D let v, = [Ticu Vis 70 = 1, |u| be the cardinality of u, and
for a vector z € [0,1)° let 2z, denote the vector in [0, 1) containing only the



components of z whose indices are in u. Moreover we write (z,,1) for the
vector that we obtain by replacing all the components of z not in u by 1. Now
for a point set x,...,xx_1 in [0,1)° and a sequence v = (7;);>1 of weights
the weighted star discrepancy DY, is given by

Dy ., = Dy (xo,...,TN1) = zes[gli)s max Yu |A(z,, 1)].
’ u#)

(Note that for the choice v = 1, that is, 7, = 1 for all ¢ > 1, we have
DY 1 = D} from above, since in this case the maximum in the definition of
weighted star discrepancy is always attained for u = D.)

Sloan and Wozniakowski showed a weighted version of the Koksma-Hlawka
inequality for all functions in the Sobolev space Wi ([0,1)*),

L(F) = @ns(F)] < Dy || F]

s,y
where the norm is defined as
|ul
Fl|l._ = *1/ Flz,,1)| de,.
1Pl = 2, e )

Hence, point sets with small weighted star discrepancy guarantee a small
worst-case error for numerical integration in weighted spaces.

We are interested in finding point sets with small weighted star discrepancy
on the one hand, and small (classical) star discrepancy on the other hand. It
has been shown (see [12]) that for a given polynomial f there always exists
a vector of polynomials g such that P(g, f) has small star discrepancy by
averaging over all possible choices of g. This result was made “more explicit”
in the recent paper [4] where the authors showed that such vectors g can be
found by computer search: more precisely, a component-by-component and a
Korobov construction algorithm for polynomial lattice rules were introduced.
Furthermore, the results for the classical star discrepancy were extended to
the weighted star discrepancy. However, the results in [4] are limited to the
case where f is an irreducible polynomial.

In this paper, it is our aim to show results for the case where f is not necessarily
an irreducible polynomial. We first show an average-type result which is simi-
lar to a result for the unweighted case due to Niederreiter [12]. We then show
how the generating vector for point sets P(g, f), which are at least as good as
average in terms of the weighted star discrepancy, can be found by computer
search. We show that this can be achieved by a component-by-component con-
struction and a Korobov-type construction. While our average-type result and
our results on the component-by-component construction hold for arbitrary
choices of f, the results in the Korobov case are limited to the case where f
is the product of different monic irreducible polynomials. The search space in



this case is on the other hand much smaller. Usually, for finding p™ points one
needs a search space with the number of elements of order O(p™), but here, in
case f is the product of two monic irreducible polynomials of degree m; and
ma, the search space has a number of elements of order O(p™ + p™?), where
m = my+msy. Such types of algorithms have been proposed in [1,7], but therein
the upper bounds on the worst-case error are not as good as for a full search.
In our case though, the upper bound only shows an increased dependence on
the dimension, which is typical for Korobov type construction algorithms, but
the convergence rate is the same as for the full search of the component-by-
component algorithm (this is not the case in [18] where the worst-case error
in some reproducing kernel Hilbert space has been considered). The technical
reason for this is that we do not rely on Jensen’s inequality for our proofs. We
also show that one can use a product of more than two irreducible polynomi-
als and thereby reduce the size of the search space even further. This yields
a considerable speedup of the construction algorithm allowing us to search
for polynomial lattice rules in high dimensions and a large number of points
(compare also to the fast component-by-component algorithm for lattice rules
in [14-16]).

Our paper is structured as follows. In the subsequent section we introduce
the necessary notation and some preliminary results, whereas in Section 3 we
introduce and analyze the construction algorithms. We conclude the paper
with a discussion in Section 4.

2 Preliminaries

We shortly summarize some notation and results that will be needed through-
out the paper. For arbitrary k = (ki,..., k)", 9 = (g1,...,9.)" € (F,[z]),
we define the vector product

k'gzzkigi

i=1
and we write g = 0(mod f) if f divides ¢ in IFp[z]. Further, as above, we often
associate a non-negative integer Kk = Ko+ K1p+ - - -+ k,p" with the polynomial

kK(x) = Ko+ Kix + - - - + Kya” € Fy[z] and vice versa.

In what follows, let p be prime, m > 1, and s > 2. Let

Gpm = {h € Fplz] : deg(h) < m}.



For h € G, let
1 if h=0,
mp(h) = {WQ(%%) if h=ro+ KT+ -+ Kga9, kg # 0.
Furthermore, define, for f € F,[z], deg(f) = m,
Gopulf) i= {h € Fyla] : deg(h) < m, ged(h, f) = 1}.

It is obviously true that
GnF) S Gpom. 1)

Let f € F,lz], deg(f) =m, g € (G;m(f))s. Define

Rig.f):= > IIme(h)
heG) o \{0} i=1
h-g=0( mod f)

We have

Proposition 1 Let f € Fy[z], deg(f) = m, g € (G;,.(f))°. Then for the
star discrepancy Dy/(g, f) of P(g, f) we have

. 1\? 5
Di(g.f) < 1= (1= ) +R(g.) <+ +R(g.)). 2
N N
where N = p™.
Proof. The assertion follows by [4, Proposition 2.1] and (1). O

We can also define the analogue of R(g, f) for the weighted case. For u C D,
u # 0, define g, := (g;)jen and

|u|

R(g,, f) = > [T 7p(ha).

heGp oy =1
h-g,=0 (mod f)

Moreover, we put

uCD
u#)

It was shown in [4] that

R’Y(ga f) = Z H?p(hlavl)a
heGs; \{0} i=1
h-g=0 (mod f)



with
_ 1+~ if h=0,
Tp<h'7 7) = .
yrp(h) if h # 0.
For the weighted star discrepancy D3y ., of a point set xo,...,zy_ in [0,1)°
it easily follows from the definition that

Dy < > yDy(u),

uCD

u#)
where D3 (u) denotes the star discrepancy of the projection of the point set
xo,...,xy_1 to the coordinates given by u. Proposition 1 yields

Dy <1~ (1- %) + Bg. )

Consequently, we get for the weighted star discrepancy D3 ., of the point set
P(g, ),

Dise )< L ou(1-(1-3) )+ hien @)

uCD
u#)

Equations (2) and (3) show that the quantity R(g, f) (or R(g, f), respec-
tively) is intimately related to the (weighted) star discrepancy of the point
set P(g, f). In order to obtain upper bounds on the weighted or classical
star discrepancy it suffices to obtain upper bounds on R(g, f) and R+(g, f).
This is what we will be concerned with in the next section. But first we
show how the quantities R(g, f) and Rv(g, f) can be computed effectively.
Let © = (21,...,2,), [ € Fy[z] with deg(f) = m, and g € (G;,,,(f))*. In [4,
Section 4] it is shown that

1 S
R(g,f)=—-1+ 7|P(g, ] wepz(g’f)il_[l Gp,m ()
and
. S 1 S
Ry(g,f)=— i:H1(1 + i) + Pg. )l we}%yf)iﬂl(l + Yitpm (i), (4)

where for t =t /p+tay/p* + - -+t /™,

. p2 .
1+Zop3—pl %tlo(tzo —p) if tl = ... :tio—l =0 and tio %0,
¢p7m(t) =
2_1 .
1+ m% otherwise.




With these formulas, R(g, f) as well as R (g, f) can be computed in O(p™s)
operations.

3 Existence results and construction algorithms for polynomial lat-
tice rules

In this section we present existence results and construction algorithms for
polynomial lattice rules over arbitrary polynomials. The first four subsections
are concerned with the weighted star discrepancy whereas the last subsection
deals with the classical star discrepancy.

3.1 An Average-Type Result

The following theorem gives, for a polynomial f € F,[x] with deg(f) = m, the
average of R.(g, f) over all vectors g € (G5, (f))°- A proof can be obtained
using a similar method as in the proof of [12, Theorem 4.43] and hence we omit
the proof here. Further we remark that Theorem 1 is the weighted version of
[12, Theorem 4.43]. A very similar result for irreducible polynomials f is given
in [4, Theorem 2.3].

Theorem 1 Let m > 1, s > 2, and f € F,lx] with deg(f) =m. Then

R(g.
[T <f> gez 9.9)

1 S S lOgN S S
N(H +(l+¢plog N)) — H(H%‘))—cpT' 7 [T+ )

=1 =1

+0 <7(logl?vg N)2> 3 <H <_%]92T;1>> (H(l +%)) ,

uCD \i€u
lu[>2

P
where ¢, = 3plogp and N = p™

This result serves as a benchmark for our construction algorithms presented
in the following subsections.



3.2 A Component-By-Component Construction

Theorem 1 implies the existence of polynomials which can be used for the
construction of point sets with small star discrepancy. The following algorithm
provides a way to find such polynomials explicitly. We outline a component-
by-component construction of P(g, f) based on the quantity Rﬁ(g, f)-

Algorithm 1 Let p be prime. Given f € Fplz], deg(f) = m > 1, and a
sequence of weights v = (V;)i>1:

(1) Set g, = 1. -
(2) Ford=2,3,...,s findgq € G}, (f) to minimize Ry((91, - - -, 9a—1,9a), f)-

In the following theorem we show that this algorithm is guaranteed to find a
good generating vector.

Theorem 2 Let p be prime and f € F,[z] with deg(f) = m. Suppose g* =
(97, -, 9%) € (G, (f))® is constructed according to Algorithm 1. Then for all

d=1,...,s we have
d 2
p*—1
1+~v1+(m+c
1< 7( ( 2 3p ))

1
Byt 00, 1) = o2

7

_ deg(r)
where cp = Y Seg( 1 -
rlf

r irreducible

Remark 1 We remark that the bound in the above theorem can be made
independent of the dimension if >3°, v; < oo by using [7, Lemma 3]. This is
known as strong tractability, see [17].

Proof. W.l.o.g. we assume that the polynomial f is monic. We prove the result
by induction on d =1, ..., s.

Since g; = 1 and since there is no polynomial h € G, \ {0} such that
h = 0(mod f), it follows that R,((¢7), f) = 0 and hence the bound holds for
d = 1. Now we have

Ry((g" 9441), f)= min  Ry((g", gar1), f)

9a+1€G3 i (f)

<
G l(£)

Z R"/((g*agd-i-l)vf)'

gd+1€G;,m(f)

Observe that ’G;m(f)‘ = ¢,(f), where ¢,(f) is the analogue of Euler’s totient
function for the field F,[z] (cf. [12, p. 77]). Thus,



Bo((g" gin), ) < if) > Ry((g ). )
p 9d+1€G} m (f)
1

<

d+1
P 9a+1€G5 () (hhap1)eGpm\{fo} =1
h-g*+hqi194+1=0( mod f)
1 d+1
TR 1 CCET) I o
p (hohay1)eGItI\{0} \i=l 9i+1€G} 1 (f)
h-g*+hg194+1=0( mod f)

<

It (h’7 hdJrl) = 07

d+1 d+1
11 7p(hiv) = TT (X + %)
i=1 i=1
and
> 1= (G5 (D] = 6n(F)
9a+1€Gp m (f)
h-g*+hgy19441=0( mod f)
Consequently,

~ dt1
Ry((g%, g5): )< =TT +m)
=1

1 d+1 N
_'_(b (f) Z <Hrp<hi77i>> Z L.
M (hhain)eGain V=1 9a11€Gp m(f)
h-g*+hgy194+1=0( mod f)

For all (h, hgy1) € G231

p,m?

Z L= Z Z X<fh9+hd+1g)>
94+1€G} 1 (f) 9€G5 1 (f) pr vmod f
h-g*4+hg4194+1=0( mod f)

where 2, 04 f and X, are defined as in [12, p. 78]. We therefore have

Ry((g%, 93:1): /) <= [T +7) + <b — 2 (H?’p(hi,%)> X

i=1 v mod f heGd i=1

><Xp<f ) Y % Fp(h,de)Xp(%hg).

heGp m geG}, ., (f)

Define now

XX X (o).

hEprm geG;,m(f)

10



Then,
Yp(oaf) :¢p(f) Z 77p(hﬁdﬂ)-

h mod f

Let 1, be the Mobius function on the multiplicative semigroup S, of monic
polynomials over IF,,. Note that p, is multiplicative. For fixed v € F,[x] with
0 < deg(v) < m, we obtain

Yo, )= > Tphvan) Y X, <f ) > ppld

h mod f g mod f d|(g,f)
= Z p(h, 7d+1)21up(d) Z Xp (?h9>
hmod f d|f g mod f
dlg
~ v
= X At T X, (Gad)
h mod f d|f amod f/d f
= Z 7p(hs Yara Zﬂp<d> ZX< )
h mod f d|f a mod d

Applying [12, (4.51)] to the innermost sum, we obtain

Vo, )= 3 b var) 3 iy <§>pdeg<d>

h mod f d|f
d|vh
= Z Hp < ) degld) Z (P Yat1)-
d|f h mod f
d|vh

Now d|vh if and only if d/(d,v) divides h. Thus,

deg(d) L)
%“”( )5 (1),

where, for an a € S, dividing f, we put

Ep(a7f): Z ?p(h>7d+1)'

h mod f
alh

If a = f, then

Ep(a, f) = 7p(0,7a+1) = 1+ Yas1-
Now let a # f; then

Ep<a7 f) =1+ Vd+1 + Z Fp(a’b7 7d+1>'

bmod f/a
b#0

11



We have, by denoting by sgn(b) the leading coefficient of a polynomial b, and
by noting that a is monic,

1
7p(ab, Yat1) = Ya+1 —5
, m%f/a P , m%f/a pdeg(ab)+1 sm%;sgn(ab))
b£0 b£0
1
- —deg(a)—1 — deg(b)
=Yd+1P p . T
b m%f/a SIHQ(ESgn(b))
b0
. deg(f/a ek
= Yap1p~ 2@~ Z p*p Z
= sin?

=Y4+1deg (5) ~ deg(e)- Z (2

= p

= a1 T, deg (g) p~des@)

where T, = 1223—;1. Since, for a = f, deg(a/f) = 0, we have for all a € S,
dividing f

Ey(a, f) =1+ a1 + va1T) deg <£> p~des(@
=1+ Yar1 + Yar16p log Np~ 9@ — 4T, deg(a)p™ 25,
where ¢, is defined as in Theorem 1.

Applying this formula with a = d/(d,v), we obtain

= (1) o

daf

— de; v d — de; v
X (1 + Yar1 + Yar1¢ylog Np~ ¢ B/t — Ya+11Tp deg (m) p~ e/ ))>

-eli)

d
X (pdeg(d)(l +Yar1) + Yagp16p log Np*® @) — 5, 1 T, deg < ) pdeg((d’v))>

= ¢p(f) (1 + Yas1) + Va1 log NHO (0, f) = yann T,HP (v, ),

12



with

Zﬂp < ) deg( (dv))7

daf

Sk AT

daf

Analyzing H{" (v, f) as in [12], we find that

YZD(”v f) = ¢p(f)(1 + 7d+1) - ’Yd-i-lTpH;SQ)(Uv f)
Therefore we have
_ d+1 1 d
Rolla" v £) < - T104 90 + e 5 (H 1)) 0.
=1 (f) G =1
T zz <Hrp )X ( ) Vo
d+1 d+1
:_H(1+71 Z Hrp za%
i=1 hEG‘Hl =
1+7d+1 Z Z (Hrp h@,’}/@> <fh g)
vm;d f heGd i=1
s s s (M) X (Shes ) G0 )
p v m;d f thd 1=1
1 d+1 B 1 d
=p—m T1 7o) + (1 v Rl ) = 221 5™ [T 7 )
hegitl i=1

2. X

QL__
p v mod f heGd

p heGd,, i=1

(H TP i Vi ) (%h’ : g*> TPHZEQ)(Uv f)

The last equality follows from the formula

d+1

[T (1+)+

i=1

(1+’Vd+1)]§7(9*7 f)=-

Now we consider the term

KU(f) = —— e —

(prZ

v mod f heGd
v#£0

1+ 7d+1

YD

v mod f heGd

([t (71-0)

<Hr,, 7) (;h g*)TpH,52><v,f>.

13



To this end let

> (v )X, Gh : g*) ,

v mod f
v#£0

where J,(v, f) = HP (v, f)/dp(f).

For a monic irreducible polynomial r over ), and v € F,[z] let e, (v) be defined
as in [12, pp. 82ff.], where it is shown that

deg(r)
Jp('U, f) = ¢p(re,ﬂ(f)—eq«(v))’

if there is exactly one r satisfying e, (v) < e,(f), and J,(v, f) = 0 otherwise.

Let now f1, fo be two polynomials over I, with (fi, f2) = 1. Let v € F,[x]
with 0 < deg(v) < deg(f1f2) such that there is exactly one r satisfying e, (v) <
e (f1f2). It then follows that r divides exactly one of f; and f> (see [12, p. 84]).
We get

TR = ¥ hehfX, ({ s

v mod f1 f2
v#£0

= X L hR)X (ff )

v mod f1fo
v#0
Ar:er(v)<er(f1f2)
r|f1

+ Z ( , fif2) X (Eh Q*>

v mod f1 fa
v#£0
Flrier(v)<er(fif2)
7| f2

If r|f1, v = vy fo with vy € Fp[z], 0 < deg(v1) < deg(f1), and

Jp(v, fifa) = Jp(vifa, fife) = Jp(vr, f1),

and analogously if 7| f2, which yields

T(flfz) =
vy f: . U2f1 .
= Y J(wife, fifa)X ( “2h-g >+ S Jp(vafi, fifae)X <ff g )
1 fa n}oi fif2 f1f2 v fr n}oi fif2 12
Elr:er(vllfz2)<er(f1f2) 3!7’ier(v22f11)<er(flf2)
rlf1 | f2

14



However, the latter expression equals

Z Jp(“l, fl)Xp (%h : g*>+ Z JP<U27 f2)Xp <%h : g*> =

v1 mod f1 vg mod f2
v1#£0 va#£0
Flr:ier(v1)<er(f1) Jlrier(ve)<er(f2)

=T(f1) +T(f2).

Hence T' is additive. Let r be a monic and irreducible polynomial and e > 1,
then

S S AR Xp<£h g>

e
k=0 v mod r¢ r

er(v)=k
deg(r v
=3 % e ()
/;)Ung(;r ¢p Te k : re
er(v)=k
S Y
= deg(r ~h-g
k=0 ¢p(r6_k)vmo re . re
er(v)=k
e—1 1
=deg(r)
l;)@?(re_k)

rkq mod re rk+1g mod re

x{ Y OX, (T:eqh.g*>_ Y X, (Tk:qh.g*ﬂ

_ e—1 1 q i
=deg(r) ];) Py qudZTe_k X, (mh g )
° 1
—d T X
B2 Gy, 2 (o
— 1
= deg(r Z pr re—k) - by (re— 1)

\_/

q
1 q kXp<Te kh g
q mod r¢—
1

+ deg(r) 2. X (rgh ' 9*) deel) g

(bp(,re) q mod r¢
1 deg(r)
(bp('r) pdeg(r) -1

By additivity we obtain

> — deg(r)

(- Y —deel)

.y pdeg(r) —1

r irreducible

and therefore

15



T, deg(r) ¢
d
Kp(f) <z Z des(r) — 1 Z HTp(hz‘a%‘).
p Cr P heGd,,, i=1
r irreducible ’
We obtain
_ 1 d+1 _
R‘Y((g*vg:l+1)7 f) < o ' Fp<hia’7@') + (1 + ’VdJrl)R‘y(g*a f)

147 LI deg(r) s
_ d+1 Z H Tp ir f}/l pp d+1 Z pdeg(r) 3 Z H 27 ,YZ

p™ heGd , i=1 rlf heGd,, i=1

r irreducible

(5)

Now we have

3 ﬁ (i) :ﬁ<1+%<1+mp2_1>)

heGd =1 i=1

and thus it follows that

1 pe 1+ 7u

. r z,% - r hza%)

P he%;flzl_[l . pm he%; zl_[l g
Ty Yas deg(r) ¢
T | X ), X e

heGd ,, i=1

7 irreducible

1 p?—1
:—H 1+ (14+m
p™ iz 3p

p?—1 deg(r)
3p Z pdeg(r) -1

2

) — 1 — Ya41 + Yat1
3p

L+ a4 <1 +m?
o

7 irreducible

d 2 2
Yd+1 p°—1 p°—1 deg(r)
S La s 1+~ (1 V)

pm Hl< ﬂ( T )) 3 |7 ; pleer) — 1

7 irreducible

From (5) and the last equality the result follows now by induction. O

Remark 2 (1) Using ideas from [12, p. 84f.] it can be shown that

deg(r)
cp = Tz‘f: eat) 1 = O(logm).

7 irreducible

16



(2) If f(x) = 2™ we obtain

deg(r)
r = Tz‘f: pdeg(r) -1

r irreducible

p—1

3.8 A Korobov-Type Construction if f is the product of two monic irreducible
polynomials

In the theory of good lattice points, lattice points whose coordinates are suc-
cessive powers of a single integer are of great interest. Such a choice was first
proposed by Korobov [8], which is the reason why such lattice points are fre-
quently called Korobov lattice points. A construction for polynomial Korobov
lattice rules was proposed in [4] for the case where f is irreducible. Here, we
present a Korobov-type construction for the case where f is the product of
two monic irreducible polynomials. Our method is motivated by ideas in [18].

Let f € F,[z] be the product of two different monic irreducible polynomials
f1, fo € Fp[z] with deg(fi) = m; and my + my = m = deg(f).

Algorithm 2 (1) Find optimal g. € Gpm, \ {0} using [4, Algorithm 3.9]
with f replaced by fi.
(2) Let the vector

w(b) == fi(1,b,... .0 N+ fo(l,gs,..., 95" (mod f)

and find b, € Gy, \ {0} such that R (w4(b), f) is minimized with respect
to b.

Theorem 3 Let f € F,[z] be the product of two different monic irreducible
polynomials fi, fo € F,lx] with deg(fi) = m; and my + my = m. Assume
b. € Gpm, \ {0} is chosen according to Algorithm 2, then we have

Rey(ws (D), f)
1 s—1 s—1 s s pr—1

P e I
( Z—HlHﬁ +ﬁ<1+ﬁ<1+m1p3pl>>>

-1 <—f[(1+%)+1_[<1+% <1+m2p23;1>)>.

pm —1pm i=1 i=1
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Remark 3 If the weights satisfy >27°, \/7; < oo then using [7, Lemma 3] one
can show that the bound in the above theorem depends only polynomially on
the dimension s. This is known as tractability, see [17].

Proof. Define

1
M (f) = — N > Ry(ws(d), f).
P77 L by m, \ 0}

It follows from Algorithm 2 that R (ws(b,), f) < MUO(f) and therefore it
suffices to show that M) (f) satisfies the bound from Theorem 3. We have

— 1 s B
MS(K)(f) o — 1 Z Z Hrp(hia%‘)
P bEGp,m \{0} <:ff:’8’6m\<{0}d . i=1
1 s
eI | LU DR SR CIOR O

heay,, \{0} i=1 bEGp.my \{0}

where for polynomials f and a € F,[z] we define

5y(a) = { 1 ifa=0 (mod f),

0 ifaZ0 (mod f).
Since ged(f1, f2) = 1, for polynomials a1, as € F,[z] it is easy to prove that

frar + faaa =0 (mod f)
if and only if
ap =0 (mod fy) and ay;=0 (mod f).
Therefore we obtain

7 (w,(B) - B) = 05, (B - (1, gur. .. g5 N0 (- (1,b,.. b))

and hence
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Z (ﬁ fp(hzf}/z)) 5f1(h" (179*7"'7gi_1)) X

heGsy \{0} \i=1

x > Op(he(1,b,...,057Y)

bEGp,m4 \{0}

T SR 01 CAORS) DAUNIPRPE

mo __ 1
p hEG;ym\{O}
h;=0 (mod f5),1<i<s

X > (ke (1,b,..,07Y)
beGp,m; \{0}

1 s N
+ mo 1 Z (Hrp(h'l?fyl)> 5f1<h (179*7"'79* 1)) X
P = heGy m\ {0} \i=1
3i:h;Z0  (mod fo)
xS Sulh-(Lb... b))

bEGp,ms \{0}
= 21 + 22.

_pm2—1

If there is an index i such that h; Z 0 (mod f3) then

Yo (R (1,b,.. 0 Th)) <s—1,
beGp,ms \{0}

since fs is irreducible. Otherwise

> dp(h(1,b, 0T =p™ — 1
ber,mQ\{O}

Now

Si= Y I 7hifaw)dn (R (1 ger -, 057h),

heGs ,, \{0} =1

since ged(f1, f2) = 1. If h; = 0, then Fp(ﬁifg,%) = Fp(ﬁi,%) and otherwise
(since fy is monic) 7,(hi fa, 7)) = Iﬁ@(hi,%). Therefore

1

2 <
pm2

S
g 1 -
Z Hrp(hia%‘) = TQRv(Us(g*)afl)-
;ecf}’ml\{o} =1 p
;-(1,g*,.4.,gi71)50 (mod fq)

We consider >o:
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5, < s—1

T e (f“p<hm>) Sp(h (1, ge. 05 )

P =L eas \oy

s—1 S .
— oms _ 1 Z (H Tp<hi77i>> 5f1 (h’ ’ (179*, <o s 1))
p heGs ,, \{0} \i=1
s—1 s _ _ .
pm2 —1 Z ~ Z <HTP<Qif1+hi77i)> 5f1<(qf1+h>'(1ag*u---ug* 1))
qGGng\{O} hEG;,ml i=1
s—1 =~
- me _ 1 <U5<g*) fl)
s—1 s .
tom 1 2 > <H Pp(aifr + hm%)) O (h (L, g0, 907Y)
p q€G; 0, \{0} hEGS ,, \{0} \i=1
s—1 5
e — 1 > II7(@fi ).

€ 1y \(0} =1

If ¢ = 0 we have 7,(qif1 + hi, Vi) = Tp(hi, i) < Tp(qis /7i)Tp(hiy /75)- Other-

wise we have
~ Vi ~ -
'f’p((Jz‘fl + hz‘,%) = er(q@') < Tp<hi7 \/%)Tp(% ﬂ)

Therefore we obtain

%< LRy (), )
p
+p:12__11 Z Z (H 7tp(in V ’YZ)FP(hH V 72)> X
qeGs =1

5 my \{0} REGS . \{0}
x0p (R (1, sy, 00 ))
s—1 1 5
m2 _ ] pmi Z Hrp(q“’%)
p P geas o \{o} i=1
s—1

:pm2 1 R Ry (vs(9s), f1) +

L (CXCSNAIED S | (AUSVen

geGy o \{0} i=1
s—1 1 5.
my Z H TP(Qia 72)7

P LD gecy voyis1

where /v = (71, V72 ---)-

By a slightly more careful derivation of [4, Theorem 3.10] we obtain

Ry (vs(gs), f1) < __11 <—ﬁ(1+%)+ﬁ <1+% <1+m1p23;1>>>

i=1 i=1
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and from [4, Lemma 3.3] we know that

S S

S A =110+ +1I (1 + (1 +m2p23; 1)) .

q€G} ,,, \{0} i=1 i=1 i=1

Therefore we obtain

i 1 s—1 - | Pl
MSK(f)<pm2pml_1< H(1+% +H<1+%<1+m1 3 )))

s—1 s— p? —1
+ T+y) + [ (1 4+ 1+
pm—lpml— 13 ! Hl< 7( B )))

s—1 s—l( 5
+

-1
e (I )+ 11 1+ v 1)) =

i=1

iv(oon)
+pf@__11pm1 < 1;[ H%HE(H% <1+m2p23;1>>).

The result follows. O

3.4 A Korobov-Type Construction if f is the product of t irreducible polyno-
maals

The results in Section 3.3 can be generalized to the case where f = H§:1 fis
with f1, fa, ..., f; being distinct monic irreducible polynomials (f > 2) with de-
gree my, Mo, . ..

.,my and my + --- + my = m, where m is the degree of f. Algorithm 2
can be generalized to

Algorithm 3 (1) Find optimal a; € Gy, \ {0} using [4, Algorithm 3.9]
with f replaced by fi-
(2) For fized 1 =2,...,t let ¢;_q = [1'Z L2\ f;. Let the vector

ws1(b) = -1 (1,b, ..., b)) + frws -1 (a—1)(mode_y f),

where ws;1(a—1) is the vector found in the previous step, and find b €
Gpm, \ {0} such that Ry(ws;(b), f) is minimized with respect to b.

We now have

Theorem 4 Let f € F,[x] be the product of t > 2 different monic irreducible
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polynomials fi,..., f; € F,lz] with deg(f;) = m; and my + --- + my = m.
Assume w;¢(ay) is constructed according to Algorithm 3, then we have

1 s—1 5 p?—1
2 1 m———
(2= (om0 )

where 7, = max{yi, ;7Y

7 s 4 DI

Ry(wsi(ar), f) < 1:11

Remark 4 If the weights satisfy %%, 7, /' < 0 then using [7, Lemma 3] one
can show that the bound in the above theorem depends only polynomially on
the dimension s. This is known as tractability, see [17].

Proof. Using the proof technique from Theorem 3 one can show that

~ 1 s—1 a p?—1
R (ws L) < +2 1+~ X
~(wsi(ar), ) < <pmt e — 1) z:l_[l ( Vil 3 )

X max(Ry(ws—1(ai-1), f), Ryt (Wse-1(as-1), f)),

where 4=/t = (71171/15’72171/15’ ...). Hence by repeated use of the above in-
equality and (6) we obtain the result. O

3.5  Results for the unweighted star discrepancy

In this section we present results for the classical star discrepancy. Since the
proofs of the theorems in this section are similar to those of the corresponding
theorems in Section 3, these are omitted here.

Similar to the weighted case we have the following theorem which gives the
average of R(g, f) over all vectors g € (G;,,,(f))°.

Theorem 5 Let f € Fylz], deg(f) = m. We have

2
. log N Lo <(10g1§)vgN) )7

where N = p™, and c, is defined as above.

Proof. The proof is again similar to that of Theorem 4.43 in [12]. O
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We also have a component-by-component construction for the unweighted
case.

Algorithm 4 Let p be prime. Given f € Flz], deg(f) =m > 1:

(1) Set g, = 1.
(2) Ford=2,3,...,s find gq € Gy ,,(f) to minimize R((g1, .., 9a-1,9a), f)-

Theorem 6 Let p be a prime and let f € F,[z] with deg(f) = m > 1.
Suppose g* = (g3, ...,9%) is constructed according to Algorithm 4. Then for
alld=2,..., s we have

* * 1 p2_1 ‘
Rt £) = o (10 )

p P
1 2 1\"op? -1 deg(r
(1 mp (p ) Z _ g(r)
pm 3p 3p ~ ples(r) — 1
7 irreducible
Proof. The proof is similar to that of Theorem 2. a

Remark 5 If f(z) = 2™ we have
deg(r) 1

Z pdeg(r) -1 -

rlf

7 irreducible

and therefore

* * 2 p2_1 ¢
R((17927'--7gd)7f)§ T <1+m )
foralld=2,...s.

We also have a Korobov-type construction as in the weighted case if f is the
product of two irreducible monic polynomials.

Algorithm 5 (1) Find optimal g. € Gpm, \ {0} using [4, Algorithm 2.9]
with f replaced by fi.
(2) Let the vector

w(b) == fi(1,b,... .05 N+ fo(l,gs,..., 95" (mod f)

and find b, € Gy, \ {0} such that R(ws(b), f) is minimized with respect
to b.

Theorem 7 Let f € F,[z] be the product of two different irreducible poly-

nomials f1, fo € Fplx] with deg(f;) = m; and my + mg = m. Assume b, €
Gpms, \ {0} is chosen according to Algorithm 5, then we have
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s s 2-1\° 2 -1\°
R(ws(bs), ) < <1+m1p 3 ) <1+m2p 3 ) :
Proof. The proof is similar to that of Theorem 3. a

Finally, there is an algorithm for the case where f is the product of ¢ monic
irreducible polynomials.

Algorithm 6 (1) Find optimal a; € G, \ {0} using [4, Algorithm 3.9]
with f replaced by f;.
(2) For fized 1l = 2,...,t let ¢;—1 := Hé;ll fj. Let the vector

ws 1 (b) = -1 (1,b, ..., b)) + frws -1 (a_1)(mode,_y f),

where ws;—1(a;—1) is the vector found in the previous step, and find b €
Gpm, \ {0} such that R(wg;(b), f) is minimized with respect to b.

We now have

Theorem 8 Let f € F,[z] be the product of t different monic irreducible
polynomials fi,..., fr € Fylz] with deg(f;) = m; and my + --- + my = m.
Assume ws¢(ay) is constructed according to Algorithm 6, then we have

where m; = my + -+ +m;.

Proof. The proof is similar to that of Theorem 4. O

4 Discussion

In this paper we were able to provide error estimates for component-by-
component /Korobov constructions of polynomial lattice rules based on re-
ducible polynomials. Though dropping the assumption of irreducibility weak-
ens the estimates, the actual error seems to be quite unaffected by this. Indeed,
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as one can see by example of Table 1, the values for é.y are comparable for
irreducible and reducible f.

For the Korobov construction the question arises how to choose m; and mso
for a given value of m. In terms of the construction cost the minimal value is
obtained for m; = my (if m is even). On the other hand the choice of m; and
mo for given m might also influence the quality of the Korobov polynomial
lattice rule. Note that the bound in Theorem 3 is symmetrical in m; and ms
apart from the term

s—1 s—1 5 s p?—1
—TT1(1+~ 141 .

i=1 i=1

This would suggest that choosing m; slightly smaller than msy could yield a
better result, as in this case the upper bound becomes smaller. On the other
hand Table 1 already suggested that there is no noticeable difference between
irreducible and reducible polynomials, hence it seems reasonable to assume
that all partitions of m into my, my > 1 would yield similar results. Indeed,
further numerical investigations show that there is no noticeable difference
between different choices for m; and ms. Hence the best choice of m; and ms
is my = my (or my &~ my if m is not even) as in this case the construction cost is
minimized (see also [1] were there is a comprehensive numerical investigation
of these questions for lattice rules; results for polynomial lattice rules are
expected to be similar to those for lattice rules, see the numerical results in
[3]; compare for example Table 1 with [4, Table 5.2]).

Fast component-by-component constructions of lattice rules have been intro-
duced in [14-16]. Tt should also be possible to apply those ideas to the con-
struction of polynomial lattice rules over reducible polynomials.
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