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Abstract

In analogy to ordinary g-additive functions based on g-adic expansions one may
use Cantor expansions with a Cantor base @) to define (strongly) @Q-additive func-
tions. This paper deals with distribution properties of multi-dimensional sequences
which are generated by such @Q-additive functions. If in each component we have
the same Cantor base (), then we show that uniform distribution already implies
well distribution and we provide an if and only if condition under which such se-
quences are uniformly distributed modulo one. For different Cantor bases in the
single coordinate directions the question for uniform distribution becomes much
more involved. We give a criterion which is sufficient and, in the case of strongly
(Q-additive functions, also necessary.
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1 Introduction

A sequence (x,),>o in R?® is said to be uniformly distributed modulo one if for all intervals
[a,b) C [0,1)° we have

lim #{n:0<n <]]\\[f, {z,} € [a,b)} ~ A(la.b)), 1)

N—oo

where A\ denotes the s-dimensional Lebesgue measure and {x} denotes the fractional part
of a vector & applied component wise. Furthermore, a sequence (,),>0 in R?® is said to
be well distributed modulo one if for all intervals [a,b) C [0,1)® we have

lim #{n :v<n<v+ N/{x,} €[a,b)}

lim ¥ = X\([a, b)) uniformly in v € Ny.  (2)
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Of course, a sequence that is well distributed modulo one is also uniformly distributed
modulo one but the converse is not true in general.

Quantitative versions of (1) resp. (2) are often stated in terms of discrepancy resp.
uniform discrepancy. For a sequence w = (@,,),>0 in R® the discrepancy is defined by

D(w) = sup #{n:0<n <]]VV, {x,} € [a,b)}

— As(la, b)),

where the supremum is extended over all sub-intervals [a, b) of the unit-cube [0, 1)°. The
so-called uniform discrepancy is defined as

Dy(w) = sup Dn((@p+2)n>0)-
vEeNy
A sequence is uniformly distributed modulo one if and only if its discrepancy tends to
zero as N goes to infinity and it is well distributed modulo one if and only if its uniform
discrepancy tends to zero as N goes to infinity.

An excellent introduction into these and related topics can be found in the book of
Kuipers and Niederreiter [14] or in the book of Drmota and Tichy [4]. See also [17].

In this paper we consider uniform and well distribution properties of special sequences
which are generated by so-called Q-additive functions, with respect to a Cantor digit
expansion with base @ = {qo, ¢1, ...} where ¢; > 2 are integers for all i € Nj.

Details about Cantor digit expansions (sometimes also called mixed-radix systems) in
general can be found, e.g., in [13]. We will call @ = {qo, q1, ...} with integers ¢; > 2 for
all 1 € Ny a Cantor base and we set Qo := 1, Qr := qo- - qx—1 for k € N (we can, e.g.,
take Qr = (k + 1)!' ). The special case of ordinary g-adic expansions, ¢ > 2 an integer,

is contained if we choose ¢y = ¢ = ... = ¢ and hence @, = ¢*. The main difference
between (Q-adic and ordinary g-adic expansions is that in the general case the ¢-th digit
can take values in {0, ..., ¢ — 1}, which may vary for each i and even become arbitrarily

large. Each integer n possesses a unique finite representation

n:no+n1q0+n2q0q1+---:Zn,@i, with n; € {0,...,¢; — 1} for i € Ny.
i>0

We will call this the Q-adic expansion or the Cantor expansion of n. Additionally, each
real number x € [0, 1) has a representation of the form

x:_0+£+ T2 _|_...:Z L , with z; €{0,...,¢; — 1} for i € Nj.
o qoq1  qo4192 >0 Qi1
Let @ = {qo,q, ...} be a Cantor base. A function f: Ny — R is called Q-additive if
for n € Ny with Cantor expansion n = ng + niqo + n2qoq: + - - - we have

fn) = fOng) + fO(ng) + fP(na) + -+,

with a sequence of functions f® : Ny — R, ¢ > 0. Because the domains of definition
of the f@ exceed the ranges of the n;, the f® are not uniquely determined by f. If in
addition there exist f® and an f*: Ny — R such that

f(O) — f(l) — f(2) =...=f*
then f is called strongly Q-additive. For the g-adic case see, for example, [4, 5, 10].
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Remark 1 Note that we want the sum-of-digits function to be a strongly ()-additive
function, so we can not simply define strong ()-additivity by the condition

f(n0+n1Q1+) :f(n0)+f(n1)+ (3)

as would perhaps seem natural following the ordinary g-adic example. Indeed, consider
the example @ = {3,5,...} and f equal to the sum-of-digits function, sg. Then f*(n) =n
and f(3) = f(0+1-3) = f*(0)+ f*(1) = f*(1) = 1 and similarly f(9) = f*(3) =3 # f(3),
which would lead to contradictions under condition (3). Therefore, to avoid the recursivity
which causes this contradiction we distinguish the function f from the ‘digit function’ f*.

An example for a Q-additive function is the function n — an, or more general, the
weighted sum-of-digits function of the Cantor expansion, defined for a sequence v =
(7i)i0 by $g.~(n) = ngyo+mn1y1+- -+ if n € Ny has Cantor expansion n = ng+mnygo+- - -.
If the weights «; are constant, then s ~ is even strongly -additive. By choosing v; = Q] +11
we obtain the ‘Cantor version’ of the van der Corput radical inverse function. For v; = a@Q);
we obtain the function n — an and for 7; = o we obtain the function n — asg(n), where
sg(n) is the usual (unweighted) Cantor sum-of-digits function. Hence all these functions
are examples for ()-additive functions.

For Cantor bases QM. ...,Q® and 1 < i < s, let f; denote a Q®-additive function
and let f : Ng — R®, f(n) = (fi(n),..., fs(n)). In the case of strongly Q-additive
functions we write f* for (ff,..., f¥). Now we consider the s-dimensional sequence

wg = (F(n))nz0- (4)

When f is a one-dimensional, ordinary g-additive function, then it is known, that if
the sequence (4) is of uniform distribution modulo one, then it is already well distributed.
In this paper we give a quantitative, multi-dimensional version of this fact for ()-additive
functions in terms of discrepancy. It is then the aim of this paper to give an if and
only if condition under which the sequence (4) is uniformly distributed modulo one in
the case that Q) = ... = Q® =: Q. Such a condition was given in the case of the
weighted g-adic sum-of-digits function in [16]. For the one-dimensional g-additive case
such conditions were proved in [11]. Further more, for strongly @-additive functions we
provide also quantitative results in terms of discrepancy.

In the case of different but pairwise coprime Cantor bases @), ..., Q) (meaning that
ged( ,(f), l(j)) =1foralli,je{l,...,s}, k,1 > 0) we can give a sufficient condition for
uniform distribution modulo one and, in case that for each i € {1,..., s} we have that f;
is strongly Q®-additive, also a necessary one.

In [2] well distribution properties of one-dimensional sequences (af(n)),>o for irra-
tional a and strongly g-additive functions f attaining only non-negative integer values
are studied in more detail. Of course, the sequences given by (4) contain such sequences
as special case. Results on one-dimensional (J-additive functions that slightly improve
ours and various special cases can be found in [9].

We close the introduction with some notation: throughout the paper let the dimension
s € N be fixed. By @ -y we denote the usual inner product of the vectors  and y in R?,
|- | denotes the integer-part function and || - || the distance-to-the-nearest-integer function.
Finally, if f is an s-dimensional vector of ()-additive functions with the same base @) in
each component, we set fO = (fl(l), . .,fs(l)), where fi(l)(a) = fi(aQ,) (i.e., the upper
indices have the same meaning as in the definition of Q-additivity ) for | > 0,a < ¢;,,1 €
{1,...,s}. Analogously in the case of strongly Q-additive functions for f*.
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2 Results for equal Cantor bases

It was first shown by Coquet [1] that a one-dimensional uniformly distributed sequence
which is generated by a ¢-additive function is already well distributed. Here we give a
quantitative version of this fact in terms of discrepancy. We consider the more general
multi-dimensional Cantor case.

Theorem 1 Let Q be a Cantor base and let f : Ng — R*, f(n) = (fi(n),..., fs(n)),
where each function f; is Q-additive. Then we have

1

Dy(wy) <5 (quDL\/NJ (wf)> s+1 ’

where ky is such that Qry < VN < qeyQiky = Qry+1- (In the case of ordinary q-adic
expansions we simply have g, = q.)

Proof of Theorem 1. First we use a technique from [2]. Let v € Ny be fixed. For
N € N choose k such that @, < N and my, my such that (m; — 1)Qr < v < m;Qy and
meQr < v+ N —1<(my+1)Q, — 1. Then for h € Z°\ {0} we have

mo—1 |(t+1)Qk—1

< 2Qk+ Z Z e27rih-f(n)

t=my n=tQx

v+N-—-1

Z eZ7rih~f(n)
n=v

mo—1 |Qr—1
— 2@k+ Z Z e27rih-f(n+tQk)
t=m1 | n=0
Qr—1
= 2Qk + (mg — my) Z ?mih-f(n)
n=0

We have N + m1Q; — 1 > N +v —1 > meQ and hence my — my < N/Qy. Let ky be
maximal such that Qx, < v/N. Therefore we find that for all h € Z*\ {0},

1 v+N-1 2Qk 1 Qr—1
- 2wih- f(n) < : - 2rih- f(n)
LB i (22 + g, 3 o)

2
< min (% + T(h)DQk(u}f)>
s @ryr(h) D yw (wy),

where for the second inequality we used [15, Corollary 3.17] and where for h = (hq, ..., hs) €
Z# we define r(h) = [];_, max{1, |h;|}. Now we use the Erdds-Turdn-Koksma inequality
(see, for example, [4, Theorem 1.21]), from which we obtain for all H € N, that

1 1 v+N—-1 . 1
N Z eZ7r1h~f(n) <5 E_I_qukNDL\/NJ(wf)

Dn((F(n+v))ns0) <s % + D r(h)
0<||hllcc <H

1
s+1

Choosing H = | (g D) (7)) | we get Dv((f (n0))uzo) s (e Dy () )
uniformly in v € Ny and hence the result follows. O
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We give a full characterization of Q-additive functions f : Ny — R® for which the
sequence (4) is uniformly (resp. well) distributed modulo one. The proof is based on
estimates for exponential sums and Weyl’s criterion for uniform distribution modulo one
(see, for example, [4, 14]).

Theorem 2 Let (Q be a Cantor base and let f : Ng — R*, f(n) = (fi(n),..., fs(n)),
where each function f; is Q-additive. Then the sequence wy is uniformly distributed modulo
one if and only if for every h € Z°\ {0} one of the following properties holds:

FEither

le

Z ZHh Fa)|* =

or there exists at least one k € No such that

qr—1

Z 2rih £ _ .
a=0

Before we give the proof of this result we state a corollary for strongly @-additive
functions and we give some examples.

Corollary 1 Let Q = {qo,q,..-} be a Cantor base such that ), 1/¢ = oo. Set
qap equal to the maximal finite accumulation point of the sequence q; if one exists and

qap = 00 else, i.e., if there are either zero or infinitely many finite accumulation points.
Let

qap  if qap <00, Y. 1/q¢i < oo,
k>0,
q>qAp

q = (5)

o0 ifQAP<OO, Z 1/q% =0 OTiquP:oo_
k>0,
qk>qAP

Now let f : Ny — R®, f(n) = (fi(n),..., fs(n)), where each function f; is strongly
Q-additive. Then the sequence wg is uniformly distributed modulo one if for every h €
Z° \ {0} there is an a, 1 < a < ¢*, such that h - f*(a) & Z.

For all Cantor bases ) such that

1
either gy is bounded or Ya >0: Z — = 00 holds, (6)

the statement can be sharpened to an equivalence. (Of the cases considered in the first
part this excludes Q such that gap < oo, limsup,~qqx = co. See also Example 3.)

The proof of Corollary 1 will be given subsequent to the proof of Theorem 2.

Example 1 Let ) be a Cantor base with 7,1 /g2 = oco. Consider the two-dimensional
sequence wg o where the first component is the ()-adic van der Corput sequence and the
second component is the sequence (asg(n)),>o0 with a € R\ Q, where sg(n) denotes the
sum-of-digits function with respect to the Cantor expansion (). Hence fi(n) = no/Q1 +
ni/Qz + -+ and fo(n) = noa + nya + - -+ whenever n = ny + n1Q1 + na@Qy +



Both functions are Q-additive and we have f*)(a) = (a/QF ac). For h = (hy,hy) €
Z2\ {(0,0)} we consider two cases. If hy = 0, then hy # 0. Choose k € Ny maximal such
that Qy|hi. Then we have > % b e2miha/Qit — (0 If hy # 0 we have

qr—1

ZZ

Hence the sequence wg ,, is uniformly distributed modulo one for irrational «.

h

+ hgaa = 0.

Qk—i—l

Example 2 Let f,Q,q" be as in Corollary 1. If there is an a, 1 < a < ¢* such that

L, fi(a),..., f¥(a) are linearly independent over Q, then the sequence wy is uniformly

distributed modulo one.

Example 3 Consider the Cantor base Q = {2,4,2,8,2,16,2,...} together with the
strongly ()-additive one-dimensional function f given through f by
. 1111111 0 ift0<n<2,
_<0,0,§,§,Z,Z)Z)Z)§,...>)le f( ) {2 UOanJ 1f’n,22

Then by the second condition of Theorem 2, f(n) is uniformly distributed modulo 1,
however there is no a,1 < a < ¢* = 2, such that hf*(a) € Z.

Note that this function is closely related to the binary van der Corput radical in-
verse function which itself is only ¢-additive but not strongly. Similar f* and f can be
constructed with respect to arbitrary Cantor bases ) and any ¢*.

Proof of Theorem 2. Let h € Z*° \ {0}. For fixed k € Ny and v € {0,...,q — 1} we have

qr—1

Z e27rih~f(k) (a)
a=0

< g — 4R O )|

and hence
qr—1

< gk — — Z b fE()]* =2 g — vi(h).

qr—1

' Z e27rih~f(k) (a)
a=0

For h € Z°\ {0} and k € Ny we say “*;, holds’, if 2% ' e2rih fM(a) — (.
For j € Ny we have

= 2mih- f(n) 1 =l 2mih-f*)(a a — vi(h
i — . Ti <
a5 P e I

*k holds

where here and later on an empty product is considered to be one.

Let N € N with Cantor base ) representation N = Ny + N1Qq + - - + N,,Q,, with
N, # 0. As in [16] for the special case of g-adic weighted sum-of-digits function we can
show that

N—

Z 2nih- f(n)

-1

7j—1
<y ]@ﬁz @JHq’“ YT o

7=0

*o holda



for any r € Nj.
If there exists a k € Ny such that *, holds, then let ky be minimal with this property.
Then we have

ko

< ZN Qquk Z(Qj_l)Qj = Qro+1 — 1.

J=0

2rih- f(n)

If for all £ € Ny the condition *;, does not hold, then we have

N—1 r—1 h
Z o2mih-f(n) <Q, + NH qr — vi( ) (7)
n—0 k=0 r

Define z, := Q,./ ( rl M) > (), and choose r such that z, < N < x,,;. Then we

dk
have

e =) ®)

50 qk

Since vgx(h) < 22-1 <1 we have on the other hand that

dk
50 4k o 1k Qrt1

and hence
———t
N < Qri1/ (H k7k()> < Qr+1
0 Ak
Thus we have r > 7y, where 7y is minimal such that Q,, > |v/N]. Hence
HQk—Vk H Qk_Vk 9)

From (7), (8) and (9) we find

N-1 ry—1 4 qr—1
D eI <ON exp (— > =D k- fPa ||2> (10)
n=0 k=0 1k g=1

In both of the above cases we obtain - Z 0 ' e2mihf(n) _ 0 as N — co. Hence the
result follows by Weyl’s criterion.
Assume now that there is a h € Z° \ {0} such that » .~ S0 LSl ||h FPa)|? < o

and for all k € Ny we have that *; does not hold, i.e., > % i e2mih-f*(0) £ 0. Then for
J € Ny we have

1 Q;—1 1 J—1 |qx—1 .

- 2rih-f(n)| _ & 2rih- f%)(a)

Q, Z © - Q, H # 0.
I n=0 J k=0 | a=0




Using [16, Lemma 1] we obtain

qr—1

Z e27rih~f(k) (a)
a=0

Let 0 < ¢ < 1 and let [ € N be large enough such that 1 —7*>", _,v(h) > ¢ > 0. For
j > 1 we have

> q; (1= m*u(h)).

Q-1 qr—1 9)(a Jj—1
27r1h f(n > 27r1h f (1 . 7T2Vk(h))
o % IEDRE|

> <1—7T22Vk(h)> > c>0.

k>l

and by Weyl’s criterion wy is not uniformly distributed modulo one. O

Proof of Corollary 1. If each f;, 1 <i < s, is strongly ()-additive, then the condition from
Theorem 2 reads as follows: for every h € Z* \ {0} one of the following properties holds:
Either

%1

Z Znhf (a)|* =

or there exists a k € Ny such that ZZ’;OI e?rihfi(a) — (.
Assume that for every h € Z*\ {0} there exists an a’, 1 < a' < ¢*, such that h- f*(a') ¢
Z.. We want to show equidistribution and distinguish two cases:

1. ¢* = qap < +00. Then

qkl co q*—1
Z Zuhf sz 22 k- £(a)|?
a= kOal
qu
Z||hf ||2§:1
qu

and the last sum diverges since there are infinitely many values for k£ € Ny such that
% =q"
2. ¢* = oo. Note that in all cases, either if g4p < oo and the required sum diverges

or if gap = o0, i.e., gr has no or infinitely many accumulation points the second
condition of (6), > ., q;,> = oo for all @ > 0, holds. Hence

le 0o

Z SLBACEDS q%llh-f*(a’)llzoo

k=1
qp>a’
In any of the two cases the sequence wy is uniformly distributed modulo one.
Now assume that wy is uniformly distributed modulo one but there exists an h €
Z° \ {0} such that for every a, 1 < a < ¢*, we have h - f*(a) € Z. We distinguish the
same two cases, slightly enhancing the requirements in the first case for this direction:
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1. ¢* = qap = limsup,~oqr < 400, i.e., the case of bounded ¢; remains. Since
for a uniformly distributed sequence each coordinate sequence has to be uniformly
distributed as well it is enough to consider the case s = 1 only. Fix the integer h # 0
such that for all a, 1 < a < ¢* we have h- f*(a) € Z. W.l.o.g. we may assume that
h > 0. Define the union of intervals

Ul

z=

with € > 0 small enough to be determined later. The set J := {k € Ny : ¢, > ¢*}
is finite. We distinguish two cases:

(a) If J is empty, then for any n > 0 with Cantor expansion ) .. ,n:(Q; we get
hf(n) = hf*(ng) + hf*(ny) + -+ = 2z € Z, hence {f(n)} € I for all n € N.
But A(I) = he < 1 for € > 0 small enough it follows that (f(n)),>o is not
uniformly distributed modulo one.

(b) If 1 < |J| < oo, then J contains a maximal element k. For [ > k we define
N; = @Q;. and will deduce

#{n:0<n<N,f(n)el}> N : (11)
ke Ik

For any n = >, gn;Q; with n; = 0 for all j € J we have hf(n) € Z and

{f(n)} € I as in the case above.

Since #{n : 0 <n < N, : n;=0forall j € J} = HkN3Qk the inequality (11)
— € ’

holds true for all N; with [ > k. So for € chosen appropriately we have

#{n:0§n<N,{f(n)}€]}> 1
N _erJQk

for infinitely many N € N. Thus (f(n))n>0 is not uniformly distributed modulo
one.

£ he = A1) (12)

2. ¢* =00. Then h- f*(a) € Z for all @ > 1. Hence we have

o0 1 qk—l
Y 5D - fr@))?=0
=0 Ik o=

and ZZ’;_OI e?mih- (@) — ¢, for all k € Ny. This contradicts the uniform distribution
modulo one of the sequence w¢ by Theorem 2.

In both cases we obtained a contradiction hence there exists an @', 1 < a’ < ¢*, such
that h - f*(d') € Z. O

We close this section with a quantitative result for strongly ()-additive functions.

A vector a = (ay, . . ., arg) with irrational components «; is said to be of approximation
type n, if n is the infimum over all reals o for which there exists a positive constant
¢ = ¢(o, a) such that ||h - af > e for all h € Z° \ {0}. Here r(h) is as in the proof of
Theorem 1.



Theorem 3 Let () be a Cantor base and let f : Ng — R*, f(n) = (fi(n),..., fs(n)),
where each function f; is strongly Q-additive and ¢* := liminfy>o g, < oo. If there exists
an integer a, 1 < a < ¢*, such that f*(a) is of approximation type n, then for every e > 0

we have
ryv—1

1 _
DN((Uf) <<5,f75 @ where LN =4 Z qk2
Ls 2n k=0
N
and ry is minimal such that Q,, > vV N. (In the special case qg = ¢ = ... = q we have

1/Ly <,1/1logN.)

Proof. From the Erdds-Turan-Koksma inequality (see, for example, [4, Theorem 1.21}),
we obtain for all H € N,

I I
Dule) < g r(h)

0<|[hllc<H

1 1 —2(n+e)
<ot DL 0 exp(—cLy (r(h))~201<))
0<|[hll<H

1
Ko g+ (1+logH) exp(—cLy H ™20+,

1

1 —€
where we have used inequality (10). With the choice H = {L N( 2 )J we obtain

1 s 2_¢
(1 + log H)S eXp(_CLNH—QS(TH‘E)) <5 (2_ log LN) exp (—CLf\i 77—1—2617)
SN
< 1 log Ly Sexp (—cL2€2+5> < L
* 2sn N € Hq
and hence the result follows.
For the special case ¢, = ¢s = ... = ¢ we note that ry > YN and hence Ly > 2keN

log q = ¢?%logq-

O

3 Results for different, pairwise coprime Cantor bases

Now we turn to the case that QY = {q1.0,q11-.-}, .-, Q) = {qs.0, 1, - - - } are different,
but pairwise coprime, which we define for Cantor bases by the condition ged( ,(j‘), Ql(v)) =
1 for all u,v € {1,...,s}, k,l > 0. We provide an upper bound for Weyl sums, from
which we deduce distribution properties of wpg.

We need some further notations: for u € {1,...,s},1 > 0,a > 0 we define

09 (a) = fP(a+1) = f(a) — fO(1),
63)(}1“) = max{4]|hu0g)(a)||2 1 <a<qu—2}, (weset 5£l)(hu) =0 for g,; = 2)

and then
7_(z)(h ) = max{égi(hu)/qﬁ,l, 5g+1l)(hu) qz,lﬂ} if this expression is # 0,
u u) T 1
Ulha (£ (1) = quafi (1)1 else.
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Note that unless ) reduces to the ordinary ¢-adic case we can not omit the superscript
(1) for strongly Q-additive f, in 53), 7Y since the values over which a ranges may vary
with (.

For strongly Q-additive functions we set in addition 6 (a) := fi(a+1)— f(a)— fi(1).

u

Proposition 1 Let QU ... Q¥ be pairwise coprime Cantor bases and let f : Ny — R*,
f(n) = (fi(n),..., fs«(n)), where each function f, is Q™ -additive.
For all h = (hy,...,hs) € Z° \ {0}, if for all 1 < u < s with h, # 0 we have

00 N-1
1 .
DAl =oe, then 3O = o), (13)

=0

In particular, the sequence wy ts uniformly distributed modulo one.

Remark 2 In a way, the first line in the definition of 7'751)(h) measures how much the
functions f, are locally additive, modulo (1/h)Z: the first line covers the additivity local
to the digit ranges while the second considers additivity with respect to the consecutive
digit functions.

In view of Proposition 1 this means that for good equidistribution convergence we are
looking for f, that are (Q-additive without being ‘too much’ additive overall.

Proposition 1 generalizes [7, Theorem 1], which deals with the special case of ordinary
weighted ¢,-ary sum-of-digits functions. We will prove the proposition at the end of this
section. First, we use it to show the following theorem.

Theorem 4 Let QW , ..., Q¥ be pairwise coprime Cantor bases and let f : Ny — R?,
f(n) = (fi(n),..., fs(n)), where each function f, is strongly Q™ -additive. For each
u € {1,...,s} assume for the Cantor base Q™ that (6) holds and that there is at least
one finite accumulation point. Then wg is uniformly distributed modulo one if and only
if for all w € {1,...,s} the u-th coordinate sequence (f,(n))n>o0 is uniformly distributed
modulo one.

Proof. Necessity is obvious because each component of a uniformly distributed sequence
has to be uniformly distributed.

Now assume, that for all 1 < u < s the sequence (f,(n)),>0 is uniformly distributed
modulo one. Set ¢* as in (5) (infinity is allowed as a value). By Corollary 1, for all
1 < u < s and for all integers h # 0 there exists some j, 1 < j < ¢, such that
hfi(j) & Z. We will show that the divergence condition in (13) is fulfilled.

First we argue that for this it is sufficient that there exists some a, 1 < a+1 < ¢,
such that h0(a) &€ Z or, alternatively that there is a finite accumulation point ¢, < ¢
with h(q, —1)f(1) & Z. Either of those two conditions consequently means there is an
lo with TU(IO)(hu) # 0 and gy, < ¢*.

Now in case the first condition holds, since 53)(}1“) is increasing as a function in g,
(though not necessarily as a function in [) there is a ¢}, = ¢u, such that for all [ with

Qu > ¢, we get 58 (hy) > 68 (h,), and by our assumption of (6),

(1) (I+1)

2 2
>0 1>lo, qu,l qu,l—l—l 1>lo, qu,l
Qu,1>4,, Qu, 1>,

11



In the second case, we have

ZT(Z ) > 70)(h,) Z 1=00

1>0 120
Gu, =4,
We are now going to prove that one of these two conditions is always true.
If ¢¢ = 2 we have by Corollary 1 that hf; (1) ¢ Z for all nonzero integers h and we are
done in view of the second condition.
On the other hand, if ¢& > 3 we choose j, 1 < j < ¢, minimal such that hf}(j) & Z
and distinguish the following cases:

e The case j > lyields h0}(j—1) = h(fi(7)—fi(j—1)—f(1)) ¢ Zsince hf}(j—1) € Z
and hf! (1) € Z and we are done as we fulfill the first condition.

e For the case 7 = 1 we assume that none of the two conditions holds, which implies

ho:(a) = h(fi(a+1)— fi(a)— fi(1)) € Z foralla, 1 <a+1<gq), and
h(q, — 1)fi(1) € Z for all finite acc. points ¢, < g.

Therefore we have exp(2rih(f¥(a+1)— fi(a)— f¥(1))) = 1, and, through induction,
exp(2mihfi(a)) = exp(2rihaf;(1)) for all a, 0 < a < ¢}. We now consider b’ =
h(q, — 1), where ¢/, is any of the finite accumulation points. Then also h'6%(a) € Z
and hence again exp(27ih’f}(a)) = exp(2wiah’f(1)), for all a, 0 < a < ¢, which
equals 1 in consequence of h(q/, — 1) f*(1) € Z. But this contradicts our assumption

that for all nonzero integer h’ there exists some j, 0 < j < ¢, such that h'f(j) & Z.
O

Remark 3 That one finite accumulation point is needed in the condition for the Cantor
base can be seen with the following f(n) as counterexample that sabotages the second case
of the ‘sufficient’ direction. Consider f(n) = sq(n)A\, A = > ,-,27", where @ is chosen
such that it contains enough ¢; of the form 2¥ + 1 to fulfill the divergence condition in
(13).

Now we give the Proof of Proposition 1.

We use a technique developed by Kim [12], advanced by Drmota and Larcher [3] and
further generalized by Hofer [7, 8]. To present the proof in convenient units we will
highlight the main steps in several lemmas.

Our goal is to prove the convergence to zero of the Weyl sum given in the proposition.
We fix an b € Z°\{0} and introduce the notations g, (n) := exp(2wih, fu(n)) forl <u <'s
and g(n) = [T\_, gu(n).

The first step is to apply the following lemma, a version of the Weyl-van der Corput
inequality, to g(n). The appropriate choice for the quantity K will be determined at the
end of the proof.

Lemma 1 For integers N > K > 1 and a sequence a,, of complex numbers with |a,| < 1
we have

N-1 o N2 NK —k+ -
Zoan S? ?; Zoa An4k




Proof. A proof of the inequality can be found in [6, pp.10—-11]. O

Terms of the form ¢(k) = ) @na,4x as they appear in Lemma 1 are called correlation
functions. We will use several of them, sometimes based on other correlation functions.
(To relieve notation we will omit the bracketing of single upper indices of functions since a
confusion with powers can be ruled out, i.e., f(x) can be clearly distinguished from f(z)°.

We will keep the brackets for constants, however.) For every coordinate u € {1,...,s}
we set
=
of (k) = E;gu gu(n+k) for 0<k<R<N,
=
o3l (r) = = o (k) @f (k+r) for r€{0,1} and 0< K <R<N,
k=0
R _—
and Up(k) == > gn)gln+k) for 0<R<N.
n=1

Furthermore, an addltlonal upper index [ > 0 shall denote a shift by [ digits, e.g.,
DI (k) = Of, (k Q).

Observe that in applying Lemma 1 to g(n) the innermost sum ranges over terms of
the form [], gu(n)gu(n + k). Our aim will be to move the product over all u € {1,..., s}
outs1de of all sums. For this we will use recursions holding for the correlation functions
<I>2 w - To formulate them we will define several more correlation type functions ozy), ﬁ](-l),
Wthh are simpler in that they only are local to a digit range {0,...,q,; — 1} (for some
u,l > 0). For any u, the actual coefficients of the recursion are then defined in terms of
o and @(-l) and also of a shape similar to correlation functions. With a fixed digit place

[ >0 and fixed u € {1,...,s}, we set

1 qu,l_j 1
l
ol = — 3" gl) gli+ ),
Qu,l i—0
Qu, -1
O _ 1N~ T . _
B, = o Z gL(1) g, (i +J — quy)s 0<7J<qui
U i=quu—j
wi—1
) 1% N0} Flo)
)\T = Z <ai z—l—r 6 6@—1—7‘) )
Qu,l i—0
1 qu,l_l 1 qu’l—l -
Mfﬂl) T Z 6z+r7 Vﬁl) = z(l) 0%(2” re {07 1}
qu,l P qu,l i=0

Lemma 2 For firzed u € {1,...,s}, any l > 0,7 € {0,1}, and q := qu; we have the
recursion in [,

(I)%Iz,qR,l(r) _ )\7(])(1)57;%’“_1(0) + M&l)q)g,uR,H-l(O) + Vy(»l)q)g?uRJ—i_l(O) + El-l—l( ) (14)
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where |E§’}z(r)\ < 2/K. Furthermore, for the two-step recursion in l, with ¢ = GuiGui+1,
we get the bound

‘(I)qKqu( )‘ SP£I)|(I)§{LR’H2(0)‘+ |(I)KRH—2(1)|+%,
where
))\gzﬂ) W )\(l+1)|

|)\ l+1 + ,ug
( ) l+1

=AY up o + ) Y T4 A 4 ),

+ v, 1

and

PO+ o <1—70h,) /g2,

Proof. In view of the locality of the correlation function ®5 to the digit range {0,...,
qu, — 1} it is tedious but not difficult to convince oneself that the proofs of this recursions
can be carried out with only minor adaption in the same way as the ones found in [7] for
the ordinary g-adic case. In particular, this also ap hes to the two-step recursion.

Since the very last inequality, the estimate of pr + ol ), is crucial to the proof we go
our aim is now here. We have

A+ o < NPT+ g ™) + g )+

I+1) (1+1) (1+1)
a1+ O DOAT + 1™+ )
and
1 qu,l_l
AT+ 1+ 0 < = 30 (a1 + 180D (i, |+ 185]) < 1, forr = 0,1,
W i=0

There are two cases to distinguish, either at least one of 5(1)( hy) # 0, 5(l+1)( hy) # 0
holds, or both quantities are zero. We are assuming the former — without hmltatlon
53)(}1“) # 0 — here, so there exists at least one a, 1 < a < ¢,; — 2 such that ho.! ( ) € 7.
This, together with the inequality

Ir 4+ se®™0| < r 45 —4s]|0]? for0<s<r,

leads to a bound on |a"].

qu,l_2

a0 = L 2mih(7 1)1 @)
Qu,l i—0
< L |@mhtl -1 0 4 @min( @) - @) dut =3
Qu,l Qu,l
S N PR i”(a+1)—f75”(a)—fﬁl)(l))‘ L Q=3
qu,l QU,I
Q=1 1162 (@)
< = —4 .
Qu,l Qu,l

14



Inserting this into the above formula and using trivial estimates for the other exponential
sums «;, 3; gives
nee (@)

2

AD -4 0]+ 1] < 1-
un

so that after minimizing over I,/ + 1 and all @ € {0,...,q,; — 1} we get

0 (1+1) 0]
o0 ¢ o) < 1 max{d (hug,au (ha)} _ | T ghu)
un un

for this case of 0")(h,). For the second case, proceeding analogously to [7, p.42] finishes
the proof. O

In order to be able to apply the recursions in Lemma 2, the next result shows that we
can replace K, R by their nearest multiples of Qg“) for any z > 0, introducing an error
term.

Lemma 3 Let R > K, fiz uw € {1,...,s},z > 0, so that Qg“) < K. Then, setting
Q:=QY, L= |K/Q], M :=|R/Q|, we have

o0 = 085 0) +0 ().

Proof. This can be shown quite easily by applying the triangle inequality and trivial
estimates to [®ff (k) — @?fy(k‘ﬂ and |<I>§1;R(k) — @?j’QM(k:ﬂ (cf. the first part of the proof
of [12, Prop.1]). O

At the end of the proof we will for each u € {1,...,s} choose appropriate QE“) =R,
for ® etc. Dependent on them and K (which we will also determine at that time) we

set o . i
PH = ]i[}%u, fé = jg: é;i.
u=1 u=1 """

We now return to the Weyl sum of f(n). Using Lemma 1 and our notation we obtain
the inequality
2 K
S2N? AN Uy (K)].

k=1

K

Z_ g(n)

Lemma 4 makes the connection to the correlation functions ®;.

Lemma 4 For arbitrary R, > K, 1 <u < s of the form R, = Qg"), we have
Wy —k-1(k)] = N[ 1@F(k)| + O(NFy + Fi(1 + F)).
u=1

Proof. (Cf. [12, Prop.2]) We start by observing that, for r, := nmod R, (ie., r, =
n (mod R,),0 < r, < R,), whenever r, + k < R, we can reduce the argument in the

15



following expression to its remainder modulo R, (cf. [12, Lemma 6], this is the place
where we use the Q,-additivity of f,). We have

g(n)g(n + k) = exp (27Ti Z fuln + k) — fu(n)>

u=1

= exp <2m > fulra+ k) - fu(ru)> = [ 9u(r)gu(ru + k) =: G(r),

u=1 u=1

with 7 = (7rq,...,75). Our aim is now to bound the terms in Wy_;_;(k) where this is not
possible. We define
R:={r:0<r;<Rjforalll <j<s},
Ro:={r : 0<r;<R;j—Kforalll<j<s}, R;:=R\Ro

Then
N—k—1
Uy po1(k) = g(n)g(n+ k)
' 1N—k—,1 N-k-1
= gn)g(n+ k) + Z g(n+k)
rcRo n=l1 €ER1 n=1

(here and in the following the primed sums denote summation over those n, where r, =
nmod R,, for all u € {1,...,s})

N—k—-1 N—-k—1

N ODIEEDY Z ( gn+ k) — G(r ))
2221+22. 1

Now by the Chinese remainder theorem, using the condition that the Cantor bases are
coprime in the sense given previously, the number of summands of the primed sums is
(N —k—1)/Fi+ O(1) so that

WASZJI@RMmm+w(£+OM)

reR u=1
N
—HR@ wl (5 +0m) - NH@ (r)l + O(Fy).
1

It remains to estimate ||, for which we need a bound on the size of |R;|. We have

|R1|§ZHT:Ogru<Ru7Rj_K§Tj<Rj}‘ S ZKHRj:FlFQ,

u=1 =
j#u
S0, using trivial estimates,

Nkl

Sa <> Z 2 < 2Ry (— o1 )) < 2F,N + O(F\F).

rcR1 n=0
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Altogether,
U N1 (k)] < NH |1 ()| + 2N Fy + O(Fy (1 + 1)),

which concludes the proof. O

We have now arrived at an inequality of the form

N-1

2N? u
Zg(n) —+—ZH\<I>R“ )|+ O(N?Fy + NF (1 + Fy))
n=0 k=1 u=1
4N? 1
= = <23+2) + O(N?*F, + NFi(1+ F)).

Lemma 4 brought the product in front of the inner sum, we now bring it in front of the
outer sum using Hoélder’s inequality.

1/(s+1)
Y5 < Kl/(s—l—l H (Z |(I){BZ s+1)

u=1
s/ 1/(s+1)
= KH <} Z |(I)§Z(k)|2) (since |®1] < 1)
9\ U/(s+D)
<K H ( @51 (0 ’ ?> ,

The final lemma of the proof will use the recursions of Lemma 2 to give the asymptotics
of [@5(0)].

Lemma 5 Let u € {1,...,s} be fized and set

m—1 (1)
1 7o’ (hy)
s(m) = su(m) = 53 "o
1=0 u,l

Then, for any K, R,,t > 0, Qg?) = Q < K < R,, we have
|57 (0)] = O(e™ V) + O(Q/K).

Proof. Setting

s (m) := s, 1€{0,1},

at least one of exp(—s®(t)) < exp(—s(t)),i = 0,1 holds. We first assume it is s (¢).
Let ¢ > 0. First we apply Lemma 3 to reduce the expression to @gﬁ’QM 0)|+0(Q/K),
with L, M > 1 as in Lemma 3.
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Now, with Sy := |<I>§5’QM( ), Tor := \CDQL @M (1)], the two-step recursion of Lemma 2
can be written in matrix form as

()< () ) (5) s )~ () 22 0)
To) — P1 01 th—2 QS;‘)_QL 1 15, QS;‘)_QL 1

(and by applying the recursion repeatedly:)
t—1 - S(Qt) t t—j—1 -
2 0 21)
[T (G ) + 30 o TT M ()
=0 0 j=1 Q2y 2 =

By the bound on p, + o, in Lemma 2, by [12, Lemma 5] and 1 — z < exp(—z) and also
the trivial bounds S, T < 1 we altogether get

‘ 7 es(O)=s(t=3)
S <0 43— Tt < 0 (14 Ty O
QL) L QL
7=1 2(5— 1 j=1 2(5—1)
and so Soy = O (e_s(t)), since
os(t)=s(t=)
Q5

J
- el/4 _ 1
~ \ min,y qil 35’
which proves the claim.

In the case that exp(—sM(t)) < exp(—s(t)), we can proceed analogously, after initially
applying a one-step recursion from Lemma 3. This does not change the asymptotics. O

Collecting all the results, altogether we get, for ¢ty > 0,

N—-1
g(n

2 Q 1/(s+1)
)| =0 [ N? |min | e~s=(t) 4 G T2 +—+ 5| +NROA+R) ]|,
o u K 2K

where we can take the minimum over all u since we can use the trivial bound 1 for the
remaining factors in Ys.

Now we return to fixing the quantities K, R, and t,. Since the goal is to have o(/N?)
on the right side of the last equation, F, should be o(1), considering the N? term, hence
Fy = o(N). This can be achieved by choosing R, = o(N'/*) and K = o(min, R,), e.g.,
by setting

R, = max{Q" : Q™ < NV** t >0} and K := min|R-*|,
for some fixed ¢ > 0. Finally, ¢, is determined by ngg /K = o(1) for all u, e.g., we can set

to := max{t : max Qg;) < K'"fh
Since t; is ultimately an increasing function in N and s,(t) diverges, the sum N~! Z;V:_Ol

exp(2rih - f(n)) is o(1) and thus f(n) is uniformly distributed modulo one by Weyl’s
criterion. This closes the proof of Proposition 1. O
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