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Summary. Digital nets are very important representatives in the family of low-
discrepancy point sets which are often used as underlying nodes for quasi-Monte
Carlo integration rules. Here we consider a special sub-class of digital nets known
as cyclic nets and, more general, hyperplane nets. We show the existence of such
digital nets of good quality with respect to star discrepancy in the classical as well
as weighted case and we present effective search algorithms based on a component-
by-component construction.

1 Introduction

For a finite point set P consisting of N (not necessarily distinct) points

Zo,...,TN—1 in the s-dimensional unit-cube [0,1)* the star discrepancy is
defined by
0<n<N :zxz,€B
Diy(p) = sup OSSN €BH 5 () (1)
B

where the supremum is extended over all subintervals B of [0,1)* of the form
B =T1/_,10,b;), 0 < b; <1forall 1 <i<s. Thisisa quantitative measure
for the deviation of the empirical distribution of P from uniform distribution
modulo one. The star discrepancy is also intimately connected with the er-
ror of a quasi-Monte Carlo (QMC) rule via the well-known Koksma-Hlawka
inequality

< Dy (P)V(S), (2)

1
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zeP

where V(f) denotes the variation of f in the sense of Hardy and Krause and
P consists of N points in [0,1)%. See [4, 8, 11] for further informations.

* The authors are supported by the Austrian Science Foundation (FWF), Project
S9609, that is part of the Austrian National Research Network ” Analytic Com-
binatorics and Probabilistic Number Theory”.
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Apart from the above (classical) concept one often studies a “weighted
version” of the star discrepancy. This concept has been introduced by Sloan
and Wozniakowski [19] with the idea that different coordinates of integrands
may have different influence on the quality of approximation of an integral by
a QMC rule.

Let D = {1,...,s} be the set of coordinate indices and let v = (7;)i>1
denote a sequence of non-negative real numbers, the so-called “weights” as-
sociated to the coordinate directions ¢ = 1,2, .... To avoid a trivial case, we
will always assume that not all weights are 0. For () # u C D let v, = [[;c, v
be the weight associated to the coordinate directions given by u, let |u| the
cardinality of u, and for a vector z € [0,1]° or a subset B C [0, 1]° let z(u)
or B(u) denote the projection of the vector or the subset to the components
given by u. Hence z(u) € [0, 1] and B(u) C [0, 1],

For a point set P of N points g, ...,xx_1 in [0,1)° and given weights -,
the weighted star discrepancy is defined by

. HO0<n<N:a,(u) € Bu}
Dy ~(P) = SUp max N

— A (BW)|,

where the supremum is extended over all subintervals B of [0,1)® of the form
B =T1I;_1[0,b;), 0 <b; <1foralll<i<s.

This is a generalization of the classical star discrepancy (1) which is re-
covered if we choose v; = 1 for all ¢ > 1. Furthermore, the error bound (2)
can also be generalized by replacing the star discrepancy with the weighted
star discrepancy and the variation by a weighted version of the variation (see
[19] for more details).

The best constructions of finite point sets with low star discrepancy are
based on the concept of (¢, m, s)-nets in base q. A detailed theory of (¢, m, s)-
nets was developed by Niederreiter [10] (see also [11, Chapter 4] and [14] for
surveys of this theory). We refer to [11] and [14] for the definition of (t,m, s)-
nets. The crucial fact is that (¢, m, s)-nets in a base ¢ provide sets of ¢" points
in the s-dimensional unit cube [0,1)® which are extremely well distributed if
the quality parameter ¢ is “small”. Explicit constructions of (¢, m, s)-nets are
based on the digital construction scheme which we recall in the following.

From now on let ¢ denote a prime-power, let 'y, be the finite field of ¢
elements and let Fy :=[F, \ {0}, where 0 is the neutral element with respect
to addition. For a positive integer r let Z, = {0,...,r —1}. Let ¢ : Z; — F,
be a fixed bijection with ¢(0) = 0. We extend ¢ to integers in Z,m by setting

o(k) = (p(k0), - - P(km-1))" (3)

for k = ko + K1q + -+ + Km—1¢™ ! with ko, ..., Km—1 € Zg. Here x| means

the transpose of the vector x.

Definition 1 (digital (¢,m, s)-nets). Let s > 1 and m > 1 be integers. Let
C1,...,Cs be m x m matrices over F,. Now we construct ¢" points in [0, 1)*:
For 1 < ¢ < s and for k € Z;» multiply the matrix C; by the vector ¢(k), i.e.,
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Cio(k) =t (yi1(k), ..., yim(k))" €F,

and set B ) B )
Tk.i :_w_k.”_'—%'

If for some integer ¢t with 0 < ¢ < m the point set consisting of the points
Tk = (Tp1,...,%%s) for k€ Zgm,

is a (t,m, s)-net in base ¢, then it is called a digital (t,m, s)-net over Fy, or,
in brief, a digital net (over Fy). The C; are called its generating matrices.

Many constructions of digital nets are inspired by a close connection be-
tween coding theory and the theory of digital nets (see, for example, Nieder-
reiter [13] or [15]). The construction considered here has been introduced by
Niederreiter [13] and it is an analogue to a special type of codes, namely to
cyclic codes which are well known in coding theory. Later this construction
has been generalized by Pirsic, Dick and Pillichshammer [18] to so-called hy-
perplane nets.

Definition 2 (hyperplane nets). Let integers m > 1,s > 2 and a prime-
power g be given. Let F,m be a finite field with ¢™ elements and fix an element
a=(ay,...,q5) € Fom. Let F be the space of linear forms

F={f(z1,...,2zs) =z171+-+TsVs : Y1,---,7s EFgm} CFgmz1,..., 2]

and consider the subset
Fo:={f€F: flai,...,as) =0}

For each 1 < i < s choose an ordered basis B; of Fgm over IF, and define the
mapping ¢ : F — Fg*® by

s
f = Z%‘iﬂi_l eF (71,17"'771,777/7'"775,17"'778,77’7,) EFZInsu
i=1

where (v;.1,.--,%,m) is the coordinate vector of «; with respect to the chosen
basis B;.
We denote by C, the orthogonal subspace in Fj'® of the image Ny =
?(P,). Let
Co=(C{ ---CJ) e Fp=sm

be a matrix whose row space is C,. Then C1, ..., Cs are the generating matri-
ces of a hyperplane net over Fy with respect to By, ..., B, and C,, is its overall
generating matrix. This hyperplane net will be denoted by P, and we say
P is the hyperplane net associated to a. We shall from now on assume a
fixed choice of bases By, ..., Bs and will therefore not explicitly mention them
anymore.
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Remark 1. In Definition 2 above, if e € Fy.. is of the special form o = al® =
(1,02, ..., a* 1) with some a € Fym, then we obtain a cyclic digital net as
introduced initially by Niederreiter [13]. This cyclic net will be denoted by
P, and we say P, is the cyclic net associated to a.

For a concise representation of the generator matrices Ci,...,Cs of a hy-
perplane net in terms of & = (a1, ...,as) we refer to [18]. We remark here
that polynomial lattice point sets can be considered as a (proper) sub-class of
hyperplane nets. This has been shown in [17].

In this paper we investigate the (weighted) star discrepancy of hyperplane
nets. We show by an average argument that there exist hyperplane nets and
even cyclic nets with “low” (weighted) star discrepancy. Furthermore, such
point sets can be constructed with a component-by-component algorithm.
For the weighted star discrepancy, under certain conditions on the weights,
it turns out that our discrepancy bounds do not depend on the dimension s.
Such a behavior is known as strong tractability (see [19]). We remark here
that similar results are already known for polynomial lattice point sets but
only in prime bases ¢ (see [1, 2]). However, we point out that our results are
valid for the much more general class of hyperplane nets. Beside this, here we
consider arbitrary prime-power bases g instead of prime base only as done so
far ([1, 2, 3]). For cyclic nets we further show that they can be extended in
the dimension s.

2 Prerequisites

Let ¢ = p", p prime, r € Ny and let I, be the finite field with ¢ elements. Let
Zy=1{0,1,...,¢—1} C Z with ring operations modulo g and let ¢ : Z, — F,
be a bijection such that ¢(0) = 0, the neutral element of addition in Fy.
Moreover denote by 11 the isomorphism of additive groups ¢; : Fg — Zj and
define 1 := 91 o . For 1 < ¢ < r denote by m; the projection m; : Zj, — Zj,
(X1, Tp) = X,

Let Fym = Fylw], such that {1,w,...,w™ 1} forms a basis of Fym over
F,. If we have the representation of o € Fym as a = Zﬁgl ajw', where
ag, . ..,am—1 € Fy, define

b(@) = (ao, ... am_1) € FJ"

Furthermore, for k = Zﬁgl K1q' € Zgm let

—

m—

P'(k) ==Y e’ and (k) = (¢ (k).

=0

We have the following commutative diagrams:
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’

® ®

Zq —_— Fq qu > qu
x szl k\ lw
zy, "7, Fm

For 1 < i < s we define the permutations 7; : Zgn — Zgm by
Ti(k) = "1 (B (k)), where B; = ((bi1),...,%(bim)))”", and where the
b;,; constitute the chosen basis B;.

Proposition 1. Let a € Fy... For the star discrepancy of the hyperplane net
Po we have

S

Din(Pa) <1- <1 - qim> +2R,(a) < qim + 2R, (), (4)

where
Ry(a) = Z rq(k),
keZim \{0}
5o aje! (75 (k;))=0
where for k = (ky,...,ks) € Z

gm we write rq(k) = r4(k1)---rq(ks) and for
k€ Zgn,

o[l k=0,
Tq()_ q"% Z'fk:HO‘F’flfI"’"'—Flirqr,H?«?&O'

Furth — 1 y=1lpqr (2 ~(ﬂion)(z)(ﬂi0n)(a))‘.
urthermore, C + 11%132((1 12132{(1 Yool exp (27i >

(Note that C = C(q) < q.)

Proof. This result follows from [5, Theorem 1] in combination with [18, Corol-
lary 2.12]. O

For the weighted star discrepancy Dy 4 of a point set P of N points in
[0,1)° we find from the definition (or see [3]) that

Dy,(P)< Y wDx(P),
0#uCD

where P(u) denotes the projection of the point set P to the coordinates given
by u. If we consider the hyperplane net Pq, o € Fy., then (4) yields

[u]
Dl (Pau) <1 (1 _ qim) + 2R, ()

for u # 0, where oy, = (@) jeu € IFLLLL Hence for the weighted star discrepancy

of the hyperplane net Po, o € Fym, we get
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D (Pa) < o y + 2Rq (), (5)

q

where

[u]
1
Sqm"/ = Z ’Yu<1—(1——) ) and Rqa, Z 'YuR au

0#uCD 0#uCD
Remark 2. It was proven by Joe [7] that if the sequence of weights (7v;)i>1

satisfies > 2| v; < oo, then, with A:= 37, 15, we have

max(1, A)eXi=1 %
qm

Iy qm~ < for all m,s > 1.

In the following proposition we obtain a formula for }N%q,a,(a).
Proposition 2. We have
RQW(Q) = Z Fq(kv'Y)v

€Zgm \{0}
Y5q ajel (75 (k;))=0

where for k = (k1,...,ks) € Z
and for k € Zgm,

gm we write rq(k,y) = Tq(k1,m) - Tq(ks,7s)

~ _J 14y ifk=0,
TQ(k’V)_{vrq(k) if k#0.

Proof. The proof of this result is nearly the same as that of [2, Proposition
3.2]. O

Proposition 2 shows that R, and INEqﬁ only differ by the definitions of r,
and 7. For this reason we will provide the proofs of the forthcoming results
only for the unweighted case. The proofs for the weighted case apply accord-
ingly. In the Appendix (Proposition 3) it is shown how for o € ;.. one can

compute R,(a) and Eq,.y(a) at a cost of O(s¢™) operations.

3 The Results

First we determine the average Value of R,(cv) resp. Rq7 () over all possible
a € (Fyn)*. We denote ¢q := CL= L < ¢ —1 where C is as in Proposition 1.

Theorem 1. We have

1 s
Fonl Z R,( — (1 +meqy)” — 1 — smey)

ae(IFq’VYL

and

ﬁ Z Ry(e) MCq H 1+7).

- cp
a€c(Frm)® ‘l;‘>2 i€u iZu
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Proof. First observe that [Fy.| = ¢™ — 1. We have

1 1
|Fym | Z Ry(e) = (g™ — 1) Z Z rq(k)

OLG(]F;M )¢ ae(]F;m )* kezzm \{o}
Yot aje! (7 (k;))=0

1
“ o Y ralk) > 1,

kGZZm\{O} a(Fym)®
251 aje!(rj(k;))=0

where we inserted for R,(a) and changed the order of summation. Note that
the 7;’s are permutations and that 7;(k) = 0 if and only if & = 0.

If k € Zn \ {0} is of the form k = (0,...,0,k;0,...,0) with k; # 0,
then there is no a € (F;.)° such that ' (11(k1)) + - - + as@'(15(ks)) =
;' (1:(k;)) = 0, since Fym is an integral domain. Otherwise, the number of
a € (Fy.)® which satisfy ai¢(11(k1)) + - + as¢'(7s(ks)) = 0 is exactly
(g™ — 1)*~1. Therefore we have (note that r,(0) = 1)

|F*:En|s Z Rq(a) = qml_ 1 Z Tq(k) — Z Z rq(ki)

@€ (Fr,,)® kEZ:m \ {0} =1 ki €2}

Now the result follows from

g™ -1
Z rq(k) =1+ mc, (6)
k=0

which is easily verified. O

The following consequence of Theorem 1 gives an improvement of [16,
Corollary 2].

Corollary 1. Let 0 < & < 1. Then there are more than ¢|F;.|* vectors o €
(F5m)® such that

et e

resp.
S

D% yn(Pa) < s qm v + 147 (1+mey)).

2
Taw 1l

=1

Proof. Let § > 0, then we obtain from Theorem 1,

1 . 1
T (14 mey)® > FoT > Rya)

. (14 mey)® —
RIS
qgm—1 Y Fim |
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Hence

1) s 1
{acEm: Ri@ < g aeme) > m (1-3).

and the result follows from Proposition 1 by substituting § = (1 —¢)~1. O

From the previous results it follows that there exists a sufficient large
amount of vectors a € (Fy..)® which yield hyperplane nets of good quality
with respect to (weighted) star discrepancy. As for polynomial lattices (see
[1, 2]), such vectors can be found by computer search using a component-by-
component construction. We state the algorithm for the star- and the weighted
star discrepancy.

Algorithm 2 Given a prime-power q, a sequence of ordered bases (B;);>1 of
Fym over Fy (and a sequence v = (vi)i>1 of weights).

1. Choose oy =1, the one element in Fgm.

2. For d > 1, assume we have already constructed «oq,...,aq—1. Then
Jznd aq € Fim which minimizes Ry(o1,...,aq—1,aq) (or alternatively
Ry~(ai1,...,aq-1,0q) in the weighted case) as a function of aq.

The cost of the algorithm is of O(s%¢?™) operations. In the following theo-
rem we show that Algorithm 2 is guaranteed to find a good vector a € (F:;m )%.

Theorem 3. Let q be prime-power, m > 1 and v = (v;)i>1 be a sequence
of weights. Suppose o = (aq,...,a5) € (F:;7n)s is constructed according to

Algorithm 2 using Ry (resp. Rq~). Then for alld =1,2,...,s we have
s 2

D*wn <_
q (Pa)— qm+qm_1

(14+mey)®,

resp.

S

TT @+ (4 mey)).

2
Dy o(Pa) < T gm oy + ———
q 1=1

a -1
Proof. By Proposition 1 it is enough to show that

Ry((cv1,...,aq)) < (1+mey)* forall d=1,...,s. (7)

Since ¢'(m1(k)) = 0 if and only if k¥ = 0 it follows that R,(1) = 0 and (7)
is true for d = 1. Suppose now that for some 1 < d < s we have already
constructed a = (v, .., ) € (Fim)? such that Ry(a) < ﬁ 1+ mcq)d.
Then we have
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Ry((e, aapa)) = > [T rak:

(kvkd+1)622jﬁl \{0} i=1

S ajel () ())=0

> Hrq )+ 8(cas1) = Ryla) + 8(aas),

k:Ede\{O}
Th_ ) eyl (mj(k;)=0

where

d
O(gy1) = g 7q(Kat1) E H rq (ki)
kat1€25m kezdy, i=1
Z?:l aje/(tj(kj)=—agi19 (tq41(kqg41))

Since g1 is a minimizer of Ry ((e, -)) it follows that g1 is also a mini-
mizer of #(-) and hence we obtain

bloai) < g 3 0(2)

d
= qml_l Z Z Tq(kd—i-l) Z Hrq(kz

2€F m kay1€25m kezd,,

Z?Zl ajol(tj(kj))=—z¢"(Tq41(kg41))

d
:qml_l S rgkas) S TTratk) 3 1.

kqt1 GZ;m keng =1 zeFZm
2o/ (Tqp1(kgq1))=— Z?:1 aje’(1;(k;))
The equation z¢'(Tg+1(ki+1)) = —(a1¢' (11 (k )) -+ agy (14(kq))) has
exactly one solution z € Fy.. if ang (7'1( 1))+ + adw’(Td(kd)) # 0 and no
solution if a1 ¢’ (11 (k1)) + - - - + aq’ (1a(ka)) = 0. Therefore we obtain
1 d
0(aat1) < m_ ] Z rq(ka+1) Z HTq(kz)
1 Fas1€Lim keZiy, i=1
1
T om_1 (1+ mcq)d Z rq(kat1)-
1 Fas1€25m

Now we obtain

Ry((e, aatr)) < Ry(e) + (L+me)” D rkar)

m ]
q kay1 EZ;m

d+1
)

1
< 1 (1+ mcq)d Z rq(kat1) =

o (14 meq
kat1€Zgm

w1
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where we have used Eq. (6). Now (7) follows by induction on d. O

The following result follows from Theorem 3 and can be proved in the
same way as [3, Corollary 8§].

Corollary 2. Let g be a prime-power, s > 2, m > 1 and v = (y;)i>1 be a
sequence of weights. If Y2, v; < 00, then for any 6 > 0 there exists a Cq~.5 >
0, independent of s and m, such that the weighted star discrepancy of the
hyperplane net Po where o € (F)* is constructed according to Algorithm 2

using Ry~ satisfies

* Cq,v,8
quﬁ(,])a) < q"f(ily_é) (8)

Let N € N have g-adic expansion N = v1¢™* + --- + v,.q™" with digits
1<y <qgforl <i<r. Foreach 1l < i < r construct a vector a; € Fgmi
according to Algorithm 2 and let Py s be the superposition of v; copies of
the hyperplane net Pq, for all 1 <7 < r. Hence Py s contains N elements in
[0,1)%. We point out that for any N, s the point set Px s can be constructed
explicitly. Using Corollary 2 and the same arguments as used in the proof of
[6, Theorem 3] we obtain the following result.

Corollary 3. Let N,s € N and assume that > ;~,v; < oo. Then for the
weighted star discrepancy of the point set Py,s C [0,1)° of cardinality N
constructed above, for any § > 0 we have

. Cys,
DNN(,PN,S) S qu—;ga
where Cy5.~ > 0 is independent of s and N. Hence the weighted star discrep-

ancy of Pn,s achieves a strongly tractability bound with e-exponent equal to
1.

Obviously we can restrict the search space for a € (IF;..)* when we search
for cyclic nets only. The subsequent theorem, which improves the second part
of [16, Corollary 2], shows that there is a sufficient large amount of good «’s in
Fym. The cost of a full search for the best o € Fym is of O(sq*™) operations.

Theorem 4. Let q be a prime-power, s > 2, m > 1 and v = (v;)i>1 be
a sequence of weights. For 0 < ¢ < 1 there are more than 5|F;m| elements
a € Fym such that

s 2(s—1) s
Dy Pun) L — 4+ ——F—— (1 +mcy)",
q ( ) qm (1—8)(qm—1) ( q)
resp.
* 2(5 — 1) 5
qu)»y(,])a(s)) S Fsﬁqmﬁ,y + H (1 + Yi (1 + qu)) .

(1=e)g™—1) 25
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Proof. We have

qml—l Z Rq(a(s)) = 1_1 Z Z 1:[1771(]%')

a€Fim z€F%, kEZSm \{0}
T8 29T (7 (ky))=0

1 S
=D RN | KOS L
q kEZ3m\{0} =1 e
Ti_y 27! (rj(ky))=0

As the polynomial 377, 277! (1;(k;)) over the finite field Fym of degree at
most s — 1 has at most s — 1 zeros z € F},. we obtain

S

LS R < 2L S [rlk) = S0 ma) )
1

m _ ] m
q a€F%y, KEZS, i= q

For the rest of the proof one just has to follow the proof of Corollary 1. O

There even exists an « such that P, is of low star discrepancy for arbi-
trary dimensions s > 1. One says that P is extensible in the dimension s.
In the special case of polynomial lattices this was shown by Niederreiter [12,
Theorem 9].

Corollary 4. Let q be a prime-power, m > 1, (B;);>1 a sequence of ordered
bases of Fqm over Fy and v = (vi)i>1 be a sequence of weights. Then for
c>>2, m there exists an element o € Fm such that for all s > 1

we have
2 —1)(1 1))?
Dh(Pu) < = + cs(s —1)(log(s +1)) (14 mey)*
q qm qm _ 1
resp.
. 2¢s(s — 1) (log(s + 1))% 4
qu),y(lpa(S)) < Fs,qm,'y + ( )( g( )) (1 + Yi (1 + mcq)) .

mo__
q 1 =1

In fact, in both cases for arbitrary small e > 0 we can get at least (1—)(g™—1)
such elements a by choosing ¢ > 0 large enough.

Proof. The proof uses arguments from [12]. Let

es(s — 1) (log(s + 1))?
gm —1

E, := {a €Fym : Ry () > (1 —i—mcq)s}

where the constant ¢ > 0 is chosen such that ¢ > >~ 7, m. Using (9)
we obtain for any s > 1,
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s —1)(log(s +1))?
qgm—1

(5D +me)* 2 3 Rya®) 2 |By|<L
ozE]F;m

(1+mcy)®

m__

and hence |E | < W

For £ :=J 5, Es we hence obtain

o0

El < Eq| < <qm—=1=|Fn|
Bl< SR < 5 3 Sy <0 1=
Especially, there exists an element o € Fy. \ E and for this element we have

es(s —1)(log(s + 1))?
qm —1

Now the result follows from Proposition 1. O

R, (') < (14+mecq)® forall s>1.

Appendix: Calculation of R; and ﬁ,m

We will give an explicit form of the quantities R, and ]?Zq).y which can be
computed efficiently. For this computation we will employ Walsh function
which we briefly recall in the following (notations are defined as in Section 2).

Definition 3 (Walsh functions). Let ¢ = p” with a prime p and a positive
integer 7, let k € Ny with base q representation k = kg +r1q+- -+ Km_1¢™ !
where ; € Z, and let = € [0, 1) with base ¢ representation x = z1/q+x2/¢*+

--. Then the k-th Walsh function over the finite field I, with respect to the
bijection ¢ is defined by

e ovali(e) = [ [[exp (m (.0 m) (k) (i 0 n)(:vz)) |

=0 i=1 p

For convenience we will in the rest of the paper omit the subscript and simply
write waly, if there is no ambiguity.

Multivariate Walsh functions are defined by multiplication of the univari-
ate components, i.e., for x = (z1,...,z5) € [0,1)%, k = (k1,...,ks) € N§
where s > 1, we set

walg (x H walk (xj).

Specifically we will need the followmg lemma that gives an important
indicator function.

Lemma 1. Let o € Fyn and let Po be the hyperplane net associated to o
Then for any k € Zjm we have

pry Z walg (z {(1) i ar'(mi(kn)) + -+ s (7s (k) = 0,

else.
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For a proof of this result see [18, Corollary 2.12].
Proposition 3. Let a € (F}n)® and let Py be the associated hyperplane net.

Then for the quantities Ry(cx) and Eq ~(a) we get the formulas

Ry(ax) :—1+— > H<1+C’(—m0(xz)—1)>

xEPy 1=1
Ryy(e) = H(1+% +_m§ H(uwm (Ztmaten -1)).

with C as in the definition of rq in Proposition 1 and for x € ¢~ "Zqm \ {0},
mo(x) = max{l < m : & < g0V} = [~ log, ] and mo(0) == m—+q/(g~1)

Hence Ry(ev) and qu.y (a) can be computed at a cost of O(sq™) operations.
Proof. We set A(k) := a1¢’(11(k1))+- - -+ as¢'(75(ks)). By definition we have

1+ Ry(a) = Z Hrq(k)
i=1

KELSm (k) =0

Using Lemma 1 we can let the sum range over all k € Zg... We get

1+ Ry(ex) = Z Z walg (2 Hrq

kEqu Sy

m Z Z Hrq ywalg, (z;)

TEPx kGZSm i=1

- ZH 1+ > rg(k)waly(z) | - (10)

TEPqy i=1 ke€Zam \{0}

Since r4(k) depends only on the “digit length” of k we get for = € [0,1), by
[9, Lemma 4] (note that it is enough to consider z € ¢~ Zym only)

m ql—
S rafkva(s z§ > walie

keZym\{0}
C' g—1 ifz<q,
0 else,

- %((q—l)(mo(fﬂ)_l) -1),

where for z € ¢~™Zgm the quantity mo(x) is defined in Proposition 3. Insert-

ing the formula into (10) gives the claimed result for R, (o).

The derivation of the weighted case from the unweighted one can be carried
O

out as in [2].
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