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Abstract

Generalized nets and sequences are used in quasi-Monte Carlo rules for the
approximation of high dimensional integrals over the unit cube. Hence one wants
to have generalized nets and sequences of high quality.

In this paper we introduce a duality theory for generalized nets whose construc-
tion is not necessarily based on linear algebra over finite fields. We use this duality
theory to prove propagation rules for such nets. This way we can obtain new gener-
alized nets (sometimes with improved quality) from existing ones. We also extend
our approach to the construction of generalized sequences.

1 Introduction

Generalizing the concept of (¢, m, s)-nets and (¢, s)-sequences in base b due to Niederreiter
[12] the notion of (¢, o, B, n, m, s)-nets and (¢, o, 3, 0, s)-sequences in base b was introduced
in the recent paper [8]. Such nets and sequences are point sets in the unit cube [0,1)*
which can be used in a quasi-Monte Carlo rule N~! ZhN:_OI (xp) to approximate the
integral f[O,l]S f(x)dx, ie., the quadrature points xg,...,xy_1 € [0,1)° can be taken
from a (¢,m, s)-net (or one uses the first N points of a sequence). Throughout the paper
a point set is always understood as a multiset, i.e., points may occur repeatedly.

The advantage of the more general concept due to [8] is that (¢, «, 3, n, m, s)-nets and
(t,q, B, 0,s)-sequences in base b can exploit the smoothness « of a function f (which is
not the case for the classical concepts of (t,m,s)-nets and (¢, s)-sequences). For func-
tions f having square integrable mixed partial derivatives of order « in each variable,
the integration errors using (¢, «, 3, n, m, s)-nets (having cardinality b™) with am = fn
converge at least at a rate of b'~(*~1¥)™ for any § > 0 (see [1]). In special cases this can
be improved to b*~ (@)™ for any ¢ > 0.

Special constructions of such point sets are based on the digital construction scheme
introduced by Niederreiter [12] and generalized in [5, 6]; the resulting point sets are
referred to as digital nets and sequences. Nowadays many propagation rules for nets
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and sequences, digital or not, and also for generalized digital nets (see [9]) are known.
Roughly speaking, propagation rules are methods by which one can construct new nets
and sequences from existing ones (sometimes the net or sequence does not change, only
the parameters change and the net or sequence with such parameters might not have been
known before).

In this paper we introduce generalizations of the following propagation rules, which
all appeared in [9] for the special case of digital nets: the direct product of two general-
ized digital nets, the (u,u 4 v)-construction, the matrix product construction, the double
m-construction, base change propagation rules and the higher order to higher order con-
struction. In some cases the proofs are based on a new duality theory for not necessarily
digital nets (in the digital case, duality theory is already well known to be an important
tool for the analysis and construction of digital nets).

The paper is organized as follows: In Section 2, the definitions of (¢, «, 3, n,m, s)-
nets and (¢, «, 3, 0, s)-sequences and some of their properties are recalled. Duality the-
ory for not necessarily digital nets is presented in Section 3 and propagation rules for
(t,, B,n,m, s)-nets and (t, «, (3, 0, s)-sequences are presented in Sections 4 and 5 respec-
tively.

Throughout the paper Ny is used to denote non-negative integers and N is used to
denote natural numbers.

2 The definitions of (¢, «, 3,n, m, s)-nets and (¢, o, 3, 0, 5)-
sequences

In this section, we give the definitions and some properties of (¢, «, 3,n,m,s)-nets and
(t,, 3,0, s)-sequences in base b. To this end some notation has to be fixed which is used
throughout the paper.

Let n,s > 1, b > 2 be integers. For v = (v1,...,v5) € {0,...,n}" let [v]; = 370, v

and define 4, = (i11,. .., 010,01, -, lsy,) With integers 1 <;, < ... <i;; <nin

case v; > 0 and {z'j,l, e ,z'j,,,j} =0 incase v; =0, for j =1,...,s. For given v and 4, let
L : : _

a, €{0,...,b—1}"", which we write as @, = (A14, 1, A1y, 55 Qsiigrs -+ -5 iy, )

A generalized elementary interval in base b is a subset of [0,1)® of the form

s

J(iy,a,) =[] [J

J=1 J1=

as
le{l,...,n} {ij,11~~-,ij,uj}

A N N S
{b+ + o+ +bn+bn>,

where {4;1,...,4,,} =0 in case v; =0for 1 < j <s.
From [8, Lemmas 3.1 and 3.2] it is known that for v € {0,...,n}" and 4, defined as
above and fixed, the generalized elementary intervals J(i,,a,) for a, € {0,...,b — 1}""1

form a partition of [0,1)* and the volume of J(i,,a,) is b1,
We can now give the definition of (¢, «, 3, n,m, s)-nets based on [8, Definition 4].

Definition 2.1 Let n, m, s, a > 1 be natural numbers, let 0 < 3 < 1 be a real number,
and let 0 <t < n be an integer. Let b > 2 be an integer and P = {xq,...,xpm_1} be



a multiset in [0,1)%. We say that P is a (¢, «, 3, n,m, s)-net in base b, if for all integers
1 <ij,, <---<ij1, where v; > 0, with

s min(vj,a

)
Y iu<pn-t,

j=1 1=1

where for v; = 0 we set the empty sum Z?:l i, = 0, the generalized elementary interval
J(iy, @,) contains exactly b™1*I1 points of P for each a,, € {0,...,b— 1},

A (t,a, 3,m, m, s)-net in base b is called a strict (¢, «, 3,n,m, s)-net in base b, if it is
not a (u, o, ,n, m, s)-net in base b with u < ¢.

Note that in the definition above the specific order of elements of a multiset is not
important. The parameter t is often referred to as the quality-parameter of the net. By
the strength of the net one means the quantity Gn — t.

Remark 2.1 We obtain the definition of a classical (¢,m, s)-net in base b due to Niederre-
iter [12, Definition 4.1] from Definition 2.1 by setting « = § = 1, n = m, and considering

allvy, ..., vy > 0sothat Z;Zl v; < m—t, where weset i, = v;—k+1lfork=1,...,v;. In
this case the definition can be simplified to the following: a multiset P = {xo, ..., Tym_1}
whose elements belong to [0,1)* is a (t,m, s)-net in base b if for all integers dy,...,ds > 0

with d; + -+ + ds = m — t each elementary interval J = []’ [“ﬂ' a+1

J=1 | p% 7 pdi
0<a; < b% for 1 < j < s and of volume b™™ contains exactly b’ elements of P. Hence
a (t,1,1,m,m,s)-net is a (¢, m, s)-net.

) with integers

Remark 2.2 Let n, m, s, @« > 1 be natural numbers and let 0 < # < 1 be a real
number. It follows from Definition 2.1 that any multiset consisting of ™ points in [0, 1)*
is a (|On],«, 3,n,m, s)-net in base b.

Remark 2.3 Note that 6™ ¥t = b™Vol(J(i,,a,)). Hence Definition 2.1 says that the
proportion of points of P in J(4,,a,) equals the volume of J(%,,a,), i.e.,

{0 < h<b™: @y € J(iy,a,)}|
bm

= Vol(J (., a.)).
We also give the definition of (¢, «, 3, o, s)-sequences from [8].

Definition 2.2 Let o, s, @ > 1 be natural numbers, let 0 < § < 1 be a real number,
and let t > 0 be an integer. Let b > 2 be an integer and w = (xg, x1,...) be an infinite
sequence in [0,1)°. We say that w is a (¢, «, (3, 0, s)-sequence in base b, if for all integers
k >0 and m > t/(fo) we have that the finite subsequence {®ypm, Tppmi1, .., Tggp1ypm—1}
is a (t,a, §,0m,m, s)-net in base b.

A (t,«a, B, 0, s)-sequence in base b is called a strict (¢, «, 3,0, s)-sequence in base b if it
is not a (u, «a, 3, 0, s)-sequence in base b with u < t.

Note that in the definition above the specific order of elements of an infinite sequence
is of importance.



Remark 2.4 We obtain the definition of a classical (¢, s)-sequence in base b due to Nieder-
reiter [12, Definition 4.2] from Definition 2.2 and Remark 2.1 by setting a = =0 = 1.
Hence a (¢,1,1, 1, s)-sequence in base b is a (t, s)-sequence in base b.

Explicit constructions of (¢, «, 3, n,m, s)-nets, respectively (¢, «, 3, o, s)-sequences, in
prime-power bases b are known using the digital construction scheme. Nets (sequences)
constructed in this manner are referred to as digital (¢, «, 5, nxm, s)-nets (digital (¢, o, 3, 7, 5)-
sequences) over a finite field F,. For more information we refer to [6, Subsection 4.4]
and [9]. The proof that digital (¢, «, 3,n x m,s)-nets, respectively digital (¢, a, 3,0, s)-
sequences, over [y, are in fact special cases of (¢, «, 3, n, m, s)-nets, respectively (¢, «, 3, 0, $)-
sequences, in base b is to be found in [8, Theorem 3.5].

Some simple propagation rules for (¢, a, 3, n, m, s)-nets, respectively (¢, «, 3, o, s)-sequences,
in base b were already listed in [8]. For completeness, we repeat them here. We also add
some further trivial propagation rules in the following list:

Let P be a (t,«, 3,n,m, s)-net in base b and let w be a (¢, «, 3, 0, s)-sequence in base
b. Then we have the following;:

(i) Pisa (t',;a,0,n,m,s)-net in base b for all 0 < ' < fand all t <t < ('n, and w
isa (t',a,,0,s)-sequence in base b for all 0 < #' < S and all t < .

(ii) Pis a (t',a/,3,n,m,s)-net in base b for all @ > 1 where ' = fmin(«, ')/« and
t' = [tmin(a,d’)/a], and w is a (¢, o/, F', 0, s)-sequence in base b for all o/ > 1
where ' = fmin(q, o) /a and where ¢’ = [t min(a, /) /a].

(iii) Consider the point set P’ obtained by truncating each coordinate of each element
of P in base b representation after n’ digits, 1 < n’ < n. The resulting point set is
a (t',a,p,n;m,s)-net in base b, where ¢’ = max(t — f(n —n'),0).

(iv) Consider the point set P’ obtained by truncating each coordinate of each element
of P’ in base b representation after n digits and adding n’ — n extra digits to every
element, all of which are zero, n” > n. The resulting point set is a (¢, «, 5',n/, m, s)-
net, where 3 = fn/n’.

(v) The point set obtained by projecting P onto the coordinates in u, where u C
..., S} s a (ty, a, B,n, m, |u|)-net in base b, where ¢, < ¢.
1 i t t in b b, wh t, <t

(vi) Let Py, Pa, ..., Py be (t,a,3,n,m,s)-nets in base b. Then the multiset obtained
from the union of the elements of Py, Py, ..., Py is a (t,a, 3,n, m+r, s)-net in base
b.

We remark that these propagation rules are analogous to Propagation rules I-VI in [9]
for digital nets.

3 Duality theory

Duality theory, as introduced by Niederreiter and Pirsic [15] (see also [9]), is a helpful tool
in the analysis and construction of digital nets. Here we introduce a duality theory for
not necessarily digital constructions. The basic tool are Walsh functions in integer base
b > 2 whose definition and basic properties are recalled in the following.



Definition 3.1 Let b > 2 be an integer and represent k& € Ny in base b, k = r,_16%" ! +
-+ + Ko, with x; € {0,...,b— 1}. Further let w, = e?™/% be the bth root of unity. Then
the kth b-adic Walsh function pwalg(z):[0,1) — {1,wb, o ,wg_l} is given by

pwaly,(z) = wptHot et
for z € [0,1) with base b representation z = &b~! 4+ &b 2+ ... (unique in the sense that
infinitely many of the &; are different from b — 1).
For dimension s > 2, ¢ = (z1,...,x5) € [0,1)°, and k = (ky,...,ks) € N, we define
pwalg : [0,1)% — {1,wb, o ,wé’*l} by

bwalk(w) = H bwalkj (l’])
j=1

Dealing with Walsh functions in conjunction with a (¢, «, 3,n,m, s)-net in base b or
a (t,a, 3,0, s)-sequence in base b, we will always assume that b-adic Walsh functions are
in the same base b. If we deal with an arbitrary point set, which is not necessarily a
(t,r, B,n,m, s)-net or a (t,«, 3,0, s)-sequence in base b, we will deal with an arbitrary
but fixed integer base b > 2. Consequently, we will in the following often write wal instead
of pwal.

The following notation will be used throughout the paper: By @& we denote the digit-
wise addition modulo b, i.e., for z,y € [0,1) with base b expansions x = >~ &b~ and

y=> o, mb”!, we define
TPy = Z Gbt,
=1

where (; € {0,...,b— 1} is given by (; = & +n; (mod b), and let © denote the digitwise
subtraction modulo b (for short we use ©x := 0 © z). In the same fashion we also define
the digitwise addition and digitwise subtraction for nonnegative integers based on the
b-adic expansion. For vectors in [0,1)® or N§, the operations & and © are carried out
componentwise. Throughout the paper, we always use the same base b for the operations
@ and © as is used for the Walsh functions. Further we call € [0, 1) a b-adic rational if
it can be written in a finite base b expansion. The following simple properties of Walsh
functions are often used in the sequel:

For all k,1 € Ny and all z,y € [0,1), with the restriction that if x,y are not b-adic
rationals, then = @ y is not allowed to be a b-adic rational, we have wali(z) - wal;(x) =
walge () and wal(x) - walg(y) = walg(x @ y). Furthermore, walg(z) = walgg(z).

Now we turn to duality theory for not necessarily digital nets. Let K}, , = {0,...,0" —
1}°. We also assume there is an ordering of the elements in K} , which can be arbitrary but
needs to be the same in each instance, i.e., let K; , = {kq, ..., kpsn_1}. (Note that |, | =
b*".) By this we mean that in expressions like Zkzelcgb’ (ak,l)k,leK;,w and (Ck)kEICZ,b the

elements k and I run through the set K} , always in the same order.
The following b°™ x b°™ matrix plays a central role in the duality theory for generalized
nets

W, = (Walk (b*”l))

kleks ,°
We call W,, a Walsh matriz.
In the following we denote by A* the conjugate transpose of a matrix A over the

: —T
complex numbers C, i.e., A*= A .



Lemma 3.1 The Walsh matriz W, is invertible and its inverse is given by W, 1 =
W*

bsn

Proof. Let A = (agi)rick: , = Wnb%nW;“L. Then, using the orthogonality of the Walsh
functions, we obtain

s b—1
1 A
ae = oo walg (b"h) waly (b="h) = - H > waly e, (h/6")
heks , j=1 h=0
B 1 ifk=1,
- 0 ifk#L
where k = (ky,...,ks) and I = (I,...,[s) are in ’sz,b- 0

For a multiset P = {xo,...,zx_1} in [0,1)° and k € K, , we define

(note that |cgx| < N) and the vector

C = C(P) == (ck)nexs,,- (1)
For a = (ay,...,a,) € K;,;, define the elementary b-adic interval
*la; a;+1
E, = e

Lemma 3.2 We have

Z walg(x O y) =

{ Kool if ,y € Eq for some a € K;,,,
keks

0 otherwise.

Proof.  We have x,y € [ab™", (a + 1)b™") for some 0 < a < b" if and only if the b-adic
digit expansions of x and y coincide at the first n digits. From this the result follows. [

Let € E, for some a € K}, ;. Then, using Lemma 3.2, we have

k:EICS keICS =

= Z| K| Z walg(x, © @)

keks ,
= |{h: x,€ Ea}| = Mq.

Definition 3.2 Let P = {x,...,zy_1} be a multiset in [0,1)°, let n be such that
N <" and let k), = {0,..., 0" —1}°.



L. For a € K}, let
Ma = mqa(P) :={h : &, € E,}|

and

— —

M = M(P) = (ma)

aelel’b :
Then we call the vector M the point set vector.

2. The vector C = C(P) from (1) is called the dual vector (with respect to the Walsh
matrix W,,).

3. The set
D, =Dn(P):={k ek, cx#0}

is called the dual set (with respect to the Walsh matrix W,,).

The relationship between a point set vector and its dual vector is stated in the following
theorem.

Theorem 3.1 Let P = {x,...,xn_1} be a multiset in [0,1)° and let n be such that
N <b". Let M and C be defined as above. Then
1

n,b

Proof.  The first result follows from Lemma 3.2 and the second result follows from
Lemma 3.1 and the identity C' = |KC5 ,|W 1M = W; M. O

The vector C carries sufficient information to construct a point set in the following
way: Given c , we can use Theorem 3.1 to determine how many points are to be placed
in the interval Fqo, a € K ;. Note that for the (t,a, B,m, m, s)-net property it is of no
importance where exactly within an interval Fg, a € K ;, the points are placed.

In analogy, the dual space of a digital net also allows us to reconstruct the original
point set, see [15]. Although C is different from the dual space for digital nets, it contains
the same information and can be used in a manner similar to the dual space. This will be
shown below by example of the (u,u + v)-construction, the matrix-product construction
and the double m construction for generalized nets. In case P is a digital (¢, o, 5,nxXm, s)-
net, the dual set D,, defined in Definition 3.2 coincides with the dual space defined in [9]
intersected with K7, and if P is a digital (t,m, s)-net, it coincides with the dual space
in [15] intersected with /C; .

Although the above results hold for arbitrary point sets, in the following we consider
point sets which are nets and show how to relate the quality of a (¢, «, 3, n, m, s)-net to its
dual set. To this end we need to introduce a function which was first introduced in [6] in
the context of applying digital nets to quasi-Monte Carlo integration of smooth functions
and which is related to the quality of suitable digital nets. For k£ € Ny and o > 1 let

a4+ aminw,a) for k>0,
Ma(k)_{() for k =0,

where for k > 0 we assume that k = kb1 + -+ + £,b% ! with 0 < K1,...,k, < b and
1<a, < <a.



For a vector k = (k1,...,ks) € N§ we define o (k) = po(k1) + - + pa(ks) and for a
subset Q of K} , and w > 1 define

o = i (k).
pa(Q) pJoin (k)

The following theorem establishes a relationship between p,(Q) and the quality of a
(t,, B,n,m, s)-net.

Theorem 3.2 A multiset P = {xq,...,xym_1} in [0, 1)* with dual set D,, is a (t,a, 3,n,m, s)-
net in base b if and only if po(Dy) > | On]| —t+ 1. If P is a strict (¢, «, 5,n,m,s)-net in
base b, then po(D,) = |fn] —t + 1.

Proof. 1t was shown in [1, Theorem 1] that P is a (¢, a, 3,n, m, s)-net in base b if and
only if for all k € N§ satisfying 0 < p,(k) < fn —t we have Z’;::gl walg () = 0 and this
is obviously equivalent to p,(D,) > |On] —t + 1. For the second assertion, we assume
that P is a strict (¢, «, 5, n, m, s)-net in base b, which implies that p,(D,) > |fn| —t+ 1.
We now assume p,(D,) > |fn] —t+2 = |fn] — (t — 1) + 1. Arguing in the same
fashion as for the first part of the proof this is equivalent to Zzzal walg(x,) = 0 for all
k satisfying 0 < uq(k) < [Bn] — (t —1). Using [1, Theorem 1] again this implies that P
isa (t—1,a,03,n,m,s)-net in base b, which contradicts the assumption that P is a strict
(t,a, B,m, m, s)-net in base b. O

4 Propagation rules for (¢, «, 3,n,m,s)-nets

In this section, we introduce several propagation rules for (¢, «, 3,n,m,s)-nets which
generalize the analogous results for the digital case given in [9].

4.1 Direct product of two (¢, «, 3,n,m, s)-nets

Let P, = (a:h);’lzlo’l be a (t1,a1, 31, n1,my,s;)-net in base b and Py = (y,)2 0" be a
(t2, g, B2, Mo, ma, So)-net in base b. Based on P; and Py a new (¢, a, 3,n, m, s)-net in base
b is formed, where n = ny + ng, m = my + mo, and s = s; + so. The points of P are
defined to be the direct product of the points from P; and Ps, i.e., P is the multiset of
b™ points
(xp,y;), for 0<A<DP™—land0<i<bp™ —1

in some order. The following theorem gives information on the ¢-value of the resulting
(t,a, B, m, m, s)-net.

Theorem 4.1 Let Py, Py and P be defined as above. Then P is a (t,«, 3,n, m,s)-net in
base b, where o = max(aq, ag), f = min(fy, f2) and

t = max(ﬂlnl + tQ, ﬁgﬂQ + tl).
Proof. Note first that

Bn—t = Pni+ Bny —max(Bing + ta, Bong + 1)
= min(fn + fng — Bing — ta, fny + Bng — Bang — 1)



< min(fing — t1, fong — ta). (3)
Let vq,...,vs>0and, for 1 <j <s,let 1< G, <0 <1, with
2.1,1 + -+ Z.l,min(m,a) + -+ Z‘5,1 + -+ is,min(us,a) S 6” —t. (4)

We need to check that the generalized elementary interval

s b—1

. o ;51 Ajn Qj1 Qjn 1
J(ty,a,) = H U |:T+"'+b—n,7+"'+b—n+b—n)
j:1 aj,l:O
ZE{].,...JL}\{’L']',VJ.,...,’L'jy1}
- H bUl WGy e G G T
. b b b bn bn
]:1 aj’lzo
ZE{I ..... n}\{ij7y]-7-..7ij’l}
® b=t a Qin @ a 1
11 U {b+ Ty T +b"+b”)
j=s1+1 a; =0
141,00, \{ i, et }

contains b™~ "I points.

Since (1, 2 < 1 we find from (3) and (4) that i;; < ny for 1 < j < s; and 7;; < ny
for j =s1+1,...,s1 + sy. Hence the previous expression becomes

s b—1
o G oy G G G L
J(’I/,/,azy) — H U |: b + + bnl’ b + + ! +bn1) X
j=1 a;,1=0
" et o i}
s b—1 4 a a a 1
il gm2 44,1 gin2
11 U {T+”'+sz’T+”'+b"2+bT2)
j=s1+1 a5,1=0
112\ i}

Again from (3) and (4) we deduce that

il,l + -+ il,min(ul,a) +-+ Z.31,1 +-+ Z.sl,min(usl,a) < ﬁlnl - tl
and
i51+1,1 + -+ Z'51—‘,—1,min(usl+1,ol) + -+ Z's,l + -+ is,min(ys,a) S ﬁ?nQ - t2-

As Py is a (t1, a1, B1,n1,mq, s1)-net in base b and Py a (t9, g, B2, N2, Ma, S9)-net in
base b, it follows that

S1 b—1

Gy G G G L
H U |:b+ +bn1’b+ +bn1+bn1)
j:1 ajyl=0

1€, ma N\ {5, eonvig }
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contains b™ i1 v points of P; and

s b—1
aj1 Ajmy 0,1 Ujmy 1
11 U e S )

j281+1 aj,l:0

l€{17---7n2}\{ijﬂ/j ""’ij’l}

contains bmrz?:ﬂfl "7 points of Py. By the construction method, it follows that J(,, a,)
contains b M2~ X5=1% = pm=IYlt points of P, concluding the proof. O

4.2 The (u,u + v)-construction

The (u, u+v)-construction in the context of (¢, a, 3, n, m, s)-nets in base b has already been
discussed in the recent paper [1, Section 5]. Hence we simply recall the construction and
state the result. Assume we are given a (t1, «, 51,1, m1, $1)-net P; denoted by {mh}zzlo_l
and a (ta, o, Ba, no, My, S2)-net Py denoted by {yi}?:(ﬁ_l, where we assume s; < so. W.lo.g.
we may assume that x, = (Tp1,...,Ths) With x5, = §uj1/b+ -+ + & jn, /U™ and
Y = (Yit, - Yisy) With y;; = 151/ + -+ + 0 jn, /0" (if there are digits &, # 0 for
r > ny or1;,, # 0 for r > ny we can slightly modify Py, P, by setting &, ;, = 0 for r > ny
and 7, ;, = 0 for r > ny, without changing the (¢,,, @, By, N, My, Sw)-net property of P,
w =1,2). Set further ¢ := min(26,n, — 2t; + 1, fang — ta).

We define a new point set P = {zh}?;:(;m_l, Zh = (Zn1s- -5 Zhosi+s,), consisting of
b F™2 points in [0, 1)%17°2 as follows:

e Forj=1,...,5,i=0,...,0™ —1and h=0,...,0™ — 1 we set

fh, j,1 S/ Nig1 gh,j,min(é,n ) S) 1i,7,min(£,n1)
Zib™i+h,j % +oee Tt b;in(ﬂ,ru) 1
€h7j7€+1 fh,j,nl
+<b£+1 ++bT 1n12g
SMijn1+1 Mgt
+ (W"“i‘ b 1n1<g.

e For j=s14+1,...,8+82,12=0,...;06™ —1land h =0,...,b™ — 1 we set
Zibmi4hj = Yij—s; -
Then we have the following result, which was first shown in [1, Theorem 3
Theorem 4.2 Let b > 2 be an integer, let Py be a (t1, a, B1,n1,m1, $1)-net in base b, and

Py be a (to, v, B2, ng, Mo, So)-net in base b. Then P defined as above is a (t,c, 3,m,m, s)-
net in base b, where n = nq + nag, M = mq + Mg, S = 1 + Sa,

B =min(f, B2), and t = Bn — L.

Remark 4.1 Note that we defined the (u,u+ v)-construction in such a way that it yields
the same point set as the (u,u + v)-construction for digital nets as considered in [9].
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4.3 The matrix-product construction

In this subsection, we will assume that b is prime. We firstly introduce matrices which
are non-singular by column (NSC), see [3]. Let A be an M x M matrix over Z,. For
1 <1 < M, let A; denote the [ x M matrix consisting of the first [ rows of A. For
1<k <--<k <M, let A(ky,..., k) denote the [ x [ matrix consisting of the columns
kl,...,k’l OfAl.

Definition 4.1 An M x M matrix A defined over Z is called non-singular by column
(NSC) if A(ky,..., k) is non-singular for each 1 <l < M and 1 <k <--- <k < M.

It is known that an M x M NSC matrix over Z, exists if and only if 1 < M < b, see
[3, Section 3|. For any integer 1 < M < b, an explicit M x M upper triangular NSC
matrix over Zj is given in [3, Section 5.2].

For the remainder of this section, we will assume that A = (Ay;) is an M x M upper
triangular NSC matrix over Z, (upper triangular means that Ag; =0 for all 1 <[l < k <

We now describe how to construct the point set, based on the so-called matrix-product
construction:

Let 1 < sy < -+ < s) be integers and define oy := 0 and o} = s; + -+ + sg
for 1 < k< M. Let s :==0p. For1l <k < M let P, = {a:gk) ZZ’B’I, where wgf) =
($§z]i)7k71+1’ . ,mék;k) for 0 < h < 0™, be (tx, a, By, ng, My, Si)-nets in base b. (As with the

(u, u + v)-construction, one can without loss of generality assume that mgfj) = 5}(32)1 /b+

5,(11372/172 + .-+ with 5,%)0 = 0 for ¢ > ng, as setting the remaining digits to zero does
not affect the quality of the net P,. However, this is not necessary as the results in this
subsection also hold otherwise.)
We now define V' = (Viy)phey == A7' € Z)"M and note that V' is upper triangular.
For
h = hl + thml 4o+ hMbm1+m2+---+me1’

with integers 0 < hy < 0™ (hence 0 < h < b™ where m = my + --- + my,) and for
op1<j<op k=1,...,M, define
Zhj = V}C’kxggj ©---D Vk7MZE(M) (5)

har,j?

where @© and also the multiplication are carried out digit-wise modulo b, i.e., z5,; =
Ch,j,l/b + Ch,j,2/b2 + --- where

Chje = Vk,kﬁ;(i),j,c +---+ Vk,Mf,%?j’C €Zy forallc>1,

with a:gl),j = @Sll)’j,l/b + f}(bll{j72/b2 + .- for k <[ < M, where addition and multiplication
are carried out in Z,, and where we assume that for each h and j infinitely many of the
digits Cpje, ¢ = 1,2,... are different from b — 1 (if this is not the case, then, for example
by modifying any of the digits (4., ¢ = maxi<p<pr ngp + 1, maxi<p<pr g + 2,..., will
solve this problem without affecting the quality of the point set; indeed, the forthcoming
Theorem 4.3 will establish that the digits (5 ;. with ¢ > miny<p<p (M — &+ 1)(Brng — ti)
can be modified arbitrarily since they do not influence the quality of the net; this way, for
M = 2, the (u,u + v)-construction can be viewed as a special case of the matrix product
construction).
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Analogously to the notation used above, we write @le Al,kul(k) = ALkugk) S D

Ahku,(f), where the addition and multiplication are carried out digit-wise modulo b.

Now we define P = {zg,...,2zpm_1} with m = my + .-+ + my, through z, :=
(2h1y .- 2ns) for 0 < h <™.

Lemma 4.1 Letd = (dy,...,dy) € IC;, p with dy, € Iijjb and assume that dj, = @le Al,kul(k)

where for I <k, ul(k) = (w,0) € K7Fy, for some w, € K}, Then we have

1 pmi1t+mat--+mpr g M 1 pmr 1
pmitmat-t+mu Z Wald(zh) - H (bmr Z Wal“T (wgz;))> ’

h=0 r=1 he=0
Proof.  Let z, = (2", ..., 28y € [0, 1)+ v where 2\ = (Zh0,_ 1411+ - > Zhor) €
[0,1)% for 1 <k < M. Ford = (dy,...,dy) € K;, with d;, € K", we have
g ] a1 1
Z walg(zp) = Z Hwaldk(zf’“)).
h=0 h=0 k=1

By assumption we have d;, = @le ALkul(k), where for | < k, ugk) = (u,0) € /Ci’fb
for some u; € leLl’b. Let furthermore w; = (u;,0) € K, ;. Then for each of the above
summands we have

M M
[Twalac(z") = TTwalgy 00 57
k=1 k=1

M
- H Wal@le Azﬁk’u,l(k> (ZhaUk—l'f‘l? ey Zh,o'k)
k=1
M M
= (r) (r)
B H H Waleaf:l Al,kul(k> (Vk’rxhrﬂk_l—&-l? DR ‘/k,rxhha.k)
k=1 r=k
M M
- (T) ('r)
— H HWale,r(GBf:lAz,kufk)) (Th g1 T )
k=1r=k
M M
(r)
= wal T
H H Vi,r (@521 Az,kugk)> ( hy )
k=1r=k
M r
(r)
= wal T
H H Vk,r (@le Al,kul(k)) ( hr )
r=1 k=1
M
(r)
= wal . T
r[ @k:l Vk,r (@le Ang’ul(k)) ( hy )
r=
M
= (r)
B H Waleazzl Vk,r(@?zl Angﬁl) ((whr ) O))7
r=1

where (:1:5:;), 0) € [0,1)° is just the concatenation of :I:E:;) € [0,1)* and the s — s, dimen-
sional zero vector 0. Since V = A~! we now have

- 1 ifr=1
@V’“Alv’“:{ 0 ifr#£L
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Hence we obtain @, _, Vi, D, At = B, Wi D)., Vir Aix = @, and hence

M
[Iwalg; Vi (@1 ) (T, Hwal (z}),0 Hwalur

r=1
Hence

pmatotmar _q pratetma 1 M

1 1 .
bm1+—+mM Z Wald(Zh> - b7nl+—+mM Z Hwalur ()

h=0
M bmr—1
= H (bmr Z waly, (@ > .

hr=0

For the rest of the subsection, we make the convention that

= Z fa(dy).-

If po(d) > 0, then there exists at least one integer [, so that u; # 0; the largest integer [
so that u; # 0 is denoted by [*. We need the following lemma.

Lemma 4.2 Let d be as in Lemma 4.1 with pu.(d) > 0 and let I* denote the largest
integer | so that w; # 0. Then we have pio(d) > (M — I* + 1) 1o ().

Proof. The proof follows along the same lines as the proofs of [9, Lemmas 2 and 3|. O

We can now show the main result of this subsection.

Theorem 4.3 The multiset P = {zo, ..., zpm_1} where z, = (2p1,...,2ns) and where
the z; are given by (5) forms a (t,a,[3,n,m,s)-net, where s = s; + -+ + sy, n =
maxi<p<iys Nk, M =M1 + - +my, f=min(1, <) and

t < fBn— 12&1\4(]\4 — L+ 1) (B —ty).

Proof.  According to [1, Theorem 1] it is enough to show that

pmatmettmar g

1
gy 2. wala(z) =0
h=0

for all d € N§ satisfying 0 < pq(d) < fn —t. As d must satisfy p,(d) < fn —t we may
restrict ourselves to d € K;, , satisfying 0 < pi(d) < Bn —t. From Lemma 4.1, we know
that

pmitmot-tmpyr g

M bmr—1
1 r
pmitmat-+mu Z Wald(zh) - H (bmr Z WaluT ) ) (6>

h=0 r=1 h,=0
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Assume now that d € K, ; is such that 0 < p(d) < Bn —t, then there exists an integer
[ so that ps(w;) > 0 and as before, we denote the largest integer [ so that . (u;) > 0 by
[*. We now use Lemma 4.2 to conclude that

(M — I+ 1)(@*77,1* — tl*) >  min (M — 1+ 1)(6177,1 — tl)

T I<KIKM

=pn—1t2> ,ua(d> > (M — "+ 1):”01(“1*)'
Hence we have shown that 0 < p,(w;) < Bpny — t+ and therefore

b —1

1 (")
s Z waly,, (whl* ) =0,

hyx=0

i.e., the [*th factor in equation (6) is zero. O

4.4 A double m-construction

In this section, we aim to generalize a propagation rule referred to as “double m-construction”
in [9, Section 3.4], which again generalizes a propagation rule from [15] for digital (¢, m, s)-
nets. We remark that this is the first time that this propagation rule appears in the context
of not necessarily digital nets.

Assume we are given a (t1, a1, 41,1, m, §)-net in base b, denoted by P, = {z;,}7_ ', and

a (ta, ag, B2, n,m, s)-net in base b, denoted by Py = {yi}f:o_l. For x, = (xp1,...,%hs),
we write ¢ ¢
h,j,1 h.g,n
A + e +
T b
and for vy, = (Yi1,...,Vis), we set
Mi,j1 Ti,j.n
= oy Lk
A b

Furthermore, the dual set associated with P; is denoted by D,(ll), the dual set associated
with Py by DI?). We are now in a position to define a multiset P := {zq,..., 2p2m_1} as
follows: For A/ = hb™ +4, 0 < h <b™ —1,0 <i<b™ — 1, we set

o Shid O Tiga
R =

_‘_”'_{_fh,], "ij, + 77,],1_|_ o Mi.j,

b b pnt1 ) pn (7)

B =0,...,b°> —1, 5 = 1,...,5. We now define a set A/, which in the forthcoming
Lemma 4.3 will be shown to be the dual set of P. Let a, = (ar1,...,0,5) € DSLT), r=1,2
and define k = k(ay, as) := (ki1,..., ks), where

kj :al,j+b"(a17j@a27j), j = 1,...,8,

then we set N' = {k(al, a) € K3, a1 € DV a, € D7(’L2)}-

Lemma 4.3 The set N = {k €L, a1 € DV a, € D,(LQ)} is the dual set of P =

{z0,...,zp2m_1} where z, = (2n1,...,2ns) and where the z,; are given by Equation

(7).
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Proof.  Let k = (ki,...,ks) € K5, ,, where kj = a1 ; +V"(a1; ® agy), j = 1,...,s, and
where a, = (a,1,...,a,,) € K, ,, 7 =1,2. Clearly,

b2m—1 bm—1bm—1 bm—1bm—1 s
Crp = g walg(zp) = E E walg(Zppm 1) E E Hwalkj(zhbm%j).
h'=0 h=0 i=0 h=0 i=0 j=1

For brevity, we set k; = kj(.l) + b”kj(?), where k](-l) and k](?) have the b-adic expansions
Doy kﬁ)bl’l and k:J(-Q) =3, kj(-i)bl’l. Hence

B 2n
27T1
waly, (Zhom4ij) = exp (Z K (Gngr ©mig) + Y k700 m,j,z-n))]

l=n+1
2mi
= €xp Zk]l 5h]l®nz]l)

2mi
exp[ Zk]l 0@77”1)]

= Walk(;) (IL‘}W' @ yz‘,j)walk(_?) (0 S yz}j)
j J

= Walm,j (xh7j>wa‘lal,j (yiyj)wa‘]'al,j (0 © yi7j>wala2,]’ (O S yi,j)

= Walal,j (mh,j )Wala2,j (yi,j) )

and further

bm—-10m—-1 s

Cr = Z Z H Walal,j (xh7j>wala2,j (yl}j)

h=0 =0 j=1
bm—10m—-1

= Y vl (@) vl (w)

h=0 =0

bm—1 bm—1
= Z walg, (x5) Z wala, (y;)
W
- Z walg, (2, Z wala, (Y;)-

If ke N, then a; € DS) and ay € D,(f), so we have ¢ # 0 and hence k is in the dual set
of P. If on the other hand k is in the dual set of P, then ¢x # 0 and hence a; € D,(f) and
a, € DY, sokeN. O

In order to bound the quality parameter of P = {zq, ..., zypm_1}, we define

d = (DY, DY) i= max maxmax(0, o) = pia(ar; & az),
s J

where R; is the set of all ordered pairs (ay,a2), with a, = (a,1,...,a,5) € D \ {0},
a1; D ag,; = 0 for i # j and a1 ; ® asj # 0. We define the max over R; to be zero if R; is
empty. We can now prove the main result of this subsection.

Theorem 4.4 Let Py be a (t1,aq,01,n,m,s)-net in base b with dual set DY and Py be
a (tg, g, B2, n,m, s)-net in base b with dual set DY, Let d = d(Dr(Ll),Dﬁf)). Then the
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point set given by Equation (7) is a (t, a, 3, 2n,2m, s)-net in base b with o = max(ay, ),
B =min(B, %) and

t <max(|26n| —n— [fin] +t1+d,[|26n] —n— [Gon]| +12,0),
if DY N DY = {0}, and
t <max(|28n| —n—|Bin|+t,+d, |20n] —n—|Bon]| +ta, [28n] +1— pa(DYNDD), 0),
if DY N DY £ {0}.

Proof. Clearly, 0 < 8 <1, « > 1. We show a lower bound for p, (k) for all non-zero
vectors k € N, which by Lemma 4.3 is the dual set of the point set given by Equation (7).

To this end we use the property that pa(Dq(f)) > Do (Dg)) > |G| —t,+ 1, as a > a,
r=1,2. For k € N, k # 0, we have k = a; + b"(a; ® ay) with a; € DY and a, € D@
(not both of them are zero) and hence

(k) = pia(ar + 0" (a1 @ az)).
We consider four different cases:

1. If a; = 0, then as # 0, and hence

pa(k) = pa(b"az) > n+ pa(az) > n+ pa(DY) > n+ [Gon] — by + 1.

2. If as = 0, then a; # 0, and we obtain in a similar manner that

fa(k) > p1a(b"ar) > n+ pa(D) > n+ | Bin] —t; + 1.

3. lf aj,as # 0, but a; & a; = 0, then a; € D,(f), SO ay € DT(}) N D,(f). Consequently,
if DY N DY = {0}, this is not possible. If DS N DY + {0}, then

,Ua(k) = ,ua<a’1) > pa('Dg) N 'fo)).

4. If a1, as # 0 and a1 @ as # 0, then we have

pa(k) = D pialar; +b"(ar; ® az;))

j=1
S S
= ) pala ey ®ag) + Y palary)
=1 =1
a]-,léajg;é(] aj,lGjBan:O
S S
> Y (0@ @)+ Y palany). (8)
— i—1
ajyléan#O aj,lgBaj,2:0

We now distinguish between two sub-cases: firstly, assume that the first sum in
equation (8) has at least two terms, then pu,(k) > 2n+ 2. Otherwise, it has exactly
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one term, say for j = jo, which gives a smaller value than 2n + 2. In this sub-case
we have

ta(K)

o (b (ayjo @ azj,)) + pal@r) — palan)

n+ pio(@1) — (talayj,) — palayj, © azy,))
n +p0¢(D(1)> - (Dnl 7Dn2))
)

(AVARAVARV]

Hence combining the four cases we have

pa(N) > min(n+ [Bin] —t1 +1— d(D(l), Dg)), n+ |fBoen] —ts + 1, pa(Dg) N D,(f))),

if DY N DY # {0}, and
pa(N) > min(n + [Bin] —t; +1 = d(D, DE),n+ |Ban] —t2 + 1),

if DV N DY = {0}. Now the result follows from Theorem 3.2. O

4.5 A base change propagation rule

In this subsection we show how one can obtain a net in base b from a net in base b*.
Thereby we generalize [13, Propagation Rule 7] (see also [9, Propagation Rule XI]) to
(t,, B,n,m, s)-nets. The proof technique and the construction follows [13, Proposition 7]
very closely.

Theorem 4.5 If there exists a (t, «, 3,n,m, s)-net in base b with an integer L > 1, then
there exists a (t, o, B,n,mL,sL)-net in base b.

Proof. Let P = {a:h}gigm_l be a (t,a,3,n,m,s)-net in base b¥. Without loss of
generality we may assume that &, = (xp1,...,2,s) with

whg =Y &)™ for 0 <h< ()" -1,
I=1
where all &, ;; € Zy.. Let the expansion of £, j; in base b be
L .
Ehji= D 2 b for0<h< ()" —1,1<j<s1<1<n,
k=1

where all zhlk € Zy. Now we define a multiset Q = {wo, ..., wymr_;} whose elements

are in [0, 1)5L The coordinate indices range from 1 to sL, and so we can denote them by
(j—1L+kwithl <j<sand 1l <k < L. Let wyj_1)r4+ denote the corresponding
coordinates of the point wy;. To complete the definition of Q, we put

wh(] 1L+’€_Zzhlkbl f0r1§j§571§k§L’OSh§me_1
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We will now show that Q is a (¢,«,3,n,mL,sL)-net in base b. To this end we fix
v,a,,, so that 1 <i¢_1)r44, vionnan < < UG=1) Ltk forl<k<Land1<j<s, s0

mln(y Q) .
that 37 S O oLk < Bn — L
For w;, to be in J(a,,,i,,), we need

Wh,(j—1)L+ki = Q(j—1)L+k, for all [ € { G LAk 1)k - - - ,i(j—l)L+k,1} ,

which is satisfied if and only if

() _ -
Zpik = QG- Lkt for all L€ ity tmu; 1y - WG—1) L4k [ -
For 1 < j < s we define Uk 1{ (G—1) Lt 1)L+k""72(j_1)L+k71} = {eﬁj,...,ej’l}.
k—1 -
For | € {ejvgj, - ,ej,l}, we set a;; = Zk:l ag—1yL+k 0", where unspecified agj_1yr4x,

are chosen arbitrarily. In fact, the number of a(j_1)74x,; chosen arbitrarily is given by

L s L

Z Z vj — Vj-nr+k) = L Z DI IR s

s ~ _\"s L . . .
Hence there are b¥2i=17~25=1 Zik=1¥G-1L+k generalized elementary intervals of format

s bE—1 > a
~ a; 5 an a ) a'7n 1
J(a’ e) = H U |: b]L +---+ (bj) b]L + -+ (bi)n + (bL)n>
j=1 ;=0

16{1,...,n}\{ej,;j,...,ej,l}

of volume (b%)~2i=1% . However,

s min(vj,a) s L mln(l’(] 1) L4ks& @)

Z Z e < ZZ Z LG—1) L4kt < Bn —t,
Jj=1 I=1

71=1 k=1

hence by the (¢, o, 3,1, m, s)-net property of P, J(a, e) contains (b*)™2i=1% points and
hence J(i,,a,) contains

pl 2= V=25 S ko1 VG—1) L4k (bL)(m—Z§:1 7j) — pLlm=35o S ko1 VG—1)L+k

points of Q as required. ([l

4.6 Pirsic’s base change rule

In this subsection, we present a generalization of Pirsic’s base change rule, see [18, Lemma
12], also [17]. This result shows how to interpret a (t,ca, 3,n,m,s)-net in base bl as a
(t',a’,3',n',m/, s)-net in base b*. Furthermore, we state some special cases, in particular,
we show how to interpret a (¢, «, 3,n,m,s)-net in base b as a (t',«/,3',n’;m’, s)-net in
base b* and how to interpret a (¢, , 3,1, m, s)-net in base b" as a (t',a/, 3',n’,m/, s)-net
in base b.
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Theorem 4.6 Let n,n',m,m',s,a, L and L' € N, where gcd(L, L") = 1, mL = m'L/,
nL =n'L', let 0 < 3 <1 be a real number and let 0 < t < Bn and (Bn be integers. Then
a (t,al’,3,n,m,s)-net in base b" is a (¥, a, %,n’,m’,s)—net in base b, where

t = min <|VtL +sa(L — 1)L — % + (=L (mod L))ﬁ”/“

(L' + (-L' (mod L)))
{tL + (sal’ —1)(L—1) — %D

L/Q

Proof. The proof proceeds as follows: we start with a generalized elementary interval for
the point set in base b, then change this into a generalized clementary interval in base
b and consequently rewrite the latter as a union of intervals in base b”.

Assume we are given an arbitrary generalized elementary interval J(3,,, a,,) in base b%'
for some given values of v, 1, a,, such that v; > 0, 1 <;,. <--- <151, 7=1,...,5,
and such that for a non-negative integer t”

s min(vj,a

Zl Z zjl<—n t". 9)

Without loss of generality, we assume that there exists at least one v; satisfying v; > 0,
then J(%,,a,) admits the following representation:

/

S bt -1
as,1 jn' A1 L !
J(iy, @) ]Hl UO [bL’ I (A N (T T (bL')"’>'
aj 1=
le{l,...,n/}\{ij,uja"'?ijal}

Asaj € {0,... ,bF — 1} it has a b-adic representation of the form a;; = a1 +aj; 20+
-+ a;;b¥ 1, and hence

L I

aj,1,2 i aj,1,1
(bL’)l pU—-1)L/+1

piL—1 " QL

for 1 <1 < n' where a;;, € {0,...,b—1}. We now set

i
A Z 5.k
(bL’)l o bk’

1)L/ +1

k=(1—

Le. Qg1 = aj1q, 1 <1 <n/,1<g<L and1l<j<s. We can now rewrite the
above interval as a generalized elementary interval in base b,

s b—1 ~ _ _
N~ a.: Qi 17 a'n’ ,
J(Gva,) = [] § [L1_|_...+LL+...+ iy,

Jj=1 ajylzo
lG{l,...,n/L/}\{zj!ij/ 7Zj,VjL/71’“'”{ja1}

Gy G G 1
b + i bL/ + + bn/L/ +bn/L/>7
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where

bik-1)Lg = ikl +1—g
for 1 <g < L'and 1 <k <v,. Clearly,

S b—1 ~ ~ ~ ~
T~ aj,1 (jnr 51 jnr, 1
e =11 U [T*"'*Ww?*“'*w*ﬁ)
j:l 6]-,1:0
lE{l,...,nL}\{,’ijij/,...,f:Lrjyl

Now for 1 < j < sand 1 <k < v,;L’ we define integers 7, and e;j such that 0 < r;, < L
and B
bk = il =Tk

Note that it is possible that e;, = e for k # k. Let now {€,...,€1} be the
set of distinct elements of {ejJ,jL/, . ,ejﬁl}. Then v; < v;L" and €Lty - - - ,ejyl} =
CECN - )

Let v = (v1,...,75). For 1 < j <sfor fixed a;; and €;,L — (L —1) <[ < ¢, L, where
1 <k <, weset

aje;, = b _1aj &pl—(L-1) T bL_Qaj,gj,kL*(L*Q) +-ot ajvgj,kL'
Furthermore, for fixed j, only v;L’ of the @;;, where €;,L — (L — 1) < [ < €;,L and
1 < k <j, are specified in a,. Hence J(z,,, a, ), and therefore also J(%,, a, ), is the union
of bEEi- 1”1 ~L"35=1% disjoint intervals of the format

s bl —1 = = =~ =~ = =~
CL]7 CLJ 2 ) CLj,n aj,l (Ij’g o aj,n 1
U R (T (RN *(bﬂ)n*(b@n)'

=1 ;=0
le{l,...,n}\{'éj,,;j 7-~~7gj,1}

If we can show that

m—|o)

then each interval contains (b%) points, and consequently J(¢,,a,) contains

(bL) |u\1b\u|1L w1 L' _me v L' —pm 'L'—|v L __ (bL’) m/—|v)1

points and the proof is complete. Hence J(%,,a,) contains the right number of points if
Equation (10) is satisfied, or equivalently, if

s min(v;,al’)

Z Z e L < L(Bn—t).
j=1

So J(%,,a,) still contains the right number of points if

s min(y; L' ,al’) s min(y; L' ,aL’)

Z Z z],+z Z rj < L(Bn —t). (11)



in(v; L' ,aL’) "~
We now find a bound for } 3°_, Z;:T(VJ “ )zj,l:

s min(y;L',aL’) s L'min(vj, a)
E: E, Zj,l:E: E, Zjl
7=1
s min(vy, a) ) s min(vj,a) L/
. /
= E : E : § :ZJ k=1)L'+g = E E (46l +1—g)
j 1 = k=1 g:l
s min(vj,a) [ L/ L'—1
. !/
> ZwL—ZQI
J= Lg=1 g=1

[, (=1L
-y Z il _%}
o L' —1)L
<Y Z i) - D

(L' — 1)L
2 )

< ﬁn’L' . t”L/2 N
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(12)

where we used Equation (9). Combining Equations (11) and (12) we find that J(i,,a,)

contains the right number of points if

s min(y; L' ,aL’)

P L — 1 Zl Z -
J

That is, we can set

(L' — 1)L

t' = min {t” "L? 4+ 5

- M(t") = tL},

where

/ !
s min(v; L' ,aL’) s min(vj,a)

(13)

= max Z Z (—i;; (mod L)) : i;; > 0 and Z Z i < En L

where we recall Zjl =¢e L —rj;forl <l <yl and1 < j < s, and @,(k_l)L/+g =
ikl +1—gforl <g<L and 1<k < ;. Wenow aim to find an upper bound for

> i1 Z?:T(ij’ay)(—?j,l (mod L)). We have

s min(yL/al) s min(yj,a) L
S Y (“iu (mod L)) = S (il —1+g (mod L))
j=1 I=1 j=1 k=1 g=1
s mina) I s min(va) I

< > ) (=il (mod L))+ (9—1 (mod L))

j=1 k=1 g=1 j=1 k=1 g=1

s min(yj,a) L/
< (=L (mod L))ijx+ sa(L — 1)L



g,
" n —t") +sa(L—1)L

= (=L (mod L))(pn —t"L") + sa(L — 1)L
From Equation (13) it follows that
(L' —1)L
2
This condition is satisfied for all ¢ with
o [t sa(L - DL — DY 4 (—/ (mod L))Sn’
- L'(L'+ (=L (mod L)))

< (=L (mod L))L (

' < min {t” t"L? +

Y

which gives the first bound. For the second bound, let

L'—-1)L’
o [tu (sa —1)(L —1) - %} |

L/2

then, using Equation (12), we have

s min(7;,alL’) s min(y;L,ol’) s min(v;L,ol’)
2 2 fwsg Z PP SR PR
Jj= Jj= Jj=1 =1

s min(y;L',aL’)

1 rr/ 7 /2
< T Bn'L"—t"L le Z T
1 L'—-1)L
< (ﬁn’L’ . % +sa(L — 1)L’)
1 L'—-1L L'—-1)L
< Z(ﬁn’L’—Lt—(saL'—l)(L—l)—l—( 5 )| 5 ) +sa(L—1)L')
L — 1
- ==
fn —t+ 7

)~

min(7;,a L’
By assumption, On is an integer, > " i1 2= @5 €;, is an integer, hence

/
s min(v;,aL’)

Z Z ej,lgﬁn_ta
7j=1

which completes the proof.

We point out that al’ changes to « in Theorem 4.6 . Using propagation rule (ii) from

22

“(~L' (mod L))(Br' — "L)) + (L — ) Las) > tL} |

O

Section 2, we can establish the following corollary to Theorem 4.6, which avoids a change

in the parameter a.

Corollary 4.1 Let n,n’;m,m’,s,a, L and L' € N, where ged(L, L") = 1, mL = m'L’,

nL =n'L', let 0 < 3 <1 be a real number and let 0 < t < Gn and (n be integers. Then

. /
, %,n’,m’, s)-net in base bX', where

. ({tL +sa(lL —1)L — YUY 4 (1) (mod L))6n’

a (t,a, B,n,m,s)-net in base b* is a (t',

L'(L'+ (=L (mod L)))
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tL+ (sal/ —1)(L —1) — EZ0Y
2 :

However, in some cases it is possible to improve on Corollary 4.1.
Theorem 4.7 Let n,n',m,m’,s,o,L and L' € N, L' > « where ged(L, L") = 1, mL =

m'L', nL =n'L’, let 0 < 3 <1 be a real number and let 0 <t < Bn and Bn be integers.
Then a (t,a, 3,n,m,s)-net in base b* is a (¥, a, g,n’,m’, s)-net in base b*', where

vo— o [ |t L) - el 4 (1) (mod L))sn’
N oL/ + (=L (mod L))) '
L —

(
tL+ (sa —1)(L — 1) — ke
al/ ’

where f(a, L) =37 (I—1 (mod L) ).

Proof. Using the same definitions as in the proof of Theorem 4.6, we aim to establish

that the assumption
s min(vj,a

ZZW ~t

where t” is a non-negative integer, implies that

s min(v;,a)

Z Z €1 < fBn—t. (14)

We proceed in a manner similar to the proof of Theorem 4.6, i.e. J(i,,a,) contains the
right number of points if Equation (14) is satisfied which in turn is equivalent to

s min(v;,a

> Z e]lL<ﬁnL—tL
7j=1 =1

and hence J(¢,,a,) still contains the right number of points if

s min(y;L ) s min(y;L @)

Z Z Z]l—l—z Z rii < pnL —tL. (15)
j=1 j=1

We now find a bound for »7°_, Z?:?(Vj L/’a)ﬁivj,l. We have

s min(y;L o

;;zzﬂ=ii@

7j=1 [=1
1/j>0

- Sl
7j=1 [=1

v;>0
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S « S e}

- L/lelij,ﬁZZ(l—l)

7j=1 7=1 [=1
l/j>0 I/j>0
S S

— 1
= oY o= e

I/] >O 1/]>D

- (ﬁ)u a0

«

Hence, combining Equations (15) and (16), we find that J(¢,,a,) contains the right
number of points if

/
s min(y; L«

"ol + Z Z rj,lth.
7=1

We set
(=1

= S L/
mln{ 5

- M) = tL},

where

= max Z Z z]l (mod L)) : ;1 >0, Zzﬂ_—n t’

Z/J>0

We now establish a bound for ijl Z;ii;l(wﬂ,a)(_gﬂ (mod L)), where we set f(a, L)
S (I—=1 (mod L)). We have

s min(y; L ,«a)

Z Z —i;; (mod L))

= zs: Za: (—Z'j,lL/ — ]_ —I— l (mod L))
1/];:>10 =1
< YN (=i (mod L)+ > > (1—1 (mod L))
U];=>10 =1 U];=>10 1=1
< (=L (mod L))a (gn’ — t”) +sf(a, L).
Hence
t < mln{ ol 4 @ — ((—=L" (mod L))(Bn' —t"a) + sf(c, L)) > tL} )

which is satisfied for all ¢” with

" > tL+sf(a, L)+ (=L" (mod L))Bn' — @
B a(L/ + (=L (mod L))) :
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To obtain the second bound, we set

o {tL+(sa—1)(L_1)_(a—T1)W

al/
Consequently,
s min(7j,a) 1 s min(ujL’,a)N s min(y; L)
PN ST A DORDDEEIEDY "
j=1 =1 =1 =1 j=1 =1
< al/ é'—t” _(a—l)a+soz(L—1)
- L \« 2L L
L—-1
< e
< Pt ——,
hence 77, Zfﬁ?@ ) €, < fn —t and the proof is complete. O

In the following corollary, we recover the result due to Pirsic.

Corollary 4.2 Let m,m’, L and L' € N, gcd(L, L) =1, mL =m/L’ and let 0 <t <m
be an integer. Then a (t,m,s)-net in base b" is a (t',m’, s)-net in base b*', with

o ([ A )

Proof. The proof follows immediately from Theorem 4.7, where weset o = =1, n=m
and n’ = m' and notice that f(1,L) = 0. d

We again remark that in Theorem 4.6, al’ changes to . However, when considering
a base change from b” to b, there is no need to change o, as the following theorem shows,
which can be regarded as a generalization of [9, Theorem 9] and [16, Lemma 9].

Theorem 4.8 For L € N, a (t',«, 3,n,m, s)-net in base b* is a (t,c, 3,nL, mL,s)-net
i base b, where

t <t'L+ (sa—1)(L—1).
Proof. The proof is similar to the proof of Theorem 4.6. OJ

Finally, we consider a base change from b to b, which can be considered to be a
generalization of [11, Lemma 2.9].

Theorem 4.9 Letn, m, s, a, L' € N, let 0 < 3 < 1 be a real number and let 0 < t < %n

be an integer. Then a (tL’%—W, all,B,nL';mL' s)-net in base b is a (t, a, %, n,m,s)-
net in base b"' .
Proof. The proof is similar to the proof of Theorem 4.6. OJ

Furthermore, we point out that oL’ changes to « in Theorem 4.9. Using Propagation
Rule (ii) from Section 2, we can establish the following corollary to Theorem 4.9, which
avoids a change in the parameter a.
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Corollary 4.3 Let n,m, s, «, L’ E N let 0 < B <1 be a real number and let 0 <t < Lﬁn
be an integer. Then a (tL'* + ca, B,nL mL | s)-net in base b is a (t, «
net in base b~

B
) ?7n7m7 8)_

However, in some cases it is possible to improve on Corollary 4.3.

Theorem 4.10 Let L' > «, then a (tal’ + (agl)a,a,ﬁ,nL’,mL’,s)—net in base b is a
(t, a, g, n,m, s)-net in base b .

Proof. The proof proceeds along the same lines as the proof of Theorem 4.7. U

4.7 A higher order to higher order construction

We next consider a propagation rule which was referred to as “A higher order to higher
order construction” in [9]. In [6], it was shown how to construct digital (¢, cv, 3,n X m, s)-
nets from digital (¢, m, sd)-nets. Essentially, the “higher order to higher order construc-
tion” in [9] replaces the digital (¢,m, sd)-net with a digital (¢,«, 5,n x m, sd)-net, but
makes use of the same construction algorithm. We now show that the same idea can
be used for (¢,a, 3,n,m,s)-nets. Assume we are given a multiset {xg,x1,...,Tpm_1}
forming a (¥,a’, #',n,m, sd)-net in base b. We write ), = (p1,...,2nsa) and z,,; =
Enii/b+ Ensa/b?+ .. forall 0< A <b™—1and 1< j < sd.

Then we construct a multiset {y,...,Yym_,} as follows: for 0 < h < b™ we set
Yn = Un1,---,Yns) in [0,1)° where for 1 < j <s,

n d
Ynj = Z Z Enjtyarrgb FEDL (17)

=1 k=1

Theorem 4.11 Let d € N and let {xq,...,xpm_1} be a (t',a/, 3, n,m,sd)-net in base b,
where we assume that 5'n is an integer. Then for any a > 1, the multiset {yg, ..., Ypm_1}
defined by Equation (17) forms a (t,a, f' min(1, a/(a/d)), dn, m, s)-net in base b with

t = [min (d —) min (ﬁ’n,t’ + LWDW .

Proof. The case where 'n < t' + |a's(d — 1)/2] is trivial. Hence assume now we are
given an arbitrary generalized elementary interval J(%,,a,), for some given values of v,
1y, @y, such that 1 <i;,. <--- <i;;, v, >0, for 1 <5 <sand

s min(vj,a)

Z Z z]l<ﬂm1n< >dn—t

We need to show that .J(4,, a,) contains b™~ I points. For y,, 0 < h < b™ —1, to be in
J(ty,a,), weneed for 0 < h<bv"—1,1<j<s,1<I<nand1<k<d,

nh,j,(lfl)d+k = aj}(lfl)d+k whenever (l — ]_)d + ke {ij,uja . 7ij,1} s

where yp; = nnj1/b + - + Nhjan/b™. But from the construction method we find
that the condition Nh,j,(1—=1)d+k = Qj (1-1)d+k is equivalent to gh,(j—l)d—i—k,l = Qj (1-1)d+k- As
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{xg,@1,...,xpm_1} forms a (', o/, §',n, m, sd)-net, we translate the above condition into
a conditlon on a generalized elementary interval of dimension sd. In particular we set

A vyarks = G a-varks if (0= 1Dd+k € {iju,, .. i}

Also, for each choice of 1 < j < sand 1 < k < d we let w(j_1)q4r denote the largest
integer such that there are e;j_1yq4x,1 > -+ > €(j—1)dth,w(_1yarn > 0 for which

{(B(jfl)ddHﬁu — 1)d + k’ U = 1, e 7w(]’71)d+k} g {ij,yj, e ,Z.jJ} s

where for w(;_1aqr = 0 we set {(e(j_l)d+k7u —Dd+k:u=1,... ,w(j_l)d+k} = (. Con-
sequently, for dimension (j — 1)d + k with 1 < j < s and 1 < k < d, the dig-
its a’(jfl)d%’l, o 7a/(j71)d+k,w(]-_1)d+k are specified whenever w(;_1a4r > 0. In particular,

W(j—1yd+k gives the number of digits in dimension (j —1)d+ k that the generalized elemen-
tary interval corresponding to the (¢', &/, ', n, m, sd)-net contributes to dimension j of the
generalized elementary interval corresponding to the (¢, «, ' min(1, a/(d/d)),dn, m, s)-
net. We hence note that

d
E We—yak = v;  for 1 <j<s. (18)
k=1
We hence obtain the following generalized elementary interval J(e,, a.,) of dimension sd,
— [ / / / !/
where €y = (€105 -+ 5 €115+ s Codawas - - - 1 Csdy1)s Ay = (A s+, A 15+ - - ORI ,asd’l)
and
/
J(ew, a,,)
sd b—1 / / / / / /
- 11 U G B2 % B % % L
B b b2 nob b2 VN
j=1 a’, ;=0

lE{l,...,n}\{CJ w],...,ej’1}
By the property of the (¢, &/, 5, n, m, sd)-net, if

sd min(w;,a’)

}: }: e < fn—t, (19)

then J(e,a,,) contains PSSt =y points, where we used Equation (18),
as required. By distinguishing the cases o/d < a and o/d > «, it was shown in [9] that
Equation (19) holds, which completes the proof. O

Remark 4.2 Similar to [9, Example 1] one can employ a (0,m, 2)-net in base b to show
that Theorem 4.11 cannot be improved on in general.

Corollary 4.4 Let d € N and let {xq,...,xym_1} be a (t',m, sd)-net in base b. Then for
every o > 1, the multiset {yy, . .., Yym_, } defined by Equation (17) forms a (t,a, min(1, §),dm,m, s)-

net in base b with g
t = min(d, &) min (m, t'+ {%J) :
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Proof. The proof follows immediately from Remark 2.1 and by setting o/ = ' = 1 and
n =m in Theorem 4.11. O

Theorem 4.11 can be improved when o = o', which we show in the following.

Proposition 4.1 Let a,d € N and let {xg,...,xpm_1} form a (t,a, 3,n,m,sd)-net in
base b. Then the multiset {yq, ..., Ypm_1} defined by Equation (17) forms a (t,«, 5,n,m, s)-
net in base b.

Proof. Let v = (vy,...,vs) € {0,...,nd}® be given and for j = 1,... s let dn > i;; >
- >, >0 be such that

s min(a,vy)

Z Z 10 < Bn —t.
Jj=1 =1

Let 1, = (il,l? e ,Z'Ll,l, e 7is,17 . 7is,us) and a, = (al,il,ﬂ . ,CLLZ‘LVI g ,as’isyl, Ce 7a8,is,us> -
{1,...,nd}". Let a generalized elementary interval
: a a a a a 1
. _ j71 Jvnd jvl jvnd
J(z,,,a,,)—H U [ b + + pnd 7 p + + pnd +bnd
j:l ;=0

lG{l, -5 T }{j17 ’Z]II}

where {im, e ,z'j,l,j} = () in case v; = 0 for 1 < j < s be given.

Let y, = (Yn1s-- - Yns) With yps = 1 /b + nnjo/b* + ---. Then y, € J(iy,a,) if
and only if 1, ;; = a;; for all [ € {ij1,...,14;,,} and 1 < j <.

We define now a new generalized elementary interval J’ in dimension sd such that
Yy, € J(iy,a,) if and only if x;, € J'. To this end, for j = 1,...,s, let a'(jfl)dJrk’l =
04 (1-1)d-+k where 1 < k < d and 1 <[ < n are such that ([ — 1)d+k € {131, -yl ). For
j"=1,...,sd we have now specified a’, , for certain values of i’ € {1,. n} Let Uj: be
the set of i’ for which afy ; is spemﬁed i e.,

Up={1<4d<n:({" =1)d+j —(j—1)d € {ij1,... i,} for j=[4/d]}.

Let U]/ - {i91717 e

}, where we assume that the elements are ordered such that

7‘]/1/,
no> iy > e > Z],V, > 0. Define now v = (vy,...,v;) € {0,...,n}*, i, =
-/ -/ / ! !/ / /
(zll,...,zly,,...,zsd’l,..., sd,ugd)> and a’ = (al,i’l, aM JERY ggir, oo sdzd /d).
Then J' = J(i,,,a.,) has the property that y, € J(i,,a,) if and only if ), € J(4,,,a.,).

Note that V(j_l)d+1+' . '+ij—1)d+d = v; for 1 < j < s and therefore |v|; = |V'];. Thus

if J(i,,, a,) contains b=l points, then J' contains b~ I, The latter will be the case
min(a,V,; ) i

if Z 1D e , < Bn —t, which we show in the following.
If v; < a, then

1:1 ij,,,.
L < 2= J
S 3, - | ]
i'=G-1)d+1 l=1
g+t e, Hvi(d —1)
- d
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< gat e i,

. . . vi(vi+1
since 21 + - -1y, > %

If v; > a, then

mln(l/ ,,a)

S Z < [%M-ﬂ%ﬂ+[_@’m;ﬂ+...+[<ij,a—ac<ld—1>>ﬂ

j'=({-1)d+1 =1

where (x), = max(x,0).
Therefore we have

sd mln(a,ué-) s min(vj,a)
D Sl SR
j=1 =1 j=1 =1
Hence the result follows since {xo, ...,z _1} is a (t, a, §,n, m, sd)-net and therefore .J’
contains b™~ 'l points. ([l

5 Propagation rules for (¢, a, 3, 0, s)-sequences and an
application

Based on results from Section 4 we deduce properties of (¢, «, 3, 0, s)-sequences in base b.

5.1 A higher order to higher order construction for (¢, «a, 3,0, s)-
sequences

We use the higher order to higher order construction from Section 4.7 to construct
(t,a, B, 0, s)-sequences in base b.

Assume we are given an infinite sequence {xg,®i,...} forming a (t',o/, 3, o, sd)-
sequence in base b. We write @, = (zh1, ..., Thsa) and xp; = &uja /b + Enjo/V* + ... for
allh >0and 1 <5 < sd.

Then we construct an infinite sequence {y,,y,,...} as follows: for h > 0 we set
Yp = (Un1,- -+ Yns) in [0,1)° where

') d
Uhi = 3 Y En-vasab T (20)

=1 k=1

Theorem 5.1 Let o/,d,s,0 € N, 0 < 8 < 1 be such that o is an integer, and
t'" > 0 be an integer. Let {xg,x1,...} be a (t',d/, [, 0,sd)-sequence in base b. Then
for any o« > 1, the infinite sequence {y,,Yy;,...} defined by Equation (20) forms a
(t,a, ' min(1, o/ (a/d)), do, s)-sequence in base b with

1= [oin(0.2) (¢ [ 224



30

Proof. ~ We need to show that for all £ > 0 and all m > Wt")do the multiset
‘ald

WYipms - Ypyrypm—1 ) forms a (¢, , F' min(1, 55), dom, m, s)-net in base b. It is clear that

e ,m(k+1)bm_1} forms a (t', o/, ', om, m, sd)-net in base b. But

m

tl
Bl'o
B'om is an integer, hence {ygum, . .. ,y(kﬂ)bm,l} forms a (¢, o, 8’ min(1, 55), dom, m, s)-
net in base b, by Theorem 4.11, where ¢ < [min(d, &)(t' + LWJ)} Hence Equa-
tion (20) defines a (¢, a, f' min(1, a/(/d)), do, s)-sequence. O

Remark 5.1 As in Remark 4.2 and [9, Example 1] one can employ a (0,2)-sequence in
base b to show that Theorem 5.1 cannot be improved on in general.

Similar to Corollary 4.4 in Subsection 4.7, we consider the following special case.

Corollary 5.1 Let o/,d,s,0c € N, 0 < ' <1 be such that §'c is an integer, and t' > 0
be an integer. Let {xg,x1,...} be a (t',sd)-sequence in base b. Then for any o > 1,
the infinite sequence {yo, ¥y, ...} defined by Equation (20) forms a (t,,min(1,5),d, s)-

sequence in base b with
—1
t = min(d, a) (t' + {%J) :

The following result is analogous to Proposition 4.1.

>
d,

Proposition 5.1 Let {xg,x1,...} be a (t,a, (3,0, sd)-sequence in base b. Then the infi-
nite sequence {Yy, Yy, ... } defined by Equation (20) forms a (t, a, (3,0, s)-sequence in base
b.

Proof.  'We need to show that for m > ¢/(80), k > 0, the multiset {yym, - -, Ygsr1ypm_1}
forms a (¢, a, 3, om, m, s)-net in base b. But form > t/(fo), k > 0, {wkbm, . ,:c(kﬂ)bm,l}
forms a (¢, a, 3, 0m, m, sd)-net in base b, hence, by Proposition 4.1, {Yym, - - - s Y(r1ypm_1)
forms a (¢, v, 3, 0m, m, s)-net in base b.

5.2 A base reduction for (¢, «, 3, 0, s)-sequences

We show that a (¥, «, 3,0, s)-sequence in base b’ can be considered as a (t,a, 3,0, s)-
sequence in base b with some quality parameter ¢. The following theorem generalizes [16,
Proposition 4].

Theorem 5.2 Let 0,s,a, L' € N, let 0 < 8 < 1 be a real number and t > 0 and Bo be
integers. A (', a, 3,0, s)-sequence in base b" is a (t,«, 3,0, 5)-sequence in base b with

t=t'L+ (sa —1+ po)(L—1).

Proof. Let {xo,z1,...} bea (', 3,0, s)-sequence in base b¥, t as above and fix m > ﬂ—
and erte it in the form m = pL +r with integers p and r such that 0 < r < L. Note that
p > %. For a fixed integer k > 0, we consider the multiset P = {@ipm, ..., Tpr1)pm_1}-
Then P can be split up into b” multisets {&ypr, . .., Tgr1pwr_1 } where k0" <1 < (E+1)07.
Asp > /Bt—;_, each of these subsequences forms a (¢, a, 3, op, p, s)-net in base b*, which by
Theorem 4.8 is a (' L+ (sa—1)(L—1),«, 8,0pL, pL, s)-net in base b. A (¢’ L+ (sa—1)(L—
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1),a, B,0pL, pL, s)-net in base b is also a (L + (s — 1+ fo)(L — 1), a, B, 0m, pL, s)-net
in base b, as the strength of the latter is smaller than the strength of the former. An
application of Propagation rule (vi) from Section 2 shows that P is a ('L + (s — 1 +
Bo)(L—1),«,3,0m,pL + 1, s)-net in base b, and hence a (¢, «, 3, om, m, s)-net in base b.

5.3 A base expansion for (t,«, 3,0, s)-sequences

Here we consider a base change in the opposite direction: we show that a (¢, «, 3,0, s)-
sequence in base b can be interpreted as a (¢, o/, 3, 0, s)-sequence in base bY". The follow-
ing theorem generalizes Theorem 4.9 from Subsection 4.6 to (¢, «a, 3, 0, s)-sequences (see
also [16, Proposition 5]).

Theorem 5.3 Let 0,s,a, L' € N, let 0 < § < 1 be a real number and t > 0 and Bo be
integers. Then a (u, oL/, 3,0, 5)-sequence in base b is a (t, o, 2, 7, s)-sequence in base b,

with
u (L —1)
L2 2 |
Proof. Denote the (u all, 3,0, s)-sequence in base b by {xg,x, ...}, which is of course

also a (tL” + &= _1) ,al! 3,0, s)-sequence in base b. By Definition 2.2 for all integers
k>0and m>1 the finite subsequence

B
L

{wkme’a s >w(k+1)me'—1} (21)

forms a (min(¢tL"? + %, BomL'),al’, 3,omL’',mL’ s)-net in base b. We consider two
cases:

1. Assume first that m is such that ¢L'2 + £=DE < BomlL', then by Theorem 4.9, the
multiset given by Equation (21) forms a (t, a, 5, ,om,m, s)-net in base b*". Further-
(L'=1)L
2

more, tL"? + ' < BomlI implies that t < L%ij.

2. Now assume BomlIL' < tL"”? + E=Hr Accordlng to Remark 2.2, the multiset given
by Equation (21) forms a (| f, amJ,a, %,am,m, s)-net in base b*'. Furthermore,
BomL' < tL” + % implies that L%amj <t.

Hence the multiset given in Equation (21) is a (min(t, L%omj), a, %, om,m, s)—net in

base bY'. We conclude that for all 7 such that %am > t we obtain a (t, a,
in base b*" and therefore a (¢, a

B

5, 0m,m, s)-net
. /

, %, o, s)-sequence in base b ([l

We also consider a special case based on Theorem 4.10.

Theorem 5.4 Let 0,s,a, L' € N, L' > «, let 0 < 3 < 1 be a real number and t > 0
and Bo be integers. Then a (tal’ + M ,a, 3,0, s)-sequence in base b is a (t, ﬂ g,8)-
sequence in base b*'.

Proof. We denote the (tal'+ 5= (a=l)a 1) ,a, 3,0, s)-sequence in base b by {xg, @1, ... }. Then
by Definition 2.2 for all integers k > 0 and m > 1 the finite subsequence

{wkme'a e 7w(k+1)meL1} (22>
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(a—1)a
2

forms a (min(tal’ + ,BomL'), o, B,omL',mL’ s)-net in base b. We consider two

cases:

1. Assume that tal’ + @ < BomlL'. Then by Theorem 4.10 the multiset given in
Equation (22) is a (t, a, g, om,m, s)-net in base b*". Furthermore, taL’ + @ <
BomL' implies that ¢t < Lgamj.

2. Assume that fomlIL' < tal’ + @ According to Remark 2.2, the multiset given

in Equation (22) forms a (Lgamj,a, g,am,m, s)-net in base bY'. Furthermore,
BomL' < tal’ + @ implies that [Zom| < t.

Hence the multiset given in Equation (22) is a (min(¢, Lgamj), a, g, om,m, s)-net in base

bY. We conclude that for all m such that gam > t we obtain a (t, «, g, om,m, s)-net in

base b* and therefore a (t, o, g, 0, s)-sequence in base b%'. O

5.4 An explicit bound for ¢;(«, s) for prime-powers b

In this subsection the least value ¢ such that there exists a (¢, «, 3, 0, s)-sequence in base
b is studied.

Definition 5.1 For integers b > 2, s > 1, a > 1, let (v, s) denote the least value ¢ such
that there exists a (t, a, 3, 0, s)-sequence in base b with a = o

Remark 5.2 In [8, Definition 6] the analogous quantity for the digital case has been
introduced: let b be a prime-power, then dy(«, s) denotes the smallest value of ¢ such that
there exists a digital (¢, «, 3, 0, s)-sequence over the finite field F, with o = (o.

In this case it is known (see [8, Theorem 7]) that for all s > 1 and a > 2 we have

o),

-1
SM—a<dq(a,s)§sa2%+a+a{ 5

2 0g q
where ¢ > 0 is an absolute constant. Note that these bounds also apply to (non-digital)
(t,, B, 0,s)-sequences where oo = (fo.

The following corollary follows from Theorem 5.2 and Theorem 5.3. Setting o = 3 =
o = 1 and making use of Theorem 5.2 and Theorem 5.4, we could even recover [16,
Corollary 4].

Corollary 5.2 For all integersb > 2, s > 1, a > 1, a = fo, we have

to(a,s) — (sae — 1+ Bo)(L —1) tlal,s) — &—‘ .

L

< fye(a,s) < { P

The next theorem provides an explicit bound for ¢,(c, s) for prime-powers b. Setting
a = 3 = o =1, this result recovers [16, Proposition 6].

Theorem 5.5 For every prime-power b, we have

tb(@78) S b—l _2(b2—1)1/2

2bsa’ ba/2 s/ s(a — 1)
+ 2« — +sa—1+a.
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Proof. We use Theorem 5.2 with L = 2 to obtain
tp(a, s) < 2t2(v, ) + (sa — 1 + «).

By Corollary 5.1, where we set d = «,

ty2 (e, 8) < atye(1, sa) + « { 5

ez

where t2(1, sa) corresponds to the least value t such that there exists a (¢, sa)-sequence
in base b*>. From [16, Theorem 5] we obtain

bsa b(sa)'/?

tb2(1,$a) S b— 1 - (b2 — 1)1/2

and the result follows. O
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