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Abstract

In this paper we study multivariate integration for a weighted Korobov space for
which the Fourier coefficients of the functions decay exponentially fast. This implies
that the functions of this space are infinitely times differentiable. Weights of the
Korobov space monitor the influence of each variable and each group of variables.
We show that there are numerical integration rules which achieve an exponential
convergence of the worst-case integration error. We also investigate the dependence
of the worst-case error on the number of variables s, and show various tractability
results under certain conditions on weights of the Korobov space. Tractability means
that the dependence on s is never exponential, and sometimes the dependence on s
is polynomial or there is no dependence on s at all.

1 Introduction

Multivariate integration of s-variate functions is a popular research subject especially the

case when the number of variables s is large. We usually want to find the best possible rate

of convergence as well as to control the dependence on s. The latter problem is related

to tractability when we want to guarantee that there is no exponential dependence on s.
In this paper we study the numerical approximation of integrals

f(x)dx
[0,1]*

using quasi-Monte Carlo rules

Here, the quadrature points ¢1,ts,...,t, € [0,1]® are chosen in some deterministic way.
In our case, t; will be defined by lattice rules of rank one or will be from grids with varying
mesh-sizes. For more information on such quadrature rules see e.g., [10, 14].
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We assume that the integrands f are periodic and have a Fourier series representation

f(@) =3 J(h) exp(2rih- ),

heZs

where the Fourier coefficients f are given by

f(h) = (x) exp(—27ih - x) de.
[0’1}3
The smoothness of the integrand f is regulated by the decay of its Fourier coefficients.
Here we assume that the Fourier coefficients decay exponentially fast, i.e.,

-~

f(h) _ (Q(W|h1\Jr---Jr\hsl)7

where h = (hy,...,hs) € Z° and 0 < w < 1.

This corresponds to the Korobov space of infinitely times differentiable functions.
This is a reproducing kernel Hilbert space with the explicitly known kernel. We study
the unweighted case for which all variables and groups of variables are equally important,
as well as the weighted case for which the influence of each variable and each group
of variables is moderated by a suitable weight. We show that the rate of convergence is
independent of weights whereas tractability results are possible only for properly decaying
weights.

Previously, numerical integration of periodic functions has been analyzed for functions
which are « times differentiable in each variable with o < 0o, see for example [6, 7, 12, 15,
18]. Our approach for infinitely times differentiable functions is similar to the approach in
those papers. Indeed, we also define a suitable reproducing kernel Hilbert space, although
the analysis of the worst-case integration error turns out to be somewhat different than
in the papers cited above.

We show the existence of lattice rules which achieve an exponential convergence (The-
orems 2 and 4). This is done by defining a suitable figure of merit and proving results on
the existence of lattice rules with a large figure of merit (Lemma 2). A lower bound on
the worst-case error reveals that this rate of convergence is essentially best possible. The
upper bound is non-constructive, as the proof only shows the existence of suitable lattice
rules. We do, however, provide “more” constructive results. To be more precise, we show
how a suitable generating vector can be found explicitly in some sense (Remark 1). We
also show that a quasi-Monte Carlo rule with the quadrature points from a grid with
suitable varying mesh-sizes achieves an exponential rate of convergence (Theorem 6).

We show that the trigonometric degree of a lattice rule 3, 4, 8, 13] plays an important
role in our study. Indeed, for the unweighted case, the figure of merit which is used for
proving existence results for lattice rules achieving an exponential convergence coincides
with their enhanced trigonometric degree. Hence, lattice rules with high trigonometric
degree are needed for achieving exponential rates of convergence for integration in the
Korobov space.

We also study how the worst-case error depends on the number of variables s. For
the unweighted case, despite the fact that the functions are infinitely times differentiable,
we still get an exponential increase of the worst-case error with growing s (Theorem 3).
This situation can only be remedied by changing to the weighted case (Theorems 5 and 6
and Corollary 1). This is done by introducing a weighted version of the Korobov space,
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an idea which stems from [17]. It is, however, necessary to change the dependence on the
different coordinate directions in a different way compared to [17] if one wants to have
both, independence of the dimension and an exponential convergence of the worst-case
error. Only if one is contented with a polynomial rate of convergence of the form n=?,
where o > 0 can be arbitrarily large, the weights defined as in [17] suffice to guarantee
strong polynomial tractability (which is the technical term for the worst-case error being
bounded independent of the dimension, see below for details) (Remark 3). If one wants
both, an exponential convergence and strong polynomial tractability, then we need to
weight the variables in a different way. We also investigate under which conditions on the

weights we obtain polynomial tractability.

2 Definition of the Problem

We consider a Korobov space H(K') of complex-valued periodic functions defined on [0, 1]°.
The space H(K) is a reproducing kernel Hilbert space with the kernel

K(x,y) = Z wpexp(2rih - (x —y)) forall x,y€0,1]%
heZs

with the usual inner product h - (x — y) = ijl h;(z; —y;), where h;,x;,y; are the jth
components of the vectors h, x,y, correspondingly. (For information about reproducing
kernel Hilbert spaces we refer to [1].)

We assume that wg = 1 and wp, may also depend on s, i.e., wp = wsp, and is non-
negative for all h € Z°. The kernel K is well defined if we choose wy, such that

|K(z,y)| < K(@,2) = )  wh < 0. (1)

For f € H(K) we have

flx) = Z f(h) exp(2rih - x) for all x € |0,1]°,

heZs

and the norm of f from H(K) is given in terms of its Fourier coefficients fby

A2 =" 1 (h)Pwy? < .

heZs

The inner product of f and g from H(K) is

(f.9) =" F(h)g(R)w;".

heZs

Smoothness of functions f from H(K) is controlled by how fast wp goes to zero as
|h| :=>"7_, [hj| goes to infinity. We assume that there exists w € (0, 1) such that

wp =0 (W) forall h=(hi,hs,...,h) € Z" (2)



Then functions from H(K) are infinitely times differentiable. Indeed, for f € H(K),
let o = (o, a2, ..., a;) be an arbitrary vector with integers a; > 0. Denote by

oled

Def =
! Ozt dxy? --- 8x§‘sf

the operator of partial differentiation. Then
Def(x) = Z [ (2mi)le Hh ] exp(2rih - x),
heZs

where, by convention, we take 0° = 1. The last series is convergent. Indeed, for any
wy € (w,1) there is a number C' depending on w,w; and | such that

r*w® < Cwj forall ae€]0,2lal] and z € [0,00).

Then wy, = O(w!™) implies

|D*f(x)] = Z [f 1/2] [ /2 (271) |°‘|Hh ] exp(2rih - x)
heZs

- s 1/2

= O/l Z(Qﬂ)z'anlthQ%h"']
Lhezs j=1
- 1/2 ) 52

= o Zw'f"] =0 <||f|| (1+ . ) ) < oo,
Lhezs it

as claimed.

Consider multivariate integration,
I(f) = f(x)dx forall fe H(K).
[0,1]¢

The problem is well normalized since

] = sup = 1.

feH(K), [IflI<1

f(x)da

[0,1]°

We approximate I(f) by algorithms that use finitely many function values. It is known
that we can restrict ourselves to linear algorithms and approximate I(f) by

f):Zamf(t

for some complex numbers a,, and sample points ¢,, € [0,1]°. For a,, = n~', we ob-
tain popular quasi-Monte Carlo (QMC) algorithms that are often used in computational
practice, especially for large s. By

ewor(An’s) — sup |](f) - An,S(f)|

feH(K), [IflI<1

-1

4



we mean the worst-case error of A, ;. Since I(f) = (f,1) then

I(f)_An,s(f) = <f71_zamK(7tm)>

Therefore

e (Ap.s) = H1 = amK ()|
m=1

This can be easily computed to be
(€% (An )] =1 -2 Z A + Z apam K (tr, tm).
m=1 km=1

For QMC algorithms, a,, = n~!, the last formula simplifies to

n

A = 1 S Kbt

k,m=1

Let e(n, s) be the nth minimal worst-case error,

e(n,s) = inf sup
ajvtjv j:172 7777 n fEH(K)v IIf”Sl

I(f) =) amf(tm)

For n = 0 we approximate I(f) simply by zero, and e(0,s) = |||| = 1 for all s.

What do we want to demand on the behavior of e(n,s) to capture the notion of
exponential convergence and tractability?

By exponential convergence we mean that there exist numbers ¢ € (0,1), p > 0 and a
function C': N — (0, 00) such that

e(n,s) < CO(s) ¢ forall s,neN. (3)

Let
n(e,s) = min{n : e(n,s) <e}

be the minimal number of function values needed to obtain an £ approximation.

If (3) holds then

n(e,s) <

In C(s) + Ine™! /e
for all 1). 4
( g ) orall seN, e€(0,1) (4)
Observe that if (4) holds then
e(n+1,s) <CO(s)¢"” forall s,neN.

This means that (3) and (4) are essentially equivalent.
Hence, exponential convergence implies that asymptotically with respect to €, we need

to perform O ([ln 5*1]1/ P > function values to compute an £ approximation to multivariate
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integrals. However, it is not clear how long we have to wait to see this nice asymptotic
behavior especially for large s. This, of course, depends on C(s) and is the subject of
tractability. Tractability means that we control the behavior of C'(s) and rule out the cases
for which n(e, s) depends exponentially on s. Since there are many ways of controlling
the lack of exponential dependence, we have many notions of tractability. We restrict
ourselves to two such notions in this paper, for more on tractability see [11].

We say that we have exponential convergence with polynomial tractabilityiff there exist
non-negative numbers A, p;, po such that

n(e,s) <A (s” 4+ [lne']™) forall seN, € (0,1).

If p1 = 0, we say we have exponential convergence with strong polynomial tractability.
We say that we have exponential convergence with weak tractability® iff

Inn(e,s)

lim =0.

e~ 1l4s—00 Ine—! + s
In this paper we always consider exponential convergence, and therefore if we say
(strong) polynomial tractability or weak tractability we always mean exponential conver-
gence with (strong) polynomial tractability or with weak tractability. Obviously, polyno-
mial tractability implies weak tractability.
Assume that (3) is satisfied. Then (strong) polynomial tractability holds if

sups " In(1+C(s)) < oo for some 7 > 0.
seN

If so, then we have (strong) polynomial tractability with p; = 7/p and ps = 1/p.
Weak tractability holds if

lim In(1+In(l+C(s)))

§—00 S

= 0.

Hence, strong polynomial tractability holds if C(s) are uniformly bounded in s, poly-
nomial tractability holds if there exist non-negative numbers A and 7 such that

C(s) <exp(As™) forall seN,
and weak tractability holds if
C(s) =exp(exp(o(s))) as s— oo.

The conditions on C(s) seem to be quite weak since even for singly exponential C'(s) we
have polynomial tractability, and for “almost” doubly exponential C(s) we have weak
tractability. We shall see later for which wp, we can indeed guarantee (strong) polynomial
and weak tractability.
We also add that if (3) is sharp, i.e., there exists a positive number C' independent of
n and s such that
e(n,s) > CC(s)q" forall s,né€N,

then the conditions on C(s) presented above are also necessary.

"Weak tractability without specifying the rate of convergence is defined as
1
T CL) )
e~l4s—o0 €75+ S

Hence, exponential convergence with weak tractability differs from weak tractability in the role of €.



3 Lower Bound

We study multivariate integration for Korobov spaces for different choices of wy. All
our choices of wp will lead to the exponential convergence or to an almost exponential
convergence. However, tractability will hold only for some choices of wyp. In this short
section we establish a lower bound on e(n, s) in terms of wy, that will allow us later to
verify tractability for specific choices of wy. The idea of the proof of this lower bound is
adopted from [16].

Let k and t be positive integers. For s > k, define the set

Aspie ={h €Z° : s—kof hjare 0 and k of h; are from {1,2,...,t}}
The cardinality of Ay, is clearly (}) t".

Theorem 1 Let k and t be positive integers. With the notation from above, the nth
minimal worst-case error satisfies

—-1/2

e(n,s) > | max Z ! forall n< (2)257“ (5)

* Wh_h*
W €Akt péay, b

Proof. Take an arbitrary algorithm A, ;(f) =" _| apf(ts). Define

g(x) = Z by exp(2rih-x) forall x € [0,1]¢

hEAs’k7t

such that g(t,,) = 0 for all m = 1,2, ..., n. Since we have n homogeneous linear equations
and |Agk:| > n unknowns b, there exists a nonzero vector of such by’s, and we can
normalize by’s by assuming that

max |bp| =0bpr =1 for some h* € A
hG.AS,k,z

Define the function

f(x) = cexp(—2mih" - @) g(x) = ¢ Z bpexp(2ri(h — h") - x),

he-As,k,t

where a positive ¢ is chosen such that || f|| < 1. More precisely, we have

E=¢ 3 k< Y < max Y

Wh_b* Wh_1* * WhH_ *'
heA, it h-h heA, . PR h*€As it hea,,,, P
Hence we can take
—1/2
1
c = | max
h*cA Wh—h*

s,k,t hEAs,k,t

Note that f(t,) = 0 and this implies that A, s(f) = 0. Furthermore, I(f) = cbp- = c.
Hence,

ewor(An,s> Z |I(f> - An,s(f)| - I(f) =C.

Since this holds for all a,, and t,,, we conclude that e(n,s) > ¢, as claimed. O



4 Lattice Rules

In this section we choose our linear algorithms for approximating multivariate integrals
as lattice rules of rank one. They are a special case of quasi-Monte Carlo algorithms
for which the sample points ¢, = {(m — 1)g/n}, where {x} denotes the fractional parts
(component-wisely) of the vector , and g € {0,1,...,n — 1}* is called a generator of a
lattice rule with n assumed to be prime. Hence, lattice rules are given by

A, s(f) = % zn:f ({@}) with g € {0,1,...,n—1}° and n is prime.
m=1

4.1 Unweighted Case

In this subsection we consider probably the most natural choice of wy for which the
Korobov space consists of infinitely times differentiable functions. Namely, we take

wp = w for some  w € (0,1).

Note that for all vectors h € Z* for which |h| = v for some positive integer v, we have
wp = w'. In particular, if we permute components of h then we do not change the
coefficient wp. Hence, if we permute variables of f € H(K) and obtain the function

9(x) = f(xj,,4,,...,z;) for some permutation (ji,jo,...,Js) of (1,2,...,s)

then g € H(K) and ||g|| = ||f||. In this sense the choice of wy, = w!?! does not distinguish
successive variables and that is why it is called unweighted.
The reproducing kernel now takes the form

K(x,y) = Z whexp(2mih - (x —y)) forall =,y e [0,1]°
heZs

To stress the role of the generator g, we denote the worst-case error of the lattice
rule A, s by e,5(g) := " (A, ). It is known that [7]

g = Y WM

helg\{0}
where the dual lattice is given by
Lo={h€Z°:h-g=0(modn)}.
We define a suitable figure of merit by

)= min |h|.
heLg\{0}

Note that this figure of merit is the same as the enhanced trigonometric degree of a lattice
rule, see [3, 4, 8, 13].
We bound the worst-case error using the figure of merit in the following lemma.



Lemma 1 Letn be a prime. Then for any g € {0,1,...,n— 1}* we have

w9 <& (g) <wl92°(1 —w)™* <p(g) t8- 1>.

— *n,s

s—1
Proof. We have

ERUISED SIFLED SN DI

heLlg\{0} k=p(g) heLg\{0}
|h|=k
° > k+s—1
k kos
— 1< 2
YD NED ST
k=p(g) hely\{0} k=p(g)
|h|=k
< wf92s(1 —w)~® (p(g) e 1>,
s—1
where we used
— (k+r—1\ , p+r—1 -
< WP 1— " 6

which can be shown using the binomial theorem, see [9, Lemma 2.18] or [5, Lemma 6].
On the other hand, from the first line above we also have €2 (g) > w”(9). a

We now prove an existence result of generators g with a large figure of merit.
Lemma 2 For a prime number n, there exists a g € {0,1,...,n — 1}* such that
p(g) = [27'(sln)/*] — 5.

Proof. For a given h € Z*\ {0}, there are n°*~! choices of g € {0,1,...,n—1}* such that
g -h =0 (modn). Furthermore

(rs—1
|{heZS:yhy—£}yg25< J;il )

Let p be a given positive integer. Then

p

(+s—1 p+s

heZ’: |h| < < 2° =2° .
ez <=2y () —2("17)

£=0

Therefore

Hg € {0,1,....n =132 p(g) < p}| Sns—12s(pjs).

Note that the total number of possible generators g € {0,1,...,n — 1}* is n®. Thus if

TLS_12S (p + S> < ns’ (7)

S

then there exists a g € {0,1,...,n — 1}* such that p(g) > p. We estimate

28 (’0 j S) < 2°(p+5)°(s))".

Thus (7) is satisfied if 2°(p + 5)*(s!)~' < n, that is, for p = [27!(s!n)/*] — s — 1. O
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An upper bound on the figure of merit is presented in [8, Section 6].

Lemma 3 For anyn € N and any g € {0,1,...,n — 1}* we have

p(g) < (stn)'/*.

Remark 1
It is possible to give in some sense explicit examples of “good lattice points” satisfying

plg) > c(s)n'/®

for some positive ¢(s). But it seems to be not so easy to obtain ¢(s) as large as in the
existence proof of Lemma 2.
For example, consider an algebraic number field F' of degree s+1 and let 1,64, ...,d, be
algebraic integers forming a basis of F'. Let (55-1), ce 6](-8) be the conjugates of §;, 1 < j < s.
For an integer n > 1, let g; = gj(n) be the nearest integer to d;,n. Then by Dirichlet’s
theorem [2, p.23], for any integer N > 1 there exists an n, 1 <n < N, such that

1

5. 9i(n)
/ nN1/s

n

max <

1<j<s

Let now h = (hy,...,hs) € Z° \ {0} be such that g1h; + -+ + gshs = 0 (mod n). For
1 < j < s define
higi + - - + hsgs

z; = ho? 4+ 4 hoD) —

and

h + o+ hggs
Torr = hidy + o+ hydy — — 95

Then we have

I

Js
e i

’$5+1’ = h161 + - +h/555 — hl% —

Further, for 1 < j <s, we have

R

2| < oy — 21| + 2s1] < Z \hinfJ) - ol + nN1/s

i=1

1
< |h| <max\5 — 0] + Nl/s>.

By the definition of the x;, the product x; - - - x,;; is a nonzero integer, and therefore
|h’s+1 S 1
< aq .- B T,
1<z 2sq1]| < NI/SH 1r£11a<xs\5 51|+nN1/3 )
e
Let k = [[j_, (max1<l<3 |<5 — 0| + Nlh) Then

1/ (s+1) N1/ (s(5+1))
11/ D)

|| >

and therefore for g(n) = (g1(n), ..., gs(n)) we have

nl/(s+1)N1/(s(s+1))
olg(n) > " (5)
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Using the fact that 1 < n < N, the last inequality implies that

If, we take, for example, §; = 27/s+1) 1 < j < s, then max;<;<, |5§j) — 9;| < 4 for all
J, i.e., k < 5% Hence

plg(n) = .

Note that the generating vectors g = g(n) can easily be computed. By calculating
g=g(n) forn=1,2--- and calculating p(g(n)) to check the figure of merit, one must
find infinitely many “good” generating vectors for which

p(g(n)) > (st
nl/s —

Indeed, inequality (8) is effective in obtaining an upper bound on the number of points
needed to increase the figure of merit by one in the following way: Assume that for some
n* > 1 we found a generating vector g* = g(n*) with figure of merit p* = p(g*) such that
p(g(n)) < p* for all 1 < n < n*. Then, from (8), we know that there exists an n with
n* <n < N* and a vector g(n) with figure of merit p(g(n)) = p* + 1, where

SEIR

Thus N* — n* is the maximum waiting period till the next increase of the figure of merit
must occur. In particular this shows that there exists a sequence of integers ny, no,...
with 1 < ny < ny <ng < -+, p(g(ni1)) < p(g(n2)) < p(g(ns)) < ---, and p(g(nk)) =
nllﬁ/slfl/(sﬂ) for k =1,2,3,....

This search method may also be interesting in the context of finding lattice rules with
a moderately large trigonometric degree for parameters s and n, where an (or nearly)
exhaustive computer search for good lattice rules cannot be undertaken. ]

Combining Lemmas 1, 2 and 3, we obtain the following theorem.

Theorem 2 Let e, s(g) denote the worst-case error of the lattice rule with generator g
and with n points in dimension s.

e For a prime number n, there exists a generator g € {0,1,...,n —1}* such that

- s 4 3
Gi,s(g)S(UQ Hstm) ( © ) n.

w — w?

e For anyn € N and any g € {0,1,...,n — 1}* we have

¢halg) =

11



Proof. From Lemma 1 we have

&2 (g) < w921 —w) (p(g) +5— 1)

s s—1
+s—1)571
< p(g)2s 1— —s (p(g) ] 9
< w1 W) BRI 0
From Lemma 2 we know that there exists a generator g € {0,1,...,n — 1}* with

plg) =27 (sln)"/* — s,

1/s

and from Lemma 3 we know that p(g) < (s!n)"/*®. Inserting these estimates into (9), we

have

((s!n)/s +5—1)s1
(s —1)!

Ss—1<n1/s + 1)3—1

w2’1(5!n)1/5—s 25(1 o w)—s

D
3N
3
—~~
Q
S~—
VAN

27 1(s!n)/s os . 2\—s
< w 2%(w — w?) o)
< w2*1(s!n)1/5 (2e)5(w . w2)—s(n1/s + 1)5—1
< Yt (4e)*(w — w?) " n.

This proves the first estimate.
The second estimate easily follows from Lemmas 1 and 3. O

It is natural to ask how good are the error bounds presented in Theorem 2 for lattice
rules. First of all, it is easy to see that the upper bound on e, s(g) converges faster than
any power of n as n goes to infinity. That is, for arbitrarily large r we have

lim ns\g) (9)

n prime, n—oo N’

=0 forall se&N.

Indeed, e, s(g)/n" < x,, where
2Inx, =3(s!n)’*Inw + snde/(w—w?) + Inn —rlnn — —oo,

so that z,, goes to zero, as claimed.

Does it mean that we have exponential convergence? Assume for a moment that the
dimension s cannot go to infinity, say, s € [1,s*| for an arbitrary integer s*. Then there
exists a positive C' such that

nl/(14s™)

ens(g) < Cw for all primes n and s € [1, s*|.

Indeed, since (s!)!/* > s/e, and this inequality is asymptotically sharp due to Stirling’s
formula, we have

en,s(9) 4\ 1s _p1/(+s%)
n,s S __ s
sup — e SO = ( 2) sup  nws/Uenton < 00
n primes, s€[1,s*] w" w—w neN, se(l,s*]

This means exponential convergence for a restricted range of s. In this case, we want to
find a prime n for which e, ; < ¢e. It is enough to find an integer n that is not necessarily
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prime for which Cn'/ D < ¢, and then use the fact that we can find a prime in the

interval [n,2n]. This yields the bound

1 In e\
n(e,s) <2 |V(IIC e ) —‘ for all sel,s"], €€ (0,1).

In w1

Hence, we obtain exponential convergence with strong polynomial tractability for a re-
stricted range of s. However, we stress that the exponent of In £~ is 1 + s* and for large
s* it can be quite harmful.

Consider now the case when s can go to infinity. Then the lower bound on e, (g) in
Theorem 2 implies that exponential convergence does not hold. Indeed, for any ¢ € (0, 1)
and p > 0, we estimate (s!)'/* < s, take s > 1/p so that p > 1/s, and then

1

lim sup en,s(pg) > limsup exp (—3 sn'* Inw™" +nP In ¢ ") = oc.

n—oo qr n—00

This means that we cannot achieve exponential convergence as long as we use lattice

rules. But maybe it is possible to achieve the exponential convergence and at least weak

tractability if we use different algorithms. Unfortunately, it is not the case as shown in
the next theorem.

Theorem 3 Ezponential convergence with weak tractability of multivariate integration
for the Korobov space with wp, = WM, where w € (0,1), does not hold.

Proof. We use Theorem 1. For all h € A, we have wp > w' . Furthermore, note
that h — h* has at most 2k nonzero components and these nonzero components are from
{—t,—t+1,...,t}. Therefore

wh e > W

for all h,h" € A;,.

Hence,

1 s tk
max Z < [Asel _ <8>_

. 2tk 2tk
h*€A; i+ heA. i Wh—h W k)w

Theorem 1 yields that

2tk

e*(n,s) > # forall n < (Z) th.

k

Suppose that we have exponential convergence and weak tractability. Then
e(n,s) < C(s)¢™ forall s,n €N,

with In C(s) = exp(o(s)) as well as g € (0,1) and p > 0.
Take now ¢t = s and k = |s/2]| with

aw _ 25 gls/2]

13



s/2

Then for large s, we have n > s*/* and

$\ /2
1< (k:) tk/2 w—tk O(S) qsp/2

Taking the logarithms we conclude that
0< %(1 + 0(1)) s?Inw! + exp<0(s)) _ SSP/Q In qfl'

For large s, the last inequality is not true since the right hand tends to —oo. This
completes the proof. O

In summary, the choice of wy, = w!? yields exponential convergence with strong poly-
nomial tractability for a restricted range of s, and this can be achieved by using lattice
rules. We think it is quite a positive result as long as the range of s is restricted to [1, s*|
with a relatively small s*. However, if we allow s to be arbitrarily large, the choice of
wr, = w does not yield exponential convergence and weak tractability. We need to con-
sider smaller coefficients wp, to achieve our goal of exponential convergence and at least
weak tractability.

4.2 Weighted Case

In this section we consider the Korobov space for which successive variables and groups
of variables may play a different role. This is achieved by introducing three sequences of
non-negative weights

Y= {’Ys,u}seN, uC[s]y C = {Cs,u}seN, uCls]» 6 = {68,u}S€N, uCls]>
where
[s] :={1,2,...,s}.
If s is clear from the context, we will be using the short-hand notation v, = s,
ey = Csy and By = B;,. We always assume that 7y = 1 and ¢y = 0 as well as that 5, > 1

and ¢, > ¢ > 0 for all non-empty u C [s].
For h € Z° we denote up, = {j € [s] : h; # 0}. We choose the coefficients

Bu
Wh = Yy, e PP for all b€ Z°,

where w € (0,1). Note that wg = 1 and

2 S
colhl —
s T =y (1 =) <o
heZs heZ#

as needed in (1).
This corresponds to the reproducing kernel given by

K(m: y) = Z Yu Z wcu|h1“5u exp(?ﬂ'i(h,u, O) . (m - y)) forall x,y e [0, 1]8.
uCls]  hye(z\{o})

Here, for h, € (Z\ {0})", the jth component of the vector (h,,0) € Z* is h; if j € u and
0if j ¢ u.

14



The worst-case error e, s(g) of the lattice rule with generator g € {0,1,...,n —1}*is

Nnow
2 _ C h‘ﬁu
en,s(g) - § Tu § wu| 1‘ 9

@#ug [S] hu Eﬁu,g

where the dual lattice is given by

Lyg={hy€ (Z\{0H™: (h,,0) g =0(modn)}.

We define a suitable figure of merit by

pu(g) =, min |hy.

Note that p,(g) > |u|. Further we set

= min p.(g).
p(g) ) iugs}p(g)

Lemma 4 For 0 <w <1 and integers p > r > 1 and o > 1, we have
o0
k_]_ o o _1 —
Z < w7 (1—w)".
r—1 r—1
k=p

Proof. We transform

> (7 oh)

k=p k=p

o nm (k—r+r—1

— p7—p k

s (T

k=p

o > /{Z—l-’f’—l

_ pe—ptr k
¢ k—zp—r( r—1 )

Using (6) we conclude

> k - 1 o o - 1
Z wk < WP —ptr o P (1 i w)—r.
r—1 r—1

k=p

We bound the worst-case error using the figure of merit in the following lemma.

Lemma 5 The worst-case error e, s(g) of the lattice rule with generator g and with n
points in dimension s is bounded by

Z ,yLlwc“/)xl(g)ﬁu < 67215(9> < Z wCuPu(g)ﬁ“ ,yu2|u\(1 o wcu)—|u\ (pu(g> - 1)‘

Ortuc (o] Btucs] Jul -1

15



Proof. We have

6%75(9) = Z M Z weulhul

@;ﬁuC[s] hu eﬁu g

SR DD S

Pu( ) hue»cu Nel

|hu|=k
_ Z i W N (10)
#uCls k=pu(g) h|'1;1,€|£—ul,cg

IN

ool (K= 1
Z %k%: week 2“<‘u’_1)

B e )

0#uC|s] uf =1
which is the upper bound. To prove the lower bound, we use (10)

ens(g Z Ya Z ok Z 1> Z A9 o

DAuC|[s] k=py(g) hye€ly g 0#£ul][s]
|Pu|=k

Next we prove an existence result for generators g with a large figure of merit.

Lemma 6 For a prime number n and arbitrary positive real numbers d,, with

Zd<1

0#uC[s]

there exists a generator g € {0,1,...,n — 1}* such that
pul(g) > [2_1 (Ju! dun)l/w—‘ — 1 for all non-empty u C [s].

Proof. For each given h € Z* \ {0} there are n°*~! choices of g € {0,1,...,n — 1} such
that g - h =0 (mod n). For () # u C [s] and for ¢ > |u|, we have

{ha € (2, {0)) rhr—m—zu'(,ﬂ 1)

Take an integer p, such that p, > |u|. Then
e @\ (O): il < ol =243 (071 ) =2 (2),
£=|y]

Therefore

H{g € {0,1,....,n—1}°: pu(g) < pu}| < n°" 12|u|(|i|>

16



Thus if
o1 (p“) <dn’, (11)

Ju|
where n® is the total number of possible generators, there exist more than (1 — d,)n°
generators g € {0,1,...,n — 1}* such that p,(g) > p,. We have

olul
ol [(Pu) « 2
(ru| = Jup™

Thus (11) is satisfied for p, for which 2‘“'(|u|!)’1p‘$| < dyn, that is, for
pu= 27" (Ju| dun) ] 1.
For () # u C [s], let
Av={g{0,1,....n=1}": pu(g) > pu}
and A = Ny, Au Let A”={0,1,...,n — 1}*\ A, similarly define A;. Then we have

U Al < Z |A!| < n® Z dy < n’.

PFuC|s] PFuC|s] DFuC|s]

A’ =

Thus, the set A is non-empty, and there exists a g € {0,1,...,n—1}° such that p,(g) > pu
for all O # u C [s], as claimed. 0

Lemma 7 For w, € (w,1) and ¢ > 0, there exists a positive number C' = C(w,w, ¢)
such that

<2_1)wcxk§0wf1k forall z,keN and c> .

Proof. Let ¢ :== w/w;. Clearly ¢ € (0,1). Then

r—1
(k 1) ¢ < (x =1 <af gt <ab g <supmgm =i C < oo,

as claimed. O
Combining Lemmas 5, 6 and 7, we obtain the following theorem.
Theorem 4 Assume that
Bu>u| and ¢y >co >0 for all non-empty u C [s].

Let wy € (w,1). For a prime number n and arbitrary positive real numbers dy = d ,,

0#£uC[s], with Z d, < 1,
0#uC|s]
there exists a generator g € {0,1,...,n — 1}* such that
ei15<g) <0 Z w;u4*|u\|ul!dun7u2‘u|(1 _ wcu)—|ul7
DA£uC|s]

where the positive constant C depends only on w, wy and cy.

17



Proof. From Lemma 5, the assumption on the (,’s and Lemma 7 we obtain

u —1
ei,s(g) < Z wcupu(g)ﬁ fyuglul(l _ wcu)ﬂu\ <Pu(g) )

D4ucs ful =1
u -1
C Y g4 (MO 1)
Btuc(s]
< Z wiupu(g)'“‘,yug\ulu_wcu)f\ull
P#uC[s]

Using Lemma 6 and the fact that p,(g) > |u| > 1 for any non-empty u, there exists a
generator g € {0,1,...,n — 1}* for which

6278(9) < Cl Z w;u(maX{D*luuHdun)l/\u\],Ll})MPyu2‘ul(1 B wCu)—|u|‘
DA#uC[s]

If 271 (Ju|! dyn)/" > 1 then we have
127 (Ju|l dun) ™7 = 1 > 472 (Jufl dun) 1.
If 27 (Ju|! dyn)/1" < 1 then we have
max{ 27" (Ju]! dun)l/lulw —1,1}=1>2"(|u|! dun)1/|”|.
Hence, in both cases, we have
maxc{ [27 (Jull dyn) /M) = 1,1} > 471 (|u|! dyn) /1

and therefore

6278(9) S Cl Z WTU4_|H‘|u|!dun’yu2‘u|(1 . wcu>*|u|7
0#uC(s]

as claimed. O

5 Tractability

We present conditions on the weights [, ,, ¢s and 75, to obtain tractability and expo-
nential convergence. We recall that these weights define w, p, by

Ws,h = Vsup WHh W% for all h Sy
with up, = {j € [s] : h; # 0}.
Theorem 5 Choose (3, and c,, such that
Bsu > Ul and sy >co >0
for all s € N and all non-empty u C [s]. Assume that

4l
Cs ]!

lim sup

§—00

< 0.
07uC]s]

18



Let wy € (w,1). Then for every prime n and any dimension s € N there exists a generator
g<€{0,1,...,n— 1} such that

ei,s(Q) < Cl C(S) wlcn7

where a positive number Cy depends only on w,w, and cg,

O(s) = D 7L —woes)

0F#uC[s)
and
1 4l
— =sup ] < 00.
c seN f£uC|s] Csu|U|:
In particular,
o if
sup C(s) < o0
seN

then we have exponential convergence with strong polynomial tractability, and

n(e,s) =01 +Ine ') forall £€(0,1), s€N,

o if there exists a positive T such that

sup s In(1+C(s)) < oo
seN

then we have exponential convergence with polynomial tractability, and

n(e,s) = O™ +Ine ') forall €€ (0,1), s€N,

lim In(1+1In(1+C(s)))

S§—00 S

=0

then we have exponential convergence and weak tractability, and
n(e,s) = Oexp(o(s)) +1Ine™t) forall € (0,1), s€N.

1

In all three cases, the factor in the big O notation is independent of e~ and s.

Proof. First of all, note that ¢ > 0. Indeed, we assumed that the limit superior of

S /el

PF#uC|s]

is finite, and therefore the supremum over s of the same sum is finite. Hence, 1/c¢ < o0
and ¢ > 0.
For any () # u C [s], define
c 4l

Csuul!”

s,u —

19



Then Z@;ﬁugs] dsy < 1. By Theorem 4 there exists a generator g € {0,1,...,n—1}* such
that

c =luljy n _
62 <g) S Ol Z wls,u4 ‘uhds,u 737112'11‘ (1 o wcs,u) [y
0AuC|[s]

= Ciwf™ Y a1 — @)
D4uCls]
= C,C(s)wi",

where C; > 0 is as in Theorem 4, and hence depends only on w,w; and cy.
This means that we have exponential convergence. The conditions on tractability in
terms of C'(s) have been already established in Section 2. This completes the proof. O

We now show how to find ¢ and ¢ for

Co = (u)7H M with a>1

JEU
for all non-empty u C [s]. Then

- X I

|
oty Ol BAuCls] j€u

-y ¥ I

k=1 uCN,|u|=k jEu

o0

< D ()7¢(@) = exp(C(e) — 1,

k=1

where ((a) = >°°2, j~* is the Riemann zeta function. Therefore ¢ > (exp(¢(a)) — 1)~
Since
o = ()4 T 57 = (ufty=144 > 4
JE€u
we can take ¢y = 4.
Another choice of ¢, is ¢s, = ¢(s) for some function c¢. Then we have

s

[u] k s E ok
DI b EA PN I o
}Cs,ulu“ c(s) k' \ k c(s) = kK|

P#uC|s k=1
1 4k 32 exp(s)
< —— max— s S
— c(s) Tel K exp(s) 3¢(s)

Hence, the last sum is uniformly bounded in s, for instance, if we take ¢(s) = exp(s). For
such ¢(s) we have ¢y = e and ¢ > 3/32.
We now illustrate Theorem 5 for product weights. That is, 7,9 = 1 and

Yo = [ [
JEU
for all non-empty u C [s]. Here, {7s,}senj=12,.s is a given sequence of non-negative

numbers. From Theorem 5 we easily obtain the following corollary.
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Corollary 1 Consider product weights 75, with B35, and cs, satisfying the assumptions
of Theorem 5. Then

o if
lim sup Z Vsj < OO

§—00 le

then we have exponential convergence with strong polynomial tractability, and

n(e,s) =01 +Ine ) forall ¢€(0,1), seN,

e if there exists a positive T such that

S
: —T
limsup s E Voj < 00,
S—00 jzl

then we have exponential convergence with polynomial tractability, and for any pos-
itive 6 we have

n(e,s) =0(s™ +Inel) forall €(0,1), s€N,

o if
. In Zj:l 737]’
lim —————=

§—00 S

=0
then we have exponential convergence with weak tractability, and

n(e,s) = O(exp(o(s)) + Ine ) forall ¢€(0,1), s€N.

In all three cases, the factor in the big O notation is independent of e~1 and s.
Proof. We have
C(s) = Z Vo2 (1 — wes) =i,
07#uC[s]
Since ¢, > ¢ > 0 for all non-empty u C [s], we obtain
0w < Y T2 =172 ) 1
— ' ,-)/57] 1 — W ! ")/37.7 1 — o
P#uCls] jeu j=1
< 1 : 1 2
< exp|In H -I—%,jl_wCO
7=1
= ex iln 14+ 7s, 2 <ex 2 i ; (12)
p : 757]1—(.(}60 = P 1 — weo A /Vs,] .
7=1 7j=1
Hence
In(1+C(s)) = O (1 + Z%J) .
j=1
The rest easily follows from Theorem 5 and the assumptions on ijl Vs.i- g
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Note that for v, ; = 1 the condition on strong polynomial tractability is not satisfied,
but we have polynomial tractability with 7 = 1. For 7, ; = s*, polynomial tractability still
holds, however, just now 7 = k + 1. Finally, for v, ; = 7%, the condition on polynomial
tractability does not hold for any positive a, however, weak tractability holds for any
a <1

Remark 2

We now discuss the role of the weights (3, ,. They are more important than the weights
Vs and ¢, since they determine the powers of |h| in the exponents of w. In Theorem 5
we assumed that f,, > |u|. Obviously, it is possible to modify Theorem 5 with the
assumption (3, > fy|u| for some positive Fy. We choose Fy = 1 to simplify the notation.
However, the choice (s, = o(|u|) with the same assumptions on s, and c,, contradicts
the exponential convergence with weak tractability as we will now show. From this point
of view the choice [, = Q(|Ju|) is best possible.

For simplicity, take 75, = 1 and ¢, = exp(s). We know that this and 5, , > |u| yield
exponential convergence with polynomial tractability.

We now assume that s, = B(Ju|) = o(Ju|) for some monotonically increasing func-
tion 3 such that G(|u|) > 1. We show that exponential convergence with weak tractability
does not now hold. To prove this we use Theorem 1 and proceed similarly as in Theorem 3.
By the conditions on the weights, for all h, h* € A, we have

B(2k
Ohope > wexp(s) (2tk) ).

Hence
exp(s) (2tk)5(2k)

(k)

ez(n, s) > v

for all n < (5)t*.
Without loss of generality, we assume that s is even and take t = s, k = s/2 and
s 353/2
n= ()t -1-0 (5.
Suppose that exponential convergence with weak tractability holds. Then there exist
a positive p and ¢ € (0, 1) such that

e(n,s) < exp(exp(o(s)))¢™ forall s,n € N.

This leads to

np 1 exp(s) s2 B(s) 28/288/4
exp(exp(o(s)))q" = w> O =)

and taking the logarithms we obtain

2P 5P/ exp(s)s2°®) log w slog2 (s—1)logs
exp(o(s))—i—@( " )logq— 5 —i—@( 5 + 2 ) > 0.

For large s, this reduces to
exp(s) s°G) > 9 (Qsps(sfl)pﬂ)

which is contradiction.
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Remark 3

We stress that we can obtain strong polynomial tractability with weaker assumptions
on the weights if we only demand a polynomial convergence instead of exponential one.
In this case, we can even choose (s, = ¢5, = 1. Then

Wsup, = Vs,un W forall h e Z°.

By the usual averaging argument using Jensen’s inequality, see for example [18], we
obtain that for any s € N and any prime n there exists a g € {0,1,...,n — 1}* such that

1 gut/e \ M
6721,5(9) < m Z %Vu (m) 5
0#uC[s]
for positive a that can be arbitrarily large. If
l/a [u|
—sup 30 ot () < (13)
seEN
0A#uC|s]

then we have
n(e, s) < [Cae Q/ﬂ :

which means strong polynomial tractability. If the weights ~,, are of product form inde-

pendent of s, i.e.,
Ysu = HV]‘
JEuU

where {7,};en is a sequence of non-negative reals, then condition (13) is satisfied iff
Z a

6 Constructive approach

We present a constructive result, now in the weighted setting. The “pseudo-constructive”
point set of Remark 1 does not work now. However, it seems natural to use sample points
from regular grids with different mesh-sizes that depend on the weights. In the following
we assume that we are given an increasing sequence

1<p(1) <B(2) <

of positive reals such that 3* := > 2 1/6(i) < 0o
For s, m € N, let the point set Ps be given by

SR ) a

for k;, =0,1,...,m; —land 1 =1,2,...,s, where m; := Lml/(ﬁ*'ﬁ(i))]
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The cardinality of the point set P; is

s

n= [ [m"E PO | < m=E=fO0T <y,

=1

The point set Py is a grid with the mesh-size 1/m; that does not decrease with the
coordinate direction i. The mesh-size is small for the important directions that corre-
spond to small weight (i), and becomes larger and larger for less important directions
corresponding to large weights (7). In particular, since §* - §(7) > i and goes to infinity
with ¢, we have m; = 1 for large i.

Theorem 6 Choose the following weights:
© Ysu=1 forallseN anduC [s],

o 0. = (maxje,j) for all s € N and non-empty u C [s], where 5 : N — N is some
function such that

1<p1)<B@R)<... and B ::Z1/ﬁ(z‘) < o0

e ¢, = 2% forall s € N and non-empty u C [s].
Then for any s € N for the point set Ps defined by (14) with n = |Ps|, we have

2,(P) < et

n,s

for some ¢ > 1.
That s, we have exponential convergence with polynomaial tractability, and

n(e,s) =0 ((s +In 5_1)ﬂ*>

1

with the factor in the big O notation independent of e~ and s.

Proof. The worst-case error for integration using a quasi-Monte Carlo rule with quadra-
ture points Ps and n = | Py, is given by

1
2 _
en,s(PS) =—-1+ ﬁ Z K(w’y)

z,y€Ps

Then we have

mi1—1 ms—1
= — — Cul u‘ﬁu 3 M
er(Ps) = —1 + - Z Z Z Z hal™ exp (27r1 Z ] ;n ]

kl,h 0 Es,ls=0 uC[s] hy e(Z\{0})!n! jeu
mj—1
— —1—1—2 Z wc“‘h”ﬁ” jgu H Z exp(2mih;(k; —1;)/m;)
uCls] hy€(Z\{0})"! Z j€u kj,l;=0
2
2 mj;—1

= -1+ Z Z Cuhulﬁu%n Z exp(2mih;k;/m;)

uC[s] h,e(zZ\{o})l v jeu | kj=0
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For any m € N and h € Z we have

[y

3

. m if h =0 (mod m),
exp(2rihk/m) = { 0 ifhz0 Emod mg

ei,s(Ps) - _1+Z Z Wcu‘huwu

uClsl  hye@\fopll
h;=0(mod mj)Vj€u

R D D C

uCls] ae(z\{0})l!

— E E w(2(|a1mu1|+"'+|a\u|mu|u"))B(U‘ul)
- )

P#uC[s] ac(Z\{0})!"!

where u = {v1,..., vy}, with vy <1y < ... <y and a = (ar,. .., ap).
Since 7 = (vy) > 1 and a; > 1, we have

|l |l
Z|al (2my,)" <z:|aZ (2my,)"
i=1
By Jensen’s inequality
u [ !

Z la;|" (2my,)" Z la;| 2m,,

Therefore i
[y |u|
> il 2my, | =D fail (2my,)7
i=1 i=1
Hence,
B(v v B(v
(2(lavmu, [+-+lapmuy, )00 (@m0 0 [ 2y )PP |
w Ju < w [u
By Bv)y|)
< mPry a4+ Ol |aju|
< wlal|+"'+|a\u|—l|+ml/5|a\u||'

Therefore we have

By > =t oo
Z w(z(\almulH“'Halu\muw|)) Jul < (2Zwa> ZZwaml/ﬁ '

ae(zZ\{o})!
Hence for the worst-case error we get

2w \M=t 9 1/ 2 s "
EROEDY (—w ) 2 s;(—“’ +1) o

o 1 —w 1—w

and the result follows.
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Remark 4
If we take (8 as in Theorem 6, and redefine

and -y, , such that
> Feu < o0,
PF#uCls]

then following the proof of Theorem 6 it is easy to see that we even obtain the exponential
convergence with strong polynomial tractability.

Remark 5

The (essential) weights 3, in Theorem 6 are larger than the weights f; ,, in Theorem 5.
However, the weights (3, in Theorem 6 are again, in some sense, best possible if regular
grids with arbitrary mesh-sizes are used. To see this, take again v,, = 1 and ¢, = 2Bs.u
as in Theorem 6, and assume now that 8, = f(max;e, j) with a monotonically increasing
function (3 such that

[e.9]

> " 1/8(i) = +oc.

i=1
This holds, for instance, for 3(i) = i.
Let o(s) :=>_;_, 1/6(i). Then for given integers my, ..., ms, n = my - - - mg, take the

grid Py given by
ky ks
ol CEREED Bovm

for k; =0,1,...,.m; —landi=1,2,...,s.
From the proof of Theorem 6 we have

B 2 6(v) : B(v)
efz,s(PS) Z Z Z w(2(|a1mu1|+ +|a‘u‘my|u‘ ) Z Z w2ml, Z UJ2 ming <, <smy
0#uC[s] ac(Z\{0})Iul v=1

Even for real m, with m; ---m, = n we have

min mP®) < /o),
1<v<s

Hence
2 2771/0(3)
€ (; S) Z W I

n,s

and since limg_, 1/0(s) = 0 we cannot have exponential convergence.
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