uniform
distribution
theory

Uniform Distribution Theory 6 (2011), no.2, 13-30

AN EXPLICIT CONSTRUCTION OF FINITE-ROW
DIGITAL (0, s)-SEQUENCES

RoswiTHA HOFER AND GOTTLIEB PIRSIC

ABSTRACT. In this paper we revisit the finite-row (0, s)-sequences as intro-
duced by Hofer and Larcher, in particular those constructed by a scrambling of
the Faure sequence. We give a simple explicit formula based on the Stirling num-
bers (of the first kind) for the scrambling matrices. This explicit formula provides
more insight into the (somewhat peculiar) recursively defined scrambling matrix
used in the constructions of Hofer and Larcher and also into the correspond-
ing finite-row generator matrices. It is then applied to the investigation of the
self-similar structure of the generator matrices and to efficient generation of the
sequence.

Communicated by Robert F. Tichy

1. Introduction

In many applications, e.g., simulation, digital imaging, financial mathemat-
ics, one is interested in accurately approximating numerically the integral of a
function f : [0,1]° — R,

L(f) = /[ @

where the integration domain may be very high-dimensional, having perhaps
hundreds of dimensions. One way of accomplishing this task is to use a quasi-
Monte Carlo (QMC) rule such as

1
Qn,s(f) = N f(@n),
n=0
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where (2,)"=; is a finite sequence (or the initial terms of an infinite sequence)
of a deterministic point set in [0,1)%. It is well-known in the theory of QMC
methods, that the so-called low-discrepancy point sets and sequences yield a
low integration error when a QMC algorithm is used (see, among many others,

[l 2 8, 10, 13]).

One of the most widespread and powerful techniques to construct low-discre-
pancy point sequences in the s-dimensional unit cube is the concept of digi-
tal (¢, s)-sequences (see e.g. [IT], [13]) or, more general, digital (T, s)-sequences
(see [9]). In this paper we restrict ourselves to the special case of digital (0, s)-
sequences (this corresponds to the best possible asymptotic order for the upper
bound of discrepancy).

We recall the digital method:

DEFINITION 1. Let s > 1 denote the dimension and let q be a prime. Further let

Ci,...,Cs be N x N-matrices over the finite field F,. We construct a sequence
(®n)n>0, Tn = (xﬁﬂ), e ,ng)), n € Ng, by generating the jth coordinate of the
nth point, ng), as follows. We represent n = ng +n1q+noq?+--- in base ¢ and
set

S T
Cj - (no,ny,...)" =: (ygj),ygj),...) € FqN

and
, @ 0
2 ::yl_+y%+...,
q q

(Note that since q is prime we can identify the elements of Fg with residue classes
modulo q; also, we do not distinguish the residue classes from their representa-
tives {0,1,...,q—1}.)

The sequence generated by the matrices Cq,...,Cs is called a digital (0, s)-
sequence over F, if for every m € N and for all dy,ds,...,ds € No with d; +
<+« +ds =m the (m x m)-matriz whose rows consist of the rows of each upper
left (d; x m)-submatriz of C;, for i =1,...,s, has full rank m.

Note that the condition on the rank structure of the generator matrices
sketched above is very restrictive. E.g. it is known that such special genera-
tor matrices can only exist if the dimension s is at most equal to the base ¢ (see
e.g. [13]). One famous example of digital (0, s)-sequences was given by Faure in

14



AN EXPLICIT CONSTRUCTION OF FINITE-ROW DIGITAL (0, s)-SEQUENCES

ExAMPLE 1 (Faure sequences). Let ¢ be a prime. For i € {0,1,...,q — 1} we
define the i th Pascal matriz in base q by P := (p,(;)j)k,jzl,

@ _JET)ETE 1<k<
Prj = 0 k<O0Qork>j

modulo q, where k € Z,j € N and 0° := 1. Then the matrices P(),...  pla—1)
generate a digital (0, q)-sequence in base q.

For q = 2 this sequence had been given earlier by Sobol [14]. A development
to increasingly more general versions has been made e.g. in [11], 12 13 [15].

In [6] the question was posed, if there exist matrices where in each row only
finitely many entries are nonzero, while the above rank-structure conditions are
still satisfied, and the notion of finite-row generator matrices was introduced.
This question was raised during the investigation of the discrepancy of the so
called Niederreiter-Halton sequences which are built by juxtaposing the compo-
nents of digital (T, s)-sequences in different prime bases. E.g., the 5-dimensional
sequence where the first two components are given by the Faure sequence in
base 2 and the remaining three components are given by the Faure sequence in
base 3 is an example of a Niederreiter-Halton sequence. The idea of constructing
multi-dimensional sequences by combining the components of digital sequences
in different prime bases is motivated by the special properties of the so called
Halton sequences (introduced in [5]). A Halton sequence is built by juxtaposing
van der Corput sequences, which are special digital (0, 1)-sequences, in different
prime bases and surprisingly the multi-dimensional sequence constructed that
way is also a low-discrepancy sequence. Of course a natural question is to ask
if there are more examples of digital sequences that can be used as components
of Niederreiter-Halton sequences, resulting in a good low-discrepancy sequence.
Unfortunately not all digital (0, s)-sequences have good mixing properties con-
cerning the low-discrepancy property. For example in [6] it was shown that the
discrepancy of the 5-dimensional sequence from above satisfies quite large lower
bounds. Altogether the results obtained in [6] for certain different classes of
Niederreiter-Halton sequences suggested to combine digital (0, s)-sequences that
are generated by matrices consisting of rows with as few as possible nonzero
entries. This motivated the investigation of the finite-row generator matrices.

Of course the restrictive condition on the rank structure forces the matrices
to contain a certain amount of nonzero entries. In [0] it was shown that in the
best possible case for every d > 0,7 € {1,...,s} the dth row of C; should have
a length of sd + 1 — m(i), for some permutation 7w on {1,...,s}. In this case we
say that the matrix has shortest possible row length in the sense of Hofer and
Larcher.
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From the following Proposition by Faure and Tezuka in [] it is easy to deduce
the existence of such finite-row (0, s)-sequences.

PropoOSITION 1. Let Cq,...,Cs € FqNXN be the generator matrices of a digi-
tal (0, s)-sequence in prime base q > s. If M is a non-singular upper triangu-
lar (NUT) matriz over Fy, then the matrices C1M, ..., CsM generate a digital
(0, s)-sequence in prime base q > s.

The strategy is to determine for given generator matrices C, ..., Cs a suitable
matrix M column by column, by solving systems of equations related to the
restrictions on the row lengths. Note that the matrix multiplication with a NUT
matrix from the right in effect is a special rearrangement of the sequence; in
order to find a suitable rearrangement by the strategy above, one has to solve
systems of equations. We refer the interested reader to [6] for more details.

Since for the Faure sequence in any prime base ¢ very simple explicit formulas
for the generator Pascal matrices are known (compare Example [I]) it is natural
to ask for a more effective way to compute a proper NUT matrix M which goes
along with the Pascal matrices. In [6] a recursion for such a scrambling matrix
M was discovered: set

¢ :=(1,0,0,0,...)", cqpr =P <0) ,
Cd
for d € N. Then M := (¢1,c¢o,c3,...).

Note that from the fact that P() = (P(1))? it is easy to check that the matrix

Pl=DAf =: S can also be produced by the recursion

0
C1 = (170a070"")T’ Cdt1 = <P(1)Cd)

for d € N. Hence S is also an appropriate scrambling matrix to obtain a finite-row
(0, g)-sequence.
In this paper we prove an explicit formula for the matrix S in Section BT

Viz.,
j—1
()
k=11) 51

modulo ¢, where [Zﬂ is the Karamata notation for the unsigned Stirling number
of the first kind (note the striking similarity of S to the first Pascal matrix
((ij ) )k,;>1) modulo ¢. There exist several equivalent definitions for [’m, e.g.,
as the number of permutations of m elements with n cycles or by a recursion.
From this explicit formula we are able to derive further interesting properties
of the finite-row generator matrices and also of the associated digital (0, q)-
sequence. In Section 22l we determine for N = ¢9™,m € N a special permutation
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mof {0,1,---,¢?7"™ — 1} that can be applied towards efficient generation of the
sequence in the following way: for the first /N points of the sequence it suffices to
compute the first component, while the other components result from applying
the permutation, i.e.,

x, = (z(V ) ...,x(l) ),n=0,1,...,N — 1.

' Ea(ny - Trasin)

Furthermore, we show a self-similar structure of the finite-row generator ma-
trices in Section 2.3l We conclude the paper with some open problems as outlook
to further research in Section

2. Results

Let ¢ be a given prime base. We define matrices M (a), S1(a) € F,"*Y where
a €{1,...,q—1}. The matrix M (a) shall be defined by its columns, i.e., we set

0
c1:=(1,0,0,0,..)T €F", cqs1:= < P@ . ¢y ) ’

for d € N, where P(® is the ath Pascal matrix defined in Example [l Then
M(a) := (c1,ca,c3,...).

2.1. An explicit formula for the matrix

Set Si(a) = ([i:ﬂ a?™"); j>1 modulo ¢, where [}] denotes the unsigned
Stirling number of the first kind, defined by:
n n—1 n—1
[k]—[k_l}—i—(n—l)[ k ],fork,neN (1)

with initial values [8} =1 and [g] = [2} =0 for all n > 0.

THEOREM 1. We have M(a) = Si(a).

Proof. We prove the equality by induction on the columns.
First we observe that the equality holds for the initial column vector:

o= 00,7 = (O [t [O) 2

For the induction step we assume that

o d=1) gy jd=1) g [d=1] 43 T
cd—([ 0 }a ,{ 1 }a P yeel)
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and compute

_ 0
Cdrr = | pla). g,
0

= | (S e ]
0 T
B (ad_i PN vy [?:ﬂ)m

0

NG

where for the last step we used the equality

ZG) mzmﬂdwo

j=0

which can be found e.g., in [7} chapter 1.2.6.]. Finally the fact that {g} a® =0
for d € N yields the desired result
T
. d+1-1 qi+1-1, d+1-1 12, d+1-1 a3
0 1 2
O

2.2. Relations between the generator matrices and a componentwise
construction based on special permutations

Now we use the matrix S7(a) as scrambling matrix in application of Proposi-
tion[Il This gives the matrices P(9).S;(a), PM S, (a),..., P41 S (a) generating
a digital (0, ¢)-sequence.

The following theorem shows an interesting property of these matrices. We
determine very thin band matrices Q(a, b), such that P®).S;(a) = S;(a)-Q(a,b),
which implies that for each choice of @ € {1,...,¢ — 1} the scrambled matrices
have shortest possible row lengths in the sense of Hofer and Larcher.

THEOREM 2. We have
P®) .5 (a) = Si(a) - Q(a,b),
where

Q(a,q —a) = Q(a) := (5k,j —a(j — 1)5k,j—1)k o

Jz1
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Q) =)' = (oy (17} )0re)

for l(qg—a) = b (mod q). (For integers m,n, the notation (n),, refers to the
falling factorial n(n—1)---(n—m+1), empty products equal 1, also for n =0.)

The matrices Q(a) are band matrices with bandwidth |+ 1 for 1 <1 < q and
Q(a)? = (0, )k,j>1 modulo q.

For the proof of the theorem we make use of the Stirling numbers of the
second kind {Z} , n,k € N, which have a combinatorial interpretation as the
number of ways to partition a set of n objects into k groups. They obey the
recurrence relation (which may be taken as an alternative definition)

n n—1 n—1
= k f keN
o) {k—1}+ { k } orm e
with the initial values {8} =1 and {g} = {2} = 0 for any integer n > 0.
By the combinatorial interpretation or, indeed, the recursion it is not im-
mediately obvious (but a well-known fact in combinatorics) that the Stirling

numbers of the first and the second kind are in an inversion relation to each
other. Introducing a small generalization, the following holds.

LEMMA 1. We have S3(a)Si(a) = Si(a)Sa(a) = I, where

Sz(a) = ({i:i}(—a)j_k)kpl and I = (6,j)k,j>1-

Proof. Follows immediately from the relation S;(1)S2(1) = S2(1)S1(1) = T
that can be found e.g., in |7, Ch.1.2.6]. O

The proof of the theorem builds from the case [ = 1, which we present in this
lemma.

LEMMA 2. We have
Sa(a) - P9 - $1(a) = Qlarg —a) = Q(a@) = (81, —ali — 1)0iy)
i,7>1

Proof. Note that from the recursive definition of M (a) and from Theorem [I]

it is easy to see that P(® . S(a) = ([ﬂ al =)

Now the result is easily deduced from

((Sz(a) : P(q_a))_l)il = P Sia)™ = (([}]ﬂ] aj_k)k,pl)l

ksl modulo gq.
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= ({7} o)
({ k E>1,5>1
modulo ¢ and

(L) = (oo o)

O

Proof of Theorem [2.
For any b € {0,...,q — 1} we choose [ € {0,1,...,q — 1} such that (¢ —a) =b
(mod ¢), so that P®) = (P@~%))!, Then Lemma [ yields

l_

P®S1(a) = Si(a)(Sa(a)- P97 S(a)) = Si(a)Q(a).

We denote the ith unit vector of F) by e;. From the form of Q(a) in Lemma [
we know, that Q(a) maps e; to e; — a(i — 1)e;—1. So, by induction

Q) = @ g0 (1) - m)

Finally it is easy to check that

25“_”(—@)" <7lz> (= Dn=(-a)’™" (j _ k;) (J—1)j-k

O

COROLLARY 1. The matrices Si(a), S1(a)Q(a),...,S1(a)Q(a)?~! are generator
matrices of a digital (0, s)-sequence and have shortest possible row lengths in the
sense of Hofer and Larcher.

Furthermore, to construct the first q7° points of the sequence it suffices to
compute the first component by matriz-vector multiplication, the subsequent com-
ponents are generated by repeated application of a permutation of indices, i.e.,

1 1
LTy = (xgtl)v xgru)(n)v R xfrq)fl(n))'
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The permutation m, acting on {0,...,q%" — 1} here can in fact be reduced to a
permutation m acting on {0,...,q7 — 1} via q?-adic digits, i.e., given a repre-
sentation of k = Z:;% krq?", 0 < k, < ¢%™, we have

v—1

mo(k) =Y mi (kg

Proof. Theorem[2and Proposition[yield that the matrices generate a digital
(0, s)-sequence. From the defining recurrence (I) it is easy to deduce that [}]
is divisible by ¢ for all k,n € N such that n > ¢k (e.g., by induction on k).
Hence the dth row of Si(a) has length less than or equal to ¢(d — 1) + 1. This
together with the fact that Q(a) is a band matrix with bandwidth 2 implies the
conditions on the row lengths, in fact we get that the dth row of Sy (a)Q(a)! for
1€{0,1,...,g— 1} has length less than or equal to gd — (¢ — 1 — ). Hence these
matrices have shortest possible row lengths in the sense of Hofer and Larcher.
To conclude the proof we note that the form of Q(a) given in the Theorem is
actually a block diagonal matrix, i.e.,
B 0 0
0 B 0
0

with

B: : O -,. -,. -,. GquX(]’

and hence Q(a) operates on each of the consecutive blocks of length ¢ in the
vector (ng,n1,...)7 and the blockwise operation m; is determined by B. Thus
the assertions on m, follow. O

1 1
0 1
{0,1,2,3} — {0,1,2,3} equals the transposition (2,3) and the first four points
of the sequence are (x(()l),x(()l)), (xgl),xgl)), (xgl),xgl)), (xgl),xgl)). If we want to
compute the first 222 = 16 points we apply 7, to each string of 2° = 4 points
and then w1 to the 4 strings:

EXAMPLE 2. For q = 2 the upper left submatric B = . Hence m :
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(0,1,2,3) (4,5,6,7) (8,9,10,11) (12,13,14,15)

Im I m ™ lm
(0,1,3,2) (4,5,7,6) (8,9,11,10) (12,13,15,14)
—_— Y—

a b c d
I m
a b d c

—— —
(0,1,3,2) (4,5,7,6) (12,13,15,14) (8,9,11,10)
or, in cyclic notation, (3,4)(6,7)(8,12)(9,13)(10,15)(11, 14).
REMARK 1. In principle, by P() = (P(l))i, we can also generate the first ¢1¥,v €

N points of the Faure sequence by repeated application of a permutation T, :
{0,1,...,q% — 1} = {0,1,...,q%° — 1}, such that

T, = (a:(l) SN C)) ).

n ﬁv(n)a ’ F?,il(n)

However, the permutation cannot be computed digitwise in base q? representation
and does not have a similarly transparent and quick-to-implement structure. To
tllustrate, Ty in base 2 is given by
012345 6 7 8 9 10 11 12 13 14 15
I
013 25 46 7 15 14 12 13 10 11 9 8
or in cyclic notation (2,3)(4,5)(8,15)(9,14)(10,12)(11, 13).

2.3. The self-similar structure of the generator matrices

The Pascal matrices (i.e., binomial coefficients modulo a prime) have a well-
known and appealing self-similar structure (see Figure [I) that is explained by
Lucas’ Theorem on binomial coefficients.

NHERH

FIGURE 1. The Pascal matrices in base 5, upper left 25 x 25 submatrices.

PROPOSITION 2. Let g be prime and m,n € Ng. With m = miq + mg and
n = n1q+ng, 0 < mo,ng < q and the base q representations m = . (iq",n =
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> im0 Viq" we have

m _ mo mi _ i p , ,
(n) = (Tbo) (m) = H (Vi) (mod ¢) ‘Lucas’ Theorem

i>0
and

b b b b
P =P o DSy = [T 20, € Fo
i>0

Proof. Lucas’ Theorem can be found e.g., as an exercise in [7, Ch.1.2.6]. From
the fact that b1 =1 (mod ¢q) for all b € {1,...,q — 1} it is easy to deduce the
formula for the Pascal matrices. For b = 0, dp,,n = Oimg,no0ms,n, holds trivially.

t

The preceding proposition can be visualized as follows. Consider a partition
of a Pascal matrix into ¢ X ¢ submatrices. Then any submatrix of index (my,n1)
is a copy of the (0, 0)-submatrix, adjusted by a binomial factor (7::11) modulo q.
By induction, the same holds also for a partition into ¢* x ¢* submatrices for
i> 1.

In the following proposition we give a similar reduction formula for Stirling
numbers of the first kind. It is not quite as simple as for binomial coefficients
but still serves to explain the self-similar structure of the finite-row generator
matrices in Theorem B (see Figure [2I).

FIGURE 2. The matrices P(9) S, (2) in base 5, upper left 25 x 25 submatrices.

ProroOSITION 3. Forn,m >0,

anfm |:n:| Eanofmo TL()
m mo

ymi—ma (—1)(7,;:1_ ) ifng=q—1,mg=0,
x(=1) { (”11) else

mi

(mod q),
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where
n =n1q+mng, 0<ng<gq,
m—n;=mi(qg—1)+mg, 0<mg<qg-—1.

(Note that for ¢ = 2 the formula also holds, with m; = m —ny, mg = 0. See also
Ezample [3 below. )

Proof. We start by observing that for prime ¢ we have

n—m no+nig—mi(q—1)—mo—n1 — ,no—mo

a =a a (mod q),

so a plays no role in the rest of the proof.
The main tool of the proof is that the ‘rising factorial’ function is a generating

function for [::J in the following sense: with the usual coefficient extraction

operator notation, [z™], we have

[:J = [#™)(x)™,  where (2)™ = 2(x+ 1) (x+n—1).

First we note that with n = ng + >, v¢’,
(2)" = (2)) (2)"1D ()29 ... (mod q).
Furthermore, for any 7 > 0
()¢ ) = (2)@)"" (mod q),

hence
(@)™ = (@) ((2))™  (mod g).

Regarding the expression (x)(‘I) we observe that it is a polynomial of degree ¢
that vanishes identically on all of IF,. Hence it is uniquely determined as z9 — x.

Therefore,
(™)™ = ) (@)™ (2 — )™
[ ) ) (21— 1y

[xm(q—1)+mo](x)(no)(xq—l —1)™  (mod gq).

3 3
Il

Z

Now since (z)("0) is a polynomial of degree ng and (2= —1)™ is a polynomial
in 2971, no additions of terms of the form z*(¢=1 (z)("0) can occur unless ng =
q — 1, and in this case would become only relevant for mg = 0.

We conclude the proof by treating this two cases.
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e ng#£q—1lorng=q—1,mg#0:

anm |:n} = g"0o—™mo [a?ml(q_l)+m0](.23)("0)(.13(1_1 _ 1)n1

= gm0 {”0} <"1>(—1)n1m1 (mod ).

mo mi

m

e ng=q—1,my=0:

n—m | T — no—mo[,mi(qg—1)+mg (no) (,.qg—1 1)
=[] =l J(2)) (@11~ 1)
— 40— MMo TL():| ni _1 ny—mi
=a [ 0 <m1)( )
ng—mo nO nl _1 nlf(mlfl)
N TN [ (mod o)
but the first term vanishes by [qal} = 0 and thus the assertion follows. O

EXAMPLE 3. For the special case ¢ = 2 the formula reduces considerably.
Let n =ng+2n1, 0 < ng < 2, then

M= (o) = () e

(This corresponds to Example 3 in [6])

Now we can state how our finite-row generator matrices are built up from ¢ x ¢
submatrices in a similar manner as the Pascal matrices. The special structure of
Q(a) is important here.

THEOREM 3. Let the matriz given by S1(a)Q(a)! with a # 0,1 € {0,1,...,q—1}
be denoted by C(a,l) = (c(a,)k,j)k,;j>1. The following holds true for all k,j € N

-1 —1
cla, ey = cla, l)kovjopl(c{i+1),j1+1 + 01,k ¢(a, Z)Q7j0pl(¢{i7j1)-|—1 (mod g),
where
J=nq+7jo, 0<jo<gq,
k—jlzkl(q—l)—f—k‘o, 0<k0§q—1.

Proof. First we rewrite the formula of Proposition 3] as

= e e G

no—(q—1) o _1\yn1—(mi1—1) n1
+00,m0@ {q— 1] (-1) (ml - 1) (mod q).
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Note that whenever mg # 0 or ng # ¢ — 1 the second term vanishes since

00,me = 0 or {q"_ol} = 0 and if mg = 0 and ng = ¢ — 1 then the first term

vanishes since [qgl] =0.
From this it is easy to derive the formula above in the case where b = 0.
We just have to take care about the indices and use that (—1)"1*’”1("1) =

mq
-1
pgﬁ%,nlﬂi
(@05 = e(0 oioPhi 15011+ Okoc(@:0)aoph] 34y (mod g). (2)
cla,V)g; = cla, ko,jopk1+1’jl+1+ 1,ko C\ @, q,jopk17J1+1 mod q).
We recall the special structure of Q(a) given in the proof of Corollary [T}
B 0 0
0 B 0
= |

with

B=|: 0 L e R

Now we do not think about the effect of Q(a) on the digit vector as in the proof
of Corollary [l but on the effect on the matrix C' that is multiplied. We compute
the columns of C' - Q(a) by applying the special structure of B:
For the first column we just take the first column of C. For the second column
we multiply the first column of C with (¢ —1)a and add it to the second column
of C. And so on. For the ¢gth column we multiply the (¢ — 1)th column of C'
with @ and add it to the ¢th column of C. Now for the (¢ + 1)th column we
just take the (¢ + 1)th column of C'. It should be clear how to go on. Altogether
we see that the multiplication of any matrix with Q(a) from the right brings an
operation on the jth column that is uniquely determined by jo and combines
the columns only local in the range of j € {gj1 +7r:1<r < q}.

More exactly we get for the entries of C(a,l) = C(a,l—1)Q(a) = C(a,0)Q(a)
that

cla,Dk; = cla, D jig+io

= C(a7l - l)k,jqurjo + (q —Jo+ ].)CLC(CL,Z - l)k,j1q+j071
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min{l,jo—1}

= YO0 () o~ 1 od o)

n=0

For the latter compare the proof of Theorem 2land note that ¢|(jo—1), whenever
n > jo. From the restriction on n we get that 1 < jo —n < jo < ¢ and we can

use ([2)) for

_ —1
C(av O)lequjo*n = C(av O)kOJO*npl(c{i—i-l),jl-l—l + 517’@06(0“’ O)QJO np](;i i+l (mOd (])-

We obtain

b min{l,jo—1} /
iy =H S O () o= 1
n=0
min{l,jo—1} I
+p7(€1 J1-i-151 ko Z C(av O)fldo—n(_a)n <n> (.70 - 1)n (mOd Q)'
n=0
Finally we use
min{l,jo—1} I
> el 0o () o~ D = 0.
n=0
and
min{l,jo—1} I
> 0o () o~ D = 0.
n=0
and the result follows. O

Note that for jo =¢q, ko =1 and [ = g — 1 we get

clarg— 1) qu Ot (* -,

—(_ 0)i1(g—1)!=q—1 (mod ¢q)

and

cla,q—1)gq =

||
Mn

0,00 (" )@= 10

= ¢(a, O)q,q =1 (mod q).

Hence both terms are not zero in that case and we cannot simplify the formula
as in Proposition[3l This overlapping of the self-similar structure can be checked
in the 4th matrix in Figure 2] see e.g. the 10th entry in the 6th row.
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The assertion of the preceding theorem can be visualized as follows. To con-
struct Sy (a) = Q(a)! = C(a,l) for any I € {0,1,...,q— 1} we compute its upper
left (¢ x ¢) submatrix. Then we use this submatrix as unit and apply the con-
struction principle of P41 to build up (gi x ¢i) matrices. Finally the (g x ¢)
units are shifted down s rows, where s = j; — k1, and overlapping parts of the
units are added in F,.

3. Remarks and Open Questions

The next interesting question is of course how to generalize the results in this
paper to Faure sequences over the general finite field F g with ¢* elements where
g € P and w € N. Here for an element b € Fyw the bth Pascal matrix over Fyuw is
defined similarly by P(b) := (p(b)x,j)k,j>1, where p(b)i ; = (ij)bj*k, 00:=1.

Note that Definition[Ilin the finite extension field case necessitates a bijection
between the set of digits {0,1,...,¢* — 1} and Fy» with the requirement that 0
maps to 0. (See e.g. [13] for more details.)

It is easy to check that for any b1, by € Fgw we have P(b1) - P(b2) = P(b1+b2)
(compare e.g. proof of Proposition 2 in [@]).

Since Proposition [[] holds also for generator matrices over general finite fields
it is clear that proper scrambling matrices exist that yield finite-row generator
matrices.

One approach to generalize the results in this paper would be to choose
any a € Fow,a # 0 and consider the (0, g)-sequence generated by P(a), P(a +

1
sponding results over the finite field. But nevertheless if w > 1 we don’t exhaust
the full dimension ¢" that should be possible.

a), -+ ,P(q-a = 0). Then the matrix S(a) := ([i:l} a’~F)g j>1 yields corre-

This yields the following interesting open problem.

OPEN PROBLEM 1. Find an explicit formula for a scrambling matriz that mod-
ifies the ¢* Pascal matrices over the finite field with q* elements to proper gen-
erator matrices with shortest possible row lengths of a finite-row digital (0,q¢")-
sequence.

Niederreiter [I2] introduced the digital (¢, s)-sequences over Fgw where the
generator matrices are determined by the coefficients of the formal Laurent series
of certain rational functions over the finite field Fy». This class of sequences
contains the generalized Faure sequences as special cases.
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OPEN PROBLEM 2. For every digital (t,s)-sequence state a proper NUT matriz
which modifies the digital (t, s)-sequence to a finite-row (t, s)-sequence.

Since the investigation of the finite-row (¢, s)-sequences is motivated in the
context of low-discrepancy Niederreiter-Halton sequences we are also interested
in discrepancy estimates of sequences that are composed by finite-row (¢, s)-
sequences. For example we are interested in ...

OPEN PROBLEM 3. ... good lower and upper bound for the discrepancy of the
5-dimensional Niederreiter-Halton sequence where the first two components are
generated by S1(1), S1(1)Q(1) over Fy and the last three components are gener-
ated by $1(1), $1(1)Q(1), $1(1)Q(1)? over F.
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