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Abstract

We determine the L, discrepancy of the two-dimensional Hammersley point set
in base b. These formulas show that the L,, discrepancy of the Hammersley point set
is not of best possible order with respect to the general (best possible) lower bound
on L, discrepancies due to Roth and Schmidt. To overcome this disadvantage
we introduce permutations in the construction of the Hammersley point set and
show that there always exist permutations such that the L, discrepancy of the
generalized Hammersley point set is of best possible order. For the Lo discrepancy
such permutations are given explicitly.

AMS subject classification: 11K06, 11K38.
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1 Introduction

For a point set P = {@1,...,xy} of N > 1 points in the two-dimensional unit-square
[0,1)? the discrepancy function is defined as

E(x,y,P) = A([0,x) x [0,y),P) — Nay,

where A([0,z) x [0,y),P) denotes the number of indices 1 < M < N for which x,, €
[0,2) x [0,y). Hence, the discrepancy function gives “locally” the difference between the
number of points from P in [0, ) x [0, y) and the expected number of points in [0, z) X [0, y)
if we assume a perfect uniform distribution of P (which is of course not possible since P
is finite).

If we take a norm of the discrepancy function we obtain a “global” quantitative mea-
sure for the irregularity of distribution of a finite point set. Such a measure usually is
called a discrepancy. An introduction to the theory of discrepancy of sequences can be
found in [1, 8, 15, 16]. For an overview see also [20]. In applications, the discrepancy is
often normalized by the total number of points IV, but in theoretical studies, one keeps
the original definition and we will do so as well. Here we will especially consider the so-
called L, discrepancies which can be obtained by taking the L, norm of the discrepancy
function. For any point set P consisting of N points in [0,1)? we define,

L) = ([ [ 180 pyrasa) "
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It is well known that for any p > 1 there exists a constant ¢, > 0 with the following
property: for the L, discrepancy of any point set P consisting of N points in [0,1)? we
have

L,(P) > c,n/log N. (1)

This was first shown by Roth [18] for p = 2 and hence for all p > 2 and later by
Schmidt [19] for all 1 < p < 2.

In this paper we will consider the L, discrepancy of the so-called generalized Hammers-
ley point sets in base b with b points. These point sets, generalizations of the Hammersley
point set in base b (which is also known as Roth net for b = 2), can be considered as finite
two-dimensional versions of the generalized van der Corput sequences in base b. We use
the following definition which was first given by Faure [4].

Definition 1 (generalized van der Corput sequence) Let b > 2 be an integer and
let ¥ = (0,),>0 be a sequence of permutations of {0,1,...,b— 1}. For any integers n and

N withn >0and 1 < N <", write N —1 = ZGT(N) b" in the b-adic system (so
r=0

that a,(N) = 0 if » > n). Then the generalized van der Corput sequence Sy in base b

associated to ¥ is defined by

SE(N) = i M for all N > 1-

r+1
r=0 b

If (0,) = (o) is constant, we write S = S¢. The original van der Corput sequence in base
b, Si? is obtained with the identical permutation id. In this case we will simply write S,
instead of Sj¢.

Definition 2 (generalized Hammersley point set) Let b > 2 be an integer, let S}
be a generalized van der Corput sequence in base b and let n > 0 be an integer. Then
the generalized two-dimensional Hammersley point set in base b consisting of b" points
associated to X is defined by

i, = { (syon s v <)

In order to match with the traditional definition of arbitrary (shifted or not) Ham-
mersley point sets which are “n-bits” (i.e. whose b-adic expansions do not exceed n bits),
we restrict the infinite sequence of permutations ¥ to permutations such that o,.(0) = 0
for all » > n, for instance ¥ = (oy,...,0,_1,1d,id,id,...). Hence, the behavior of Hbzn
will only depend on the finite sequence of n permutations o = (0, ...,0,_1), and we will
write Hy,, =: HE,.

Again, if we choose in the above definition o; = id for every permutation, then we
obtain the classical Hammersley point set in base b. In this case we will simply write Hj,,
instead of H;4,.

We first recall the main results obtained for Hammersley point sets in base 2.
For the L, discrepancy, p € N, of the classical Hammersley point set H,,, in base 2 it was
shown by Pillichshammer [17, Theorem 1] that

(Ly(Fo) = o+ Ol ™),
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For p = 1 we have the exact formula

n 1 1
Ll(Hz,n) = g + 5 + ont2
by [17, Theorem 2], and for p = 2 we have
n> 29n 3 n 1 1
L 2, 2 -
(Lo(Hon)) = 51+ T2 ¥ 8 " Tg.00 T 120 7020

as shown by Vilenkin [21], Halton and Zaremba [9] and Pillichshammer [17].

In Section 2 we will generalize all these results to the b-adic case for arbitrary integers
b> 2.

In many recent papers so-called digitally shifted van der Corput sequences and Ham-
mersley point sets in base 2 are studied. See, for example, [10]-[14].

In our context here, a digitally shifted van der Corput sequence resp. digitally shifted
Hammersley point set in base 2 is only a special case of a generalized van der Corput
sequence resp. generalized Hammersley point set in base b which can be obtained by
allowing permutations o € {id, 7,} only. Here id is the identity and 7, is the permutation
of {0,1,...,b— 1} defined by 7(k) =b—k—1 (0 < k <b—1). Note that for b =2 we
have 75(k) = k + 1 (mod 2) which is exactly the “digital shift” as considered in [10]-[14].

The reason for considering generalized Hammersley point sets is that with this concept
one can improve the distribution properties dramatically. If we compare the results on the
L, discrepancy of the classical Hammersley point set in base 2 from above with the general
lower bound on L, discrepancy from Roth and Schmidt (1) we find that the Hammersley
point set does not show the best possible distribution properties with respect to the order
of magnitude in N, the cardinality of the point set.

It were first Halton and Zaremba [9] who showed that for every n there exists a
sequence of permutations o € {id, 7}" such that the Ly discrepancy of the generalized
Hammersley point set H7,, in base 2 is given by

2 5n 3  Te, 1 €n 1
Lo(HT =—4+_-_-—— — 2
( 2(H2’")) 192 * 8 64 * 4.2n * 1627  72.2207 2)
where ¢, is zero if n is even and one if n is odd. The sequence of permutations given by
Halton and Zaremba is

| (myid, e, id, .. Ty, id) if n is even,
(7'2, Zd, Tg,id, e ,TQ,’id’ Tg) if n is odd.

(Of course, Halton and Zaremba did not use our terminology here.) This result was
generalized recently by Kritzer and Pillichshammer [13]. They showed that for any n € N
and any o € {id, »}" we have
n?> 19n In 1* 1 3 n l 1 1
L o 2 - 7t v v e _ _

(L2(F5)) 64 192 16+ 16+4+8jL 16 - 2» 8-2"+4-2” 72 - 40’
where [ is the number of id-permutations in o.

Furthermore it was shown in [14] that for any even p € N and any n € N there exists
a o € {id, 12}" such that

(Lp( ;n))p < Wnp/z + O(np/2—1)’ (3)
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where S(p,p/2) is a Stirling number of the second kind.

As to arbitrary bases, there are papers concerning the star discrepancy of two-dimensio-
nal Hammersley point sets [3, 5, 7] but only one, to our knowledge, on the L, discrepancy
of such sets: the paper of White [22]. Tt is a remarkable, but too short paper using results
obtained by symbolic computations to find exact formulas for the Ly discrepancy of Hj,,
and of a class of generalized Hammersley point sets. We shall refer to these results in the
course of the paper to compare them more thoroughly with our results.

The organization of the paper is as follows: In Section 2-3 we will generalize the results
above in base 2 to the b-adic case for general integers b > 2. The proofs of the results
are given in Section 5-8. They are based on a detailed study of the discrepancy function
of the one-dimensional generalized van der Corput sequence in base b as given in [2, 4, 6]
and use also ideas from [13, 14, 17]. In Section 4 we will provide some preliminary results
which will be used for the proofs.

2 L, discrepancy of the classical Hammersley point
set

In this section we consider the L, discrepancy of the classical two-dimensional Hammersley
point set Hp,, in base b. We generalize all results from [17] for b = 2 to the general b-adic
case.

Theorem 1 For any integer base b > 2 and any n > 0 we have

b2—1+1+ 1
12b 2 4

Ll (Hb,n) =N
and

(La(Hom))*

B 2(b2—1)2+ (3b4+10b2—13+b2—1 (1_L))+§+L_ 1
-\ " 72002 120 2bn 8 A T2pn

The proof for p=1 will be given in Section 5. We also remark that for p = 1 the
formula, but only for prime bases b, was already shown by Kritzer (unpublished) by using
Walsh-series analysis (the proof needs about 30 pages).

For p = 2 and arbitrary b, the formula was shown by White [22] using recurrence
relations and automated symbolic manipulations which should also easily apply to p =
1. The paper of White is very terse, with a lot of computations not carried out in
detail (in fact, some formulas, which are needed for the proof, are simply omitted for
brevity). This makes it very hard to follow White’s proof. We don’t give an explicit proof
since the formula is a special case of Theorem 4 (see Remark 1). It should be longer,
but the method allows further investigations which will permit a thorough analysis of
generalized Hammersley point sets and improvements on previous results with regard to

low discrepancy as assert the subsequent results.
For arbitrary integers p € N we obtain a little bit weaker result.




Theorem 2 Let p € N. For any integer base b > 2 and any n > 0 we have

b’ —1
12b

Lyt = (St) 06,

where the constant in the O-notation only depends on p and b (and not on n). Hence

L 2
lim p(Hin) = b1 )
n—oo log b" 12blog b

The proof of this result will be given in Section 6.

From Theorem 2 above we find that the L, discrepancy of the classical Hammersley
point set in base b is asymptotically not of best possible order with respect to the lower
bound (1) of Roth and Schmidt. This disadvantage of the classical Hammersley point set
can be overcome by considering generalized Hammersley point sets.

3 L, discrepancy of generalized Hammersley point

sets
Now we consider the generalized Hammersley point set Hf, where o = (00,...,0,1)
is a finite sequence of permutations of {0,...,b — 1}. Here we do not consider arbitrary

permutations. We are especially interested in o where some permutations are the identity
id and some are the special permutation 7, given by 7,(k) = b — k — 1. As the base b is
always fixed in the following we will simply write 7 instead of 7.

First we will show that on the average over all such sequences of permutations the L,
discrepancy of a generalized Hammersley point set is of best possible order with respect
to (1).

Theorem 3 Let p be an even positive integer and n a nonnegative integer. Then we have

1 L o p<2 v —1 ? p' p/2 0O p/2—1
on Z (Lp(H7,))" < D (p/2>!2p/2n + O(n?’*77),

oc{id, T}

where the constant in the O-notation only depends on p and b (and not on n).

Note that for b = 2 this is an improvement of [14, Theorem 1]. The proof of Theorem
3 is deferred to Section 7.

Using Markov’s inequality we immediately find from Theorem 3 that there always
exist sequences of permutations which yield the best possible order of L, discrepancy.

Corollary 1 Let p be an even integer and n a nonnegative integer. Then there exists a
sequence of permutations o € {id,T}" such that the L, discrepancy of the generalized
Hammersley point set Hg’n s bounded by

(Ly(HZ )P < 2 (ale R n?? + O(nP/?71)
PATbST = 12 (p/2)! 2v/2 ’

where the constant in the O-notation only depends on p and b.
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Again, for b = 2 this result is an improvement of (3).

We can also show that the generalized Hammersley point set yields asymptotically
for almost all sequences of permutations from {id, 7}" better results than the classical
Hammersley point set.

Corollary 2 Let p be an even integer. For any e > 0 and any ¢ > 0 we have

- #{o € {id, T}" : L,(H7,) < cnt/?re}

n—oo on

=1.

Proof. From Theorem 3 it follows that

2 v\ P n?? + O(nP/* 1) > 1 Z o(Hy
12 (p/2)! 2r/2 = o < bn)

1
> Q—ncpn(1/2+€)p# {o € {id,7}" : L,(H7,) > cn1/2+€}

= %cpn(l/zﬁ)p (2" — #{o € {id, 7}" : Ly(Hy,) < n'/?te}).

Hence,

id no.J o 1/24¢
Hlo STl L) <ol (1Y,
n ne

and the result follows. O
For p = 2, it is even possible to give the following exact result.

Theorem 4 Let o € {id, 7}" and let | denote the number of components of o which are
equal to 1d. Then we have

(L2(H7,))* =

b — 1 b — 1 1 -1 3 1 1
22 - 1—— ) @- S
( 120 ) (=207 =m)+ =55 ( 26")( A I T 5T

Remark 1 Note that the L, discrepancy of Hy,, with o € {id, 7}" only depends on n,b
and the number of permutations in o which are equal to id (and not on their distribution).
Setting [ = n we get the formula for the L, discrepancy of the classical Hammersley point
set from Theorem 1.

From Theorem 4 we find that among all permutations in {id,7}" the one where all
components are equal to id yields the worst result with respect to Lo discrepancy.

Corollary 3 For any o € {id, 7}" we have
Ly(Hy ) < La(Hen)
with equality if and only if o = (id, . .., id).

We can also determine the minimal Ly discrepancy.



Corollary 4 The Ly discrepancy of Hy,, for o € {id, 7}" becomes minimal if we choose
a sequence of permutations o in which exactly

nj2—2 ifb=2,
loin(n) =4 n/2—1 if3<b<6,
n/2 ifb>1,

elements are the identity in the case of even n and

_J (n=3)/2 if2<b<3,
%mmy_{(n—lﬂ2 ifb >4,

elements are the identity in the case of odd n. In any case we have

. o2 (0*=1)(30* +13)
Janin (Lo(H7,))* = ni— 5"+ O(1). (4)

Proof. For fixed b and n let

v —1 ) 1
fi = 195 (n —2l) +<1—%) (2l —n).

Then we have f; > f;; if and only if

and hence f; becomes minimal for

n—1  3b 1
l_[z _@—10_%0]

From this we find that, for even n, l =n/2 —2forb=2,1=n/2—-1for 3 <b <6
and [ =n/2forb>7. Foroddn,l=(n—3)/2for2<b<3andl=(n—1)/2forb> 4.
Inserting into the formula from Theorem 4 gives the result. O

Remark 2 With the values for l,,;,(n) one can also determine the exact formula in (4) for
every case. Note that White [22] obtained the same constant with another generalization:
he considered digital shifts o,.(k) = (k + r) (modb) for the sequence of permutations
Y = (o0,) which, in the case of b = 2, reduce to the shift 7 like our permutation 7,
(of course, White did not use our terminology here). Hence, in this case, his sequence
is o = (id,7,id,T,---), a special case of our formula in Theorem 4. Of course, the
remaining terms in the O-notation are not the same since White needs integers n of the
form n = bm + 1 with the shifts he uses. It should be interesting to obtain an analog of
Theorem 4 for such shifts in base b.

We also obtain a generalization of [13, Corollary 2] for general b. We remark here that
there is a little inaccuracy in the statement of [13, Corollary 2]. The correct result can
be obtained by setting b = 2 in the subsequent corollary.



Corollary 5 For any real x > % we have

Y

1
: 502 — 1)

n—oo on

 #{o e lid ) La(Hg,) < Vi) 2®<¢nwwt4w-nu3+%%>_l

where

1 Y t2
B(y) = %/ e dt.

Proof. We denote the right hand side of the formula in Theorem 4 by dy(n,[). Then we

have #{o e {id, 7}" : Ly(HF,) < zy/n} _ 1 i <n>

on omn I

=0

VA <eva
We have /dy(n,l) < x+/n if and only if a,(x) <1 < b,(z), where

S 6b—3b" /5562 — 360072 — 906272 + nb2 (720072 — (b2 — 1)(13 + 3?))

@) = 55 o 10(62 — 1)bm

(e i Py BB /5562 — 360672 — 906272 + b2 (7200227 — (b2 — 1)(13 + 362))
S R N> 1002 — 1)bm ‘

Therefore (at least for n large enough)

#{o e {id,7}" : Ly(Hg,) <zv/n} 1 n

an(m)glgbn(w

For « > % we have
. ap(T) — % 7200222 — (b2 — 1)(13 + 3b?)
lim ——=—= =~ 212
SN 57— 1)
and
bn _n 2 2,2 _ (h2 __ 1)(1 2
fim (x)n 5 720b%x (b2 )2(3+3b)
n—o0 \/E 562 — 1)
and the result follows from the central limit theorem. O

4 Preliminary results

In this section we will provide all necessary tools for the proofs of the presented theorems.
As already mentioned they are based on a detailed study of the discrepancy function of
generalized van der Corput sequences in [2, 4, 6]. In the following Lemma 1 we will show
the basic connection. Before we can state this result we have to introduce some notations.



Like for plane sets, we first define the discrepancy function for (finite or infinite) one-
dimensional sequences X = (x,/). Let N > 1 be an integer and [«, 3) a sub-interval of
[0, 1]. Then the discrepancy function is the difference E([a, 8); N; X) = A([e, 5); N; X) —
N(B — a) where A([a, B); N; X) is the number of indices M (1 < M < N) such that
xy € |, §). When ao = 0, we write E([0,5); N; X) =: E(3, N, X).

Let ¢ be a permutation of {0, 1,...,0—1} and let Z7 = (¢(0)/b,0(1)/b,...,a(b—1)/b).
For h € {0,1,...,b—1} and = € [(k — 1)/b,k/b) where k € {1,...,b} we define

o v A0, h/b): k; 20) — ha if0<h<olk—1),
Ponlw) = { (b—h)x — A([h/b,1); k; 27) ifo(k—1) < h <b.

Further, the function 47, is extended to the reals by periodicity. Note that ¢7, = 0 for
any o and that ¢7,(0) = 0 for any o and any h.

These functions are the basic tool for the study of generalized van der Corput se-
quences.

For o = id we will simply write ¢y, instead of <p§)flh. In this case we have

[ (b=h)x ifxe]0,h/b],
Pon(T) = { hl—=) ifze[h/b1]. (5)

Lemma 1 For integers 1 < A\, N < b"™ we have
AN _ "\ o, (N
E (b_”’ b_n’Hb,n) == Z¢b75j (g) 9
7j=1
where the ¢; = ¢;(A\,n, N) are given as follows:
For1 < X\ < b™ with b-adic expansion X = A\ b" L4+ Xob" 24+ - -+ Xy 1b+ Ny, we define
Aj—l - )\jbn_j + tee + )‘n

Hence A = \b" 14+ 4 >\j_1bn_j+1 + A
Then, for 1 < N < b" with b-adic expansion N = N,_1b" 1 4+ .- - 4+ Ny, we define

Vi = O'j(Nj)bn_j_l +- O'n_g(Nn_Q)b + Un—l(Nn—1>-

Now we set €, = N\, and for fited 1 < j <n —1 we set

0 ZfOSA]_l Sl/j,
gi=4q h frj+(h—1)0""7 <Ny <v;+hb"7, for1 <h<b,
0 Zf Vj + (b — 1)bn—j < Aj—l < prit,
For A =b" we sete; =0 for all 1 < j <n and also for N = b".

Proof. A point (SbE(M ), %) of the set ‘Hy, belongs to the two-dimensional interval
[0,\/b™) x [0, N/b") if and only if

0<SF(M)< A" and Me{l,...,N},



(recall from the definition of Hf, that ¥ = (oy, ..., 0,1,4d,id, ...) and o = (00, ...,0,1)).
Hence A([0, A\/b™) x [0, N/b"), Hb ) 1s exactly the number of elements among the ﬁrst N

elements of S;* which belong to the one-dimensional interval [0,\/b") i.e., from the nota-
tions above, A([0, \/b"); N; S&) =: A(A\/b", N, Si*). Now we have

AN § AN
E(b—n,b—n,Hbm) = A\/V",N, Sb)—b o
n % A A P

the discrepancy function of the first N elements of the generalized van der Corput sequence
in base b. It was shown in [2, Lemme 5.2] that

A ", (N
(pvs) St (3)
7=1

and that the ¢, are as in the statement of the lemma (see [2, Lemme 5.3]). See also [6,
Lemma 6.2 and Lemma 6.3].

For A = b" the formula is trivially true with ¢; = 0 for all 1 < j < n (since
E(1, X, gn) N — N = 0) and for N = 0" also since again both terms are naught

(E (2,1, HY n) = A — A =0 and the functions ¢ are zero on the integers). O

Remark 3 Let 0 < z,y <1 be arbitrary. Since all points from H;;n have coordinates of
the form a//b" for some a € {0,1,...,0" — 1}, we have

E(x,y, Hy,) = E(x(n),y(n), Hy,) + b"(z(n)y(n) — zy),
where for 0 < z <1 we define z(n) := min{a/0" >z : a € {0,...,0"}}.

Remark 4 It follows from (5), Lemma 1 and Remark 3 that for the classical Hammersley
point set for all 0 < x,y < 1 we have

E([L’, Y, Hb,n) 2 0

Lemma 2 For 1< N<V", 1<j1<p<...<jg<nandry,...,r, € N we have

b r1 Tk
JJl 93 N __1n—k O—j17(7’1) N T+ (Tk) N
(5 () () - () ().

o, (r b—
where Sob( " : h= B(@b h) .

Proof. We have
b o N 1 - N Tk
Z Poe )\ pir P00\ e
A=1
b—1 r r b"
i1 N ' g N *
-z @) i) X o
hi,....;hi=0 A=1

""" {Xie5, (V)=hy , 1<I<k}



Hence it remains to show that, for given hq, ..., hy € {0,...,b — 1} we have

b

Z 1=0v"""

A=1
{iej,(N=h;, 1<I<k}

This will be shown by induction on k. For & = 1 and 2, the proof is given in [2, 5.4] and
[6, 6.5]. For the sake of completeness we give the whole proof.

Let k = 1 (for short we will write j instead of j; and h instead of hy). For a fixed
7, the set {1,...,b"} of X’s is divided into b"7*! classes, each with 1/~ elements, where
A;_; is constant (see Lemma 1). We have to count the number of A’s for which we have
£;(A) = h i.e the number of X’s for which we have v; + (h — 1)0" 7 < A;_; < v + hb"™I
in the case of h # 0 and 0 < Aj_; <wjor v+ (b—1)0"7 < Aj_; < "% in the case of
h = 0. Hence, for A;_; we have b" 7 possibilities and for the digits Aq,...,\j_1 we have
»’~! possible choices. Therefore, the number of A € {1,...,b"} for which £;(\) = h is
given by 0”7/ ~! = b"~! independent of the value of h.

Let k& = 2 (for short, we write j’ for 7; and j for j;). For fixed j/ < j, each class
above is itself divided into #~!77" subclasses with »'~! elements each, where A;_; is
constant. Thus for any h and b’ € {0,...,b — 1}, we have ¢;(A) = h and ¢;;(\) = ' for
br=ipi =13 " =1 = p"=2 values of A, independent of the values of h and /. i.e we have

b’!L

Z 1=b""2

A=1
{xiej, (N)=hy,1<1<2}

k —1 — k: Continuing step by step the decomposition into subclasses as before, from
Ji to jo, we finally divide the subclasses corresponding to j, into #271791 more subclasses,
each with b1 ~! elements, where A;, _; is constant. Since this decomposition is independent
of the values taken by €;, () (see Lemma 1), we have

b" b"
E 1= E 1.
A=1 A=1
Asej, (M)=hy, 2<I<k} {Asej, (N)=hy, 2<I<k}
€51 N)=u €51 M)=v

Therefore, by the induction hypothesis, we obtain the formula we looked for:

b b—1 bn bn
by = > 1= > 1=b > 1.
A=1 u=0 A=1 A=1
{Niej, (M=, 2<I<k} Asej, (A)=hy, 2<I<k} Ase5, (M)=hy, 2<1<k}
ej, M=u 51 (N)=hy
Ending the proof of Lemma 2 is then straightforward with the definition of @Z’(T). O

Remark 5 For » = 1 we will write ¢7 instead of @Z’(l) for simplicity, and if o = id we

will write " instead of "), For r = 2 the function ¢]"*

¢y from [2] and [6].

is the same as the function
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Lemma 3 For x € [%,k—f],OSka—l, we have

o) = b(b — 22k —1) <1’ B %) n k(b2— k)
and
<P1()2)(1’) —(1- a:)2 k(k + 1)6(2k +1) e b—Fk)b—k —61)(2b — 2k — 1).

Proof. Let « € [k/b, (k+ 1)/b]. Then we have x € [0,h/b] for h € {k+1,...,b— 1} and
x € [h/b,1] for h € {0,...,k}. Hence

k b—1

b(b—2k—1) k k(b—k)
(@) =D h(l—2)+ > (b—hr=——T— (x_g) T
h=0 h=k+1
and
k b—1
(@) = > -+ ) (b—h)*?
h=0 h=k+1
_ A D@ERY (- Rk 1)@b—-2k 1)
6 6
O
Lemma 4 For any h € {O, b — 1} we have <PbT,h = —wé[,ib_h. Furthermore we have
id,(r) —(—1) 7,(r)
b (=1)"p .

Proof. First we note that Z] = (b%bl, ey %, 0). Hence, for the counting function A(Y; k; Z])
we have

I 1 if Y =[0,2) and0<h <b—k,
A(Y’k’zb)_{b—h if Y =[21) andb—k < h<b.
Therefore
o= ~he if € [0, 5],
PerE = (b= h)r— (b—h) ifxe [B21],

and the first result follows from a comparison with Eq. (5). The second result follows
easily from the first one (note that ¢7, = 0 for any o). O

Lemma 5 1. For1<p <jpp<...<jgr<nandry,...,rx € N we have

o (N ro (V) o (7 =D\
2o ) e ) = (T

b . .
N 502 + 2b% + 2p20+1D)
E (2) _ in/12

12



Proof.

1. We show this part of the lemma by induction on k.

Let k = 1 (for short we will write r instead of r; and j instead of j;). Let N =
No+ Nib+ -+ N,,_1b" ! be the b-adic expansion of N € {0,...,0" —1}. Then we
have (recall that ¢\ (0) = 0 and ¢\ is 1-periodic)

pn pn—1

w (N w (N
Sl () = T (3)
N=1 bj N=0 bj
= bi ) (No+ - 4 Ny
- (pb bj
No,..., Np—1=0
b—1 -
_ o () (Not -+ Njat
- Y (R
No,...;Nj—1=0
b—1 b—1 .
B I Ny+-e ot N b2
= I () - : J
> YA ;
No,....N;_2=0 =0
b—1 b—1 :
B I Ny+-e ot N2
< by : Y
< 3 ( Al -
Nos...,Nj_5=0 \1=0

with equality if » = 1. For any Ny, ..

No+-+N;_ob7 2

)

N2 €{0,...,b— 1} we have

)

No+:+4Nj_obl =2

Ly o € [1/b, (I+1)/b] and hence, with Lemma 3 and x := - ,
b—1 b—1
l B b(b—20—1) I(b—10\ b*—1)
Z%(B—l—x)—Z( 5 T+ 5 = o
1=0 1=0
Therefore we have .
o (VY o (00 =D
2% (bj) = ( 12
N=1
with equality if r = 1.
k—1— k: We have
b bpr—1
N N N N
(r1) (rk) _ (r1) (rk)
S ()t () = A () ()
N=1 N=0
b—1 :
n— T N0+ '+N'—lb]1_1 r N(]+"'+N'_1bjk_l
— ik Z %1)( o g1 )%k)( bjk]k
No..Nj, ~1=0
b—1 — 1
_ e () ((No+ -4 Njy 10" (reey) ((No+ o+ Ny
— prik Z oy ( o Rt -
Noj..Nj, ~2=0
b—1 —_—
(rg) E No+---+ Njk_gbjk
X ; o, (b + o .

13



As above we have

b—1 ; .
I No+---+ N, b2 b(H? — 1)\
(rk) 0 JE—2
> @, (5 + b ) = < 12

=0

with equality if r, = 1. Hence
bn
XA (5 ) " (%)
N=

Sb”“<(w )

x b bi P b]k—l
No,....Nj, —2=0
b(b* — 1)\ = () (N m [ N
— -1 1 Thk—1
-0 < 12 2o g ) e it )

N=0
Now the result follows by using the induction hypothesis.

2. By using the periodicity of gpl()z) we obtain

b N b—1 (k+1)b7~ N
> e (3) - wz@ ()= > @gﬂ(y).

N=1 k=0 N=kbi—141

For k1 +1 < N < (k+ 1)V~ we have k/b < N/ < (k+1)/b and hence we can
use Lemma 3 to obtain

Ni:l%(f) <bga) _ b"]bzi Uf%:bj ' [(1—5) k(k+1)6(2k+1)

k=0 N=kbi—141

N\? (b—k)(b—k —1)(2b— 2k — 1)
*(ﬁ) ]

6
50% + 2b% + 2020+
. n(p2
= -1 180b27+1
O
5 The proof of Theorem 1
The following key-lemma can be considered as a discrete version of Theorem 1.
Lemma 6 We have .
1 AN b —1
—_— E —_— —_— pu—
2 <b"’ b"’Hb’"> "1 (6)
AN=1
and
bn 2 2
1 AN b —1 bt 100 — 13 1 1
— ElZ L " =n? — ———. (7
2 ( (b"’b"’Hb’ )) " ( 120 ) e e s 7

A N=1

14



Proof. We have

~ AN n b N - n b N
Z FE (b—n, b_n,Hbm) = : S0b7€j (5) = 1 Z Z ©b (b_J)

A N=1

where we used Lemma 1, Lemma 2 and Lemma 5. Thus Eq. (6) follows.
Eq. (7) is a special case of the second assertion in the subsequent Lemma 9 (just
choose [ = n) and so we omit a direct proof at this place. O

Now we can give the proof of Theorem 1.

Proof. Using Remark 4, Remark 3 and Lemma 6 we have

1 1
Li(Hppn) = //E(x,y,Hb,n)dxdy

://’ n), Hyn) + 0 (@(n)y(n) — vy) d dy

b™ 1 1
>\ N 1 AN
= E n — —— =" d d
b —1 1 1
2 Tzt

= n

The result for the Ly discrepancy is a special case of Theorem 4 (just choose | = n)
and so we omit a direct proof at this place. O

6 The proof of Theorem 2

Again, we provide a discrete version of Theorem 2.
Lemma 7 For any p € N we have

bn
1 AN p B —1\" .
D (E (b—n,b—n,m,n)) znp< 0 ) +O0(n"™).

\N=1

Proof. With Lemma 1 we have

S () - SIS ()

A N=1 AMN=1u=1j,=1

n b b"
= X S () e ()

15



For (j1,...,7p) € {1,...,n}Plet vy,..., vg be the different j,’s, where k = k(j1, ..., jp),
such that vy appears r; times, ..., v, appears r; times. With Lemma 2 and Lemma 5
and invoking the fact that ry + --- + r, = p we obtain

v N N & N (N
Z Z@b,eh (E) T Pbey (bJ_P) = Z Z‘pbavl (le ...Spbf}% <ka)

N=1 =1 N=1 X=1

b’!L
_ nek i) [ NV
=} Z (bvl) e & (ka)

b2k (M)p

IA

12

b =
AN P (b0 =D\ o 1
> (E (b_”’b_"’Hb’n)) = (T) DV ) )

A N=1

Hence

Let us denote the number of tuples (ji,...,J,) € {1,...,n}? such that k different j,’s
occur by #(p, k,n). This is the number of mappings from {1,...,p} to {1,...,n} such
that the range has cardinality k. It is well known from combinatorics that the #(p, k,n)
are closely related to Stirling numbers of the second kind, S(p, k), via

#(p, k,n) = k! (Z) S(p, k).

This follows easily from the fact that the number of surjective mappings from {1,...,p}
to {1,...,k} is given by k!S(p, k). (Recall that for p, k € N the Stirling number S(p, k)
of the second kind is defined as the number of partitions of an p-element set into k
non-empty subsets (hence S(p,p) = 1). A well known formula states that S(p, k) =

& oo (=17 () (k= r)r)

Therefore we obtain

1 L
> VG sz—k#(p,k,n)
' k=0
p

e (k)sm s

k=0
- L k! P,k
= P p P _'_Zﬁ )
1
< pr(n(n— 1) (n—p+1)+(nn—1)(n—p+2))ey(p)
_ 1
- pr + O(np )7
where c;(p) :== > 1_y 25 (p, k). Inserting this bound in (8) leads to

iN: < < ’))pgnp <b212_bl)p+0(np_l)' ®)

16



On the other hand, using Lemma 2 and Lemma 5, we have

b’!L

1 AN P 1 & v N
T Z (E (b—n,b_n,Hb,n)) > an Z ZZ%% (bjl)...apb,sjp (pr)

AN=1 J1s-mdp N=1 A=1

JuFjv
n b"
1 (N N

= Z Nz:lb o (m) T Pb (pr)

F1seees Jp

Ju#jv
_ 1 - 2n—2p b(b2 _ 1) !
N b?_n lejP b ( 12

Ju#jv

Now the result follows from (9) and (10). O
Now we can give the proof of Theorem 2.

Proof. From Lemma 1, Remark 3 and Remark 4 we obtain

( an / / $%an pd[lj’dy

/ / n), Hyn) + 0" (z(n)y(n) — zy))? dv dy.

With Lemma 7 we find

) 2 [ [ e,y 2o aray

AMN=

On the other hand we have

Lty = [ 1 / 1 Z (p) (Ba(n), y(n), Hyn)* - (07 (x()y(n) — a9))~* dady

< / / (2(n), y(n), Hy.n))P da dy

+/0 /01 pzi (p) (E(x(n), y(n), Hyn))" - 27" dw dy,

k=0 k

17



where we used the fact 0 < z(n)y(n) — 2y < % — z=. With Lemma 7 we obtain

Ly(Hyn))” < n” (b212—b1)7’ +O0(nH) +§ (Z) (nk <b212_b1)k + O(nk‘1)> op—Fk

- (bi;bl)p + O, (12)

Now the result follows from (11) and (12). O

7 The proof of Theorem 3

The following lemma is a discrete version of Theorem 3.

Lemma 8 Let p € N. Then we have

b

b3 A () -

oc{id, 7—}" A N=

for odd p, and

21 2. i < < Hg’”))p = <b21;1)p(p/2];§ S+ O,

oc{id, T}” AN

for even p.

Proof. We have

2 FECGE)

aE{sz}”
: s (5 ) = ()
Ly EE s () (X
2 (00, on,l)e{id;}n Pt P SN
n bn o un
_ 1 1 0J1 1 Tjp—1 N
RIPNETP DI BB 5 ) (5 )
Lseeos p= O yeeny Unl a, T

For (j1,...,Jp) € {1,...,n}? define vy,..., v, k = k(j1,...,Jp) and r,..., 7% as in the
proof of Lemma 7. Then, using Lemma 2, we obtain

b b™ r Tk
Oj1—1 N O'jp,1 N . Oy —1 ! Ovyp.—1 N r
o () s () - e (@) - ()
A=1 A=
ek o) (N o) [ N
= () (5

From Lemma 4 it follows that cpZ’(r) = (- l)rgpl(f) For 1 <7 < n we define
5 = 1 if 0,1 =T
10 ifol; =dd.

18



Then we have

n—k vy —1,(r1) N vy, —1,(Tk) N n— Spq 1+ +Su, T r N r N
b k‘:pbl 1,(r1 <le>(pbk LTk <ka):b k(_1> 1Tt kkgoél)(M).”(pl()k)(ka .

We have

1 Sy T1t Sy, T 1 - SvTi
o (=1)*= o ThE — _kH Z (—1)%uirs

(00,5 _1)efid,T}n i=1 oy, —1€{id,7}

and for each 1 < i <k,

Z (—1)%mi = 2 if r; =0 (mod 2),
L 0 ifr; #0(mod2).

oy, —1€{id,T}
Thus,
1 vt Sy, T
SrRRED DR GV AU (PN
(00,...;,0n—1)€{id, T}
where f(r1,...,r) is one if r; is even for all 7 € {1,...,k} and zero otherwise.

If p is odd, it is impossible that all r;, i € {1,...,k} are even, since r{ + -+ ry =p
Thus the result follows for odd p.

From now on assume that p is even. For (ji,...,7,) € {1,...n}? we have
b
1 o o1 [ N
N Sy () e ()
(00,-s0n—1)e{id, T} N=1 A=
b
) (N my (N
_ f(T’l,---,T’k)an kgpé ) (le) ...(pl()k) (ka)
N=1
b —1)\"
< flry, . r)bP (%) ,

where we used Lemma 5 for the last inequality. Therefore we obtain

SORNCCE L)

o'E{zd T}

1 - 22k ((PO7 = 1)\"
= 2, pe 12

G1seip=1
T1heees rp=0( mod 2)

b(b?> —1)\” a 1
- ( 12 ) ) Z b2k(1se-dp)

T1seens 7 =0 ( mod 2)

Note that 7,...,7, can only be even if k < p/2. If k = p/2, then the number of tuples
(J1s-- - Jp) € {1,...,n}? such that p/2 different j,’s occur and each of them occurs two

times is given by 21,;2 (p72) (This follows from the fact that the number of mappings

f:{1,...,p} = {1,...,p/2} such that |f~'({i})| =2 for all i € {1,...,p/2} is given by
2p/2)
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Again we denote the number of tuples (ji,...,j,) € {1,...,n}? such that k different
Ju’s occur by #(p, k,n). Then we obtain

SORNCCEE

" el

T () o)

_ ( ) T <p72) + (@)wgl b%k' <k) S(p, k)

< ( ) (n—1)-- (n—p/2+1)(p/21))ﬁ
<T1)) n(n—1)---(n—p/2+2)e(p)

where ¢,(p) = S0 L S(p, k). O

Now, we can give the proof of Theorem 3.
Proof. From Remark 3 it follows that for all 0 < x,y <1 and all n € N we have
Bla(n), y(n), Hg,) < Blr,y,Hg,) < Bla(n),y(n). Hg,) +2
For even integers p, the function z — 2P is convex and hence it follows that

max{(E( (n),y(n), an)) ,(E(x(n) y(n), Hy ) +2)p}

(E(z,y,Hy,))" :
(Bla(n),y(n), )" + (B(a(n), y(n) Hg,) +2)".

Now we have

an / / xvabn pd[lfdy

/ [(Bla(n), (), H5,))" + (E(e(n). y(n). Hg,) +2))7] dedy

IN

B / / Wy, Zv)”g@ (E<x<n>,y<n>,Hgn>)lzp—l] dz dy
e D) SO £ (e )

\N=1
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+120(Zl’)2p—1 . Z ( (b” " ba"))

ae{zd T}

v —1\" p!
< 9 p/2 p/2—1
< ( 2 ) Groren” O

by Lemma 8. O

8 The proof of Theorem 4

The following lemma is a discrete version of Theorem 4.

Lemma 9 Let o € {id, 7}" and let | to denote the number of components of o which are
equal to 1d. Then we have
b’!L
1 AN v’ —1
- Fl—. — a =— (2l —
b2n Z (bn’ pn’ b,n) 12b ( n>
AN=1

and

i i s i E " 2 B Inb2(n+2) _ opp2n +5b2(n+1) — 5p2
b A= pn’ pn’ 0 B 1802 +2n

4 <b212_bl)2 (n — 20)2 — n).

Proof. We just give the (more involved) proof of the second formula. Using Lemma 1 we
have

1 AN o\ oi oj1 (N
w2 () - w2 2 (5)4 ()

AN=1 A N=11,j=1

CAEEE ()

Zéjiﬁ et (3) 95 (5):

#Jj

By Lemma 2 we have



and for ¢ # j,

bn
_ N . N . N . N
Oi—1 _ Jj—1 _ :bn—Z Oi—1 _ Oi—1 R
S (i) (3) - (5) 2 ()

Therefore we obtain

2 2 n b
1 AN L 1 e (N
B D (E <b_n’b_n’Hb7”>> = 22T (b—)

A N=1

ij=1 N=1
i#]
id7(2) I 7—7(2) id __ _ AT 3
From Lemma 4 we find that ¢, " = ;" and ;" = —¢}. Let again
5 — 1 if O,-1—=T,
v 0 if O;,—1 = id.

Then we obtain

b 2 n b
1 AN 1 et (2) N
pn Z (E (b_nvb_n7 bn)) = Ton : b Pp v

A\ N=1

Using Lemma 5 we obtain

n b
n— 9 (N onb2(nt2) _ opp2n 4 5p2Antl) _ 5p2
S () -

— 18002
and o )
N N b(b? —1) 5
(1)) - (5 v
— b b 12
Hence
i i E i E " 2 B 2nb2(n+2) — b +5b2(n+1) — 5p2
b2 pn’ pn’ 0 B 1802 +2n
A\N=1
P—-1\> <& -
+< 120 ) 2(_1) .
i
We have

Z(—l)si“j = <Z(—1)Si> —n=(n-20)*—n,

i
and the result follows.
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Now, we can give the proof of Theorem 4.

Proof. We have

(La(HE,))? = / / (2,9, HZ,) dz dy

= / / HE,) 40 (a)y(n) — )’ dody
AN 2
> <E<b o ”))
AN=1
n AN
+2b Z/ / (b" g )(b—nb—n—xy) dx dy
AN=1
2
2n ALY
AN=1
= Zl‘l‘ZQ‘l‘Zg.

From Lemma 9 we find that

2nb>" ) — 2" 4 562D — 5p2 (H — 1
b 180p2+2n ( 120

Straightforward algebra shows that

)2 (n —20)* —n).

dig =

o (14 180" +250°")

So it remains to deal with >5. We have

"
P = g 3 E ()
o 3 E(bin . an) (2A—1)(2N — 1)
AN=
1 « AN 1 — AN
- WAWZZI(A+N)E (b—n,b—n,ugn) _%szzlE(b” bn,an)
= Y4 — Xs.

From the first part of Lemma 9 we obtain

2 = bi" 6212_51 (l - g) ‘

We finally have to consider >,. We have

b’!L
AN
S, = b4n Z \E (bn bn,an) T > NE (bn bn,an)
AN=1 AN=1
1
= b4n(241—|—242)
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We have

n

D> NZ i (5) = e :z;szb (5).

i=1 N=1

where we used Lemma 2 and the definition of the s; from the proof of Lemma 8. Now we

have
pr—itl_1 (k4+1)d7

" N N
> va(N)- T z va(d)
N=1 k=0 =kbi—141

For 0 < k < b7+ let k = ¢gb+ r with integers 0<r<b—1land0<gqg<0b"7. Then for
kbt +1 < N < (k+ 1) we have /b < N/b — q < (r + 1)/b. Using the periodicity
of ¢, we therefore obtain

bn b—1 b9 -1 qbI+(r+1)b7 N 262—1
S¥a(p)- % S (5 —) =

r=0 ¢=0 N=qbifrbi—141

where we used Lemma 3 for the last equality. Hence

. onb? — 1 b — 1 n
24’2 —pnt Z(_l)slb2n o — p3n—1 - (l - 5) .
=1

It remains to compute ¥4 ;. We have

Hy
_ UO(aO) +oeeet Un—l(an—l) Ap—1 4t @ a a c {O h— 1}
b bn ) b bn - W0y ey Un—1 9ttty
-1 -1
Z Tno1 Opq(Tno1) oy (o)
= ... : _ .,b—1
{<b+ = 7 et o, .-, Tn-1 € {0,...,b—1} ¢,

with (o0, ...,0,_1) € {id, 7}". Note that for o € {id, 7} wehaveo = o~ '. Let g : [0,1]* —
[0, 1] be defined by g(z,y) = (y, ) and for o = (0y, ..., 0,_1) define 6* = (0,1, ..., 00).
Then we have found that

Hiw =9 (M)

Therefore we obtain

Z AE( an) Z AE( 9 ( b;))

A N=1 AN=1
b’!L
b? —1 n
_ 13n—1 v
ZAE( ng")_b 12 (l 2)’
AN=1

where for the last equality we could use the formula for ¥, since both o and o* have
the same number [ of components equal to id.
Now we obtain the desired formula from

1
(L2(H,))? =31 4 o (Sa1 + Su2) — 0" S5 + s

b3n

The evaluation of this sum is a matter of straight forward calculations and hence we omit
the details. O
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