L4 Discrepancy of Two-Dimensional
Digitally Shifted Hammersley Point Sets
in Base b

Henri Faure and Friedrich Pillichshammer

Abstract We give an exact formula for the Ly discrepancy of two-dimensional
digitally shifted Hammersley point sets in base b. This formula shows that for
certain bases b and certain shifts the Ly discrepancy is of best possible order
with respect to the general lower bound due to Roth. Hence, for the first
time, it is proved that, for a thin, but infinite subsequence of bases b starting
with 5,19,71,..., a single permutation only can achieve this best possible
order, unlike previous results of White (1975) who needs b permutations and
Faure & Pillichshammer (2008) who need 2 permutations.

1 Introduction and Statement of the Results

For a finite point set P = {x1,...,&xn} of N > 1 (not necessarily distinct)
points in the unit-square [0, 1)? the Lo discrepancy is defined by

L@ = ([ 1 / B PP e dy)m,

where the discrepancy function is given as E(z,y, P) = A([0,z) x [0,y),P) —
Nazy, where A([0,x) % [0,y), P) denotes the number of indices 1 < M < N for
which &y € [0,2) x [0,y). The Ly discrepancy is a quantitative measure for
the irregularity of distribution of P, i.e., the deviation from perfect uniform
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distribution modulo one, which has a close relationship with the worst-case
and average-case errors of quasi-Monte Carlo integration of functions from
certain function classes. An introduction to the theory of uniform distribution
modulo one and the discrepancy of sequences can be found in the books
of Kuipers & Niederreiter [11] or of Drmota & Tichy [3]. Concerning the
relationship between Lo discrepancy and quasi-Monte Carlo integration we
further refer to [16, 19, 20] for example.

It was first shown by Roth [15] (see also [11, Chapter 2, Section 2]) that
there is a constant ¢ > 0 with the property that for the Lo discrepancy of
any finite point set P consisting of N points in [0,1)? we have

Ly(P) > ¢y/log N. (1)

In this paper we will consider the Lo discrepancy of so-called digitally
shifted Hammersley point sets in base b with " points. These point sets form
a sub-class of generalized Hammersley point sets in base b (the Hammersley
point set is also known as Roth net for b = 2), which can be considered as
finite two-dimensional versions of the generalized van der Corput sequences
in base b as introduced by Faure [5].

Throughout the paper let b > 2 be an integer and let &; be the set of all
permutations of {0,1,...,b—1}.

Definition 1 (generalized Hammersley point set). Let b > 2 and n > 0
be integers and let X' = (09,...,0,-1) € &}. For an integer 1 < N < b,
write N — 1 = Z:;(} ar-(N)b" in the b-adic system and define S;"(N) :=
Z:L;Ol %. Then the generalized two-dimensional Hammersley point set
in base b consisting of b™ points associated with X' is defined by

Hy, o= {<SbE(N),Nb;1> S 1 gNgb”}.

In case of o; = o for all 0 < 7 < n, we also write Hl‘)”n instead of H,fn. If o=
id, the identical permutation, then we obtain the classical two-dimensional
Hammersley point set in base b.

Exact formulas for the Lo discrepancy of the classical two-dimensional
Hammersley point set ;% in base b have been proved by Vilenkin [17],
Halton & Zaremba [9] and Pillichshammer [13] in base b = 2 and by White
[18] and Faure & Pillichshammer [8] for arbitrary bases. These results show
that the classical Hammersley point set cannot achieve the best possible order
of Ly discrepancy with respect to Roth’s general lower bound (1).

The first who obtained the best possible order of Lo discrepancy for finite
two-dimensional point sets was Davenport [2], with a modification of so-called
(Na)-sequences (« having a continued fraction expansion with bounded par-
tial quotients), more precisely with the set consisting of the 2M points
({£Na}, £) for 1 < N < M where M is a positive integer and {z} de-
notes the fractional part of x.
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Next, observing that {—Na} = 1—{Na}, Proinov [14] obtained the same
result with the same set where generalized van der Corput sequences take
the place of (Na)-sequences and he named this process symmetrization of a
sequence. Later on, the same process was used by Chaix & Faure [1] for infi-
nite van der Corput sequences (improving at the same time the constants of
Proinov) and by Larcher & Pillichshammer [12] for (0, m, 2)-nets and (0, 1)-
sequences in base 2. It is important to note that all these results using the
symmetrization process give the exact order with bounds only for the im-
plied constants whereas in the following, with various cleverly generalized
Hammersley point sets, different authors obtain exact formulas and hence
exact values for the implied constants.

Below we first give a survey of results concerning generalized Hammersley
point sets with best possible order of L, discrepancy together with some
comparisons between the methods, showing the interest in considering only
one permutation, i.e., a single sequence Hy ..

First results were available in base b = 2: Let id be the identity and
idy (k) := k+1 (mod 2) be the digital shift in base 2; then Halton & Zaremba
[9] and later, in a much more general form, Kritzer & Pillichshammer [10]
gave sequences of permutations ¥ € {id,id;}"™ (although they did not use
this terminology), for which the generalized Hammersley point set HQE’n in
base 2 achieves the best possible order of Lo discrepancy in the sense of Roth
(1). For more detailed results we refer to [10].

Results for arbitrary bases were first given by White [18] who generalized
the result from [9] in a certain way. He considered sequences X' of the form

Y = (ido, idy, .. ., idy_1,ido, id1, .. ., idy_1, ...) (2)

of length n where id;(k) := k 4+ 1 (mod b) for 0 < I,k < b (White did not
use this terminology). The permutations id; are called digital shifts in base b;
they are natural generalizations of the digital shift in base 2 used by Halton
& Zaremba and Kritzer & Pillichshammer. For this specific J', White gave
an exact formula for the Lo discrepancy of the corresponding generalized
Hammersley point set. Essentially this formula states that

(b? —1)(3b% + 13)
72002

(La(H57,))" = n +o() 3)
whenever X' is of the form (2).

Setting b = 2 in this formula gives the same sequence as in [9] and the
simplest sequence in [10], that is X' = (ido,id;,idg,idy,...), with the same
constant 5/192. Note that we need only two permutations and therefore the
formula for base 2 starts being valid for integers n > 2, that is, sets of 22 = 4
points at least, which is very few.

The problem for arbitrary b is that we need n > b, i.e., sets of b* points at
least. Even for small bases like b = 10 the property requires sets consisting of
more than 10! points which is far away from usual numbers of points allowed
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in quasi-Monte Carlo simulation. If we want to use generalized Hammersley
point sets in applications (image-processing, optimization of printers for in-
stance), we must find a better way than White (in fact White used a trick
due to Halton & Warnock, see [18, p. 221]) to improve the Lo discrepancy of
the original Hammersley point sets.

Another approach consists of using the so-called swapping permutation T
defined by 7(k) = b—k — 1, for 0 < k < b, instead of shifts (the term
swapping is introduced and justified in [6] and [7, Section 2]). Applied to the
Lo discrepancy of Hammersley point sets, this generalization gives formula
(3) with the simplest sequence X = (idg, 7,idg, 7, ...) in arbitrary bases. We
refer to [8] for detailed proofs together with extensions to the L, discrepancy.
Once again, we need only two permutations but our results are valid for
arbitrary bases whereas Halton & Zaremba and Kritzer & Pillichshammer
deal only with base 2. We also remark that in base 2, shift and swap is
the same permutation, so that [8] fully generalizes the results of [9] (for Lo
discrepancy) and [10] from base 2 to base b.

Now, after White who needs b permutations and Faure & Pillichshammer
who need two, the question arises if only one permutation is enough to get
the same property, i.e., the best order of Lo discrepancy.

In this paper, we consider this question for shifts in base b and we deal
with sequences of permutations of the form X := (id;,...,id;) for arbitrary
fixed integer 0 < [ < b, i.e., with our notation after Definition 1, we study
generalized Hammersley point sets H}fjl. We call such sets digitally shifted
Hammersley point sets in base b. We can prove an exact formula for the Lo
discrepancy of these sets which permits to answer the question above for the
sub-class of digitally shifted Hammersley point sets. The proof relies on the
approach of [8] and uses the fundamental Lemmas 1 and 2 from this paper.
However here, for the first time, we have to manage with true permutations
while in [8] we dealt with identity only (7 being simply a mirror of it); on
the other hand, we obtained more results in this specific case.

Section 2 contains prerequisites and auxiliary results, and Section 3 con-
tains the proof of the following result:

Theorem 1. For the Ly discrepancy of a digitally shifted Hammersley point
set HIY | with integers b > 2,0 <1 <bandn > 1, we have

b,n?
(12 ()

(=1 1b-D\\ 1 n/B*—1 Ib-1)
_<b<12 2 >) _2b"b<12 2 )

n(b?>—1 1b—1) (b —1)(3b*+13) 3 1 1
+b< 2 2 7200 >

8 ' 4bn  T2p2n

If we choose [ = 0 then Hidfl is the classical Hammersley point set and our
formula recovers [8, Theorem 1] and [18, Eq. (15)].
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From Theorem 1 one can see that for certain values of b and [ one can
obtain the optimal order of Lo discrepancy in the sense of Roth (1) with a
single shift. In this case the implied leading constant is the same as in White’s
and Faure & Pillichshammer’s result (3).

Corollary 1. For integers b> 2, 0 <1 < b andn > 1 we have

i, \) 2 (-1 +13) 3 1 1
L id; — — _— = — 4
( 2 (Hbm)) n 72002 T T T (4)

if and only if b satisfies the Pell-Fermat equation b> —3c? = —2 with a suitable
integer ¢ and | = $(b=+c).

All solutions of this equation are given by b+ cyv/3 = £(1++/3)(2+3)™
with m € Ny.

Proof. Of course Eq. (4) holds if and only if 1721751 = l(bz_ D and this is equiva-

lent tol = % (b +4/ 1723-1-2> Since [ is an integer this is equivalent to ”Z)T” =c?

for some integer ¢ or equivalently b — 3¢c? = —2. Note that all solutions (b, c)
have to consist of odd b and ¢ only. This is in accordance with the fact that
= %(b =+ ¢) is an integer.

For z = z 4+ yv/d and its conjugate Z = = — yv/d we write N(z) = z -z =
22 — y2d. It is known (see, for example [4]) that the general solution z (if it
exists) of a Pell-Fermat equation N(z) = a can be obtained as the product
of the solution of the special Pell-Fermat equation N(z) = 1, which is given
by z = +(20)™, m € N, where 2y > 1 is the minimal solution, with a special
solution of N(z) = a with 0 < z < z.

In our case we have the minimal solution zg = 2 + V3 and the special
solution 14 /3. Hence, all solutions are given by z = (1 + v/3)(2 +v/3)™,
m € Np. O

The first few of the infinitely many pairs (b, 1) for which Eq. (4) holds are
(5,1), (5,4), (19,4), (19,15), (71,15), (71, 56), (265, 56), (265, 209), (989, 209),
(989, 780), (3691, 780), (3691,2911), ....

Hence, we have proved that for a thin (but infinite) subsequence of bases b
a single shift only is sufficient to obtain the optimal order of L, discrepancy.
Between the necessity of b shifts with White’s method and the few bases
we have found with a single shift, there are surely many other possibilities.
Finding such alternatives will need more investigations and we plan to pursue
this work in the near future.
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2 Auxiliary Results

In this section we provide the main tools for the proof of Theorem 1. The
analysis of the Ly discrepancy is based on special functions which have been
first introduced by Faure in [5] and which are defined as follows.

For o € & let ZJ = (0(0)/b,0(1)/b,...,0(b—1)/b). For h € {0,1,...,b—
1} and z € [(k—1)/b,k/b), where k € {1,...,b}, we define

- _ JA([0,h/b); k; Z7) — ha if0<h<olk-1),
Pran(w) = {(b )z = A(h/b )ik 20) it o(k—1) < h<b,

where here for a sequence X = () p>1 we denote by A(I; k; X) the number
of indices 1 < M < k such that x; € I. Further, the function <pg" 5, is extended
to the reals by periodicity. Note that ¢ ; = 0 and ¢ ,(0) = 0 for any o € &,
and any 0 < h < b.

Furthermore, we define ¢f := Zl;;}) oy, and ¢f = Z;t(wg’h)Q. Note
that ¢f is continuous, piecewise linear on the intervals [k/b, (k + 1)/b] and
©7(0) = o7 (1). For example for o = id we have

i [ (b=h)x ifxe[0,h/b],
Pin(®) {h(l —2) ifx e [h/b1], ()

from which one obtains (see [8, Lemma 3] for details) that for « € [%, %],

0 <k < b, we have

@})d(x) _ b(b — 22143— 1) ( B l;) n k(b; k) (6)
and
%)d@) —a —x)2 k(k + 1)6(2k+ 1) e b-—k)(b-k —61)(26— 2k — 1). ™

From (6) we immediately obtain for y € [0, 1) the equation

b—1 5
I;Jsoid (IZ +y> = % (8)

Sometimes we will use the following property from [1, Propriété 3.4] stating
that

(8.0) (k/b+0) = (h3) (o (k) /b +0). 9)

Here and later on by f/(z + 0) we mean the right-derivative of the function
f at x.

The following lemma gives a relationship between the family of ¢7 , func-
tions with respect to the permutations id and id;.
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Lemma 1. For any 0 < h,l <b and x € [0, 1] we have

1a; i Z i l
%dh( ) = <Pb(,lh <33 + b) - ‘Pb(}h (b) (10)

1d; i l i l
%d( )=<Pbd($+b)—<ﬁbd(b>~

and in particular,

Proof. 1t is enough to show that the equality holds for z = k/b, k € {0,...,b—
1}. Since the functions ¢y j, are continuous and linear on [%, E8l ,0< 7 <b,
invoking Eq. (9) we have
(B 1N () (4 LN (1)
“b.h v "% Z (%,h) b +0) = b (@b,h) b +0
§=0 §=0
k411 .
1 ; (] i k + l i l
b Z (#hn) <b +0> = o (b> — ©Ohh (b>
j=l
as desired. O

The following lemma provides a formula for the discrepancy function of
generalized Hammersley point sets.

Lemma 2. For integers 1 < \,N < V" and ¥ = (0g,...,0n-1) € &} we
have
AN s ", (N
E <bn7bn7Hb,n> - Z@b,ﬂajl (b]) ’
j=1

where the €; = (A, n, N) can be given explicitly.

A proof of this result together with formulas for €; = ¢;(\,n, N) can be
found in [8, Lemma 1].

Remark 1. Let 0 < z,y < 1 be arbitrary. Since all points from Hb‘“jn have
coordinates of the form a/b" for some a € {0,1,...,b" — 1}, we have

E(z,y, Hj,) = E(z(n),y(n), Hy),) + 0" (z(n)y(n) — zy), (11)
where for 0 < z < 1 we define z(n) := min{a/b" >z : a € {0,...,b"}}.

Now we will give a series of lemmas with further, more involved properties
of the functions ¢j ., pf and ¢f. The first result is a special case of [8, Lemma
2] (see there for a proof).

Lemma 3. For 1 < N <b" and 0 < j; < jo < -+ < jx < n we have
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b" ok
ZH(ijgh (Iﬂl) =" kH‘PU“ (bjl)

A=1i=1

and

S (e (3)) = ()

A=11i=1

Lemma 4. For0 < h<k<n and 0 <[ < b we have
N -1 (1)
id id _n id
S (e (i) = (5t ()
Proof. Using Lemma 1 we have
N
id id
e () (5)
" N 1 N 1 N2
_ id (VLY a4V 0 o oid (2

b'ﬂr bn
e N l e N l
id 2 id id E id

N=1 N=1

Let N = Ng+Nyb+- - -+N,,_1b"~! be the b-adic expansion of N € {0,...,b"—
1}. From the periodicity of ¢4 and using Eq. (8) we obtain

" b—1
G (N 1 d (No+ -+ Ny_gb" b 1
id id 0 n—1
E ©p (h+>: E <Pb( A +>
N=1 b b Nos...,Np_1=0 b b
b—1

o g (No+ -+ Nyt 1
DI G
No, 7]\/vh71:0

phto1 b—
_ h Z Z (N th1—|—l)

N=0 Np_1=0

bt 161 b2 1
= Y ‘d(bh ):b” T (13)

N=0 z=0

Similar reasoning as above and noting that h < k gives

"IN I (N
Z@b b7h+5 Sﬁb bk+b
N=1
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bk —1
N 1
_nk id
’ ZS”( )4 (5 +3)
ph—1— b—1
af(N 1 N z
_ 1n—k id id
s () S (X )
N=0

z=0
B2-1%= (N I b2 —1\7
= Kl =4+ =0" . 14
12 o <bh+b> ( 12 ) (14)
N=0
Now the result follows from inserting (13) and (14) into (12). O

Lemma 5. For 0 <k <n and 0 <[l < b we have

id; b4 -1 b(b2 — 1) n sid !
Z¢ ()‘ ( 006 365k >+b % (b)
bn—l

2

I(b—1)(1+b*+1b—1?).

Proof. We have
b—1 2 b1 2
w (N w (N w (N 1 w (1
bdl (bk) = § (‘szﬁ <bk>) = E (‘Pb(,lh (bk + b) - Lpb(,lh (b))
=0 h=0
_ (N id 1 9 = id (N LY sa (!
= ¢ )T Py 5~ hEZO Yon e T3 ) only )

By using the periodicity of qﬁ})d we obtain
b b—1 (1"
(N 1 g4 (N
id k k id
okt (Gr+g) =0 2¢ (D)3 TY w ()
N=1 J=0 N=jbk—141

For b=t +1 < N < (§ +1)bF~! we have j/b < N/b* < (j+1)/b and hence
we can use Eq. (7) to obtain

S (5 >wk§¥%§[@gfwwgg+n

J=0 N=jbk—141

N\? (b—5)(b—j—1)(2b—2j 1)
*(w) 1

6
L (V=1 b —1)
=0 ( 906 3662 >

Furthermore we have
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b b1 NN
S5t (43 et (5) - St (5) ot (44
N=1h= N=1

Using the periodicity of ¢, and Eq. (5) for the innermost sum we obtain

28 bk —1
£ (- Eon(y
=1

hb’“ L bk —1

N N
n—k
=b Z(b—h)b—k—k > h(l—bk>
N=0 N=hbk—141
i 0=
5
Hence, using again Eq. (5),
b b—1 b—1
N l bt ; l
ZZSD < + )%h(b): 5 Z‘Pb?h(b)(b_h)h
N=1h=0 h=0
pr-1 (11 / b—1 !
— _ 2 _ 2 — h)2h-
= — (Z(b h)h (1 b) +> (b—h) hb>
h=0 h=1
bnfl 5 5
= DI+ +1b-1°).
51 IWbh-H1+bv+ )
The result follows. O

Lemma 6. For 0 < h<n and 0 <[ < b we have
i N (N 1) pont 1 R Cinl) (3b — b (b — 21))
2T ) T 24 12b '

Proof. Splitting up the range of summation we have
pn
a (N 1
> Ner! (bh +3
N=1

For 0 < k < b "+l let k = qb+r with integers 0 <r <band 0 < g < pr—h,
Then for k"1 +1 < N < (k+ 1)b"~! we have 7/b < N/b* — ¢ < (r +1)/b.
Hence, if 0 <7 <b—1,then 0 < (r+1)/b < N/b" —q+1/b< (r+1+1)/b< 1
and if b—1 < r < b, then 0 < (r+1—-10)/b < N/bP —q+1/b—-1 <
(r+1—b+1)/b < 1. Using the periodicity of ¢4 and Eq. (6) we therefore
obtain

) pr—h 1 (k+1)bh1

Sy wel (g

= N=kbh—141
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b b—1b""h—1 gb"+(r+1)p" 1 N I
St () -X X > el (et
N=1 r=0 ¢=0 N=gbh+rbh—141

—l—1b"" h 1 th-‘r(r-&-l)bh 1 ; N l

Z > Y. Ne (poaty

r=0 q=0 N=gbh+rbh—141
-1 by ho1 gbP(r1)b" ! N ;

id

PYY S el

r=b—l ¢=0 N=qbh4rbh—141

n h r h—1
b*i”’ il ” “f”’ y (b= -1 (N r
2 v

r=0 q=0 N=gbh+rbh—141
T hb—r—1

=

b—1 b"h—1 gb"+(r+1)b" !

" I B Cal)

r=b—l ¢=0 N=gbh+rbh—141
+1—-0)(2b—r—1
(T )g - ))

21 b(b—1
24 120

This is the desired result. O

)(3b—bh(b—21)).

—_ b2n

3 The Proof of Theorem 1

First we show a discrete version of Theorem 1. The following result is a
generalization of [8, Lemma 6]. The original is obtained when putting [ = 0
below.

Lemma 7. For 0 <[ < b we have
bn,

1 AN o\ a1 b1

A N=1

and

i ( (bAn é\ivHﬂ))Q (16)

)\N
(5 () e ()




12 Henri Faure and Friedrich Pillichshammer

Proof. We just give the (much more involved) proof of Eq. (16). Using Lem-
mas 2, 3, 4 and 5 we have

1 - AN id 2 id id N
WZ@@W@)W§Zﬁ”bQM
= 14,5

n

1 n . TL b N
e T (wn (3) i 3 X e () et ()
= = i,J=1 N=1 =1
i#]
_ s an R () Z" an 2 () (N)
b2n b A b2n L) bt b bi

i=1 N=1 i,j=1 N=1
i#£j

2%((1)49&1 36%) () Z(b—l)(1+12bZ+1b—12)>

i=1

n? — b2 -1

+ 12
B Pl ? b2—1_ a (1))
MU 7 \b

b4—1 b= +b*+1b—1?)

o0 ( b) ( ( ) N 12b )
B -1 ( 1) )(3b2+13)+i L
B b 12 72002 36 b2 )’
where for the last equality we used that ¢i4(1/b) = I(b—1)/2 according to Eq.

(6) and ¢i4(1/b) = (1—1/b)21(14+1)(21+1) /6+(b—1)(b—1—1)(2b—21—1)I%/(6b2)
according to Eq. (7). O

Now we give the proof of Theorem 1.

Proof. Using Eq. (11) we obtain
idl 2 ldl n 2
(2 (12)) =// () HE) 4 (a(m)y(n) — 29)) dedy
. AN )
-5 3 (E<bn )
AN=1
n " idg iﬁ_
+2b Z/ / <b” b”’H’><b”b" zy | dedy
aN=1" %
P 2
12 Z / /N ) <b”b”xy) dx dy
AN=1

=: 51+ 52+ S3.
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The term S; has been evaluated in Lemma 7 and straightforward algebra

shows that S3 = (1 + 18b™ + 25b2™)/(72b°™). So it remains to deal with Ss.
Evaluating the integral appearing in So we obtain

bn b774
1 AN Lo~ p (AN
—_ N E o 1d; _ E AR 1d;
S2 b?m Z ()\ + ) (bn’ bn’Hbﬂ’L) 2b3n (bn’ bn’Hbm)
A N=1 AN
= 54 - 55.

The term S can be obtained from Lemma 7, Eq. (15). For Sy we have

)\E s ldl NE s ldl
4 bSn Z (bn bn ’ ) b?m Z (bn bn ’ H n)
A N=1 A N=1

b3" (Sa1 + Sa2)-

With Lemma 2, Lemma 3, Lemma 1 and Lemma 6 we obtain

b N 1 !
_ n—1 id id
s S5 (3 (30 1) -4 ()
=1 N=1
~ b2 —1 3b— bt 42l b 41
p2r—1 b I(b—1 —
> (5 +e-0 )

12b 4

z T _ 7 _ n+1
" 1 2o D)1 (b (b — 21) + 36™*1)

o1 b2 -1
o n—l%(b—z)z<(b—21)b_1+3bn).

We turn to S4,1. We have

; id id; (a,— n—
HZ‘?L:{(Il(l)CL(J)_i_..._i_IZ((an)’abl+...+Z£> :Oﬁai<b}

X0 Tp—1 idl_l(xn,l) ldl_l(fﬂo)
= — R S : < i bs.
{<b+ ton Tyttt T 0< ;<

Let g : [0,1]> — [0,1]? be defined by g(z,y) = (y,z). For [
have idy " = idg and for 0 < I < b we have id; "'

= 0 we
= idp_;. Hence we have

Hldl _ (Hl b— l) for0 <1 < band Hldo = (H;)dg) Therefore, for0 <1 < b
we obtain

Siq = Z /\E( - ‘ig) Z )\E<bn bn,H“iﬁl)
A,

A N=1 N=1
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b2 -1 b2n -1 "

where we used the formula for S, 2 in the last equation. The same formula
holds true for { = 0.
Hence we have

— b3n

n (b —1 I(b—=1)
51 = b (12 B 2) '
Now we obtain

()" = (5 (T -5 7))

R PRI S W et S )]
36\ ) T\ T 2

n <b2—1 l(b—l)) 1+ 18b™ + 25b%"

ot \ 12 2 72h2n

which yields the desired result. O

Acknowledgements F.P. is supported by the Austrian Science Foundation (FWF),
Project S9609, that is part of the Austrian National Research Network “Analytic
Combinatorics and Probabilistic Number Theory”.

References

1. H. Chaix and H. Faure: Discrépance et diaphonie en dimension un. Acta Arith.
63: 103-141, 1993.

2. H. Davenport: Note on irregularities of distribution. Mathematika 3: 131-135,
1956.

3. M. Drmota and R. F. Tichy: Sequences, Discrepancies and Applications. In:
Lecture Notes in Mathematics, vol. 1651. Springer, Berlin, 1997.

4. D. Djuki¢: Pell’s Equation. http://www.imomath.com/index.php?options=mbb |
tekstkut&p=0

5. H. Faure: Discrépance de suites associées & un systéme de numération (en dimen-
sion un). Bull. Soc. Math. France 109: 143-182, 1981.

6. H. Faure: Improvements on low discrepancy one-dimensional sequences and two-
dimensional point sets. In: Keller, A., Heinrich, S. and Niederreiter, H. (Eds.)
Monte Carlo and Quasi-Monte Carlo Methods 2006. Springer, 327-341, 2008.

7. H. Faure: Star extreme discrepancy of generalized two-dimensional Hammersley
point sets. Uniform Distribution Theory 3: 45-65, 2008.

8. H. Faure and F. Pillichshammer: L, discrepancy of generalized two-dimensional
Hammersley point sets. To appear in Monatsh. Math., 2009.

9. J. H. Halton and S. K. Zaremba: The extreme and the L? discrepancies of some
plane sets. Monatsh. Math. 73: 316-328, 1969.

10. P. Kritzer and F. Pillichshammer: An exact formula for the Lo discrepancy of
the shifted Hammersley point set. Uniform Distribution Theory 1: 1-13, 2006.



Lo

11.

12.

13.

14.

15.
16.

17.

18.

19.

20.

discrepancy of digitally shifted Hammersley point sets 15

L. Kuipers, and H. Niederreiter: Uniform Distribution of Sequences. John Wiley,
New York, 1974.

G. Larcher and F. Pillichshammer: Walsh series analysis of the Ls-discrepancy
of symmetrisized point sets. Monatsh. Math. 132: 1-18, 2001.

F. Pillichshammer: On the L,-discrepancy of the Hammersley point set. Monatsh.
Math. 136: 67-79, 2002.

P. D. Proinov: Symmetrization of the van der Corput generalized sequences. Proc.
Japan Acad. 64, Ser. A: 159-162, 1988.

K. F. Roth: On irregularities of distribution. Mathematika 1: 73-79, 1954.

I. H. Sloan and H. Wozniakowski: When are quasi-Monte Carlo algorithms effi-
cient for high dimensional integrals? J. Complexity 14: 1-33, 1998.

I. V. Vilenkin: Plane nets of Integration. Z. Vy¢isl. Mat. i Mat. Fiz. 7: 189-196,
1967. (English translation in: U.S.S.R. Computational Math. and Math. Phys. 7,
no. 1: 258-267, 1967.)

B. E. White: Mean-square discrepancies of the Hammersley and Zaremba se-
quences for arbitrary radix. Monatsh. Math. 80: 219-229, 1975.

H. Wozniakowski: Average case complexity of multivariate integration. Bull.
Amer. Math. Soc. 24: 185-194, 1991.

S. K. Zaremba: Some applications of multidimensional integration by parts. Ann.
Polon. Math. 21: 85-96, 1968.



