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Abstract

We study the distribution properties of sequences which are a generalization
of the well-known van der Corput-Halton sequences on the one hand, and digital
(T, s)-sequences on the other. In this paper we give precise results concerning the
distribution properties of such sequences in the s-dimensional unit cube. More-
over, we consider subsequences of the above-mentioned sequences and study their
distribution properties. Additionally, we give discrepancy estimates for some spe-
cial cases, including subsequences of van der Corput and van der Corput-Halton
sequences.
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1 Introduction

A sequence (&,,),>0 in the s-dimensional unit cube [0, 1)* is said to be uniformly distributed
modulo one if for all intervals [a,b) C [0,1)® we have

0<
lim #{n :0<n<N,z, €[a,b)}
N—o0 N

= )‘([a’ b))a

where A\ denotes the s-dimensional Lebesgue measure.

In this paper, the distribution of a sequence modulo one will often be linked to the
distribution properties of a sequence of integers. A sequence (k,),>o of integers is said to
be uniformly distributed modulo an integer r > 2, if we have

#{n:0<n<N,k,=j (modr)} 1

I =z 1
i, N : &
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for all integers j € {0,...,r—1}. Furthermore, (k,),>0 is said to be uniformly distributed
in Z, if (1) holds for all integers r > 2.

Excellent introductions to these and related topics can be found in the book of Kuipers
& Niederreiter [12] or in the book of Drmota & Tichy [4].

It is an interesting question which subsequences of a given uniformly distributed se-
quence are uniformly distributed as well. This problem was studied, for example for the
classical one-dimensional (na)-sequences, in detail. In this paper we consider other clas-
sical examples of uniformly distributed sequences, namely the van der Corput sequence
and its multi-dimensional generalizations such as the van der Corput-Halton sequence
or digital (T, s)-sequences, or a hybrid of both. The van der Corput and the van der
Corput-Halton sequence are defined as follows.

Definition 1 Let ¢ > 2 be an integer. For any nonnegative integer n with base q repre-
sentation n =Y _,.,niq" (note that this expansion is finite) the radical inverse function to
the base q is defined as @4(n) = > ,5oniq "', Now the van der Corput sequence in base
q is the sequence wyac = (Tn)n>0 with 1, = @,(n) for all n € Ny. For s > 1 and pairwise
relatively prime bases qi, . ..,qs the van der Corput-Halton sequence is given by (,)n>0

where @ = (9 (n), ., 4, (n)).

The van der Corput sequence is also the prototype of other multi-dimensional uni-
formly distributed sequences as for example digital (¢, s)-sequences over Z, as introduced
by Niederreiter (see [19, 20]) or, more generally, digital (T, s)-sequences over Z, as in-
troduced by Larcher & Niederreiter [14]. Here, s is the dimension and T : Ny — N is
a quality function for the uniformity of the sequence. The smaller the values of T are,
the better the distribution properties of the sequence. The precise definition of a digital
(T, s)-sequence is as follows.

Definition 2 Let s be a dimension and q be a prime. Let Cy,...,Cs be N x N-matrices
over the finite field Z,. We construct a sequence (&,)n>0, T = (:):g), e ng)), n € Ny,

by generating the i-th coordinate of the n-th point, 2!

niq +noq® + -+ in base q. Then we set

, as follows. Represent n = ng +

. . T
Ci : (n0> ni,.. ‘)T = <y(()2)a yY)a - ) = Zgo

and (%) (4)
() ::yL+y_2+...
q q
For every m € N let T(m), satisfying 0 < T(m) < m, be such that for all dy,ds, ..., ds €
No with dy + -+ -+ ds = m — T(m) the (m — T(m)) X m-matriz consisting of the

left upper dy x m-submatriz of Cy together with the
left upper dy X m-submatriz of Cy together with the

left upper dg x m-submatriz of C,
has rank m — T(m). Then (x,),>0 is called o digital (T, s)-sequence over Z,. If T is
minimal with this property, we speak of a strict digital (T, s)-sequence. If T(m) <t for

all m, then we speak of a digital (t, s)-sequence.
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In this setting, the one-dimensional van der Corput sequence in (prime) base ¢ can be
considered as the digital (0, 1)-sequence over Z, (i.e., T =0 and s = 1) generated by the
N x N-identity matrix.

Remark 1 If the sequence (x,)n>0 in [0,1)° is a digital (T, s)-sequence over Z,, then for
each m € Ny and | € Ny we have that each interval of the form

E= H[a’ aﬁ,l) C [0,1)°

with volume N(E) = ¢T™ =™ contains exactly ¢*™ points of {x, : l¢™ < n < (I1+1)¢™}
(see [14]). In general, any sequence which satisfies this conditon is called a (T, s)-sequence
in base q. Thus, every digital (T, s)-sequence over Z, is also a (T, s)-sequence in base q.

It was shown in [14] that a strict digital (T, s)-sequence is uniformly distributed if and
only if
lim (m — T(m)) = +o0.

m—0o0

Digital (T, s)-sequences can be defined over general finite abelian groups but we re-
strict ourselves to the more important case of Z, with prime ¢. For further information
on this subject, we refer the interested reader to [14].

In the following, we will introduce a more general concept of digital sequences con-
taining the van der Corput-Halton sequences as well as digital (T, s)-sequences as special
cases; we are going to discuss distribution properties of these new sequences and their
subsequences.

The paper is organized as follows. In Section 2 we define the general class of sequences
we are going to consider. These sequences are a mixture of the classical van der Corput-
Halton sequence on the one hand and digital (T, s)-sequences on the other. We also study
some basic distribution properties of such “hybrid sequences” in Section 2. In Section 3,
we give an upper bound on the star discrepancy of such “hybrid sequences”.

In Sections 4, 5, and 6, we study the distribution properties of subsequences of “hybrid
sequences”. In particular, we study subsequences indexed by primes (Section 5), and give
discrepancy estimates for certain subsequences of van der Corput- and van der Corput-
Halton sequences (Section 6).

Finally, in the last section, we deal with a concrete example of a further generalization
of our concept. We only deal with an example here, since this further generalization is
more difficult to be handled than the case considered in the other sections. However, we
mean this example as motivation for future research.

Througout the paper we denote the set of positive integers by N and we write Ny =
N U {0} for the set of nonnegative integers. The set of prime numbers is denoted by P.

2 A generalization of van der Corput-Halton sequen-
ces and digital (T, s)-sequences

Let us now introduce certain “hybrid sequences”, a generalization of van der Corput-
Halton sequences and digital (T, s)-sequences.



Definition 3 Let ¢; < ¢o < - < ¢ be primes and let v, wyq, ..., w, be positive integers.
Forie{l,...,v} let C ..., C% be N x N-matrices over Ly, We now define a sequence
(Tn)n>0 in [0, 1)%, s:= w1 + w2 + - 4w, with

B (200, g G @D ) e )
The component xn’J forje{l,...w;}, i € {1,...,v}, is generated as follows.

Let n = n(()) + ng )ql + ng)ql + -+ be the base g;-representation of n fori € {1,...,v}.

Then we set .
o (ng>, ) = (4, ez,

and i) (0d)
2,] 2%
:'US],ZJ) = y(] _'_ y12 _'_...
qi q;

For the description of the distribution quality we define a slightly modified qual-
ity parameter (compared to Definition 2) for the sequences introduced in Definition 3.

For each i € {1,...,v}, and for each choice of nonnegative integers dli ,dg), cee dgf,) let
F® (dgi) dfﬁl> be minimal such that the (d D dl) ) x £ (d( Do, dz(ﬁg)—matrix

C (dfY,...,df), FO) formed by the

left upper d( x F® (d() e d(i))-submatrix of C’(i) together with the
has rank dgi) + - we set F() d 2 b ,dg)) := 400 if this is not satisfied for any

finite F'*) (dgi), . dﬁé?))

Note that, for v = 1, we have the case of a digital (T, s)-sequence and the relation

left upper d( x F® . dfyl -submatrix of C’( together with the

left upper d\ x F® d Do dfﬁl) submatrix of O

between the parameters F) (dgi), o dui> and d(l - d£$3 is similar to the relation

between the parameters m and m — T(m). Indeed, it is easily checked that a digital
(T, s)-sequence, i.e., a sequence of the above form with v = 1 is uniformly distributed if
and only if F(d,, ..., d,) = FO) (d( ),...,d81)> < oo for all dy,. .., d,.

For general v > 2, it is by far not so easy to give necessary and sufficient conditions
for the uniform distribution of our “hybrid sequences”. The exact reason for this will be
outlined later, but, to make things a little bit easier, we will restrict ourselves for the
rest of the paper to considering sequences that are generated by matrices with “finite row
length”. I.e., for every i € {1,...,v} in Definition 3, and arbitrary nonnegative integers

dgi), . dwl, let L) (al(Z ,d&,?) be minimal such that each of the first dy) rows of Cj(»i)
has length less than or equal to L® (dgi), cee d&’)) for j € {1,...,w;}. By the “length”

of a row (c1,c,¢3,...) # (0,0,0...) we mean sup{k : ¢ # 0} and for the zero row we

define its length as 0. In the following we always assume L) (dgi), e ,dfﬁ?) < oo for all



7 and dgi), e ,d&,fZ. It seems to be very difficult to discuss distribution properties in more
general cases, as we shall detail below.

Note that we trivially always have F®) <d§i),...,dfﬁz> < LW <d§i),...,dg2) or
FO (d&“, o ,dS,iZ) — fo0.

Definition 4 We denote sequences as introduced in Definition 3 by digital
((L(l), o LY (FO ) FW)), s) -sequences in bases ((qi1,w1), ..., (q,w,)). Often, we
use the mnotation digital (L,F,s)-sequence, where L = (LW, ... L®) and
F:=(FW, .. F®),

We mentioned above that we consider the case where the lengths of the rows of the
generating matrices of a (L, F, s)-sequence are finite easier to be handled than the more
general case in which also infinite row-lengths are permitted. Our first theorem gives a
positive result for the case of finite L®

Theorem 1 A digital ((L(l), LYY (FW R0, s) -sequence  in  bases
(g1, w1), ..., (qu, wy)) with finite LY is uniformly distributed in [0,1)%, s = wy +- - - +w,,
if and only if the F% are finite.

Proof. Assume that we are given a digital ((L(l), LY (FW RO, s)-sequence
for which all the F(®) are finite.
We consider a so-called elementary interval of order

(A, a® a2, d)

» w0 ? w2 7 Wy

i.e., an interval of the form

v
ai; a;;+1 .
[111 i Rkt
i=1 j=1 qij

a
where the a; ; < qZ are nonnegative integers.
In order to show that our sequence is uniformly distributed modulo one, it suffices to

show that for each such interval I we have

=0.

N
(1)
Hz 11_[] 1 Z

1
lim N #{n:0<n<N,xz,el}—

N—oo

For short, we write

N

Ey=|#{n:0<n<N,x,el}— Fo

Hle]lz

Let us first consider those n satisfying

v () (4)
v < [
=1



7

Let C® = C® (dgi), ce d&’)) be the (dgi) + 1t d@) x L (dgi), ce dgz)—matrix
over Z,, formed by the

left upper d( x LO (dW .. submatrix of C’l , together with the

(a.....d%)-
left upper d( x L) (dgz), e ) submatrix of C’é , together with the

1eft upper d& x L) d(i), e submatrlx of CQ(U

Let a; ; == a(z(’f)) LT a4t a(()”j)ql 1. Then x,, € I if and only if

a2
(i.9)
i) a s
oM =1 (2)
bl
0 bg)

for all ¢ and j (considered over Z,,). Here, r; is the maximal non-zero digit of n in its

base ¢; representation and the b,(;) are arbitrary elements in Z,,. Equation (2) holds if and
only if
(i,1)

. a
ng) 0.
nﬁ” a(i,jl)
dgl)—l
(i i i (i.) :
e K SN I 3)
0 a(()i,wi)
RO

foralli e {1,...,v}.
Note that F® < L and hence C¥ has rank dgl) 4+ +d). Thus, for every 4, the sys-

L® d(l)’ 7d(z) (i) (3) L d(z) d%)
tem (3) has exactly g; (o 1)/q7l Tt solutions for n € {0,1,,,,, 1O (a4 _1}

(i) (i)
and hence has exactly Q/q;" G+t olutions for €{0,1,...,Q —1}.
Hence (since the ¢; are pairwise different primes) by the Chinese Remainder Theorem
the system (3) has exactly
Q

-

Hz 1 H] lqz

solutions, let us call them ny,ns, ..., ng, in the range {0,1,...,Q — 1} (note that dgi) +
+dP < FO (dgi), . ,dfﬁz) < LW (dgi), . dﬁé?) for all ¢, hence S is indeed a positive

integer).

S =

)



Therefore, it follows that Eg = 0.
For n larger than @, by the definition of LC (dgi), . ,dg)) and of C® (dgi), e dgf,)),

)
for n to satisfy x,, € I we have again condition (3). Hence, x,, € I if and only if
n=mn; (mod @) for some k € {1,...,5}.

Consequently, Fy = 0 for N which are multiples of @), hence Ey < @ for all N, and
hence limpy_ %EN =0.

In order to show that the condition of finite F*) is also a necessary condition for the
uniform distribution of a digital ((LW,...,L®) (FM, ... F®) s)-sequence, assume
that we are given such a sequence that is uniformly distributed in [0, 1)°.

Then, for every fixed i, the digital (T, s)-sequence over Z,, generated by Cfi), o C’t(f)
is uniformly distributed in [0, 1)"*. As noted above, a necessary condition for this to hold
is that F'®) is finite. O

We remark that the more general case of (L,F,s)-sequences in bases
((q1,w1), ..., (qu,w,)) with v > 2 and with some infinite values of L) seems to be much
more difficult, as can be seen by the following very simple example.

Let s =2,¢4 = 2,¢2 = 3, and w; = wy = 1. Furthermore, let

I v 7 3 1 000
01 0 0 0100

cW.=f0 0 1 0 ...lezr and ¢?:= [0 0 1 0 € Z3*>,
0 0 i, 0001

with any given entries 7; in Zy such that v; = 1 for infinitely many j.
A necessary condition for this sequence to be uniformly distributed in [0,1)? is that

I:=10,1/2) x [0,1/3)
contains the correct number of points in the limit, i.e.,

1 1
Nlim N#{n :0<n<N,n=0 (mod3)and sy2(n) =0 (mod2)}= & (4)
where s,2(n) denotes the sum-of-digits function of n in base 2 weighted by the sequence

Y = (f}/j)jZOu i.e., for n = Un) -+ n12 + n222 + - Ty
S~.2(n) 1= om0 + 1m0 + Y + - -

(here, we deal with the special case 79 = 1). See, for example, [9, 15, 21] for more
information on the weighted sum-of-digits function.

The fact that (4) holds in the special case v = (1);>0 was shown, for example, by
Newman [17], Coquet [3] or Solinas [22]. However, in the general case, the question for
which weights « the property (4) holds is not known until now and will be one of the
topics of a forthcoming paper of the authors.

We will show later (see Section 7) that this sequence in the case v = (1),>0 indeed is
uniformly distributed, but has a relatively large discrepancy opposed to other, well-known
sequences like the two-dimensional van der Corput-Halton sequence.
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3 An upper bound on the discrepancy of digital (L, F, s)-

sequences
The star discrepancy Dy, which is one of the most important measures for the quality of
the uniformity of a finite point set x,...,zy_1 in [0,1)* is defined by
. . #{n:0<n<N,z,€B
Dy = Dy(xg,...,xN_1) := sup { N ! - \(B)|,
BC[0,1)°

where the supremum is extended over all sub-boxes B of [0, 1)*® of the form B = [];_,[0, b;)
with 0 < b; <1 forie{1,...,s}.
For an infinite sequence w = (@, ),>0 in [0,1)*, Dy (w) denotes the star discrepancy of
the first NV elements of the sequence.
For the s-dimensional van der Corput-Halton sequence it is known that
(log N)*
Diy(w) = eyl
Nw)=¢c N
for all N > 2 with a certain constant ¢, > 0 depending only on the dimension s, see
[1, 5, 8, 10, 16, 20]. The smalles value of ¢, in this bound known so far is given in [1].
For a digital (T, s)-sequence w over Z, it is known that

LlogNJ
log q

q

c(q, s)
N

T(m)ms—l

Dy(w) <

[y

and consequently for digital (¢, s)-sequences over Z, we have

t(log N)?

Div(w) < &a,5) %

for all N > 2 with constants ¢(q,s) > 0 and ¢(q,s) > 0 depending only on ¢ and s, see
[14] and [19, 20].

In Theorem 2 we will give an upper bound on the star discrepancy of digital
((L®, .., LW) (FM, ... F®)  s)-sequences with finite L) and for v > 2, thereby
generalizing the above discrepancy estimate for the van der Corput-Halton sequence.

Of course, the situation is again different for the cases v = 1 (which is the case of
(T, s)-sequences) and v > 2. Since v = 1 was already studied in detail in [14] and [19],
we restrict ourselves to v > 2. What is more, we again restrict ourselves to uniformly
distributed digital (L, F, s)-sequences with finite L-parameters, i.e., with F® < L in
all cases (according to Theorem 1).

The formulation of the upper discrepancy bound is going to be quite technical and we
will need some notation in advance. After having formulated the result, we will, as an
illustration, apply it to the van der Corput-Halton sequence. We will see that we obtain
the order Dy in N known from previous results on the van der Corput-Halton sequence.
In our discrepancy estimate, however, we will not take care of constants independent of N.
Consequently, our results are weaker with respect to these constants than, for example,
the discrepancy estimates given for the van der Corput-Halton sequence in [1].

For the statement and the proof of Theorem 2 we need some notation which will be
given in the following.



We will consider intervals of the form

v 0 (2)
I_HH[oa“) 01),witha§”zzq”.
i=1 j=1 =1

We approximate an arbitrary interval I of the above form from the interior by Jy and
from the exterior by Jy as defined below.

For strings K := ((]{7”);1};1)2; ,» We consider disjoint subintervals I(K) of I of the form

voow; | kij—1 Z) ki, z)
l

~II00 | > >

i=1j=1 | I=1 lel

For a string K as above, we define integers Q(K) in the spirit of the quantity @
introduced in the proof of Theorem 1, namely

LO (ki gk
S I
For a given positive integer N we will consider the following union of intervals /(K):

U 1K

K
Q)N

Note that Jy C I for all N.

In order to approximate I from the exterior we add to Jy some appropriate border
area Ry. For given iy € {1,...,v} and jy € {0,...,w;, — 1} we consider strings (o, jo)
of length Y ., w; = s and of the form

C(do, Jo) =
(R 1,---,(kio_l,j)j;%’l,([@-o,l,---,kioio,0,07~-wQ),(O,---,0),---,(0,--->0))-
Wi bits Wig+1 bits wy bits

For an arbitrary nonnegative integer 6 let C (10, Jo,0) be the same string as ((ig, jo) with
the first zero following k;, j, replaced by 6.

For a given positive integer N let now ((ig, jo) be such that Q(((i,jo)) < N, then
O := O(((ig, jo)) is defined to be the maximal integer # such that Q(g(z'o,jo, 0)) < N.

Furthermore, for ((ig, jo) as defined above and for given N we will make use of the
following intervals

B io=1 wi | kij—1 () Fij (0) jo | Figa 1 (o) Kigs (io)
I ( . @) ._ J,l J,l Jsl Jsl
9 9 T 9 Y
C 20, Jo i i X i i X
i=1 j=1 | I=1 % =% j=11 =1 Yo 1= o

Yo stteg) T e



We define _ ~
Ry = U I(¢ (40, Jo, ©))

0,70
¢(ip.do)
Q(¢(ig.dp)) <N

and jN = Jy U EN. With this definition we have I C jN.
Finally, for any string K, we use the following short notation.

i ke
P(K) := H q .
i=1 j=1
In particular,
io—1 wy N Jo .
P(C(do, jo)) = H qu' v 'qu'o e
j=1 j=1 j=1

and

P(C(io, jo, 0)) = P((io, o)) g, -
We can now formulate the following upper bound.
Theorem 2 Let (x,),>0 be a digital (L, F,s)-sequence in bases ((qi,w1),. .., (qy, wy))

with finite L and finite F-parameters. Then for the star discrepancy Dy, of the first N
elements of the sequence we have

2c ~
Dr < =€ K)P(K P( ',‘,@),
NEN2 Q(K)P( )+C; ((io, jo, ©)
Q(K)<N C(?oy’a(')o)

Q(c(igd0)) <N
where ¢ = [[;_, ¢;".
Proof. We use the notation from above and consider A(/) — NA(I), where
A(l):==#{n : 0<n< N,x, € I}.
As Jy C I C jN, we have
A(Jx) = NAX(Jn) — NX(Ry) < A(I) — NA(I) < A(Jy) — NA(Jw)

and as for any string K the inequality A\(/(K)) < ¢P(K) holds we have

)\(EN) <c E P (E(Z(]v.](b@)) )
i0:J0
¢(ig,J0)
Q(¢(ig.dp)) SN

where, here and in the following, ¢ = [];_, ¢
For any interval I(K) with Q(K) < N we have, like in the proof of Theorem 1, the
following. If for any positive integer z we consider those n satisfying

0 <n<z2Q(K),

10



then I(K) contains x,, for exactly

QK TTT.6
a; K)A\(I(K))
Hz 1 H] 14 1=1 j];[1 =

values of n.
Hence,

OED> (%—1) QEONI(K)) = NAGY) — Y QEOAI(K)).

K
QKN Q)N

and

A =NAD) == > QEMIK) = Ne Y- P (Clio.jo.©))
Q(KI§SN Q(éf?%))szv

On the other hand,
A(Jx) = A(Jn) + A(Ry)

Furthermore,

~ N - -
A(Ry) < Z <Q@,O7j07 @))H) Q(¢(io, jo, ©))A(I( (i, jo, ©)))

C( Jo)
Q(C(ig Jo))

- NA(RN) > QLo do, ©)MI (Clins o, ©))),

¢(ig,d0)
Q(¢(ig,dp)) <N

hence
A(I) = NX(I) < Z QK)NI(K)) + Z Q(g(io,jo, @)))\(I(E(io,jo, 9)))
Q)N (o)

Q(¢(ig.dp)) <N
+Nc E P <C(i0aj0a @)> :
Q(C(Zo Jo))<N

We use the relation A\(/(K)) < ¢P(K) for each string in the first and the second sum
and obtain

A = NXI) < ¢ Y QEK)PK)+c Z Q(C(Go. Jo, ©)) P(C (i, Jo, ©))
Q<

11



+Ne Y P (Clio i ®)).
1070
¢(ig.do)
Q(¢(ig,ip)) SN

Now note that ((ig, jo, ©) is also a string K with Q(K) < N, hence the second
summand on the right hand side of the above inequality is at most as large as the first
summand and the result follows. O

Example 1 To illustrate the result in Theorem 2, we apply it to the van der Corput-
Halton sequence. In this case we have v = s and w; = 1 for all 7. For simplicity we write
here K = (ky, ..., k,). As LO(k;) = k; for all i we obtain Q(K) = ¢ ---¢* and hence
we always have Q(K)P(K) = 1.

For all 75 we have jo = 0 and

C(ig, Jo) = (K1, ..., kiy—1,0,0,...,0).
LNe choose © maximal such that ¢~ - -qzjﬂfqi@o < N, ie., ¢ ~qif°_11qu+1 > N, and
ence

= 1 di
P(C(Zo,jo,@)) - T < —O.
@ ady N
Overall, for the discrepancy D}, of the first N elements of the van der Corput-Halton

sequence we have

2 «— c = (log N)*
Dy < — E 1+—<maxqi) E 120(* ,
N ki,... ks=0 N lsiss k1o ks=0 N
qfl-~-q§S§N qfl.“q?SSN

which, concerning the order of magnitude in N, coincides with the best discrepancy
estimates for the van der Corput-Halton sequence known until now.

4 Uniform distribution of subsequences of digital (L, F, s)-
sequences

In the following, we try to classify which subsequences of van der Corput-Halton sequences
or of digital (T, s)-sequences are uniformly distributed.

First of all, we note that for digital (T, s)-sequences with unbounded L-parameters
we cannot give an answer to this question, even in some of the most elementary cases, as
we can see from the following example.

Example 2 Consider the digital (0, 1)-sequence (z,),>0 over Z, generated by a matrix
of the form

I'm o7 s

0O 1 0 O
c—lo o 1 o0 |

0O 0 0 1

where 71,7, ... are in Zs.

12



A necessary condition for the subsequence (z3,,),>0 to be uniformly distributed modulo
one is that

1 1
]\}I_I)I;ON#{H :0<n<N,z3, € [071/2)}257
ie.,

1 1
Iim —#{n : 0<n<M,n=0 (mod3) and s,2(n) =0 (mod2)}=—,
M—oo M ’ 6
which, as already discussed in Section 2, is not solved until now for general sequences of
weights 4. The special case v = (1), is, as an example, discussed in Section 7.

As demonstrated by our example, we have to, quite naturally, restrict our investiga-
tions to the case of finite L-parameters. We now show our main result concerning the
distribution of subsequences of digital (L, F, s)-sequence with finite L-and F-parameters.

Theorem 3 Let (x,),>0 be a digital (L, F,s)-sequence in bases ((qi,w1),. .., (qy, wy))
with finite L- and F-parameters.

(a) Let (kn)n>0 be a sequence of nonnegative integers. If for all positive integers d
the sequence (kp)n>o is uniformly distributed modulo (g1 ---q,)%, then (Tx,)n>0 45
uniformly distributed in [0,1)".

(b) The condition given in (a) for (k,)n>o is also a necessary condition for the uniform

distribution of (xy, )n>0, if and only if w; =1 for all i and C{i) s a lower triangular
matriz for all i.

Before we give the proof of Theorem 3, we state some remarks and exhibit a few
examples.

Remark 2 The condition on (k,)n>o for (xg, )n>o to be uniformly distributed is not nec-
essary in general. Consider, for example, the digital (1,1)-sequence (x,,)n>0 over Zs gen-
erated by

01000
00100
c—looo1o0
0000 1

Here, the subsequence (o )n>0 is just the uniformly distributed van der Corput sequence,
however, the integer sequence (ky)n>0 = (2n),>0 is not uniformly distributed modulo 2.

Remark 3 Note that, in the case of the van der Corput-Halton sequence, the conditions
in Theorem 3 (b) are satisfied, i.e., a subsequence (&, )n>0 of the van der Corput-Halton
sequence (,)n>o s uniformly distributed modulo one if and only if (kn)n>o is uniformly
distributed modulo (qy - - - q,)¢ for all positive integers d.

Remark 4 It can be shown that, in the case of the van der Corput-Halton sequence,

Theorem 3 holds true even if qq, ..., qs are pairwise coprime but the q; are not necessarily
primes.

13



Let us discuss some further examples.

Example 3 (a) Let (x,)n,>0 be as above. If the sequence K = (k,,),>0 of nonnegative
integers is increasing and if K has density one, then it can be shown easily that
(kn)n>o is uniformly distributed in Z and hence (xy, ),>o is uniformly distributed
modulo one by Theorem 3 (a).

(b) If k,, = un + v and (x,),>¢ as above, then (Zyniy)n>0 is uniformly distributed if
ng(U,, q- - q@) =1

(¢) If (x,)n>0 is as in Theorem 3 (b), then (Tyn4y)n>o is uniformly distributed if and
only if ged(u, qp - - q,) = 1. This result holds, for example, for the van der Corput-
Halton sequence.

(d) If (®n)n>0 is as in Theorem 3 (b), then for any integer a > 2 the sequence (@0 ),>0
is not uniformly distributed modulo one.

Example 4 If k, = p,41, the (n + 1)-st prime, then in general, (x,,),>1 is not uni-
formly distributed modulo one. For example, for all the sequences (x,),>o satisfying the
conditions in Theorem 3 (b) (which includes the van der Corput-Halton sequence), the
subsequence (x,, ),>1 is not uniformly distributed.

However, for the sequence (,),>o discussed in Remark 2, we indeed have uniform
distribution of (,,),>1 as will be seen in Section 5, where we will consider subsequences
of the type (z,,)n>1 in greater detail.

Of course we can give many further examples of uniformly distributed subsequences
(xg, )n>0. In the following example we focus on the one-dimensional van der Corput
sequence w.qc in base q.

Example 5 Let (z,),>0 denote the van der Corput sequence in base ¢, ¢ not necessarily
a prime. Then the following statements hold true:

1. Let F,, n € Ny, denote the n-th Fibonacci number, i.e., Fp =0,F;, =1,F, =1, F3 =
3,.... Then the sequence (xp,),>0 in base ¢ is uniformly distributed modulo one if
and only if ¢ = 5* for some k € N.

2. Let F,, be as above. Then, in any base ¢, the sequence (Z|iogf,|)n>1 is uniformly
distributed modulo one.

3. Let £ € R\ Q or & = 1/d for some nonzero integer d. Then, in any base ¢, the
sequence (Z|n¢|)n>o is uniformly distributed modulo one.

4. For an integer ¢ > 2 and n € Ny let sz(n) denote the g-ary sum-of-digits function.
Then, in any base g, the sequence (z,_(n))n>0 is uniformly distributed modulo one.

Proof. 1. It was shown by Kuipers & Shiue [13], that if the Fibonacci numbers are
uniformly distributed modulo ¢, then ¢ has to be a power of 5. Conversely, it has
been shown by Niederreiter [18], that for any £ € Ny the Fibonacci sequence is
uniformly distributed modulo 5*. Now the result follows from these facts together
with Theorem 3 (together with Remark 4).

14



2.

;From [12, Chapter 1, Theorem 3.3] it follows that the sequence (4 1 log F},
q

n>1
is uniformly distributed modulo one for every ¢ € N. Now it follows from [12,

Chapter 5, Theorem 1.4], that the sequence ([log F, |), >, is uniformly distributed
in Z. Hence the result follows from Theorem 3 (together with Remark 4).

Combine Theorem 3 with [12, Chapter 5, Theorem 1.5].

. It was shown in [7, Théoreme I] that for any integer ¢ > 2 the sequence (sz(n))n>0

is uniformly distributed in Z. Hence the result follows by Theorem 3 (together with
Remark 4).
O

For more examples of integer sequences which are uniformly distributed in Z, and
therefore for uniformly distributed subsequences of digital (L, F, s)-sequences with finite
L- and F-parameters, we refer to Kuipers & Niederreiter [12, Chapter 5].

We now give the proof of Theorem 3.

Proof. We use the notation and facts given in the proof of Theorem 1.

(a)

We have seen in the proof of Theorem 1 that xj, € I if and only if
k, =n; (mod Q)

for some ¢ € {1,...,S5}. Hence, (x,)n>0 is uniformly distributed in [0,1)® if and
only if for all dy), je{l,...,w},i€{l,...,v}, we have

lim —Z#{n 0<n<Nk,=n (modQ)}=

N—oo N

Note that we have S = S ((d(-l )), Q=0Q ((djZ )) and n; = ny ((dg-i))), here.

L(“<d() ..... dii))
Recalling that Q@ =[[,_, ¢; Z

@ICQ

, this condition is certainly satisfied if

1
A}lm—{n 0<n<N,k,=10 (mod¢g"--- )}—ali
—00 . qgfu
for all nonnegative integers [, ay,...,a, holds, and this is satlsﬁed if and only if

n)n>0 15 uniformly distributed modulo (¢; - --¢,)® for a e N.
(kn)n>o i if ly distributed dulo ( )df I1deN

If in the proof of Part (a) the value of S equals 1 for all choices of dy), je{l, ... w},
i € {1,...,v}, then the uniform distribution of (k,),>o modulo (q; - - -¢,)? for all d
is also a necessary condition.

@)
The condition that S equals 1 in all cases is satisfied if and only if @ = [[,_, [~ i1 qf ,

, if and only if

d 4 dl) = L0 (a0, df)
for all 4, and all choices of dgi), e d&’,} In particular, we have
L@ (0 ..,O,dgl ,0,.. O) = d , i.e., each of the C’]@ is a lower triangular ma-

trix. So, if for some i we had w; > 2, then F®¥(1,1,...,1) = +o00. Hence, w; = 1
for all ¢ and C}Z) is a lower triangular matrix for all i.
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5 Digital (L, F, s)-sequences indexed by primes

As already pointed out in Example 4 of Section 4, the subsequence (x, ),>o of the van
der Corput sequence (z,),>0 in base ¢ > 2 is not uniformly distributed. The main reason
for this fact is that the sequence of primes is not uniformly distributed modulo q.

However, if we “eliminate”, in every dimension, the first digit in the expansion of n
when generating the n-th point, and then “blow up” the resulting point by a factor equal
to the base of the digital sequence, then we again have uniform distribution.

The “elimination” of the first digit can be systematically done by inserting an all-zero-
column as the first column in each of the generating matrices.

For the van der Corput-Halton sequence (x,),>0 in bases (qi, ..., ¢s) this means that
we consider the sequence x, = <EE£}), o ,i@) with 71 = q,-xg)}. Here, {y} denotes

the fractional part of a real number y.
We have the following general result.

Theorem 4 Let (x,),>0 be a digital (L, F,s)-sequence in bases ((q1,w1), ..., (G, wy))
with finite L- and F-parameters and assume that the first column of each of the generating
matrices of the sequence consists only of zeros.

Let (kn)n>o0 be a subsequence of nonnegative integers, then the following statement
holds.

If, for all nonnegative integers, Dy, ..., D,, the sequence
(i)
q1 Y Qv n>0
is uniformly distributed modulo (qf)l, o q{?’“) , then (g, )n>o0 is uniformly distributed mod-
ulo one.

Proof. The result follows almost immediately by following the proofs of Theorems 1 and 3.
In fact, just note that if we consider, for a single i, the system (3) in the proof of Theorem
1, then since the first column of cw (dgi), ceey d%?) always is the all-zero-column, with
any solution

. , T
(n(()z), om0, .,O)

Y V;

of (3) (for a certain ), also
. , T
(a,n&l),...,n&?,O,...,O) ,

where a is arbitrary in {0,1,...,¢; — 1} is a solution of (3) for the same i.

L@ (dgi),...,dw) FOI ) _
Thus, the g; gt Y solutions n of (3) (for our fixed i) satisfying

0 <n <y (4 ! are uniquely determined by ¢, (o ) gt T iffer-
ent vectors (ngl), o ,nffi)). Moreover, a given n is a solution of the whole system (3) if
and only if

7

n i i N L (a .. d)) -1
{—J =0 4 gt O (mod g )

7

)
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for all 7 for some admissible choice of (ngi), . nq(f))

Hence, for any subsequence (k;),>o of the nonnegative integers it suffices to request

(5] [2))..

is uniformly distributed modulo (¢, ..., ¢P*) for all Dy,..., D, € Ny. O

Corollary 1 Let (x,),>0 be a digital (L, F,s)-sequence in bases ((q1,w1), ..., (¢, wy))
with finite L- and F-parameters and assume that the first column of each of the generating
matrices consists only of zeros. Then (xp, )n>1, where p, is the n-th prime number, is
uniformly distributed modulo one.

Let us give another example before we prove the corollary.

Example 6 Let o, = (xs), e ,SL’S)) be the van der Corput-Halton sequence, then the
sequence of
T, = (), ..., 7))

’ pn
with EEl(’ = {q,:cl } for n > 1, is uniformly distributed in [0, 1)®. A discrepancy estimate
for this sequence in dimension s = 1 is given in the subsequent Theorem 7.

We now give the proof of the Corollary 1.

Proof. The result basically follows from Theorem 4 and from Dirichlet’s theorem on primes
in arithmetic progressions. Indeed, for given Dy, ..., D, and u with ged(u,qr---q,) =1,
by Dirichlet’s theorem we have

1

@(q?ﬁm@(qﬂ).

1 _ ~
lim N#{n 1<n<N,p,=u (modqlDl...qfv)}:

N—oo

For given wy, ..., u, with ged(u;, ;) = 1, the relation
(1] |22 ] ) = ) o )
means
Prs v Pn) = (@ + 71y, gty +7,)  (mod (g0 g2 ")
for some 7; € {1,...,¢; — 1}, ie.,
pn=j(1,...,7) (mod ¢t .. gPv

for one of altogether (¢; —1)--- (g, — 1) admissible values j(7i,...,7,).

Hence,
) 1 Dn Dn D D

1 - 1<n<N, == = e, Uy d g
leéojv#{ " quJ L{D (tr,- ) (mod (g %"))

1
= Jim 5 > #{pilsnsNpe=inn) (mod gt )

J(T1,T)

17



1

- (ql_1)”.(%_1)<p(q1[)1+1)"'90( Dut1)

1
qlDl “ e qv v '
By Theorem 4, the result follows. O

6 Some discrepancy estimates for subsequences

In this section, we give some discrepancy estimates for special subsequences of van der
Corput and van der Corput-Halton sequences. Note that only in this section, we do not
necessarily assume that the bases of the sequences considered are prime. Our first theorem
in this section gives a precise result on subsequences of van der Corput sequences indexed
by arithmetic progressions.

Theorem 5 Let wyqc be the van der Corput sequence in base q (not necessarily a prime).
Let u,v € Z with u # 0 and ged(u, q) = 1. Further define k, = un+wv. Then the sequence
w = (zx, )n>0 s a (0,1)-sequence in base q and

log N b,

N +N for all N € N|

where cq4, by > 0 are constants depending only on the base g and

Dy(w) < Dy(wvac) < ¢

L if q is odd.

7 T

o = I(qrDlogq qu 15 even,

q
4logq

Proof. Assume that ged(u, ¢) = 1. Then it follows that for m € Ngand A € {0,...,¢"—1}
the congruence un+v = A (mod ¢™) has a unique solution modulo ¢". Therefore, for each
[>0,m>0anda€ {0,...,¢"—1}, we have that in the set {zy, : l¢"™ <n < (I+1)¢™}
exactly one point is contained in the interval [a/q¢™, (a + 1)/¢™). Hence, the sequence
(2, Jn>0 is a (0, 1)-sequence in base ¢ (see Remark 1).

It was shown in [11] that among all (0, 1)-sequences in base ¢ the van der Corput se-
quence in base ¢ has the worst star discrepancy. The upper bound for the star discrepancy
of the van der Corput sequence was shown by Faure in [6]. O

A natural question to ask when considering the result in Theorem 5 is: can these
results be generalized to the case of the s-dimensional van der Corput-Halton sequence?
The answer to this question is twofold. On the one hand, we will show in the subse-
quent theorem that the star discrepancy of the first NV points of subsequences indexed
by arithmetic progressions is of order O ((log N)®*/N) which is one might expect. On the
other hand, so far we have not been able to show more precise discrepancy estimates; this
question remains open for future research.

Theorem 6 Let (x,,),>0 be the van der Corput-Halton sequence in relatively prime bases
Qs ---5qs- Furthermore, let w € N with ged(u,q;) = 1 for all i € {1,...,s} and let
kn, = un. Then the sequence w = (xy, )n>o0 Satisfies

> qi — 1 (log N)® (log N)s—*
D <92 oY)
N(w)— P loqu N +O N )

18



where the implied factor in the O-notation is independent of N, but depends on qy, ..., qs,
u and s.

Proof. The result follows from an adaption of the proof of the well known discrepancy
estimate for the classical van der Corput-Halton sequence as, for example, presented in
[10]. We omit the tedious but not difficult details. O

Finally we give some discrepancy estimates for subsequences of the modified one-
dimensional van der Corput sequence (as defined in Example 6) indexed by primes.

Theorem 7 Let (x,),>0 be the van der Corput sequence in prime base q. Moreover, let w
denote the sequence ({qz,})yep, where P is the sequence of primes (in increasing order).
Then for any k > 0 we have

where the involved constant in the O-notation depends on k. If the Fxtended Riemann
Hypothesis holds true, then we even have

Dy(w) =0 ((mngNU—f/S) .

For the proof of Theorem 7 we need the following results. For further information see
[2] and the references therein.

Lemma 1 Let li(z) = [ 1(;% and M) = (log z)*°(loglog )=/, For x — oo we have

m(z) = li(z) + O (ze~ ™). (5)

and for each n such that ged(a,n) = 1 we have that for every k > 0 there ezists a ¢ > 0
for which

#{p:p<ax,p=a (modn)}= 301((?) +0 (Ie_c‘/@> , (6)

uniformly for n < (logz)*.
If the Riemann Hypothesis holds, then we have

m(z) =li(z) + O (Vzlogz) , (7)

and if the Extended Riemann Hypothesis holds, then we even have

#{p :p<wzp=a (modn)}= + O (Vz(logz +logn)) . (8)

Now we give the proof of Theorem 7.
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Proof. We will estimate the star discrepancy of the sequence w* := ({qxp})gi. Prepend-
ing the finite sequence ({qxp})gg changes the star discrepancy D} by a term of order
1/N only.

For p > ¢ we have {qz,} = qx, — (o(p) where (y(p) is the first digit in the g-adic
expansion of p. Hence we consider the sequence (qz, — (o(p ))pe]p and estimate its star

discrepancy. We start with an elementary interval of the form [a / q", (a+1)/q™).

Let p € P, p > ¢q with g-adic expansion p = (y(p) + ¢1(p)q + Cg( )¢* + -+ -. Hence,
qr, — Co(p) = ClT(m + @q—(y +---. Choose m € Ny and a € {0,1,...,¢™ — 1}. Then we
have qz, — (o(p) € [a/q™, (a + 1)/qm) if and only if p = Bq,co(p)(a) (mod ¢™!), where
Biow(@) = Co(p) + @m_1q + -+ + apg™ for a = ag + a1q + - -+ + am_1¢™*. Note that

Co(p) €{1,...,q— 1} since p € IP’ and p > ¢. Hence we have gcd(BqCO »(a),q) =1 for all
a and all p > q. Let p, denote the n-th prime number and let n* be the minimal positive
integer with p,- > ¢. Then we have

#{n :n" <n < N+n" qrp, —Clpn) € [a/q", (a+1)/¢")}
q—1
= Z #{n:n" <n<N+n"p,=( (modq)andp, = By (a) (modqg™)}
Co=1
qg—1

= Z #{n :n" <n<N+n"p,=By(a) (modqg™)}.
Co=1

For any integer B we have
#{n n*<n<N+n"p, =B (mod qm+1)} =
= #{p:pw <p<pyiw-1,p=DB (mod g™t}
= #{p:p<pnyn-1,p=B (mod ¢"*)}
~#{p: p<pe,p=B (mod¢™")}.

Thus, the number of points A([a/q™, (a+1)/q¢™), N,w*) among the first NV points from
w* that fall into our given interval is

a a—+1 . Uik m
4 ([q_m’ q—m) N, w ) - Z#{p tp < PpNtnr—1,p = Byela)  (mod ¢ Hr+o).
¢=1

Choose k > 0 and assume that ¢! < (log pyin-_1)*. From Lemma 1, Eq. (5) and Eq.
(6), we obtain

A ([i,—“ 1) ,N,w*) IN
qm qm

q—1 .
_ Z |:h(pN+n*—1) _ 1 + 19) (pN-l—n*—l e—c, /logpN+n*1>:|
= N (g—1) N

q
_ h(pN-l-TL —1 (pN-l-TL -1 —cw/logpNJrn*,l)

NP N
fd 7T(pN+n* 1 (p +n*— 1e o (pN+ 1)) +O (pN—;\T;*_le_c\/logpN+n*fl>
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_ i + 19) (pN-l-n*—le—a/logpNJrn*,l) .
qm N
Therefore, for ¢! < (log pyyn+—1)F we have

'f1Qa/q"a<a-+JJ/q"»,fv,w*>___;_

-0 (pN-i-n*—le—cw /1ogpN+n*,1)

N qm N
(note that here ¢ = ¢(k)).
Now let [0,a) C [0,1) and let a € [a/q™, (a+ 1)/q™). Then we have
.0/ Now) _at1 _AQD) Nw) A0+ )/g") Nw)  a
N qm N - N qm
and hence
AL N) [ Al Ne)  a
N qm  0<a<qm N qm
-1
1 A m m *
< L4 nax (b/g",(b+1)/g"), N.w*) 1
qm 0<a<q™ — N qm
_ i + qu (pN-l-TL*—le—cw/logpNJrn*,l)
qr N
- im +4¢"0 ((log N) e_c\/m> :
q

as for the n-th prime we have p, = (1 + o(1))nlogn which is equivalent to the prime
number theorem.
Now choose m such that ¢

A([0, @), N, w?) _a‘

m—+1 m-+2

< (log pnyn—1)" < ¢™F2. Then we obtain

N

q2

(logpN-l-n*—l)k

- ()

uniformly for all a € [0, 1), where the involved constant in the O-notation depends on k.
This concludes the first part of the proof.

Now assume that the Extended Riemann Hypothesis holds. We proceed as above but
now we may use Eq. (7) and Eq. (8) from Lemma 1. Then we obtain

‘A([a/qm, (a+1)/¢™),Nw*) 1
N qm

+ (logp]\/'+n*—1)k0 ((log N) e_c\/W>

=0 ( loiN (log N + log qm)> : 9)

Let [0, ) C [0,1). As above, but now using inequality (9), we obtain

A([0, ), N, w") 1 log N
_ <_ m e m .
‘ i al < om0 |\~ (log N +logg™)

Choose m such that ¢ < NY*(log N)~%/® < ¢!, Then we obtain

A([0,a), N,w") _ [ (og N)*/3
R At
uniformly for all & € [0,1) and the result follows. a
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7 On sequences generated by matrices with infinite
row length: an example

In the preceding sections we have given a detailed analysis of the sequences generated
by matrices with finite row length and their subsequences. We already have pointed out
several times before that the problem becomes essentially harder if the generating matrices
also have rows with infinitely many entries different from zero.

To give at least some results for this kind of sequences, and to motivate further research
in this direction, we consider the simplest examples of this type in this section.

First, for primes ¢q; # ¢o we discuss uniform distribution of the two-dimensional se-
quence v generated by the matrices

1000 1111
0100 0100

D = |00 10 € 22" and Dy:= |0 0 1.0 € Ly ™.
000 1 0001

Further, let v = (7;)i>1 in Z,. Then we will study the circumstances under which a
subsequence of the one-dimensional sequence generated by a matrix

Y

)

E(y) = € 737

N I
—_ o o

1 0
0 1
0 O

is uniformly distributed in [0, 1). We shall refer to this sequence as o(«) in the following.
Theorem 8 The sequence v = (x,)n>0 defined above is uniformly distributed in [0,1)2.

Proof. Let a,b be integers with 0 < a < qfl and 0 < b < qg2 and let
1 b b+1
I = [%7—a _;_1 ) X |i72, ——Zz ) g [0, 1)2
4 4 4" 92

We need to show that

1
lim — n< Nz, e€l}=——.
A s N 1) = e

Let a = ag,—1 + ag,—2q1 + -+ + aoqfl_l and b =bg,—1 +bgy,—2q2 + -+ + boqu_l. Then, for
n=n" +ng+ni¢2+ .- ie{1,2}, we have @, € I if and only if

n" ao n’ bo
ng 1) n§2)
D = and D = ,
! nél) Ady—1 2 néz) bd2 -1
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i.e.,ifand only if n = @ (mod ¢{") and s,,(n) = by (mod ¢o) and n = c+byqa+baga+-- -+
ba,—1g22~" (mod ¢52) for some ¢ € {0,...,qo — 1}, where @ = ag + a1q1 + - - - + ag, 147"~
and where s,,(n) == ng2) + ngz)
n in base ¢s.

This means that for a certain a(c) € {0, L. gl — 1},

+ -+ denotes the (unweighted) sum-of-digits function of

n=alc) (modqi'¢?) and s,(n) =by (mod g).

By a result of Gel’fond [7], see also Solinas [22] and its generalization given on page
150 of [22], we have

. 1 o dy d o 1
]\}er(l)o N# {n:n<Nn=a() (modg{'¢s?) and sq,(n) =by (mod )} = W
for each ¢ € {0,...,q2 — 1}. Hence,

1
lim —#{n: n<Nx,€l}=——+
N—ooo N qillqtzb
and the result follows. a

Remark 5 Gel’fond [7] even gave an error term in the above limit. Using this more
exact result we can easily find that Dy (v) = O (N_%“) for some X\ < 1/2.
Finally, we consider subsequences of the sequence o (7).

Theorem 9 Let v = (7;);>1 be a sequence in Z, and let the sequence o(7y) = (Ty)n>0 be
defined as above. Furthermore, let (ky)n>0 be a subsequence of Ny.

Then the sequence (T, )n>o0 i uniformly distributed modulo one if and only if for every
m e N, every a € {0,...,¢q™ ' — 1}, and every 3 € {0,1,...,q— 1} we have

1 1
A}im N# {n:n< N, |k/g] =« (mod g™ ") and sy4(k,) =0 (modq)}=—.
—00 qm

(10)
Here, for n =ng+n1q +neq® + - -+, s44(n) denotes the y-weighted sum-of-digits of n in
base q, i.e. s 4(n) =ng+ 1Ny + Yang + - --.
Proof. Let I = [qim, ‘fl—t}) with @ = ay—1 + Am_2q + - - - + apg™ . We need to show that
lim < Noap €1} = —
im —#{n :n x = —
N—)OO N — ) k?n qm
for all m € N and 0 < a < ¢™ if and only if (10) holds.
We have x,, € I for n =ng+ nyq+ --- if and only if
Svq(n) =ap (mod q) and n; =a; (mod q) forall i€ {1,...,m—1}.
This is equivalent to s, ,(n) = ap (mod ¢) and
n=am_1¢" " +---+aqg+c (modqg™) for some ce {0,1,...,q— 1}

which in turn is equivalent to
sya(n) =ay  (mod ¢) and H = "2t ar (mod ¢,
The result follows. O
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Example 7 Let k, = un + v with « > 2 and v € {0,1,...,u — 1} and ged(u,q) = 1.
Then |k,/q| = @ (mod ¢™!) means that

un+v =qa+46 (mod ¢g™)
for some 6 € {0,1,...,q¢— 1}, i.e.,
un +v = ud + v+ wuq™

for some w, and &' = (qa+d5—v)u~t (mod ¢™). Here, u~! denotes the inverse of u modulo
q™. Hence, if for every d € {0,1,...,¢™ — 1} and every g € {0,1,...,q— 1} we have
1 1
V[liinoow#{w tw < W, sy, (ud+v+wug™) =6 (mod q)} = 7

then the subsequence (Zynv)n>0 0f o(7) is uniformly distributed modulo one.

For the special case v = (1);>1, again by Theorem 1 in [22] and its generalization on
page 150 of [22], we obtain uniform distribution of (Zy,1v)n>0 for all u with ged(u,q) =1
and all v.
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