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Abstract

Polynomial lattice point sets (PLPSs) (of rank 1) are special constructions of
finite point sets which may have outstanding equidistribution properties. Such point
sets are usually required as nodes in quasi-Monte Carlo rules. Any PLPS is a special
instance of a (¢, m, s)-net in base b as introduced by Niederreiter.

In this paper we generalize PLPSs of rank 1 to what we call then PLPSs of rank r
and analyze their equidistribution properties in terms of the quality parameter ¢ and
the (weighted) star discrepancy. We show the existence of PLPSs of “good” quality
with respect to these quality measures. In case of the (weighted) star discrepancy
such PLPSs can be constructed component-by-component wise. All results are for
PLPSs in prime power base b. Therefore, we also generalize results for PLPSs of
rank 1 that were only known for prime bases so far.

1 Introduction

Quasi-Monte Carlo rules for multivariate-integration are equal weight quadrature rules
which approximate the integral of a function over the unit-cube by the average of function
evaluations over a well-chosen deterministic point set. On first sight this approach looks
simple but the crux of this method is the choice of sample points. From the well-known
Koksma-Hlawka inequality it is known that point sets chosen from the unit-cube having
low star-discrepancy yield small integration errors, at least for functions with bounded
variation in the sense of Hardy and Krause (see [1, 2, 5, 12]). For a point set P =
{xo,...,xy_1} consisting of N points in [0,1)*, the star-discrepancy is defined by

1 N-1

D3 (P) = sup

| D sl ~ M)
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where the supremum is extended over all subintervals J of [0, 1)* of the form [[;_, [0, o),
X denotes the characteristic function of J, and As(J) is the volume of J.

Currently the best constructions of finite point sets with low star-discrepancy are
based on the concept of (£, m, s)-nets in base b as introduced by Niederreiter [10] (see also
[1] or [12, Chapter 4] for a survey of this theory).
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Definition 1 ((¢,m, s)-nets). Let b > 2, s > 1 and 0 <t < m be integers. A point set P
consisting of ™ points in [0, 1)® forms a (£, m, s)-net in base b, if every subinterval of the
form J = [];_ [aib™%, (a;+1)b=%) of [0,1)%, with integers d; > 0 and integers 0 < a; < b
for 1 <14 < s and of volume b'~™, contains exactly b points of P.

A (t,m,s)-net in base b with ¢ > 1 is called a strict (t,m,s)-net in base b if it is
not a (t — 1,m, s)-net in base b. Furthermore, a (0, m, s)-net in base b is called strict by
definition.

Note that for any point set of ™ points there always exists a ¢t € {0, ..., m} such that
it is a (t,m, s)-net in base b, e.g., we can always choose ¢ = m. On the other hand, a net
with optimal quality parameter ¢ = 0 can only exist if s < b+ 1. With regard to this fact,
t is often called the quality parameter of the net. Smaller values of ¢ imply lower values
for the star-discrepancy for nets. This is reflected in Niederreiter’s [10] bound

(log N)“) )

Dx(P) = Oy (bt N

on the star-discrepancy of any (¢, m, s)-net in base b, where N = ™. For explicit bounds
on the star-discrepancy of (¢, m, s)-nets we refer to [1, 12].

Concrete constructions of (¢,m, s)-nets are based on the digital construction scheme
as introduced by Niederreiter [10] which we recall in the following. To avoid too many
technical notions we restrict ourselves to digital nets defined over the finite field F, of
prime power order b. For a more general definition (over arbitrary finite, commutative
rings) see for example [6, 7, 12].

From now on let b be a prime power and let I, be the finite field of b elements. For
a positive integer r let Z, = {0,...,r — 1}. Let ¢ : Z;, — T}, be a fixed bijection with
©(0) = 0. For k = kg + k1b+ -+ + Ky 6™ with kg, ..., Km_1 € Zy we define

k= ((k0); - > p(m-1)) (2)

Here ' means the transpose of the vector . (Later, the symbol " is used not only
for row vectors but also for any matrix. Hence in general, AT means the transpose of
a matrix A.) Furthermore, we often associate the integer k with the polynomial k(x) =
(ko) + @(k1)x + -+ + p(km_1)x™ ! € Fy[z] and vice versa.

T

Definition 2 (digital (¢,m, s)-nets). Let s > 1 and m > 1 be integers. Let C,...,C;
be m x m matrices over F,. Now we construct o™ points in [0, 1)*: for 1 < i < s and for
k € Zy» multiply the matrix C; by the vector k, i.e.,

Cik =: (yi,l(k)v SR >yi,m(k;>>T € F??
and set . L . "
g ¢~ (yia (k) bt @~ (Yim( ))'
’ b bm
If for some integer ¢ with 0 <t < m the point set consisting of the points

T
€T, = (17143,1; ... ,ZL’}C7S) for ke me,

is a (t,m,s)-net in base b, then it is called a digital (¢, m, s)-net over Fy, or, in brief, a
digital net (over ;). The C; are called its generator matrices.
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The quality parameter t of a digital net over IF, depends only on the choice of generating
matrices C1,...,Cs: let p = p(Ch,...,Cs) be the largest integer such that for any choice
of di,...,ds € Ny, with d; + --- 4+ ds = p, the following holds:

the first d; row vectors of C together with

the first dy row vectors of Cy together with

the first d, row vectors of Cj,

(these are together p vectors in F}*) are linearly independent over the finite field F,. We
call p the linear independence parameter of the matrices C', ..., C;.

The point set constructed by the digital method with the m x m matrices C4, ..., C;
over a finite field F, is then a strict (m — p,m, s)-net in base b, where p = p(C, ..., Cy)
is the linear independence parameter; see [12, Theorem 4.28] or [1, Theorem 4.52].

In [11] Niederreiter introduced a special family of digital (¢, m, s)-nets over F,. Those
nets are obtained from rational functions over finite fields. Since the construction of those
point sets has some similarities with the construction of ordinary lattice point sets, at
least for prime bases b, they are nowadays known under the name “polynomial lattice
point sets (PLPSs)” or, using a more general terminology, “polynomial lattice point sets
of rank 17. PLPSs are very poplar node sets for quasi-Monte Carlo rules. Since their
introduction a lot of theory concerning distribution properties and efficiency for quasi-
Monte Carlo has been developed by a multitude of authors. For a recent overview we
refer to [1, Chapter 10] or to [14].

In this paper we introduce a generalization of Niederreiter’s construction which we
call “PLPSs of rank r”. The aim is then to develop some theory on PLPSs of rank r
which generalizes the existing theory for the rank 1 case. From these results we deduce
existence results and even constructions of point sets with good distribution properties
with respect to the quality parameter ¢ or the (weighted) star-discrepancy. Thereby we
also generalize many known results from the rank 1 case in prime base b to the case of
prime power bases.

The paper is organized as follows: in Section 2 we introduce PLPSs of rank r over I,
where b is a prime power and we characterize the dual net of such nets. For prime bases b
we show how this construction can be introduced independent from the theory of digital
nets. In Section 3 we introduce a figure of merit for PLPSs of rank r and show how this is
related to the quality parameter ¢t. Based on this figure of merit we show the existence of
PLPSs of rank r with reasonable low t-value. In Section 4 we analyze the (weighted) star
discrepancy of PLPSs of rank r and we give a component-by-component construction of
PLPSs with reasonable low (weighted) star discrepancy.

More notation. For a prime power b let Fy((z7!)) be the field of formal Laurent series
over ;. Elements of F,((z™!)) are formal Laurent series of the form L = > ° #z7,
where w is an arbitrary integer and all ¢; € Fy,. Note that Fy((z~!)) contains the field of
rational functions over [, as a subfield. Further let Fyx] be the set of all polynomials
over Fy,. The discrete exponential valuation v on Fy((z71)) is defined by v(L) = —w if



L # 0 and w is the least index with ¢,, # 0. For L = 0 we set v(0) = —oo. Observe that
we have v(p) = deg(p) for all nonzero polynomials p € F[x].

For a polynomial f € F,[z] we will sometimes write f(x) to indicate that it is a
polynomial and similar for Laurent series L € Fy((z71)).

For a prime power b and m € N we denote by G}, the subset of F,[z] consisting of
all polynomials g with degree smaller than m, i.e.

Gy = {g € Fy[z] : deg(g) < m},

where we use the convention deg(0) = —1. Furthermore we define G},, = Gym \ {0}.
Obviously we have |Gy,,| = b™ and |G},,| = 0™ — 1.

2 Definition of PLPSs of rank r

In this section we introduce PLPSs of rank r and characterize their dual nets.

Definition 3. Let b be a prime power and let 1 < r < s be integers. For 1 < i < r let
q; = (¢i1,---,¢s) € Fplx]®, f; € Fyplz] with m; = deg(f;) and assume that

qf_] = Y uaF e Fy((= ).

k=wj ;
Let m =my + -4+ m,. For 1 < j < s define C; € F"*™ by

O € NN (O B (O BN O

) ) mi,J o 7j 2] mr,J
CGi e NCRENG 40
Cy= "2 Mg o Umapag oo Mg Uy e Uy
1 (1) 1 (r) (r) (r)
um,j m—+1,j um-l—ml—l,j um,j um—i—l i um—&-mr—l 7

Le., Cj = (Cjlk, ])il—y and Cjlk, {] = ul(cl}réf(m1+---+m¢71+1
I<mi+---+myforl<i<randl <k<m.

Then, C,...,C are the generating matrices of a digital (¢, m,s)-net over F,. The
digital net obtained from the polynomials f; and q; = (gi1,...,qs) € Fp[z]® for 1 <
1 < r, without explicitly specifying the involved bijection ¢ : Z;, — [, is denoted by
P((q;, fi)i—y). We call P((q,, fi)i_y) a PLPS of rank r (or short again PLPS) and a
quasi-Monte Carlo rule using it is called a polynomial lattice rule (of rank r).

) whenever my+---+m;_1+1 <

Remark 4. 1. If we set r = 1 in the above definition then we obtain Niederreiter’s
definition of PLPSs from [11].

2. More general PLPSs of rank r, so-called polynomial integration lattices, can and
have been introduced independently of net theory. See [8] for b = 2 and [9] for
arbitrary base b. In [9, Section 5] it is shown how this notion can be interpreted as
digital net at least for prime bases b.

For prime bases b there is an equivalent but more concise definition of PLPSs of rank
r which makes the connection to ordinary lattice point sets obvious.
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Let us for a moment assume that b is a prime. In this case we can identify Z;, and T,
and choose the involved bijection ¢ to be the identity. For m € N let v,, be the map from
Zy((z71)) to the interval [0, 1) defined by

Um (i tl.ﬂﬁ_l) = i tlb_l.
l=w

I=max(1,w)

Proposition 5. Let b be a prime. Then we have that

h h, )

PG Fior) = o ({844 B mlal/ (1) for ait1 i< ).
1 r

Proof: Assume that P((q;, fi)i-1) = {®o,...,@em_1}. Let h; = h(()i) + A+

hf;)i_lfﬁmi_l for 1 < i <7, then for 1 < j < s we have

- hzﬂf 1,7\ T : - 1) o 1) k
<[5 () (B

i=1 =1 \l=wi,;

oo m;—1

= (200 Y e

i=1 l=w; ; k=0

ml—l

- w(X % ZIHM'

=1 t=w; ;— ml—‘rl

00 r m;—1

= Um Z _ZZ t+kJ

t:mini(wi,jfmﬂrl) i=1 k=0

m r m;—1
= 20D et
i=1 k=0

where > 7 Y0 ut T jh,g is evaluated in Z;. We have

m;—1

B® (i) (1)
E : ut+k3 Ut]w 'uterifl,j) - h,

where h; = (h((f), . hg,?i_l)T € Z,". From this we get

h h,
Um(ﬂ@%ux%“+ ummw>:%,
fl(x) fr(x)
with h = h§" 4+ Al =t gl () et padic
representation. O

Now we return to the general case. From now on let b be a prime power again. The
following lemma for the case r = 1 was shown by Niederreiter in [11, Proof of Lemma 2].



Lemma 6. Let b be a prime power and let C1,...,Cs be the generating matrices of a
PLPS P((q;, fi)i_,) as given in Definition 3. Then for k = (ki,...,ks) € Zjm we have
that

Clky+---Clk,=0 (3)

where 0 is the zero vector in F}* and k; as in (2), if and only if
k(x)-q,(x) =0 (mod fi(x)) foral 1<i<r,

where in the last expression k(x) = (ki(z), ..., ks(x)) is the vector of polynomials associ-

ated with k = (ky,.. ., k).

Proof: For 1 < j < sand 1 <4 < r assume that q}’] D, Uz] vt € Fy((z71)). For
ki = Koy + K1b+ -+ + Kpo1,;6™ " we then have

k?j X)q;,i\T o s D
S (S (£

h=0 l:wi’j
m—1 oo
_ E : (1) .h—1
- SO(’%hj) ul,jx
h=0 l=wj ;
m—1 oo
_ Z (@ -l
- @(th) 'u’l—&-h]‘r
h=0 l=w; j—h

and hence, for [ € N, the coefficient of 27! in T)) is S W(Hh7j)ul(2h,j' Summing

up, we obtain that for [ € N the coefficient of 7! in % is given by

m—1
E :SO’ch ul—l—h]
h=0

However condition (3) is equivalent to

s

7=1

S

m—1
YD elkng)ul, =0 €,
7j=1 h=0

forall 1 <i¢<randall 1 <[l <m,;. Therefore we obtain for any 1 <i <r
k(x) - g;(x)
— = =g;(x) + L;(x
Rl O
for some g;(x) € Fylz] and Li(z) € Fy((z7")) of the form Y72 . arz™, ie. for the
discrete exponential valuation of L;(x) we have v(L;) < —m,;. Equivalently, we have
k(z) - qi(x) — gi(x) fi(z) = Li(z) fi(x).

On the left hand side, we have a polynomial over [F,, whereas on the right hand side
we have a Laurent series L;(x)f;(z) with v(L;(z)f;(x)) < 0 since deg(f;(x)) = m;. This
is only possible if L;(x)fi(x) = 0 which means that k(x) - g;(z) — ¢i(z)fi(z) = 0 or
equivalently k(z) - g,(x) =0 (mod f;(z)). O

Now Lemma 6 motivates the following definition:
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Definition 7. The dual net of a PLPS P((q;, fi)i—_;) with f; € Fy[z], deg(f;) = m; and
q; € Fy[z]* is given by

D((q;, fi)iz1) ={k € Gy, : k-q;=0 (mod f;) forall1<i<r}.

Furthermore, let D((q;, fi)i—1)" := D((q;, fi)i=1) \ {0}.

3 The quality parameter of PLPSs

For the determination of the quality parameter of PLPSs it is convenient to introduce the
following figure of merit:

Definition 8. The figure of merit p((q;, f;)i—,) is defined as

p((gs, fi)iza) == s — 1+ min Y _ deg(hy),

j=1
where the minimum is extended over all (hy, ..., hs) € D((q;, fi)i—;)"

Theorem 9. The PLPS P((q;, f:)i_,) is a strict (t,m,s)-net over F, with t = m —
p((@;, fi)iz1)-

Proof: 1t suffices to show that we have p(C1,...,Cs) = p((q;, fi)i_,), where p(C4,...,Cs)
is the linear independence parameter. Let ¢ : {0,...,b — 1} — F, with ¢(0) = 0 be the
bijection used in the construction of the digital net P((q;, fi)i—)-

According to the definition of p(C1, . .., Cs) there are dy, . .. ,ds € Ng with dy+- - -+d, =
p(Ch,...,C5) + 1 such that the system consisting of the union of the first d; row vectors
cgj), .. .c((ii) of the matrix C;, where j = 1,...,s, is linearly dependent over ;. That is,
there exist k;;, € Zy for 0 < h < d;, 1 < j < s, not all zero, such that

DD elwia)el, =0 € Fy.

j=1 h=0

Putting k;, =0ford; <h<m—-1,1<j <s,and k; = Kj0 + Kj1b+ -+ /ij,m_lbm_l
and correspondingly k; = (¢(k;0), -, @(kjm-1))" € (Fy)T for 1 < j < s we obtain

Ciky+-++C/k,=0.

By Lemma 6 this is equivalent to k- g, =0 (mod f;), 1 <i <r, for k = (ki,...,ks) €
Fp[z]* \ {0}, where kj(x) = p(k;0) + p(kj1)x + - + @(Kjm—1)x™ * € Fylz]. Hence from
the definition of p((g;, f;)i—,) we obtain

p((qi fi)i—y) = s — 1+ min Y deg(hj) <s—1+ ) deg(k;)

j=1 j=1

<s—1+Y (d—1)=p(Cy,...,Cy).

j=1



On the other hand, from the definition of p((q;, fi)i_;) we find that there exists a
nonzero k = (kyi,...,ks) € Gy, forall 1 < j < sand k-qg, = 0 (mod f;) such that
p((q;; fi)i—1) = s—1+37_ deg( ;). Again from Lemma 6 we obtain C] k; +---+C/ k, =
0, where the vector k; over [, is determined by the coefficients of the polynomials k; for
1 <j<s. Forl<j<sletd; =deg(k;)+1. Then the system consisting of the union of
the first d; row vectors of Cj, Where 7 =1,...,s,is linearly dependent over [F, and hence

p(Ci,...,C5) < =1+ Zdj =—-1+ Z(deg(kj) +1)=s—-1+ Zdeg(kj)
=1 =1 j=1

=s—1+4 minZdeg(h]‘) = p((q;, fi)iz1)-

j=1
O

Remark 10. Let q; = (¢i1,...,4s) € Fp[z]® with ged(gi 1, f;) = 1. Then the condition
k-q;,=Fkigi1+--+ksqis =0 (mod f;) in Definition 8 of the figure of merit p((q;, fi)i—;)
is equivalent to ki + kag;1Gio + - - -+ ksqi1¢is =0 (mod f;), where ¢;; € Fy[z] is such that
¢i1gia = 1 (mod f;) (g;, always exists as long as gcd(gq, fi) = 1). Therefore the figure
of merit is the same for g, and for (1,¢;,¢ip2,- .-, ¢;1%,s) and hence it suffices to consider
the figure of merit for vectors g, of the form g, = (1, g2, ..., q.s) € Fy[z]® only.

We will also consider vectors g; of the special form q; = (1,¢,¢2,...,¢") (mod f;).
Such vectors are called Korobov vectors.

Lemma 11. For a prime power b, s € N, p € Z, the number of (hy, ..., hs) € Fy[z]® with
(hi,.. . hs) #(0,...,0) and Y7°_, deg(h;) < p equals

£

d=0

Proof: The result follows from [1, Lemma 10.14]. O

Theorem 12. Let b be a prime power, let p € Z, r,m,s € N, s > 2, r < s and let
fi € Fyplz],1 < i < r, be irreducible and mutually relatively prime with deg(f;) = my,
my+---+m, =m.

T

> <s p— Zm) [Tom <o,

uC{l,...,r} i€u i€u

then there evist q; = (1,qi2,.--,¢s) € G, 1 < 0 < 1, with p((q;, fi)izy) >
s + p. Therefore the point set P((q;, fi)i—,) is a digital (t,m,s)-net over Fy with
t<m-—s—p.

2. If

Z Ab<sp Zm,) (s—1)" |“|Hbm’<bm

uC{l,...,r} €U i€u



then there exist qi € Gym, such that q; = (1,¢;,¢%,...,¢;") (mod f;), 1 <i <,
satisfy p((q;, fi)i—y) = s+ p. Therefore the point set P((q,, fi)i—;) is a digital
(t,m, s)-net over F, witht < m — s — p.

Proof: 1. Since t € {0,...,m} we can assume that —s < p < m — s. Let
M(s, p) = {(hl,...,hs) € Fyfa]” : (hy,... he) #(0,...,0), ) deg(hy) < p}.

For given (hy,...,hs) € M(s,p) we consider the number of solutions (q,...,q,), ¢, =
(1,4i2,---,4is) € Gj ,» of the congruence system

hi+ hegia+ -+ hsgis =0 (mod f;), 1<i<r.

Therefore we split the set M (s, p) as follows:

M(s,p)= |J {(h....;h) €M(s,p) i hi=hy=---=h,=0 (mod f)iff i € u}
uC{l,...,r}
=: U M(s, p,u)
uC{l,...,r}

(If u={1,...,7}, then for each 1 < j < s we have h; =0 (mod f;--- f.). Since not all
h;’s are equal to zero it follows then that Z _, deg(h; ) >m —s+ 1. As we assumed that
p < m — s we find that the case u = {1,...,r} can be neglected.) Since fi,..., f,. are
mutually relative prime each (hy,..., hs) € M(s, p,u) is of the form (as,...,as)[[,c, fi
and hence

|M(s, p,u)|

< {(al, cyas) € Fy[x]® s (ay, ... as) # (0, .. .,O),Z (deg(aj) +X(aj;£0)zmi> < p}

j=1 icu

< {(al,...,as)EFb[x}s:(al,...,as Zdeg aj) < p-— Zmz}
cu
:Ab (8710_Zmz)

€U

For each (hy,...,hs) € M(s, p,u) the system
hi+hegqio+ - +hsgis =0 (mod f;), 1<i<r,

has at most [],c, 0™~ [T, 0™ = p»=2 T, b™ solutions (qy, .. -, q,). Therefore
to all nonzero (hy, ..., hy) € Fy[z]® with 37 deg( ) < p there are assigned at most

=Dy Ab<sp Zm)Hbm’

uC{l,...,r} €U €U



different solutions (qy,...,q,), ¢; = (1,¢i2, - .., qs) € G} ., satisfying the above congru-

ence system. Now the total number of (qy, . . ., g,) under consideration equals []}_, b™¢~D =
b= Thus, if

m 5—2) Z Ay <S p— Zml> Hbml < bm(sfl)7

uC{l,...,r} €U i€u
that is, if
Z Ab<sp Zm)Hbmi<bm,
uC{l,...,r} S €U
then there exists at least one (qy,...,q,), ¢; = (1,¢i2,. -, ¢s) € G} ,,. such that for all

nonzero (hy, ..., hs) € Fylz]® with > 7 deg(h;) < p we have
hi + hagia + -+ + hsgis 0 (mod f;)
for at least one 1 < i <r. For this (q,...,q,) we have then p((q;, f;)i—;) > s+ p. Hence
the point set P((q;, fi)i_;) is a digital (¢, m, s)-net over F, with t <m — s — p.
2. We proceed as above, but we note that for (hy,...,hs) € M(s, p,u) the system
hi+hogi+ -+ heg ' =0 (mod f;), 1<i<r,
has at most [[;c, 0™ [[g,(s — 1) = (s — 1) =M T, b™ solutions. O

Lemma 13. For a prime power b, s € N, m € Ny, p € Z we have that
Ap(s, p—m)b™ < Ay(s, p).
Proof: The case m = 0 is trivially fulfilled. It is enough to show that
Ap(s,p—(m+1))b < Ay(s,p—m).
This however follows easily from the definition of A,. a

The following corollary recovers [1, Corollary 10.15] which is obtained for the choice
r=1.

Corollary 14. Let b be a prime power and let s,m,r € N, s > 2,r < s and let f; €
Folz],1 < i < r, be irreducible and mutually relatively prime with deg(f;) = m;, my +
-+ +m, =m, and m sufficiently large.

1. There exist q; = (1,qGi2,...,¢s) € G}

bm;»

1< <r, with

(s—1)! J

p((q;, fi)iz=1) = {m — (s = 1)(log, m — 1) + log, (b—1)1(2r — 1)

2. There exist ¢; € Gyom,, such that q; = (1,¢;,¢%,...,¢¢") (mod f;), 1 < i < 7,
satisfy

(s—1)! J

(@ £ > | = (s = o m = 1)+ logy {5
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Proof:
1. For p > 1 we have with Lemma 13 that

Z Ay (s p— Z'/m) Hbml — 1)Ay(s, p)

uC{l,...r} icu i€u
s—1
S B ,0+S—1 bp+d+1
—1 b—1)1
)do(d)( ) (s—d—l)b—l

S—

< (2r _ 1)bp+1 0 (2) (b _ 1>sfd71 (pz; izl 1_)81)! e

where O, indicates that the implied constant depends only on s. Now let

B (s —1)!
p= {m — (s — 1) log, m + log, (N 1J :

[y

Iy

which is in N for sufficiently large m. Then

oA ( . Zm>Hbmz

uC{l,..r} icu i€u

(s —1)! i b (s —1)!
)) m* = (

< (QT — 1) <m - (3 - 1) logbm + 1Ogb (b . 1)5—1(2r —1 b— 1)5_1(2T — 1)

S (o))

g (1 ~(s— 1)10%m + %logb = 1(‘;__132)' — 1>>S_1 (1 + 0, (%)) <™

for sufficiently large m and the result follows from the first part of Theorem 12.

2. From Lemma 13 we get that

Z Ab(SP Zm) 8—1 |u|Hbml<Ab(s p) Z (3_1>T—|u|

uC{l,...,r} €U icu uC{l,..,r}
= Ay(s, p)(s" = 1).
The second assertion is now deduced in almost the same way from the second part
of Theorem 12, one has simply to replace the term (2" — 1) by (s" — 1).
O
If we combine Corollary 14 with Theorem 12 and with Niederreiter’s discrepancy
bound for (t,m,s)-nets stated in (1) we obtain the existence of PLPSs P((q;, fi)i_;)
whose star-discrepancy is of order
Dy (P((@:, fi)i=1)) = Osp(m*2b7™).

This result can be improved with a more direct analysis of the star-discrepancy of PLPSs
which is the topic of the following section.
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4 The star-discrepancy of PLPSs

In this section we deal with the classical star-discrepancy as well as the weighted star-
discrepancy of PLPSs P((g;, fi)i—,). Before we state any results we recall the definition
of the weighted star-discrepancy.

The weighted star-discrepancy was introduced by Sloan and Wozniakowski [18] with
the aim to provide a “weighted* version of the Koksma-Hlawka inequality which takes
imbalances in the importance of the projections of integrands into account. For more
information we refer to [1, 13, 18]. We consider weights of product form which are inde-
pendent of the dimension s. Let v = (7;);>1 be a sequence of nonnegative real numbers
and let [s] := {1,...,s}. Then for ) # u C [s] the weight ~, is given by v = [],c, -

For ) # u C [s], let |u| denote the cardinality of u, and for a vector z € [0,1]° or
a subset J C [0,1]* let z(u) or J(u) denote the projection onto [0, 1] consisting of the
components whose indices are contained in u. Hence z(u) € [0, 1] and J(u) C [0, 1]

Definition 15. For a point set P of N points xg,...,xy_1 in [0,1)* and given weights
~ = (7i)i>1, the weighted star-discrepancy is defined by

N-1
1
D% (P) =sup max 7, |— g (@e () — A (J ()|,
Fe(P) = 500 2| 5 3 o (@4(8) = A ()

where the supremum is extended over all subintervals J of [0,1)* of the form [[;_,[0, o).

We will give now an upper bound on the (weighted) star-discrepancy of a PLPS
P((q;, fi)7_,). The quantities R, and R, defined in the following are useful to obtain
such a bound as they capture the essential part of the (weighted) star-discrepancy.

For f; € Fylx], deg(f;) = mi,mqy + -+ +m, =m, and q; € Fp[z]®, 1 <i <r, define

R((gs, fi)iz) = ) k),

heD((q;,fi)i—1)
where for h = (hy, ... hs) we write r,(h) := ry(hy) - - - 75(hs) and for h € Gy,

(h) 1 if h =0,
r =
’ ba% if h=rko+ K1T+ -+ Kex?, ke # 0,

with C := 1+ max max
1<z<b 1<y<b

a fixed bijection, v is the isomorphism of additive groups ¢ : F, — Zf, if b = p’, and define
n:=1yop. For 1 <1 < /¢ we denote by m; the projection 7; : Zf, = L, (21, . .., Tp) = T
(Note that C' = C'(b) < b.)

Z;é Hle exp (27ri (Triowao)(x);mowmp)(a)) ‘, where ¢ : Zy, — Ty is

Z,—~T,

RN

¢ T
Ly — Ly
Furthermore we define

Ronl(an fi)i) = > ny(h),

heD((q;.fi)i—1)

12



where for h = (hy,...,hs) we write rp(h,7y) = ry(hi, 1) - - 1p(hs,vs) and for b € Gy,
and v > 0,
14~ ifh=0,
(hoy) =9 T
m(h) it £ 0,

where 7,(h) as above.

In Appendix A (see Proposition 28) it is shown that Ry((q;, f;)i—,) and Ebﬁ((qi, fi)izy)
can be computed in O(b™s) operations.

Now we are ready to give an upper bound on the (weighted) star-discrepancy in terms
of R, and Ebm respectively.

Proposition 16. Let b be a prime power and let v = (7:)i>1 a sequence of weights. For
the (weighted) star-discrepancy of the PLPS P((q;, f;)i—;) we have

L OGP P £1- (1 g )+ 2R 20) < e+ 20l (@ £,
u ~
2. D (P fi)ic) € > w (1 - (1 - bi) ) + 2Ry (s fi)iz1)-
B#uCls]
Proof:

1. This estimate follows from [3, Theorem 1] in combination with [16, Lemma 2.5] and
Lemma 6.

2. This estimate follows from

D}kV,v(,P) < max ’VuDN Z ’VuDN
P#uC[s] 0o ]

where P(u) in [0,1)M consists of the points x, (1) whenever P((g;, fi)i_,) consists
of &, for 0 < n < b and the fact that

va( @, fi)i=1) Z Yl ((qi(w), fi)izy)- (4)

D#uCls]
The proof of (4) follows exactly along the lines of the proof of [1, Lemma 5.42].

O

Remark 17. Note that } g, Y (1 - (1- _)|u|> = Oq,s(b™™). If 3,1 75 < 00, then

[u] m .
Z@#ug[s} Tu (1 (1 - W) ) < maX(l F)b eXp(ZjZl ’Yj)a where I' := Zj21 7j/(1+7j)-
See [1, Lemma 5.41].

The following lemma will be useful for our subsequent investigations. The proof of
this result is straight forward (cf. [1, Lemma 10.22]).

13



Lemma 18. For any prime power b and v = (7;)i>i a sequence of weights, we have

2 k) = (u%)s

hEGz,m
and
2 mC(b—1
Z ro(h,y) = H (1 + % (1 + ¥>) :
, b
heGy . i=1
Existence results. We show that for given fi,..., f., there always exists at least one

vector (qy,...,q,) such that P((g;, f;)i_,) has appropriate (weighted) star-discrepancy.
The bound on the average in the subsequent theorem serves as a benchmark for construc-
tions of PLPSs with low (weighted) star-discrepancy.

Theorem 19. Let b be a prime power, v = (7;)i>1 a sequence of weights, s,m,r € N,
r <s, and let f; € Fylz], 1 < i < r, be irreducible and mutually relatively prime with
deg(f;) = m;, mi +---+m, =m. Then we have

e, 2, i = g (05 ) )

1
q; Q(G;mi )° ¢
1<i<r

and

LY Resllan f)

Hi:l |Gz,m¢ 2:€(G},,.)°
1<i<r
or 1 ’ mC(b—1) :
S T 1+7'(1+—)>_ )
Hi:l(bml —1) [31;[1 ( J b };[1 i

Proof: First observe that |G, | = 0™ — 1. We have

. S Rul(@n f)i)

e T
Hi:l |Gb7m1 |s QiE(G;,mi)S

1<i<r

1
T N L

4G} ) heD((gifi)]_,)!
1<i<r

1
e, 2, Lt

heGy,, \{0} 2,€(G} ,,.)°
heD((a5,f)7_)

where we used the definition of Ry((q;, fi)i_;) and changed the order of summation.
The last summation is extended over all g; € (G},,.)° for 1 <4 < r, for which h €
D((q;, fi)i=1)"- Hence for a fixed h € G}, \ {0} we have

> 1=H{(q-.q): q,€(G;,) h-g;=0 (mod f)}|

4,€(G} , )°
heD((a5,f)7_1)

14



= H | {q €(Gy,) th-q=0 (mod fz)} |.
i=1
Now for a given h = (hy,

,hs) € Gy, \{0} the number of solutions q; = (i1,
(Gz,mi)s Of

i) €
P1Gia + haGio + -+ + hsgis =0 (mod f;)
equals (note that f; is assumed to be irreducible)
0 if h; #0 (mo f) for exactly one j and hy =0 (mod f;) Vk # j,
(bml — 1)8 if hl = hg = = h =0 (Il’lOd fz),
< (U™ —1)51 else.

Now we have

1

AN > Rl fi)iz)

2;€(Gy m; )s

1<1<r

B 1

I (e —1)0 > [[{a€G;,) h-g=0 (mod f)}|
=1 heay, \{0} im1
1

SHT T 3 > (k) [Jom =1 T - 1)
i=1 uG{l,..,r}  heGi, \{0}

ST

id¢u
h=0 (mod f;)Vicu
h#0 (mod f;)Vi¢u
1 e
Mooy, 2 2 rwIIen-y
=1 uc{l,..,r}  heG;  \{0} icu
h=0 (mod f;)Vicu
h0

(mod f;)Vidu

SW >, em-1n > nm,
i uC{L,r} icu heGj, \{0}
h=0 (mod f;)Vicu

,7} since h # 0). Now we compute

L2 = ol 2

vC[s] jEL jéo
h=0 (mod f;)Vicu

(note that u # {1,.

ro(hy)
h;€Gyp,m \{0}
hj =0 (mod fi)ViGu

SHIPID

Cls] j¢o g€, m\{O}

S
_ mC(b—1)
Z}}n ;

me—l

e () )

15



where we have used Lemma 18.
Altogether we have now

LY Ry((gn £
.

H::1 |Gzﬁmi a;€(Gy )’

1<i<r

1 mC(b—1)\" b —1
< — 14 ——=) —1
S L 1) uc{zl | (( T ) ) 15

This proves the unweighted result. The average of ﬁbﬁ((qi, fi)i_;) can be estimated in a
similar way. a

Remark 20. In the case where r = 1 the obtained result is comparable with [1, Theo-
rem 10.21] and [1, Theorem 10.24] for prime bases b.

As a consequence of Theorem 19, we obtain the following existence results.

Corollary 21. Let b be a prime power, v = (7i)i>1 a sequence of weights, let s,m,r € N,
r <s, and let f; € Fyplz], 1 < i < r, be irreducible and mutually relatively prime with
deg(fi) = mi, mi+---+m, =m. Then for 0 < a <1 there are more than o [[;_, |G} .. I°
vectors of polynomials (qy, .. .,q,) € [[;—,(G3,,.)° such that

* ) < 1 2.2 —1) mC(b—1)\"
Dy (P((@s fi)iza)) < 3 + 17— T, (™ — 1) (1 A >

and

[u]
Dyn(P((q;5 fi)iz1)) < Z T (1 B (1 B bim) >

PFAuCls]

= ozHQZ-”'l((QbTmi_—l)l) Il (1 o (1 ’ W)) -

Jj=1

Proof: The result follows from Proposition 16 and Theorem 19 by using standard argu-
ments (as used, for example, in [1, Proof of Corollary 10.23]). O

A Higher rank - Component by component construction. Now that we know
that for given irreducible and mutually relatively prime polynomials f; € Fylz], 1 < i <,
there exists a sufficiently large number of good vectors (q,...,q,) which yield PLPSs
with reasonable low (weighted) star-discrepancy, we want to find such vectors by computer
search. Unfortunately, a full search is not possible (except maybe for small values of m, s),
since we have to check b™* vectors of polynomials. We will use a component-by-component
construction, an idea that was introduced by Korobov [4] for ordinary latice rules and
that was later re-invented by Sloan and Reztsov [17]. The same idea applies to higher
rank PLPSs (see [1, Algorithm 10.26] for the case r = 1).
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Algorithm 22. Given a prime power b, s,m,r € N, r < s, and polynomials f; € Fy[z],
1 <i <r,with deg(f;) = m;, m1+---+m, = m (and a sequence v = (7;);>1 of weights).

1. Choose g1 =1forall 1 < <r.

2. For d > 1, assume we have already constructed g;1,...,qa-1 € Gj,,, for all i €
{1,...,r}. Then find ¢;q € Gj,,. for 1 < i < r, which minimizes the quantity

Ry(((gi1s -+ Gia—1,ia), Ji)iz1) (or Rony(((qi1s - - -5 Gia—1, Gia), fi)i=1) in the weighted
case) as a function of (1,4, ..., ¢.a)-

Remark 23. The quantities Ry((q;, f;)i—;) and f{bﬁ((qi,fi)gzl) can be computed in
O(b™s) operations (see Proposition 28). Hence the cost of Algorithm 22 is of O(b*™s?)
operations.

In the following theorem, we show that Algorithm 22 is guaranteed to find good vectors
q;, 1 <1 <r, where the polynomials f;,1 <17 < r are irreducible and mutually relatively
prime.

Theorem 24. Let b be a prime power, v = (7i)i>1 @ Sequence of weights, let s,m,r € N,
r < s, let fi € Fp[z], 1 < i < r, be irreducible and mutually relatively prime with
deg(f;) = mi, mi+ -+ +m, =m. Suppose q; = (¢in,---, ) € (Gy,,,)° for 1 <i<ris
constructed according to Algorithm 22. Then for all 1 < d < s we have

r 2r—1 mC(b—1)\*
Rb(((%‘,h cee 7qi,d)a fz’)izl) < W (1 + T)

and

d
& 2r—1 mC(b—1)
Ron(((gis- -5 Gia)s fi)ic) € s <1 +7; (1 + —)) .
! ' [T (b =1) jlj[l ! b
Corresponding bounds on the (weighted) star discrepancy can be obtained from Propo-
sition 16.

Proof: We only prove the first part. To prove the second part, simply replace r,(h) and
Ry by ry(h,~) and }N%b,y respectively.

Since the f;, 1 <17 < r, are irreducible and mutually relatively prime it follows that
Ry((1, f;)i—;) = 0 and the result follows for d = 1.

Suppose now that for some 1 < d < s we have already constructed q; = (¢;1,- - ., ¢id) €
(Gy,)* for 1 <@ <7 and

Ro((gis f)y) < wre ! )(1+m0“—”).

<
ST b
Now we consider (q;, ¢id+1) == (¢i1s - - -+ Qid» Gia+1). We have
Ry(((qis qi,d+1), fi)im1) = Z ro(h)ry(has)

(h,ha11)€D(((@;59:,d+1)fi)j—1)’

17



= Z ro(h) +0(qrat1s - - Grat1)
heD((g;,fi)i=1)’

= Ry((q;, fi)iz1) + 9(Q1,d+17 cee C]r,d+1),

where we have separated out the hyy; = 0 terms, and

9(Q17d+1> cee 7(]r,d+1) = Z 7“b(hd+1) Z Tb(h)-

hq11€G5 heGy
(h,hay1)€D(((q;:9i,d+1),fi)i—1)’

Here the last summation is over all h € Gf,, for which (h, hat1) € D(((g;, Gias1) fi)i—1)'-
Since (q1,d+41; - - -, Gr.d+1) is a minimizer of Ry(((q;, ¢i.a+1), fi)i—;) and since the only depen-
dence on ¢; 411 for 1 <1 <risin 6 it follows that (¢1,441,---,¢rdt+1) is also a minimizer
of  and hence we obtain

9(Q1,d+17 e 7Q7',d+1)

1
S =T (21, .., 2)
Hi:l (bmz o 1) zZG%Z:m
1<i<r

= H bmz ) Z Z b(Par1) Z ro(h)

ZZEG m; ha+1€Gy heGy

bm

1< (hohas1)ED(((a5,2), )iy )

1
=y 2 Mlhan) D k) > L
=1 ha1€G} . heGy z€Gy .
(h.ha+1)€D(((452i),fi)i=1)
The condition (h, hai1) € D(((q;, zi), fi)i_y)" is equivalent to the equation system
zihgy1 = —h-q; (mod f;) foralll <i<r.

For fixed i, we consider now several cases to determine the number of solutions z; of
2ihay1 = —h - q; (mod f;):

1. If hgp1 =0 (mod f;) and —h - g, =0 (mod f;), then there are b™ — 1 solutions.
2. If hgp1 =0 (mod f;) and —h - q; Z0 (mod f;), then we have no solution.

3. hgp1 #0 (mod f;) and —h - q; =0 (mod f;), then there is no solution z; € Gy, ,
since f; is irreducible.

4. If hgy1 Z0 (mod f;) and —h - q; 0 (mod f;), then we have exactly one solution.

Altogether we obtain

9(Q1,d+1, cee 7q7~,d+1)

1 ,
< W CZ Z Tb(hd+1) Z Tb(h) H(bmz - 1)

u+{1,.‘.,r} hd+1eGZ,m heGgm S
ha+1=0 (mod f;) Vieu h-q;=0 (mod f;)Viceu
hgy170  (mod f;) Vigu h-q;#20 (mod f;)Vi¢u

18



e i I | CEEE D DRI DR

uC{1,..r} icu hat1€G},, heGd
ha41=0 (mod f;)Vieu ’

= m (1 + W) Z H(bml —1) Z rp(hat1)

=1 uC{1,...,r} i€u hat1€G5 .,
hqy1= gHzellfz

1 mC(b—1)\* b — 1
Sm(l—i-%) Z H = Z r5(9)

uC{l,...,r} i€u 9€G;
or — 1 ( mC(b— 1))d
S — TS S 5(9),
[Tic, (0™ —1) b ge;
b,m

where we have used Lemma 18. Now we obtain
Rb(((qi7 q@',d+1)a fi)zzl)

< Bl(a 1) + e (1 ) 2 i

o —1 mC(b—1)\*
=T, 0m - ) (1+75) S

or —1 ( mC (b — 1))d“
== (LT )
Hi:1(bml —1) b

where we have used Lemma 18 again. The result follows by induction. O

The following result can be proven in the same way as [1, Corollary 5.45]. It shows that
the bound on the weighted star discrepancy can be made independent of the dimension s
under certain assumptions on the weights ~.

Corollary 25. Let b be a prime power, v = (7;)i>1 a sequence of weights, let s,m,r € N,
r < s, let fi € Fp[z], 1 < i < r, be irreducible and mutually relatively prime with
deg(fi) = mi, my + -+ +m, =m. Suppose q; = (¢i1, - --,Gis) € (Gy,,,)° for 1 <i < is
constructed according to Algorithm 22 using ]:j,b,y.

If 702 vi < 00, then for any & > 0 there exists a constant c5 > 0, independent of s
and m, such that the weighted star discrepancy of P((q;, fi)i—,) satisfies

Dy o (P((a: F)i) < 7. (5)

In particular, the bound on the weighted star discrepancy is independent of the dimen-
S10M S.

Appendix A: Calculation of R, and R,

In this section we show that the quantities R, and Ebn can be computed efficiently. We
will need the definition of Walsh functions over the finite field [F.
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Definition 26 (Walsh functions). Let b = p® with a prime p and a positive integer /, let
k € Ny with base b representation k = kg + k1b + -+ fﬁm,lbm_l, where k; € Zp and let
x € [0,1) with base b representation x = %L + 3 4 ---. Then the k-th Walsh function
over the finite field [F;, with respect to the b1Ject10n @ is defined by

o vl () = T [[exo (ors eenlid(ron))

=0 =1 p

where ; and 7 are as before (page 12). For convenience we will in the following omit the
subscript and simply write waly if there is no ambiguity.

Multivariate Walsh functions are defined by multiplication of the univariate compo-
nents, i.e., for x = (xy,...,25) € [0,1)*, k = (k1,...,ks) € N§, where s > 1, we set

walg (x H Walk ().

If we consider Walsh functions F, ,Wal, in conjunction with digital nets over F, and
implied bijection ¢ (cf. Definition 2), then b and ¢, respectively, are always considered to
be the same.

From [16, Lemma 2.5] and Lemma 6 we immediately derive the following lemma that
gives an important indicator function.

Lemma 27. Let b be a prime power and let C,...,Cy be the generating matrices of a
PLPSP((q;, fi)i—1) = {xo,...,xym_1}. Then for any vector k € {0,...,b™ —1}* we have

1 {1 if k € D((q;, f:)i—)
— walg(x)) = L=
b hZ:O k h

0 else.

Now we have

Ry((q;, fi)iz1) = Z ro(h)
heD((q.fi)i—y)’
bm—1

=—-1+ Z Z walg(x,)
=-1 —i— — Z H <Z Walk(xnﬂj)>

:—1+— H¢bm Tnj), (6)

where we identify a polynomial k(x) = kg + K12+ -+ -+ k12" ' € Gy, With the integer
k=@ ko) + o (k1)b+ -+ @ Hkm1)b™ ! and where we used the definition

bm—1

Pom () = Z ry(h) waly ().

h=0
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Now from the proof of [15, Proposition 3| we get

b —1
dunle) =14 3 nwal(a) =14 G (0= ml@) =D =1, 7

with C' as in the deﬁnltlon of rp and for © € b= Zym \ {0}, mo(x) == max{l < m :z <

bt~

U} = [—log, ] and mo(0) := m+ ;2. Note that it is enough to consider z € b™"Zyn

only.

Using (4) we have
Rom((gi fi)ic) = Y le((gqs(w), £:)1y)

D#uC|s]
bm—1
=— > %Hrbim > D w]] oemlens)
BAucls n=0 04uCls]  jeu
s bm—1 s
=-JJa+v)+ Z LT+ v 00m(@ny). (8)
j=1 n=0 j=1

We summarize:

Proposition 28. Let b be a prime power, v = (7i)i>1 a sequence of weights and let
s, m,r € N; r S S and let fz S ]Fb[x]z 1 S i S r, deg(fl) = m;, My +eoeetFmy = m,
and q; € Gy, 1 < i < r. Using (6), (7) and (8) one can compute Ry((q;, fi)i=,) and
Eb,a,((qi,fi)le) in O(b™s) operations.
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