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Abstract

We introduce a generalized weighted digit-block-counting function on the non-
negative integers, which is a generalization of many digit-depending functions as,
for example, the well known sum-of-digits function. A formula for the first moment
of the sum-of-digits function has been given by Delange in 1972. In the first part
of this paper we provide a compact formula for the first moment of the generalized
weighted digit-block-counting function and show that a (weak) Delange type for-
mula holds if the sequence of weights converges. The question, whether the converse
is true as well, can only be answered partially at the moment.

In the second part of this paper we study distribution properties of generalized
weighted digit-block-counting sequences and their d-dimensional analogues. We give
an if and only if condition under which such sequences are uniformly distributed
modulo one.
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1 Introduction

Let v = (7s)s>0 be a sequence in R. Let t > 1 and ¢ > 2 be integers and I' = {0, 1,...,¢—
1}t. Further let g : ' — R be a function.

For k € Ny with base ¢ representation k = k,.q" + - - + kiq + ko, where k. # 0, we
define the generalized weighted digit-block-counting function

Sq(k>7) = Z’ysg(ksauwks—kt—l)a (1)
s=0

where here k; = 0 for all ¢« > r. (This definition is a weighted version of the definition
given by Cateland in [1].)
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In the first part of this paper (Section 2) we investigate the average growth-behavior of
the generalized weighted digit-block-counting function. For n € N with n > 2 we consider
the first moment defined as

—_

Sf](n77) = SII(k77>‘
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The definition of the function in (1) covers many well-known and extensively studied
sequences as, for example:

1. Ift=1and g: I' = Ris given by g(a) = a for all @ € I, then s,(-,7y) is the weighted
sum-of-digits function. For the unweighted case, i.e., ¥ = 1 = (1)s>0, Delange [2]
showed the following formula.

Theorem 1 (Delange) We have

q
Sy(n, 1) = Tnlogq(n) + nkpe(log,(n)),
where Fpe(x) is a continuous, one-periodic, nowhere differentiable function.

See also [4, 12, 14] and the references therein. A similar formula for the more general
weighted case was proved in [7] and recently in [10] for ¢ = 2.

2. If t > 1, ¢ > 2 and the function ¢ : I' — R is given by g(a) = 1 for fixed
a = (ay,...,a;) € I' and zero otherwise, then s,(k, ) counts (weighted) occurrences
of the block (ay,...,a;) in the base g representation of k. In this case we will refer
to s,(k,~y) as the weighted single-block-occurrence function. For the unweighted case
a formula for the first moment was given by Kirschenhofer [6], see also [4].

3. If t =2, ¢ =2, and the function ¢g : I' — R is given by ¢(0,0) = ¢g(1,1) = 0 and
9(1,0) = ¢g(0,1) = 1, then s,(k,~y) counts the (weighted) number of 1’s in the Gray
code representation of k. In this case we will refer to s,(k,~y) as the weighted Gray
code sum. Here a formula for the first moment for the unweighted case was given

by Flajolet & Ramshaw [5], see also [4].

It is the aim of the first part of this paper to calculate the first moment of the gener-
alized weighted digit-block-counting function (1), see Subsection 2.1. Further we show in
Subsection 2.2 that a formula like that in Theorem 1 holds if the sequence = of weights
converges. In this case we will say, the formula for the first moment is (weak) Delange
type (see Subsection 2.3 for an exact definition). Of course our formula also contains the
formulas from Kirschenhofer [6] and Flajolet & Ramshaw [5] as special cases. In many
cases we can also prove the converse, i.e., if the first moment is (weak) Delange type, then
the sequence of weights has to converge (see Subsection 2.3). However, a general answer
to this question has to remain open for the moment.

In the second part of this paper (Section 3) we will study distribution properties
of generalized weighted digit-block-counting sequences. FEspecially we will answer the
question under which conditions the generalized weighted digit-block-counting sequence
(sq(k,7))k=0.1,.. is uniformly distributed modulo one.



We recall that a sequence (z,,),>0 in R? is said to be uniformly distributed modulo one
if for all intervals [a, b) C [0,1)? we have

lim #{n : 0<n<N,{x,} €la,b)}
N—oo N

= )‘d([a’ b))a

where A4 denotes the d-dimensional Lebesgue measure. Here for a vector @ the fractional
part {-} is applied componentwise. An excellent introduction to this topic can be found
in the book of Kuipers & Niederreiter [8] or in the book of Drmota & Tichy [3].

Even more generally we will ask under which conditions the following quite general d-
dimensional generalized weighted digit-block-counting sequences are uniformly distributed
modulo one:

For given dimension d we choose d functions ¢ : I' — R for all i € {1,...,d} where
we assume ¢ (0) = 0 for all 5. Further we choose d sequences of weights

~0 = ( (()i),vf),...) forallie {1,...,d}

and denote by s((f)(k,'y(i)) the generalized weighted digit-block-counting function gener-
ated by ¢ and 4.
Now we are interested in the distribution behavior modulo one of the sequence

(8q(k,7)k=0. = (537 (YD), s (k4D o, (2)

in the d-dimensional unit cube.

The question, under which conditions the sequence (2) is uniformly distributed modulo
one, was fully answered for t = 1 and ¢ the identity function for all i € {1,...,d} by
Pillichshammer [11]. For arbitrary ¢, but d = 1 and constant weights =y it was answered
by Larcher & Tichy [9].

In Section 3 of this paper we give an if and only if condition under which the sequence
(2) in its full generality is uniformly distributed modulo one.

Throughout the paper let the integers ¢ > 2 and ¢t > 1 be fixed. Therefore also
the set I' is fixed. We define I'* := I" \ {0}, where 0 = (0,...,0) € I'. If we write
in the following a € I, then always @ = (ay,...,a;). Analogously, * = (x1,...,2),
j = (j1,.-.,7:) and so on. For a real number z, we denote by {z} the fractional part of
x, by |x]| the integer part of = and by ||z|| the distance of = to the nearest integer, i.e.,
|z]| = min{z — |[z],1 — (z — [x])}. By log,(r) we will denote the base ¢ logarithm of
x. For vectors & € R the functions [-| and {-} are applied componentwise. Further for
x,y € R? we denote by x - y the usual inner product in R?. We will write N for the set
of positive integers and Ny for the set of nonnegative integers.

2 The first moment of the generalized weighted digit-
block-counting function

2.1 A formula for the first moment of the generalized weighted
digit-block-counting function

Here we compute the first moment of the generalized weighted digit-block-counting func-
tion as defined in (1).



Theorem 2 Let v = (5)s>0 be a sequence in R. For any positive integer n = ng+nyq +
noq? + - -+ we have

r(n) r(n)
Sq(nv7) = _Zg Z Z’ys
acl
+ Zg Ze—mzl 1Jlfllz,ys
acl jer

Ti
i - 7]7n7+571 _ ;
2 t - q 2 .
) g g et [ € Hﬁmm{ n } ,
Ti
e a1 gttt

where r(n) := [log,(n)] and I := min{l € {1,...,t} : jy #0}.

A more concise version of the above formula will be given in Subsection 2.2. Before
we give the proof of this result let us consider some examples.

Example 1 For ¢ = 1 and the function g : I' — R the identity function we get the first
moment of the weighted sum-of-digits function in base ¢. It follows easily from Theorem
2 together with the formula

—1
12 vy 1
Jz __
- ze 177 = —5—
qz:O € el —1

that in this case for n > 2 we have

rn 2mi n
Sy(n,y) = q_l Z%+Z — g z(:)vsqs <7e ;js_ljtez’q”ﬂns{ﬁs}).
—1e =15 e’ —1 q
For ¢ = 2 this formula reduces to
@) n gty
5 g ) Z n ‘ 2s+1

where in the last formula r(n) = [logy(n)]. This formula was proved in [10, Theorem 2.
See also [7].

Example 2 For ¢t = 2, ¢ = 2 and the function g : I' — R given by ¢(0,0) = g(1,1) =0
and ¢(0,1) = ¢g(1,0) = 1 we have

r(n s+l

Z,}/S__nys ns+1 n ‘

for n > 2, where here r(n) = [logy(n)] and n,(,)+1 = 0.

7|

For the proof of Theorem 2 we need several lemmas.



Lemma 1 Fory € I' we have

Zg Zez%i Zf:1jl(yl_al)'
acl jer
Proof. This follows easily from the fact that for an integer ¢ > 2 we have
-1

lz 0 ifz#0 (modq),
¢ 1 ifz=0 (mod q).
O

Lemma 2 Let the nonnegative integer U have q-adic expansion U = Uy~ - -+ Up_1q™ 2.

For any nonnegative integer n < U —1 let n = ng+- - -+n,,_1¢™ " be the q-adic expansion
ofn. For0 <p<m—11letU(p) :=Uy+---+UygP. Letby,bi,... b1 be arbitrary
elements of Zq, not all zero. Then

U-1 ) . b 1 l v
Z 62%(bono+"'+bm71"7”*1) _ e%(bw+1Uw+l+"'+b7n71Um71)qw eqzm—_ —+ eQ_ZZrlbwa {—} )

w
n=0 eqbw—l q

where w is minimal such that b, # 0.

Proof. The result easily follows from splitting up the sum.

U-1 .
Z o 23t (bonot++bm—17m—1)
n=0
¢ (U 14 4Um—1g™ "0 =2) -1 » »
- Z e q n“’bweT(bw+1nw+1+'~+bm,1nm,1)
n=0
U(w)—1 .
+ e%u”wbw 22 (but 1 Vw14 4bm—1Um—1)
n=0
Ulw)—
= 0O+e 25 w1 U +tbm—1Um-1) Z e%nwbw‘
n=0

We study the last sum. We have

qw

U(w)-1
e’a b
n=0
'« 272 0by, = 2mip, & 273 (Uyy—1)b = 272 Ub
= ) e +Zeqw ot Y ea ety Z o v b
n=0 n=(Uy—1)q® n=Uwq"
Cu! 2mi k 2mi
= " Y () (Uw) - Uag?)e T
k=0
28 by Uy
o _11 - (U(w) - Uw) eQZiwaw>

e q v —
2



The result follows. O

Remark 1 For ¢ = 2 the formula from Lemma 2 can be further simplified with

S B R ) ol T
SES T
Now we give the proof of Theorem 2.
Proof. With the definition of the first moment we have
n—1 r(n)—1q¢ +1-1 n—1
Sq(n,7y) = qu Z Z sq(k,7) Z Sq(k,vy) =t X1 + 2.
k=1 r=0 k= k—qr(m

First we consider the sum ;. We have

r(n)—1¢"+t1-1

(n)—
Z Z sq(k, ) Z Z Vsq(ksy ooy ksii—1)-
r=0 k=q"~ s=0

r=0 k=q
Now we use Lemma 1 to replace g(ks,...,ksii—1) and get after changing the order of
summation,
A (n) q -1
DI WEEEED I 3 I
acl’ jer r=0 s=0

Now we take a closer look at the innermost sum in the above expression. Let

7“+1 1

2
Yi1= E e Lizttkstioa

depending on (ji,...,7;) and s. We consider the following cases:

(a) If jy =--- =4, =0, then we get X1 = ¢"(¢ — 1) and furthermore e 0 Timhe

(b) If there exists at least one [ € {1,...,t} such that j; # 0, then we define | :=
min{l € {1,...,t} : 5; # 0}. We consider three cases for s:

(i) If s+1—1 < r, then we have

211 — E E 6221 .71 s+1— 1t +]m1n{t'r s+1}km1n{.s+t 17}) 0
koye.oskr—1=0 kr=1

(ii) If s+1—1 =7, then we have

qr+1_1
27i
2171 = e ¢

k=q"

]lkr — _qT



(iii) If s +1— 1 > r, then we have

q'r+1_1

Yig = Z 1=4q"(qg—1).

k=q"
Altogether we find that
q — 1 rm - 27i ;
- S ) 3 Sk Tt Y S
acl r=0 s=0 acl’ Jer#
r(n)— r—Ii+1 r
S Sl E IS SR S
=0 s=max{r—I+1,0} s=max{r—I+2,0}
We have the following identities:
r(n)—1 r r(n)—1  r(n)—1 r(n) r(n)—1 1 r(n)—1
IIXDIEDIETDY o1 2
r=0 s=0 s=0 r=s 5=0 s=0

and
r—Ii+1

q >

s:max{r—z+1,0}
For the last term we have

r(n)—1 r

(¢—1)g Z

r=0 s=max{r—14+2,0}

Now we can express > as

>

acl

__Zg

acl’

+Zg

ael

__Zg

acl’

r(n)—

Zq,}/r 1 = Z% s+ll

r=l—1
r(n)—1  min{s+l—2,r(n)—1}
Yoo= (a=1 D> v >,
s=0 r=s

Z ,}/Sqmin{s-‘rl—l,r(n)} o

s=0
r(n) (n)
Z s — Z 9(a Z
acl’
Z e~ 2“ DI Z fysqs"‘l 1
jer=
Z . 27r1 S G Z s qmm{s+l 1,7(n)}
jer=
Z o 27” i1 G Z,}/ q.
jer=



The second and the last sum together give

——Zg szq ——Zg )Y e R 1”‘”2% °

acl’ acl’ jer
r(n)
_@Zt ;
— =111
= _§ ”qu E g(a E e ¢ ~=
acl’ jer

and from Lemma 1 we know that

Zg ) S e St

acTl’ jer

Therefore we obtain

( ) r(n r(n)

@2
acl
__Zg Ze 2’”2 1Jia Z Vsq s+l 1

X =

acl’ jer
27'r1 T(n)
_|_ Z g Z e~ Zl 1J1ay Z Vs qmm{s—l—l 1 r(n)}
acTl’ jer= s=0

If we finally split the last sum,

r(n) r(n)—l r(n)

Z,}/Sqmin{s+i—1,r(n)} _ Z ,}/qu—l—Z—l + Z ,}/Sqr(n)7

5=0 s=0 s=r(n)—l+1
then we end at
r(n r(n)
2 sla Z 7%= 9(0) )’
acl’ s=0
. r(n)
—|— Z gla Z e 221 i1 G Z VSQT(H)-
acl jer+ s=r(n)—l+1
Now we turn to the sum ;. Again we use Lemma 1 to replace g(ks, ..., ks14—1) and
get
r(n)
PO SELESED W S S
ael jer s=0  f=qr(n)
To compute Xy, = Zk —gr(m) e L= ithericy depending on ji,...,J; and s we have to
consider the following cases:
(a) If j; = = jy = 0, then we have ¥y ; = n— ¢"™ and furthermore e Do

8



(b) If there exists j; # 0, then let again [ := min{l € {1,...,t} : j; # 0}. We consider
three cases for s.

(i) If s < r(n) —1+1, then s+ — 1 # 7(n) and we get after replacing the
summation index k by k' = k — ¢"™ and using Lemma 2,

27i
: T A
2 ¢ - e d 2mi n
Yo1=c¢ i JZ”SH*qu‘S_l . +e 7 Iy _ )
Ti
e a1 gitst

(ii) If s=7(n) = +1, then s+ — 1 = r(n) and we get again with Lemma 2,

n—gq"(m—1
27i ; 2
Yo, = e T E e B Stk
k=0
2mi
- -]l(nl+s -
27i 27mi t . e g 1 n
= eallega Zl:7+1]l"3+l71ql+8—1 — +e 2 gi(ngy s —1) -
ea i —1 gits1

i,
_ +s—1 . _
q 2mi Z-"—S—l q 9
e et -1 q

2mi t
as e ¢ 2a=T41dils -1 — 1

(iii) If s > r(n) — [+ 1, then we have k. ;_; = 0 for [ > [. Thus we get

Z2 1=n— qr(n)
Altogether we find
n— q r(n)
Y2 = "3 o )2
ael
—1+1
27r1
ELOWTD DL it
acTl’ jer

: . - j ITJrsfl — i.
><e27qr:L Zfziﬂ Jms+171ql+s—1 e a 2 1 6_2;”]7”7“71 { 771 }
i
ea 1 gttt

27r1
‘_Zg ) DT Ry g™

acl jer
r(n)
n - q 27'r1
E g E e~ Zl 1Jia E Vs
ael jer« s=r(n)—14+2

We can split the last sum in terms with factor n and factor ¢"™. The terms with
factor n go with the second sum and the terms with factor ¢"™ go with the third sum.



Hence

r(n)
n— q
= W )2 %
acTl’
27r1
TLOIED DS o8
acl jer
i - Tj_n_ s—1 —
><e27qr1 Zfziﬂ jl"s+l71ql+3—1 € § et 1 —|—e2:1rl]lnl+s 1 7n
a1 gttt
27r1 T(n
SN S Y
acl’ jerx s=r(n)— 1+1
The result follows by adding ¥; and X,. O

2.2 Delange type results

In this section we show for the generalized weighted digit-block-counting function a (weak)
Delange type result in the case of convergent weights «y. (For an exact definition of what
we mean by (weak) Delange type see Section 2.3.) Thereby we once again prove the
formula of Delange [2] for the first moment of the sum-of-digits function, the formula
of Flajolet & Ramshaw [5] for the first moment of the Gray code sum and the formula
of Kirschenhofer [6] for the first moment of the single-block-occurrence function. Fur-
thermore, this generalizes a result of Larcher & Pillichshammer [10] for the weighted
sum-of-digits function in base 2.

For a further investigation of the formula from Theorem 2 we introduce the notation

qg—1
fq(ala"'>alaxt—l+1>'--axt) = Z g(a17"'7alaxt—l+la"'>xt)

ay,...,a;=0

where [ € {1,...,t} and x;_;.1,...,x; are arbitrary integers from {0,...,q¢ — 1}. Espe-

cially, fo(ar,...,a;) = Y 4er 9(a@) and fo(z1,...,2) = g(@1, ..., 1)
In the formula from Theorem 2 appeared the term

r(n)

— _Zg Ze 2“21 1]1@2,}/

acl Jer

i _
2 t e q 2 n
Xe @ Zie T41 JiMsti— 1ql+5 1 o +e Qlﬂz“HS 1 _ ’
i
e q =j; 1 ql+s—1

which we analyze now. To this end we split the sum ¥ into two parts >3 and >;. We

10



have

r(n)
27r12
[ ]lal
Z:3 = Ty E g E € =t E Vs
acll Jer
XeQ;rl ; l+1,7lns+l 1ql+s le qul st 777/
ql+s—1
1 r(n) q—1 q—1 s
— _ § ,}/ § E g E E e_ ;rl Zl:jjlal
t S
q =1 acl jle ji+17"'7j75:0

2mi t

xXe 4 = l+1jln5+l 1ql+8 1e q ]lnl+s 1 {_L
q

l+s—1
r(n)
= _Z%unrs 1{ . 1}29
I=

7t}7

acl
q—1 ) q—1 )
x E ezgl 707, o1 —a7) E e%” Zf:j+1jl(ns+l—1_al).
J=1 Jig1rJt=0
We have
s 1 if
e2gljl(nl+s 1 af) — q— 1 n -1 al’
_ —1 0therw1se,
J=1
and
q—1 ] . _
Z WL ingria—a) _ ) 4 if ngy_1=q forallle {I+1,...
, : 0 otherwise.
ji+1,...,jt:0
So we get
r(n
n
-t 27 Z gits—1
1
X\ folar, . a—1, M1, o 1) — &fq(al’ e AL Mgy e Tgig1) | -

11



Further we have

r(n)
2#12
F— jlal
Ny o= —Zg DL D
acTl’ jer
_ani+sfl -1
2 t e g
xXe & ity Jimsti 1ql+5 1 -
|
1 r(n) q—1 q—1
R IR ST D D) D DI et
qt
s=0 =1 acl =1 Jyyq55t=0
: . _j%i+sfl —_
><e2;r1 Zfziﬂﬂl"su—le ! . 1
i
el —1
_ l4+s—1
= —Z%Zq >_gla)
acl’
q—1 Msyi—1— q—1
% E E zmjl(k ar) E 6221 : 7aq t(spi—1— fll)
-]l_l k=0 .7[+17~"7j75:0

Together with the above results we find that

r(n t
= 4 Z% -
=1
n Ns41—1 1
s+i—1
_ 7 fq(al,...,al,ns+l,...,ns+t_1)—l— E fq(al...,al_l,k,ns+l,...,ns+t_1) .
k=0

Adding up >3 and ¥4, we have

r(n) s+t
_ _n q n
2_24+23_qt2% n \Il<qs+t)’

s=0
where
z):= > U(x) 3)
=1
with
y(x) = —éfq(al, canr(z 1), () (r (1) + {ogTTY)
+far, . a (), (2, ) {eg )
+ Z folar, .. a—y, kyr(x, 04+ 1), ... r(x,t))
k=0

and

r(z, 1) = lwg™) — qlag™].
Altogether we can deduce the following corollary, which is a more concise version of
the formula in Theorem 2.

12



Corollary 1 For any integer n > 2 we have

r(n) r(n) r(n) st
n s N q L
S, = G S o@ Y 5o S+ > 2w ().
q aecl’ s=0 s=0 q s=0 q

where r(n) := [log,(n)] and [ := min{l € {1,...,t} : jy #0}.

Example 3 For ¢ =2,t =1 and g : I' — R the identity function we have ¥(z) = —||z||
and we obtain the result from Example 1. For ¢ = 2, ¢t =2 and g : [' — R the function
given by ¢(0,0) = ¢(1,1) = 0 and g(0,1) = ¢(1,0) = 1 we have ¥(z) = (—1)"||2z|],
where z; = |2x| — 2|«]. This yields the result from Example 2.

Before we move on, we collect some useful properties of the function ¥(z).

Lemma 3 Let the function ¥ be defined as in (3). Then we have

~

. W is periodic with period 1.

2. U is continuous on [0, 00).

3. U(z) =0 for any integer z € Ny.
4

. Forallme {l,...,t} andz € {1,...,q— 1} we have
z G z
U <—m> :qu(al,...,at_m,k,O,...,O) — —qu(al,...,at).
q =0 q

5. Foranym €N and z € {1,...,q — 1} we get

z z z
1\ (qt—i-m) = q—mg(O) — Wfq(al, c. .,at).
6. Forj € Nand m € {1,...,t} we have
¢ +1 ¢ +1
1\ ( pra ) = —Wfq(al,...,at) + fylar, ..., a4—m,0,...,0)

i 1
—I—fq(al,...,at_(mﬂ),o,...,O,l,O,...,O)mln{1,.7}.

qj—l—m—t

j—timcs

7. Form,j € N and m >t we have

I +1 I 4+1 T +1
)\ (q ) = —qu(al,...,at)+g(0)q7

qj+m qj—l—m qm—l—j—t'

t—1+1

Proof. 1. This is obviously true since the function {x¢"~'*1} has period 1/q and

r(x,1) has period 1/¢'~".

13



2. First we note that ¥;(0%) = 0 because lim,_o+{z¢"~**} = 0 and lim, ¢+ r(z,1) = 0.
Since lim, ;- {z¢' """} =1 and lim,_;- r(x,1) = ¢ — 1 we also have

qu(ala"'val—17k7q_17"'7q_1)+fq(a17"'7al—17q_17"'7q_1>

—folar,...;a,q—1,...,g—1)=0.
Due to the periodicity of W it is therefore enough to prove the continuity of ¥ on
the interval (0, 1)

The function ¥;(x) is continuous on the interval (;‘ ";21) with an arbitrary n €

{0,...,¢' =1} because {xg"~"*1} is continuous and 7(x, 1) is constant on this interval
forall I € {1,...,t}.

We show that ¥;(z) is also continuous in 7 with an arbitrary n € {0,..., ¢ —1}.
Let " be the reduced fraction Wlth = %. We have the g-adic expansion n =
nm_lqm L4 ... 4+ 7@y and we know 7 7& 0. Now we have

ﬁm—t—l—i—l ifl>t—m + 1,

lirg+r(x,l) = o l=t—m+1
i 0 ifl<t—m+1,
Mm—t—14 Ll >t—m+1,
lirgir(x,l) = Tig — 1 ifl=t—m+1,
A q—1 ifl<t—m+1,
m+lt2_ .

- g ifl>t—m+1

lim {xgt~H1Y = P m+1>2 i ’

x_)q+{q } O fl<t—mtl
m+lt2_ .

- ¢ ifl>t—m+1

lim {zgt N = PEIC m+1>2 i ’

""‘*qm{q } 1 ifl<t—m+1.

With these results we can see, after some tedious but straight forward considerations,
that W;(z) is continuous in 7 for all n € {0, .. ¢t —1}and any [ € {1,...,t}.

3. See the proof of item 2 and item 1.

4. Let m € {1,...,t} and let z € {1,...,q — 1} be arbitrary. We compute ¥; (z/¢™)
with the results from item 2. We have

mon |z ifl=t—m+1,
r(2/q ’l)_{o 1At —m+ 1,

2| T Al >t—m41,
qm 0 ifl<t—m+1.

Therefore we get for | <t —m+ 1, ¥;(2/¢™) =0. Forl =t —m + 1 we get

and

z

z—1
z
\I]l <—) = —gfq(al,. .. ,CLt_m+1,0,. . ,0) —|—qu(@1,. . ,CLt_m,]{?,O,. . ,0)

m
q k=0
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and for [ >t —m+ 1 we get

q
We sum up V,(z/q¢™) for all [ € {1,...,t} and the result follows.

5. The proof is similar to the one of item 4.

6. We use the results from the proof of item 2, where m = ¢ + 1. We have
T<qﬂ'+1 )_{ 1 ifl=t—(m+j)+1 orl=t—m+1,

gt 0 otherwise,
and
i1 0 il <t—(m+j)+1,
{qqmiﬂ»qt_lﬂ}: m ift—(m+j)+1<i<t—-m+1,

J+1 .
qmﬂq,w 1fl>t—m—|—1.

So we can compute ¥, (qmﬂ) for the different values of {.

(a) If il <t —(m+j)+1, then %(‘ﬂﬂ) =0.
(b) If l=t— (m+j)+ 1, then

¢ +1 1
\Ijl ( qm+] ) == —gfq(a,l,. . ,a,t_(m+j)+1,0,. . .,0, ]_,0 . ,O)
j—l—times
+fq(a1,...,at_(mﬂ-),O,...,0,1,0,...,0).
j—timcs
(c) ft—(m+j)+1<l<t—m,then

¢ +1\ 1

qjl(q”H‘j) = —Wfq(al,...,a,l, 0,...,0,1,0,...,0)

t—m—I—times

1

at,...,Aq;-1, 0,...,0 ,1,0,...,0).
N——

t—m—Il+1—times

+qu(

(d) If l=t—m+ 1, then

¢ +1 1 1
‘I’z< ) = —Wfq(ah---aat—m+1,07---70)—5fq(@17---7@t—m+1,07---

qmta

1
—|—Efq(a1, cee s Qi 1,0, . ,O) + fq<CL1, ce ,CLt_m,O, . ,0)

(e) If I >t —m+1, then

¢ +1 ¢ +1
\Ifl<qm+j) == _qm_H (tlfq(al,...,al,o,...,())
¢ +1

Wfq(al, .o .,CLl_l,O, . ,0)

15
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For the computation of ¥(z) = S°I_, ¥;(z) one has to differ the cases m = 1, j = 1,
je{2,...;t—1}orj>tandm>1,7+m<t+1orj+m>t+1. We omit the
details.

7. See the proof of item 6. In this case t — m + 1 < 0 and we get for all [ € {1,...,t}

I +1 I +1
\I]l <q ) = —qitlfq(al,...,al,o,...,())

qm-i-j qm—i-]

¢ +1

qu(ah oya-1,0,...,0)

and the result follows.
[

Now we can give the (weak) Delange type result for the first moment of the generalized
weighted digit-block-counting function under the assumption of convergent weights .

Theorem 3 If the sequence v = (Vs)s>0 of weights converges, say limg_o s = 7, then
for the first moment of the generalized weighted digit-block-counting function we have

r(n)—1
n
S v) = e, a) | (logy (e + D
s=0

—g(0) | {log, ()} ymd™™ + Z v¢* | +nF(log,(n)) +nE(n) + o(n),

where

A1,y ...,0 i _ {:c}+s t
o) = (M) o) (- o7 5 YT

is a continuous and periodic function with period 1 and E(n) is defined as

1 <= _U(ng*)
”V:—7§:%7@;f-

q s=1

We have E(n) =0 for alln =0 (mod ¢'1) and E(n) = o(1).
Furthermore, we have o(n) = 0 in the above formula if vs =7 for all s € Ny.

Proof. The proof is mainly based on Corollary 1 and Lemma 3. We define

x s—t)

(o) = (P g0y ) (1= i + Z%Lxﬂ

With this definition we can re-write the formula from Corollary 1 as

r(n)—1
n
Sq(n, '7) = ?fq(a'la sy at) {lqu(n)}’}/r(n) + Z Vs
s=0

—g(0) | {log,(n)}vamad™ ™ + > vq* | +nH (log,(n)).
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With 7 = lim,_., s we have

g\ a1, ..., 4 e 1 lz] R Jp—
H(x) = Giﬁ?_l_«mqu)a—un<ﬂ—>+yzg%_w%%;g
L] x s— t

+ (—f‘](al’q't' 2 0) —g(O)q‘{m}) (1= {ahi+ ZN ==

It is easy to see, that

]

(Bt 0y ) (0 ) =)+ 2 D= I o)

s=0
We define

=] xst
ﬂ@:<&@%4@—m®fmybﬁﬂv+ Zh ")

q

Hence H(z) = F(z) + o(1) and o(1) = 0 if the sequence of weights is constant.

We show that F(x) is continuous on (0,00). From Lemma 3 we know that ¥(x) is
continuous on [0, 00) and therefore F(z) is continuous on [0,00) \ Z. But we also know
from Lemma 3 that ¥ (1/4¢") = M + ¢(0), and therefore one can see easily that

F(z) is also continuous in any positlve integer.

We define
. 1 0 ~\I/(q:c+s—t)
F(LL’) - F(LL’) + ot Z T+s—t
o q
and -

1 «— _U(ngt
Bln) =~ S

U — ng

Then it is easy to see, that
H(log,(n)) = F(log,(n)) + E(n) + o(1),

where o(1) = 0 if the sequence of weights is constant.
For any nonnegative integer £ € Ny we have

lz]+k e lz] —s—
. . 1 Nq,(qx-l-k s t) 1 Nq,(qx s t)
F(ZIZ’ + k) - F(ZIZ’) = _t Z g r+k—s—t - _t Z,}/ r—s—t
U — q U q
:E S— t)
= Z x s—t
s=—k
_ x—l—s t)
- _Z :c-i-s T wts—t
and hence it follows that
{x}—l—s t
= ~ q
F(a) = F({z}) + Ej e

s=1

17



Further we have

~ :c—i—s t 0 N\;[](q{x}—i-s—t)
Z m—l—s T oats—t Z v q{x}—l—s—t
s=|z]+1
and
1 ()

— folay, ... a . - -
Fife)) = (20— o)) (- )7 + 27l
So we can express F'(z) the following way

q{x}—i-s t

F@»z(ﬁﬁ&;#ﬁﬁ—gwm*ﬂ)u—{ﬂ»w% §:7 o

Because ¥(z) = 0 for any integer z we have E(n) = 0if n =0 (mod ¢'~!) and because
U(z) is bounded it is clear that E(n) = o(1).

The function F(x) is periodic with period 1 since {x} has period 1. Furthermore F(x)
is continuous on (0, 1) because {z} is continuous on (0,1), ¥(z) is continuous and

{m}—l—s t)

ZN q{:c}-l—s t

s=0
is absolute convergent. But F'(x) is also continuous in any arbitrary integer z because

1+s t

ZN 1+s +
o (M o0)3+ 5 2

q

v ) = - (Pt g0

by Lemma 3. This concludes the proof. O

and

The following corollary gives the generalization of the results of Delange [2], of Kirschen-
hofer [6] and of Flajolet & Ramshaw [5]. Furthermore, this reproves a result of Cateland
[1] for the unweighted version of the generalized weighted digit-block-counting function.

Corollary 2 In the case of constant weights, say vs =7 for all s € Ny, and g(0) = 0 we
get for the first moment of the generalized weighted digit-block-counting function

Sg(n, (¥)s>0) ( > gla ) nlog,(n) + nk(log,(n)) + nE(n),

ael

where F(x) is a continuous and periodic function on [0,00) with period 1 and where
E(n) = o(1). In the case t = 1 we have E(n) = 0 for all n > 2. Furthermore
F(x ) 1s nowhere differentiable zf and only if there exists at least one n > 1 so that
(nq

Sq(ng' ™", ()s20) # 0.
Proof. The corollary is a consequence of Theorem 3. The statement on the nowhere
differentiability can be shown in the same way as [13, Théoreme 3]. O
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2.3 Single Converse Results

As already mentioned, for ¢ = 2, ¢t =1 and g : ' — R the identity function, the gener-
alized weighted digit-block-counting function equals the weighted sum-of-digits function
for binary representation (see Example 1). In this case it was proved by Larcher & Pil-
lichshammer [10] that a (weak) Delange type result holds if and only if the sequence of
weights converges. In other words in this special case also the converse of the assertion
in Theorem 3 holds. Motivated from their result now the question arises, whether this is
true in the more general case. More detailed, assume the formula for the first moment of
the generalized weighted digit-block-counting function is weak Delange type, i.e., of the
form

r(n)—1

Sy(n,y) = %fq(ah---v“t) {log, (M) ety + 3 7% (4)

s=0
r(n)—1
—9(0) | {logy(n)}7emd™™ + D 74" | +nF(log,(n)) + nE(n) + o(n),
s=0

where F(z) is a continuous and periodic function and E(n) =0 for all n = 0 (mod ¢'~1)
and F(n) = o(1). (If o(n) = 0 we say the formula is Delange type and not only weak
Delange type.)

Is it then true that the sequence of weights has to converge? As it turned out, this
question is by no means trivial. Not even in the case t = 1 we can answer this question
for arbitrary functions g : [' — R at the moment. However we can answer this question
for many special choices of functions g : I' — R.

So let us assume now that S,(n,7y) is of the form (4). From Corollary 1 (see also the
first lines of the proof of Theorem 3) we get F'(log,(n))+ E(n)+o(1) = H(log,(n)), where

H(log,(n))
| Uogy(m)

folar, ... a) flog.(n
— (% — g(0)q {log, (n)} (1-— {logq(n)})’}/Llogq(n)J + E Z Ys

s=0

(ng*")
nq—s—t :

For any fixed n > 2 we get an equation, where the weights v, are the unknowns. Our
method is the following. We use different values for n > 2 to get a system of equations,
which has at least one uniquely determined solution 7, = const+o(1) for arbitrary s € Nj.
From this we obtain that the sequence of weights converges.

To evaluate the equation for different integers, we need the following lemma, whose
easy proof will be omitted.

Lemma 4 For any positive integer | € N we have ¢~ %@ +D} = ¢! /(¢! + 1).
We will use the following different values of n:

e Let n =¢q" with r > ¢ — 1 an arbitrary positive integer. Then we get the equation

F(0) + o(1) = gy_qi\p ( 1_.) |

qtz

(In particular this shows, that F'(z) = 0 for any positive integer z if ¢t = 1.)
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e Forn = ¢ + ¢! with » > t + [ we get the equation
F(logq(ql + 1)) +0(1)
! !

Jan, ... a 41
_ ., (%_g(o)ql‘il) (1—{logq(ql—l—1)})—l—qlil\lf (qu )%

i1 1—i l -1 I+i—t

q q¢ +1 q 1
+ i s _ ) + rp_i——U ).
S gty (%) > i ()

In the following we will use these equations to obtain information on the weights -,
whenever the generalized weighted digit-block-counting function is (weak) Delange type

(4).

2.3.1 The weighted sum-of-digits function

In this case we have t =1 and g : I' — R is given by g(a) = a for all a € I". We use the
values n € {¢" +¢"72%,¢" + ¢ 1, ¢" 1 + ¢"~2} with r > 3 an arbitrary integer.
First we evaluate W(z) at the relevant points with the help of Lemma 3. We have

1 —1 1 —1 1 3
A T T 0 ) S U DU
q 2 7 2q q? 2 2

2
+1 1 1 3
\D(q . )z—g+———+—2.
q 2 2 2q 2
Now 2(¢* + 1) times the equation for n = ¢" + ¢"~2 and 2(q + 1) times the equations
forn = ¢ +¢ ! and n = ¢! + ¢" 2 give the following system of equations with real
constants C7, Cy, Cy:

and

Cl +0(1)
CQ —|—0(1)
Cg —|—0(1)
(> +1)(1 — q)log, (1 + ) +2 1—q (1—q)g’ Y
= (1—¢*)log,(1+ ) +2 1—q 0 Yr1
0 (1-¢*)log,(1+7)+2 1—g¢ Tr—2

Since ¢ > 2 we find that the above 3 x 3 matrix is regular. Hence we get a solution for
Y, namely v, = C' + o(1) with a real constant C. Since r > 3 was an arbitrary integer
we find that the sequence of weights converges. Together with the result from the last
section we obtain:

Theorem 4 The first moment of the weighted sum-of-digits function in arbitrary base q
is (weak) Delange type if and only if the sequence of weights is constant (converges).

2.3.2 The weighted Gray Code sum

Fort =¢=2,and g: ' — R given by ¢(0,0) = ¢(1,1) = 0 and ¢(1,0) = ¢(0,1) = 1 our
generalized weighted digit-block-counting function equals the Gray Code sum. We use
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the same values for n as above, n € {27 + 2772 27 4 271 2r=1 4 972} with r > 3. Since
U(1/2) =0 we get a linear system of three equations with the matrix

—51logy(5)+12 1 1
10 10 5
—3log, (3)+5 1 0
6 6
0 —3log,(3)+5 1
6 6

This matrix has rank 3. Hence we get a solution for ., namely v, = C' + o(1) with a real
constant C'. Since r > 3 was an arbitrary integer we find that the sequence of weights
converges. Together with the result from the last section we obtain:

Theorem 5 The first moment of the weighted Gray code sum is (weak) Delange type if
and only if the sequence of weights is constant (converges).

2.3.3 The weighted single-block-occurrence of length 1

We have t = 1 and ¢ > 2 is an arbitrary integer. If g : I' — R is given by g(a) = 1 for a
given integer a € I" and zero otherwise, then we count single integer occurrences.

We use the following values n € {¢" + ¢ %,¢" + ¢ ¢! + ¢ 2} with r > 3 an
arbitrary integer and evaluate W(z) at the relevant points with the help of Lemma 3. We

have
v(L) _ 1—¢ ifa=0,
q) —% if a >0,
v 1y 1—qi2 if a =0,
q2 - _q% ifa>0,
. (1-2 ifq=0,
\D(qt) = { i fa=,
¢ —atl ifa>1,
\ q
(1- 2 jfg=
2 1 q ’
o(S) - (o E
q2?{1 ifa>1
\ q

Analogously to the previous cases we get for each integer a € I' a system of three linear
equations. For example for a = 0 we have the matrix

(¢* — ¢* — 1) log,(1+ %) g—1 g—1
(¢ —q—1)log,(1+ ;) qg—1 0
0 (> —q—1)log,(1+7) ¢—1

Clearly this matrix is regular. But we can also show that the corresponding matrix is
regular for any other digit a # 0. Hence we have:

Theorem 6 The first moment of the weighted single-block-occurrence function of length
1 is (weak) Delange type if and only if the sequence of weights is constant (converges).
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2.3.4 The weighted single-block-occurrence of length 2

Ift=2and g : ' — Ris given by g(ay, az) = 1 for fixed integers a;, ay and zero otherwise,
then the weighted generalized digit-block-counting function counts weighted single-block-
occurrences of length 2. In this case we have VU (1/q) = —1/q or ¥ (1/q) = 1 —1/q
depending on the given integers a; and ay. In any case we can be sure that W (1/q) # 0.
For n = ¢" with r > 1 we get the equation

i 0 (é) — F(0) + of1),

which shows that the sequence ~ converges. Hence we have:

Theorem 7 The first moment of the weighted single-block-occurrence function of length
2 is (weak) Delange type iff the sequence of weights is constant (converges).

2.3.5 The weighted single-block-occurrence of arbitrary length

Let t > 1 and ¢ > 2 be integers. If g : I' — R is given by g(aq,...,a;) = 1 for integers
a,...,a; €{0,1,...,g—1} and zero otherwise, then the generalized weighted digit-block-
counting function counts weighted single-block-occurrences of length t.

The cases t = 1 or t = 2 have been treated above already. Here we prove similar
results for arbitrary ¢ > 3. To this end we need the following three lemmas, whose easy
proofs will be omitted.

Lemma 5 For any integers ¢ > 2 and | > 1 we have log,(¢' + 1) ¢ Q.
Lemma 6 For any nonnegative integers | # k we have ged <q2l +1,¢% + 1) e {1,2}.

Lemma 7 Letl > 1 be an integer. The numbers 1, logq(q21—l—1), logq(q22—l—1), o logq(qzl—i—
1) are linearly independent over Q.

Let t > 3 and ay,...,a; € {0,...,q — 1} be fixed. We know from Lemma 3 that
U (1/q")#0foralli e {1,...,t —1}. Further

fQ(a1>"'aa't) ql 7£0

for any integer [ > 1.
Now ¢' times the equation for n = ¢" gives

21Yr—1t o 21 Yt = th(O) +0(1), (5)

where z; € Z \ {0}. This is an equation in ¢ — 1 variables.
q'(¢' + 1) times the equation for n = ¢" + ¢"~! with r > ¢ + [ gives the equation

t—1 -1

(wolog, (g + 1)+ w)i+ S wirp i+ S ity = ¢'(¢'+1)F(log, (¢ +1))+0(1), (6)
=1 =0
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where wj, w; € Z\{0} for all i € {0,...,t+1—1}. We remark that log,(¢' +1) is irrational
according to Lemma 5.

We fix 7 € N large enough and take [ = 2% in Eq. (6) with k& € {1,...,t — 2} and
get t — 2 equations with ¢ + 2'=2 variables 7,, ..., V,—_at—241. We also take n = ¢* in Eq.
(5) with s € {r — 272 ... r + 1} and we get 272 + 2 equations in the same variables
as above. Together we have t + 2/~2 equations with ¢ + 2¢=2 variables. We use the last
2!=2 1 2 lines to reduce the first ¢t — 2 lines. This works because of the structure of the
matrix of coefficients. After this the first £ — 2 lines of the matrix have at most the first
t — 2 coefficient not equal zero. By Lemma 5 and the structure of the original matrix of
coefficients we still have the irrational parts log,(¢*" 4 1) in the first column of the new
matrix. We take a look at the left upper (t—2) x (t —2) sub-matrix. By Gauss elimination
we can reduce at least one line of this matrix, such that only the first coefficient of this line
is not equal zero. We know that the first coefficients cannot be zero, because of Lemma
7. This line gives the solution for any v,_; = C' + o(1), where C is a real constant and
j €40,...,t —3}. Because r > t 4+ [ was arbitrary, we find that the sequence ~ has to
converge. We obtain:

Theorem 8 The first moment of the weighted single-block-occurrence function of arbi-
trary length t > 1 is (weak) Delange type if and only if the sequence of weights is constant
(converges).

2.3.6 Open problem

We close Section 2 with the statement of a conjecture. We assume that the converse result
of Theorem 3 holds for every function ¢ : I' — R, which is not the zero-function. (Of
course, if g : I' = R, g(a) =0 for all @ € T, then we get for the first moment S,(n,vy) =0
such that the converse of Theorem 3 cannot hold.)

Conjecture 1 The first moment of the generalized weighted digit-block-counting func-
tion, where g : I' — R is not the zero function, is (weak) Delange type if and only if the
sequence of weights is constant (converges).

However, we think that our method used in the previous subsections would be too com-
plicated to prove the converse for general functions g : I' — R. The reason for this is that
it is not clear in general how to use the different values of n € N. There will be lots of
different cases to consider and it seems to be hard to come to a positive end this way.

3 The generalized weighted digit-block-counting func-
tion and uniform distribution modulo one

In the first part of this paper we have been studying in detail the average growth-behavior
of generalized weighted digit-block-counting functions. In the following we will study
distribution properties of the d-dimensional generalized weighted digit-block-counting se-
quence as defined in (2).

The condition for the uniform distribution of (s,(k,7))k=o1,.. is rather technical and
we need some notations to be able to state it.
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For arbitrary 1,0 € {0,...,¢" — 1} let
l=1lg+lg+-+1L1¢"" and b=by+big+---+b_1¢""
and for arbitrary v € N and i € {1,...,d} let
A = AO(, u,l,b)
(302901 b o) -+ 719 (b 1,10,...,@_2))
— (8OO be, 0) 490 (b0, 0))
- (%(u oy byy oo lia) 4 49 1gD (11,0, 0))

and
A= (AY,  AD),

For h := (hy,..., hg) € Z¢ let

We will show the following result.

Theorem 9 The sequence (Sy(k,7))k=01,.. is uniformly distributed modulo one if and
only if for every h € Z\ {0} one of the following conditions holds:

(i) For every § > 0, every u large enough and every | € {0,1,...,¢" — 1} we have
|Sh(l u)| < 6%,
or
(1) Doy Vi = +00.

Remark 2 Note that - from a heuristic point of view - condition (i) is a very rare event,
whereas (ii) is an event of high probability.

Remark 3 As is easily checked, for ¢t = 1 and g(a) = a for all @ € ' the condition of
Theorem 9 coincides with the condition of [11, Theorem 1].

Since the conditions (i) and (ii) are rather technical we consider two important exam-
ples.
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Example 4 First we consider linear functions ¢ : I' — R, i.e.,
9 (ko, .. k1) = ad ko + -+ + 0" ks

for all i € {1,...,d} and for given reals ag-i), je{0,1,....;t—1}andi e {1,...,d}.
Inserting the ¢ in the definition of S}(,u) we find

tu—t q—1 ) ( h9(3)>k
Sl ={ TT e ’
j=—t+1 k=0
Where (i) ()
‘ Y ay
i R Y forall j = —t+1,....t(u—1)
’YJ(Qt—l ag)

(with 4\ = 0if I < 0).
A necessary condition for (i) to hold therefore is that either

(ia) Zle hiﬁgj) = % with A € Z, A# 0 (mod q) for some j, or

12
Z;il HZ?:l h'iez(]) = +o00.
We will show that (ib) implies (ii), so that our sequence is uniformly distributed if and
only if (ia) or (ii) holds for every h # 0, and (ia) is equivalent to condition (i’) There is
an integer u such that for alll € {0,1,...,¢" — 1} we have S;,(I,u) = 0.

First we find that A® = A®(¢,u,1,b) is independent of the choice of b and is given by

() t—1
Tt(u—1)+1 k= Oak lO (t=1)+k

(2) -1

Vewst—1 b -1

where [, = 0 for k < 0 and for k >t — 1.
We finally show that (ib) implies

>, max AR
u=1" €{0

.....

Let {(®) = Z}]w) + llw)q +--- 4 l:%qt_l with Zg_w) =0if j # w and Zg_w) =1if j = w. Then

; (Z-) _ pt(u—1)4w41)
A® (t,u, I Z%(u D+wtz+1%(t-1)—2 = 0; ’

Let w € {0,...,t — 1} be such that

- h 0 (tutw+1)
)
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(such a w exists since (ib) holds). Then

I PR

and hence (ii) holds. This closes our example.

Z h 9 (tutw+1)

Motivated by this example and by the result in [11] one may assume that the rare
event (i) in Theorem 9 can be replaced by the even more rare event (i’) There is an integer
w such that for alll € {0,1,...,¢" — 1} we have S (I,u) = 0. This, however, is in general
not the case. To illustrate this, we consider the weighted Gray code sequence.

Example 5 As second example we consider the weighted Gray code sequence, i.e., d = 1,

g=2,t=2and g: ' — R given by g(ko, k1) = ko ® k1 where & denotes addition modulo

2. Here for [ = lp+1;2 and b = by+b;2 we have (we omit the superscript for the dimension)
A2,u,1,0) = y2u—1((b1 ® lo) — b1) +Y2u(lo D 11) + Y2urrls

and therefore

Uy = ma‘X{Hh(fhu + V2u+1)||7 ||h(72u—1 + 72u)“7 Hh(fhu—l + 72u+1)H7
Hh(_%u—l + ’Y2u)||a ||h(—’Y2u—1 + 72u+1)H}-

Forl=1ly+052and k =ko+ k12 + - + koy_122*"! we have

Sz(k“l'lqtu) = (ko®k1)y0+ - -+ (k2u—2Bkou—1)Y2u—2+ (k2u—1Dl0) You—1+ (lo®l1) Y2u+11V2ut1-

Therefore

1
|S}*L(l, u)| _ Z e2mih((ko®k1)yo++(k2u—2®k2u—1)720—2+(k2u-1Blo)V20-1) |

As for fixed Iy the mapping {0,1}%* — {0,1}**, (ko, ..., kou1) — (ko D k1, ..., koy o @
kou—1, kou—1 @ ly) is bijective, we obtain

2u—1 1

H E :627r1hk'yJ .

7=0 k=0

|Sh (1, u)l

A necessary condition for (i) to hold therefore is that either

(ia) hy; =4 with A€ Z, A=1 (mod 2) for some j, or

(ib) 372, IIh%'H2 = +oo.

Now we construct a sequence - such that (ib) does not imply (ia) or (ii). (Note that (ia)
is equivalent to (i’) mentioned above.)

Let h # 0 be fixed. We define the sequence v = (7]) i>1 in such a way that hy; # % but
|hyj — 4] < j=2for all j > 1. Then we have ||hv;|| > 3 — j=% and hence ||hv;|? > 1 — ;=2

Therefore .
> ) =
j=1
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such that (ib) is satisfied.
Of course, condition (ia) is not satisfied by the construction of the v;’s. Now we show
that also (ii) cannot hold. For i, € N we have

1
2

- 1 n 1 2
2 72 7 min{i, j}?

1
1o+ )1 < o+ 5) = 1 < [ = 5 + iy -

'WG also have
Yi ’}/] '72 ’}/] + ‘2 Yi 1 {z j}2 2 1 {z’j}z

for all w > 1 and from this we obtain Y -, v2 < +o00.

Therefore it follows that v, < (gu Qu_12 u=1Yu

Hence (ii) is not satisfied. This shows that (i) cannot be replaced by (i’) in general.

We conclude this example by noting that for the sequence « given by 7; = « for all
j € N, the conditions (ib) and (ii) are equivalent to max{||hal|, ||2hal||} # 0. Compare
this with [9, Remark 3].

For the proof of Theorem 9 we will use the following lemmas.

Lemma 8 Let Q € N,
U(0>0) = 0(170) = :U(Q_ 170) = 17

further, forl,5 € {0,...,Q — 1} and w € Ny let a(l, j,w) € C with |a(l, j,w)| = 1 and
a(0,7,w) =1 for all j and w.
Finally, for 1 € {0,...,Q — 1} and w € Ny let

O

ollbw+1)= a(l, j,w)o(j,w).

(where arg means the argument of a complex number; argre™ := v for —m < v < ) we
have for alll € {0,...,Q — 1}, w € N and x,y € {0,1,2}, that

lo(l, 3u+x|<Q4H Cl/3w+y)

Proof. In the following we use the fact that there exists a positive constant ¢; (depending
only on @) such that

T

Oé(l,j, <Q_CIV120

Q-1
1+Zozlj,
1=1

N
Il
=)

for all j and w.
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We have

o0+ 1] =[S o)

.....

Trivially we have
lo(l,w+1)] < Q*T,_; forallle{0,...,Q — 1},

and hence

lo(l,w+2)] <(Q = 1)Q*Twr + (Q° — vy 1)Tw = (Q° — vy 1)Tws
and
lo(lbw+ 2)] < Q*HQ — ev )T
for z € N, z > 2. Hence finally

|U(l7 3u + [L’)| < Q:H_z_y(QS - Cyg(u—l)-l-y)T?’(u_l)'i‘y
u—1

S Q:c+2—y H(Q3 - CV32w+y)Ty

w=0

u—1

Qm+2 H(Q3 - CV§w+y>v

w=0

IA

and the result follows. O

Lemma 9 Let z,...,2¢ be complex numbers with |argz; — argz;| < m/8 for all i,j €
{1,...,Q}. Let py1,...,pg be complex numbers with |p;| = 1 and with |arg p;| < 7/8 for
alli e{1,...,Q}.

Let B=2z+ -+ 29 and B, = p1z1 +-- -+ pgzg. Then we have

.....

Proof. This is [9, Lemma 3]. O

Lemma 10 There is a constant ¢ > 0 such that for all p > 0 and all z1,...,29 € C
(Q > 2) we have

2+ -+ 20| 2 —cp?) min |z
& o 2 @=cut) min |z

arg z; arg z;

provided that max; jeqi,..., Q}H o Ton H < p
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We omit the easy proof of this lemma.
Now we can give the proof of Theorem 9.

Proof. By Weyl’s criterion (see for example [3, 8]) it suffices to investigate under which

conditions
N-1

1
N e
k=0

tends to zero as N — oo for all h € Z\ {0}.
Let N € N have the following representation in base ¢,

N = Z N;q"
j=0

with N; € {0,1,...,¢" — 1} and N, # 0. Let further

2wih-sq(k,Y)

—Sh =

Lj — j+1qt(j+1) T Nthr

for j€{0,...,r—1} and L, :=
Then (for simplicity we write s(k) instead of s,(k,~) and e(x) instead of *™* in the
following)

Sh(N) = Y el s(b)
= el s(b)

- ol s(k + I, + eq))
j=0 =0 k=0

—1 (I+1)gtG-D -1
= e(h-s(k+ L;+eq?)).

e=0 [=0 f=[qt(G—-1)

=]

.

Consider now fixed €,[ and k with g-adic representations

e = eteqt-+eaqg
| = ly+lg+---+1l_1¢"" and
k = ]{Zo"—qu—i‘"'—i‘kt(j_l t(] - +lq G—1)

Then the argument k + L; + e¢" has a g-adic representation of the form

k’()k’l ce kt(j—l)—llOll ce lt_1€0€1 R | Nj+1 ce Nr
~—~ S~~~

t digits t digits
and hence for the i-th coordinate s of s we have
sO(k+ Lj + eq") = s (k) + s (g + L;) + Q9 (8, 4,1, ¢€),
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where
OO(t 5 le) = 758 1 +19(lla vy lie1,0) = o = Wt(;)_lg(lt_l, 0,...,0)
%58 1)+19(07 0,6) = — %(;)—19(07 €0y - €t—1)
+%((;»_1)+19(l1, N RN ”yg)_lg(lt_l, €0y - €_1)

and therefore with Q := (QW, ... Q@) we have

e(h-s(k+L;+ eq?)) = e(h-s(k))e(h- (s(eq” + L;)+Q))
= e(h' ' S(k))@h(t,j,l,€>
and
r Nj—1lgt—1 (l+1)qt(j*1)_1
Sh(N) = > enltgle > e(h-s(k)
=0 =0 1=0 he=lqtG—1)
T N]_l qt 1

= gph(tvjvl7€>5h<l7j - 1)

j=0 e=0 (=0

Now if condition (i) is satisfied, then of course +Sp(N) tends to zero as N — oo. Oth-
erwise, and if condition (ii) is satisfied, then for [ = 0,...,¢' — 1 and v € Ny we study

now
—1 (b+1)gte=1 1

Sl u) Z Z e(h - s(k+1g™)).

= k= bqt(u 1)
Since s (k + 1g"™) = s (k) + AD(¢,u,1,b), we have

qt—1

Si(lu) = vn(t,u,1,b)S;(b,u — 1),

b=0

where ¥y (t,u,l,b) :=e(h - A). Note that ||h- Al = W ‘

= 400, there exists a y € {0, 1,2} with

Since by assumption Y o7

ulu

(o)

}: 2 _
U3yyqy = TOO.

w=0

We can apply Lemma 8 and we obtain, with a positive constant ¢ depending only on ¢,

-1
Sl 3u+ )] < ¢" [T (@™ = vy,

w=0
for all x € {0, 1, 2}.
Altogether we obtain
2 x 2
[Sh(N)| < g gze{&?ﬁ(_l} [Silj =1 <q ]2% }_[0 — CU3uy)
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and

IN
Sy

‘Sh(N>)
N

r . 3
gt
6t T H 1 5.2
rt 3t Swty | -
Jj= q

We have Hﬁ:o (1 — q—gtvgw +y> — 0 if A tends to infinity. For arbitrary € > 0 let j, be
such that

4
|1 5]
H < 3tv3w+y) <e forall 7> j.

Then

1
Sh(IV) 6t = q" q" 6t
N <q Z + Z —e | <4q”¢

JJO

for r large enough. Now the first directlon of our result follows.
Assume now that neither (i) nor (ii) is satisfied. Since (i) is not satisfied, there exists
a 0 > 0 such that for infinitely many u there is an [ such that

* 6 *
[Splu)l > 5 max [Sp(bu—1)]. (7)

Let now 0 < ¢ < 1/32 be so small that 8“—"5 <3 L and let uy be such that v, < ¢ for all
u > ug (note that such wug exists since (ii) is not satlsﬁed), and let u; > g be such that
(7) is satisfied. Then |S;(l,u1)| > 0 and for every I’ € {0,...,¢" — 1} we have

-1

|Sp(lun) = Sp(l )l <Y [Wn(t un, 1, b) = Pn(t, ur, I b)| - [Sh(b, wr — 1)

< q¢4mv,, max |Sy(bu; — 1)
7777 qt_l}
8¢’ ;
< Tul‘sh(lvulﬂ
Henee Siyw)| srq _Swq 1
, U mq mq
1=k < y < ——€ < =
‘ Silu)| -0 S5 °°3

and therefore

1
larg S5 (', uq) — arg Sy (L, ug)| < arcsing < g

So we can apply Lemma 9 (note that ¢ < 1/32 and hence 47v,, < 7/8) and obtain that
larg S} (I, u) — arg Sy (I, u)| < 4mv, for all u > u;.
Further we have

, . 8¢ 2
it un)l 2 1530, )| (1- e > 215 )l = 5 > 0

forall I € {0,...,¢" — 1}.
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By Lemma 10 we obtain for all u > u; and all I’ € {0,...,¢' — 1},

S* ll > t M2 : S* b -1
Sl )| = (g = ) min_[Si(bu = 1)

hence

[Sh(0,u)] > ( II6- C”vi)> B

w=uy

and therefore

ENPGIE T E—— (R

—at1PR\d )= g oYU W Z e T — % )

q q gt -~ q

with the last expression not tending to zero as u — oo, since Y o- 02 is finite. O
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