Polynomial Lattice Point Sets

Friedrich Pillichshammer

Abstract Polynomial lattice point sets are special types of digital (¢, m, s)-
nets as introduced by H. Niederreiter in the 1980s. Quasi-Monte Carlo rules
using them as underlying nodes are called polynomial lattice rules. In its
overall structure polynomial lattice rules are very similar to usual lattice
rules due to E. Hlawka and N. M. Korobov. The main difference is that here
one uses polynomial arithmetic over a finite field instead of the usual integer
arithmetic. In this overview paper we review the research on polynomial
lattice rules during the last decade. We touch topics like extensible polynomial
lattice rules, higher order polynomial lattice rules, the weighted discrepancy
of polynomial lattice point sets, etc. Furthermore we compare polynomial
lattice rules with lattice rules and show what results for polynomial lattice
rules also have an analogue for usual lattice rules and vice versa.

1 Introduction

Assume we are interested in the approximation of multivariate integrals of

the form I,(f) = f[o 1 f(x) dz using a quasi-Monte Carlo (QMC) rule of the

form Qns(f) = (1/N) ny;ol (z,) where xg,...,xy_1 are fixed sample
nodes from the unit-cube [0,1)°. On first sight this approach looks quite
simple but the crux of this method is the choice of underlying nodes to
obtain good approximations for large classes of functions.

Generally spoken it turned out that point sets with good uniform distribu-
tion properties yield a small absolute integration error. This is, for example,
reflected in the Koksma-Hlawka inequality which states that
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[s(f) = Qus () < V() DN (P)

where V() is the variation of f in the sense of Hardy and Krause and where
D7, denotes the star discrepancy of the point set P = {xo, ..., zn—_1}, which
can be defined as follows: given a point set P = {xg,...,xn_1} of N elements
in [0,1)® the discrepancy function of P is defined by

:#{O§n<N:a:n€[0,z)}

Ap(z) : N

—X([0,2)) for =€ (0,17,

where ), is the s-dimensional Lebesgue measure. The star discrepancy of P
is then the L*°-norm of Ap, i.e.,

Dy(P) = sup |Ap(2)].
z€(0,1]°

This is a quantitative measure for the deviation of P from uniform distribu-
tion modulo one. For more information on Koksma-Hlawka inequality and
star discrepancy we refer to one of the books [17, 21, 34, 42].

For any point set P consistion of N points in [0,1)*® it is known that

Di(P) > cy(log N)™ /N

with a positive ¢s independent of P and where ko = 1 (see [3, 52]) and
ks > (s —1)/2 for s > 3 which follows from a result of Roth [49]. (For s > 3
the lower bound on 4 has recently been improved to ks > (s —1)/2 + d, for
some unknown 0 < 05 < 1/2; see [4].)

On the other hand, a point set P whose star discrepancy satisfies an upper
bound of the form D} (P) < Cy(log N)** /N with a positive ¢, independent
of P and where o > 0, is informally called a low discrepancy point set. There
are several methods to construct low discrepancy point sets:

e Hammersley point sets which are based on the infinite van der Corput
sequence (see, e.g., [17, 42]);

e lattice point sets which where introduced independently by Korobov [29]
and Hlawka [27] and which are well explained in the books of Niederre-
iter [42] and of Sloan and Joe [53];

e (t,m,s)-nets in base b which have been introduced by Niederreiter [40, 42]
and which are the main topic of the recent book [17]. Very special examples
of such nets go back to constructions of Sobol’ [58] and Faure [22].

In this article we are concerned with a sub-class of (¢, m, s)-nets which has
a close relation to lattice point sets. Before we give its definition we recall
the definition of (¢, m, s)-nets in base b according to Niederreiter [40].

Definition 1. A point set P consisting of ™ points in [0,1)% is called
(t,m, s)-net in base b if every so-called b-adic elementary interval of the form
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s
a; a;+1 s
I |55 ) < o)

i=1

of volume b*~™ contains exactly b¢ points of P.

Some remarks on the definition of (¢, m, s)-nets in base b are in order (for
more information see [17, 42]).

Remark 1. 1. Definition 1 says that for every b-adic elementary interval J
volume b'~"™ we have #{x € P : ¢ € J} —b™)\;(J) = 0.

2. The uniform distribution quality depends on the so-called quality parame-
tert € {0,...,m}. A small ¢ implies good uniform distribution. This is also
reflected in Niederreiter’s bound on the star discrepancy of a (¢, m, s)-net
P in base b which states that

Dy (P) = Osp(b' (log N)*~"/N) (1)

where N = b™; see [17, 40, 42].

3. The optimal value ¢ = 0 is only possible if the parameters b and s satisfy
s < b+ 1. On the other hand, any point set consisting of b elements in
[0,1)° is a (m,m, s)-net in base b since this choice of parameters makes
Definition 1 trivial (and also the discrepancy bound (1)).

In this article we are concerned with a sub-class of (¢,m, s)-nets. Intro-
duced by Niederreiter [41, 42], today this sub-class is known as polynomial
lattice point sets. This name has its origin in a close relation with ordinary
lattice point sets. In fact, the research on polynomial lattice point sets and
on ordinary lattice point sets often follows two parallel tracks and bears a
lot of similarities. It is the aim of this overview to review the, in the author’s
opinion, most important results on polynomial lattice point sets during the
last decade and to demonstrate which of these results have counterparts for
lattice point sets or not.

In the following two sections the basic definitions of (polynomial) lattice
point sets and their duals are provided. In Section 4-9 we present the results
on polynomial lattice point sets and point out their analogs for lattice point
sets. The paper closes with a short summary in Section 10.

Notation: Throughout the paper we assume that b is a prime number. By Z;
we denote the finite field with b elements and with Z[z] the set of polynomials
over Zy. Define Gy o, := {h € Z[z] : deg(h) < m}. We have |Gy | = ™.

The field of formal Laurent series over Z; is denoted by Zy((x~!)). Ele-
ments of Zy((z71)) are of the form

L= Z tgl'_e where w € Z and all ty, € Z.
l=w

Forn € Nlet v, : Zy((x71)) — [0,1) be defined by v, (L) = Z?:max(l,w) teb~".



4 Friedrich Pillichshammer

In many results which we are going to present in the following sections
there appear constants ¢ which are assumed to be different from case to
case. Optionally these constant may depend on the dimension s, on b or on
other quantities which are then indicated as sub-scripts. In most cases these
constants could be given explicitly.

2 Polynomial lattice point sets

On account of their close relation to polynomial lattice point sets first we
recall the maybe more familiar concept of lattice point sets:

Definition 2. For an integer N > 2 and for g € Z*® the point set P(g,N)
consisting of the N elements

mn:{%g} forall0 <n< N
is called a lattice point set (I.p.s.). A QMC rule using P(g, N) as underlying
node set is called a lattice rule.

Polynomial lattice point sets are in their overall structure very similar to
l.p.s. The main difference is that 1.p.s. are based on number theoretic con-
cepts whereas polynomial lattice point sets are based on algebraic methods
(polynomial arithmetic over a finite field). For simplicity we only discuss
polynomial lattice point sets in prime base b. For the more general case of
prime-power bases we refer to [17, 42].

Definition 3. For s,m € N, p € Zy[z], with deg(p) = m, and g € Z[z]® the
point set P(q, p) consisting of the b™ elements

h

Ty = Um (m)q(x)) for all h € Gp.m
p(z) ’

is called a polynomial lattice point set (p.l.p.s.). A QMC rule using P(q, p)

as underlying node set is called a polynomial lattice rule.

The structural similarity between Definition 2 and Definition 3 is evident.
Hence let us compare the two concepts by means of some pictures.

The L.p.s. P(g, N) shown in the left part of Fig. 1 shows a very regular lat-
tice structure. Such a geometric structure cannot be observed for the p.L.p.s.
P(q,p) shown in the right part of Fig. 1. However also this point set has
some inherent structure, namely the (¢,m, s)-net structure. In fact, for this
example every 2-adic elementary interval of area 27* contains exactly one
element of the point set P(q,p) and hence we have a (0,4, 2)-net in base 2;
cf. Fig. 2.

A further example of a l.p.s. and a p.l.p.s. is shown in Fig. 3.
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Fig. 1 left: P(g, N) with N = 13 and g = (1, 8); right: P(q, p) with p(z) = z*+x2+1
and g = (1,x3) over Zs.

Fig. 2 P(q,p) from Fig. 1 as (0,4, 2)-net in base 2; every 2-adic elementary interval
of area 2% contains exactly one point.

3 The dual net

For 1.p.s. one has the notion of dual lattice which plays a crucial role in the
quality analysis of such point sets.

Definition 4. The dual lattice of the 1.p.s. P(g, N) from Definition 2 is de-
fined as
Lon={h€Z :h-g=0 (mod N)}.

An important property of 1.p.s. is that
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Fig. 3 left: P(g,N) with N = 987 and g = (1,610); right: P(q,p) with p(z) =
210 + 28 + 2% + 22 + 1 and q = (1,2° + 2% + ) over Zz2[z].

Z ek(m){N ifkeﬁg’]v,

0 otherwise,
z€P(g,N)

where eg(z) = exp(2mik - x). This relation is the reason why for the analysis
of the integration error of lattice rules it is most convenient to consider one-
periodic functions; see [42, 53].

The corresponding definition for p.l.p.s. leads to the notion of a dual net.

Definition 5. The dual net of the p.l.p.s. P(q, p) from Definition 3 is defined
as
Dyp=1k € G}, 1 k-q=0 (mod p)}.

An important property of p.l.p.s. is that

[ ifk € Dy,
Z pwal () = {0 otherwise,
z€P(q,p)

where pwalg(x) is the kth b-adic Walsh function defined by pwalg(x) =
[T_, swaly,(z;) for k = (k1,...,ks) € N§ and & = (21,...,25) € [0,1)*.
The one-dimensional kth b-adic Walsh function is defined by pwaly(z) =
exp(2mi(&1ko + - + €ar1Ka)/b) for k = Ko + K1b + -+ + Kb with k; €
{0,...,b—1} and & = &b~ +&b7 2+ - - with infinitely many digits & # b—1.
Many properties of Walsh functions are summarized in [17, Appendix A].

The above relation is the reason why for the analysis of the integration
error of polynomial lattice rules it is most convenient to consider Walsh series.
We will come back to this issue in Section 6.
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4 Quality measures and existence results

Based on the dual net one can introduce two quality measures for p.l.p.s. (see
[42, Chapter 4] or [17, Chapter 10]): for p € Zp[z] and q € Zy[x]® define

S

g.p)=s—1+ min deg(hi
p( ) heDg,,\{0} ; ( )

and

Ry(q,p) = Z H""b(hi)v

heDg ,\{0} i=1

where 73,(0) = 1 and 7(h) = b~""'sin"?(rk,./b) for h € Gy, of the form
h=#ko+ kKkib+ -+ Kez", K £ 0.

We remark here that analogous quality measures also exist for 1.p.s.; see
[42, Chapter 5]. Based on these quality measures Niederreiter [42] proved the
following results:

Theorem 1. The p.l.p.s. P(q,p) is a (t,m, s)-net in base b with m = deg(p),
t=m—p(q,p) and

Dym(P(g,p)) < bim + Ru(q,p).

For example for p = 2% + 22 + 1 and q = (1,23) over Z, the “minimal”
element of Dy, is (h1,h2) = (22 + 1,2) and hence p(q,p) = 4 in this case.
Theorem 1 then shows that P(q,p) is a (0,4,2)-net in base 2; cf. Fig. 2.
Theorem 1 also gives a bound on the star discrepancy of p.l.p.s. which is
easier to handle then D}, itself. For an analogous discrepancy bound for l.p.s.
we refer to [42, Chapter 5] or [17, Proposition 3.49]. Based on Theorem 1 one
can use averaging arguments to obtain the following existence results:

Theorem 2. Let p € Zp[z] with deg(p) = m.
1. If p is irreducible, then there exists q € G such that

bm

(s —1)!

Hence D}, (P(q,p)) = Osp (m*7267™).
2. For 0 < e <1 there are more than €|Gj | vectors q € Gy, with

b,m
N S mS
Dy (P(q,p)) < ot Ry(q,p) = Ospe (bm> )

Part 1 of Theorem 2 for b = 2 has been shown by Larcher et al. [38];
see also [51] or [17, Chapter 10] for general b. Part 2 has been shown by
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Niederreiter [42, Chapter 4] and also by Dick et al. [10] and [13]. For an
analogous discrepancy bound for L.p.s. we refer to [42, Chapter 5] or [17,
Theorem 3.51].

The bound on Rp in Theorem 2 is best possible in the order of magni-
tude in m. This was shown recently by Kritzer and the author in [33]. (A
corresponding result for 1.p.s. has been shown by Larcher [36].)

Theorem 3. There exists cs, > 0 such that for any p € Zy[x] with deg(p) =
m and any q € Gy .., G #0,1<1i<s, we have

(m — deg(ds))®

Ry(q,p) > cspb?°80) o

where §5 := ged(qy, - .., qs, P)-

On the other hand, the bound on Dy, in Theorem 2 is not best possible
in the order of magnitude in m. For example, in dimension s = 2 the so-
called Fibonacci p.l.p.s. has a star discrepancy of order Op(mb~"); see [42,
Chapter 4] or [17, Chapter 10]. For arbitrary dimension s it was shown by
Larcher [37] that for any m > 2 there exists g € Gj ,,, with

Din (P(g,2™)) = Osy (m*~(logm)b™™)

This result has no counterpart for L.p.s.

5 CBC construction of polynomial lattice point sets

According to Theorem 2 for any given irreducible polynomial p € Z;[x] there
exist a sufficiently large number of good vectors q of polynomials which yield
p-l.p.s. with reasonably low star discrepancy. Now one aims to find such vec-
tors by computer search. Unfortunately a full search is not possible (except
maybe for small values of m, s) since one has to check b™* vectors of polyno-
mials.

At this point one gets a cue from the analogy between p.l.p.s. and Lp.s.
where the component-by-component (CBC) construction approach works
very well. This approach was introduced by Korobov [30] for 1.p.s. and later
it was re-invented by Sloan and Reztsov [54]. The same idea applies for
p.l.p.s. Here we use the more general weighted star discrepancy as intro-
duced by Sloan and Wozniakowski [55] as underlying quality criterion: let
v = (v1,72, - - -) be a sequence of weights in RT. Let Zs = {1,...,s} and for
u C Z, let vy = [[;c, vi- The weighted star discrepancy of an N-element point
set P in [0,1)® is given by

D% (P) = A 1))
N~ (P) z:(%ﬁ]smi?%ﬂ“‘ P((2u, 1))
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The weights ~ are additional parameters which model the importance of
the different coordinate projections. For the weights v =1 =: (1,1,...) one
has Dy (P) = Dx(P) for any point set P. In the weighted setting the
CBC construction has the advantage that the quadrature points P can be
optimized with respect to ~.

The weighted Koksma-Hlawka inequality then states that

1 (f) = Qus () < Dy o (P f s

with a certain norm || - ||5,; see [55, 28] or [17, Chapter 2| for details.
Let p € Zp[x] with deg(p) = m and let ¢ € Gj . Then it can be shown
(see [17, Corollary 10.16]) that

1 [u]
Dip(Plap) < 3 (1—(1—bm) >+Rb,7<q,p>,

P#uCZTg

where

Ry ~(q,p) = Z HT'b(hm’Yi)

heDq,,\{0} i=1

and where for h € Gy, we put rp(0,7) = 1 4+ v and ry(h,y) = yrp(h) if
h # 0, where r,(h) is as in Section 4. An analogous bound for the weighted
star discrepancy of 1.p.s. can be found in [28].

Now we deal with the quantity Rj,~(q,p) which can be computed in
O(b™s) operations (see [17, Proposition 10.20]).

Algorithm 1 CBC-algorithm

Require: b a prime, s,m € N, p € Z[z], with deg(p) = m, and weights v = (7;)i>1-
1: Choose ¢q1 = 1.

2: for d =2 to s do

3:  find q¢4 € G} ,, which minimises the quantity Ry ~((q1,...,¢94—1,%),p) as a

b,m
function of z.
4: end for
5: return q = (q1,...,9s)-

Theorem 4. Let p be irreducible. If q € Gy, is constructed with Algo-
rithm 1, then

S

1 v -1
< .
Ri(ap) < bm_1H<1+% (1+m % >)

i=1

A proof can be found in [13]. A similar result for not necessarily irre-
ducible p has been shown in [10] and a corresponding result for l.p.s. is [28,
Theorem 3].
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Using an argument from [14, Section 7] one can deduce the following result
from Theorem 4; see also [17, Corollary 10.30].

Corollary 1. Let p be irreducible. If Y52 ~; < 0o, then for any 6 > 0 there
exists cy,5 > 0, such that for q € Gy, constructed with Algorithm 1 we have

b,m
Dijn (P(a,p)) < ¢y,56~ ™70

Let N € N with 2-adic expansion N = 2™ + ... 4+ 2™k where 0 <
mp < mg < ... < mg. For 1 < j < k choose p(j) € Zs[z] irreducible
with deg(p')) = m; and construct P(q¥),pl?)) with Algorithm 1. Then set
Py =P(qM,pM)yu...uP(@®,p*). In [26] the following is shown:

Corollary 2. If Y .2 v < 00, then for any 6 > 0 there exists Cy 5 > 0, such
that

Dy (Pn) < Cy s N1 for any N € N.

The weighted star discrepancy is strongly polynomial tractable with e-exponent
equal to one.

The cost for the CBC-algorithm is of O(b*™s?) operations. This is com-
parable with the CBC construction cost of L.p.s.; cf. [28, Section 3]. However,
in this form the CBC-algorithm can only be used for not too large cardinal-
ity b™. A breakthrough for this problem was obtained by Nuyens and Cools
[46, 47] when they introduced — first for L.p.s. and then for p.l.p.s. — the Fast
CBC construction with a significant reduction of cost to O(smb™) operations
with O(b™) memory space. Only through this reduction of the construction
cost does the CBC-algorithm become applicable for the generation of p.l.p.s.
(and of 1.p.s.) with reasonably large cardinality. See also [17, Section 10.3].

6 Integration of Walsh series

As already mentioned in Section 3 it is most convenient for the error analysis
to consider Walsh series. Let o > 1 and let J%ya1 5,o,y be the weighted Hilbert
function space with reproducing kernel given by

Kwal,s,a,'y(ma y) = Z pa(k77) bwalk(x) bwalk(y)a
keN;

where for k = (ki,...,ks) € N§ we put pa(k,v) = [[j=; palkj, ;) with
pa(0,7) =1 and py(k,7) = b~ if b < k < b¥*! for v € Ny. The norm in
this function space is given by

”f”fwal,s,a,—y = Z pa(kjv’Y)_l'fwal(k’)F

keNg
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where fwal(k) = f[O,l}S f(z) pwalg (x) de. For more information on a1 5,0~
we refer to [15]. The counterpart to the function space #al,s,a, for the anal-
ysis of L.p.s. is the so-called Korobov space (20, 56] or [45, Appendix A.1])
whose reproducing kernel looks similar to Kyal,s,o,~ but with the main differ-
ence that the Walsh function system is replaced by the trigonometric function
system and Walsh coefficients are replaced by Fourier coefficients.

The worst-case integration error of a QMC rule is defined as the worst per-
formance of the QMC algorithm over the unit ball of the function space under

consideration, i.e., in our case e(Hal 5,04, P) == SUD|| £y o o <1 |Is(f) —
Qv s(f)|- For p.l.p.s. it can be shown that
62((17]7) = 62(%wal,s,o¢,’y77)(q7p)) = Z pa(k77>

keNg\{0}
trum (k) (z)€Dq,p

where tru,, (k) := k (mod ™) (component-wise) and where
k=ro+rib+ -+ Hy,_1b™ €Ny
is identified with
k(z) =Ko + K12 + -+ Kkpo12™ 7 € Zylz].

For the worst-case integration error of a polynomial lattice rule for integra-
tion in J&al 5,0,+ We have the following result which was first proved in [11]
for irreducible p and later generalized in [32] to not necessarily irreducible p.
The corresponding result for l.p.s. was shown by Kuo [35].

Theorem 5. For any p € Zy[x] with deg(p) = m one can construct CBC
q € Gy, such that (with N = ™)

e(q,p) < 05707775]\7*0‘/2” forall 0 <6< O‘T_l

If 3, 'yil/(afw) < 00, then Cs a6 < Coo,amy,s < 00, i.e., the above bound
can be made independent of the dimension s.

7 Extensible polynomial lattice point sets

A disadvantage of the CBC-algorithm is that the generated vectors ¢ depend
on p and hence on N = b9¢8(®) _If one changes p, then one has to construct a
new vector q € Zy[x]®. This means that an extension in the number of points
is not possible with the CBC approach. For this reason Niederreiter [43]
introduced the notion of extensible p.l.p.s. whose definition will be presented
below. For the corresponding notion of extensible 1.p.s. we refer to [25].
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For p € Zy[z] with m = deg(p) > 1, let Y, be the set of all p-adic poly-
nomials Y7 ) a,p" with deg(a,) < m. Then Y,/(p") = Gy nm. Let Q € Y
and for n € N let g, = Q (mod p™). Then

P(qy,p) € Py, p°) € Plgs,p*) C ...

Definition 6. An extensible p.l.p.s. is defined as

P(Q,p) = P(qy,p) UP(qy,p°) UP(qs,p*) U. ...

For P(q,,,p") only the first n “digits” in p-adic expansion of each compo-
nent of @Q are important. This observation is used in the following construc-
tion algorithm which uses ideas from Korobov [31] for Lp.s.

Algorithm 2 Construction of extensible p.l.p.s.

Require: b a prime, s,m € N, p € Zp[z] monic and irreducible with deg(p) = m,
and weights v = (7i)i>1-

1: Find g, := q by minimizing e?(q, p) over all g € G§ ..

2: forn=2,3,... do Y

3: find q,, := q,,_; + p"~'q by minimizing e?(g,,_, +p""1q,p™) over all q €
G-

4: return q,,.

5: end for

Theorem 6. If q,, € G} . is constructed according to Algorithm 2, then

bm

2 —
€ (qn,pn) < Cs,b,'y,ab nm

If 221 Vi < 00, then Cs.a~,6 < Coo,any,s < 00, i.€., the above bound can be
made independent of the dimension s.

A proof of this result and also a corresponding result for l.p.s. can be
found in [44]; see also [17]. A disadvantage of the above error bound is that
the worst-case error converges only with order O(N~1/2).

There exists another algorithm — first introduced for l.p.s. in [18] and
then for p.l.p.s. in [8] — which is called CBC sieve algorithm (see [17, Sec-
tion 10.4]) and which yields better error bounds, but with the disadvantage
that the generated p.l.p.s. (and l.p.s. respectively) are only finitely extensi-
ble. In this context one also speaks about embedded p.l.p.s. (and embedded
l.p.s. respectively). For embedded l.p.s. we also refer to [6]. A pure existence
result for extensible p.l.p.s. with small star discrepancy is due to Niederre-
iter [43]. For existence results for extensible 1.p.s. we refer to Hickernell and
Niederreiter [25].
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8 Integration in Sobolev spaces

For z = 21b"' + 29072+ --- and 0 = o1b"' + 09b~ %2 + --- with x;,0; €
{0,...,b— 1} the digitally shifted point y = z @ o is given by y = y1b~! +
yob™2 + -+ where y; = z; + 0; (mod b). For vectors x and o we define the
digitally shifted point y = & @ o component wise. This digital shift can be
used to randomize a p.l.p.s.

Definition 7. For o € [0,1)® the point set Py (q,p) := P(q,p) ® o is called
a digitally shifted p.l.p.s..

In the context of l.p.s. one often uses a “geometric” shift instead of the
digital shift to randomize the point set and speaks then about shifted l.p.s.

Similar results to those from Section 6 hold for the mean square worst-
case error of digitally shifted polynomial lattices for integration in the Sobolev

space ji”sgt)ﬁsﬁ with reproducing kernel

S

1 Vi
K8 o(@y) = [T (1+2:B1(@) Bi(ws) + 5 Balla — i) )
i=1
The function space e%ﬂsgj’s} -, contains all functions f : [0,1]* — R whose mixed
partial derivatives up to order one in each variable are square integrable. See

[19, 57] and [45, Appendix A.2.3.] for more information on :}i‘;(()t)s,_y.
The mean square worst-case error of digitally shifted p.l.p.s. for integration

in j‘fs(()t)’sﬁ is defined by

e*(q,p) = /[ | (AL, Pola,p)) do.
0,1]°

We have the following result whose proof can be found in [17, Theo-
rem 12.14]; see also [11]. The corresponding result for shifted 1.p.s. was shown
by Kuo [35].

Theorem 7. For any p € Zy[x] with deg(p) = m we can construct CBC
q € G such that (with N =b™)

b,m

e(q,p) < cs,b,'y,aN_1+€ forall0 < e <1/2.

If S 71/(2(176)) < 00, then Csp e < Coopy,e < 00, €., the above bound

=1 11
can be made independent of the dimension s.

Remark 2. Baldeaux and Dick [1] showed that in the randomized setting one
can obtain an improved error bound by using Owen’s scrambling (see [48] or
[17, Chapter 13]). For scrambled p.l.p.s. one has

E[|I(f) = Qns(f)]?] < copmy e N3 fore >0
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where N = b™ and where the expectation is with respect to all random
scrambles of a p.l.p.s. Such a result is not known for lL.p.s.

Now we assume more smoothness for integrands. Consider the Sobolev

space %ifi)’s’ -, with reproducing kernel

2
ngol)),s,'y (CE, y) =

S

2 2
H <1 + 7 B1(x:) B1(y:) + %B2($i)B2(yi) - ;*134(% - yz|)> .

The function space ‘}stf)i),s,‘y contains all functions f : [0, 1]* — R whose mixed
partial derivatives up to order two in each variable are square integrable. See
[17, Section 14.6] for more information.

Using an idea from Hickernell [24] we use the tent transformation ¢(z) =
1— |2z — 1|. For vectors & we apply ¢ component-wise and for a point set P,
¢(P) means that the tent transformation is applied the every element of P.
We call ¢(P) the folded point set P. Define the mean square worst-case error
of folded digitally shifted p.l.p.s. by

Blan = [ O oPalar))do

The following result, proved in [5], shows that one can obtain an improved
convergence rate for the mean square worst-case error of folded digitally
shifted p.l.p.s. for functions f € ‘%;((jo),s,'y' A corresponding result for lL.p.s.
has been shown by Hickernell [24].

Theorem 8. For any p € Zs[x] with deg(p) = m we can construct CBC
q € G35, such that (with N =2™)

es(g,p) < cSmEN_Q*'E for all0 < e < 3/2.

IfF>r 71-1/(2(275)) < 00, then ¢s~ye < Cooy,e < 00, i.€., the above bound can
be made independent of the dimension s.

9 Higher order polynomial lattice rules

Now we go a step further and consider functions with arbitrary smoothness
for integrands. For a more detailed definition of the functions spaces under
consideration we need some notation:

For k = kb 14 kob® .. 4, 0% where 1 <a, < ---<aj,v €N
and K1,...,ky € {1,...,b—1}, and for a > 1 define

Ma(k) =ar+---+ amin(v,a)'
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Furthermore, for v > 0 put 74(0,7) = 1 and 74 (k,y) = b~*=*) for k € N. For

k= (ki,...,ks) € Ny and v = (71,72, ..), set ro(k,v) == [}, ra(ki, vi)-
Let #4,s,v € L2([0,1]°) be the space consisting of all Walsh series f =

ZkENg Jwa1(k) pwalg, for which

|fwal(k)|
= Ssup ————~ < 0
Hf“Wa,s,‘Y kel\ll)(s, ’r'a(k:,'y)

For o > 2 the function space #,, s~ contains all functions f : [0,1]° — R
whose mixed partial derivatives up to order « in each variable are square
integrable; see [9]. We call a the smoothness parameter of the function space.
Of course one would expect that the higher smoothness of integrands is
reflected in the convergence rate of the integration error. Higher smoothness
should lead to improved convergence rates. However, it turned out that this
is not the case when the concept of (digitally shifted) p.l.p.s. as introduce in
Definition 3 is used as underlying nodes. For this reason the following suitable
generalization has been introduced in [16]; see also [17, Section 15.7].

Definition 8. For s,m,n € N, m < n, p € Z[z], with deg(p) = n, and
q € Zy[z]® the point set Py, »(g,p) consisting of the b™ points

=V, M x or a.
Ty = n(p(x)q( )) fi HhGGbﬂn

is called a polynomial lattice point set (p.l.p.s.). A QMC rule using Py, »(q, p)
is called a polynomial lattice Tule.

Remark 3. For m = n we have Py, m(q,p) = P(q,p).

Definition 9. The dual net of the p.l.p.s. Ppmn(g,p) from Definition 8 is
defined as

Dqp=1k€Gyp, 1 k-q=u (mod p) with deg(u) <n —mj}.

For a > 2 the worst-case error for integration in %4 s ~ using Py, »(q,p)
is given by (see [2, Proposition 2.1])

ei(q,p) = ei(Wa,S,77Pm,n(Qap)) = Z Toc(ka’Y)'

keNg\{0}
trup (k)(z)€Dq,p

The following result has been shown in [2].

Theorem 9. For any irreducible p € Zp|x] with deg(p) = n we can construct
CBC q € Gy, such that

ea(qap) < 6370(,777-1)7 min(rm,n) fO?" all 1 <7T<a.
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If Zfi1 'yil/T < 00 then ¢ o,y < Csaqy,r < 00, i.€., the above bound can be
made independent of the dimension s.

Remark 4. Choosing n large we obtain a convergence order of N~%*¢ for
e > 0 where N = b™. By a result of Sarygin [50] this convergence rate is
essentially best possible.

The result from Theorem 9 holds for a fixed smoothness parameter o > 2.
However, in practical applications the smoothness parameter is in general
not known a priori. Hence it is reasonable to ask for constructions of p.L.p.s.
which achieve almost optimal convergence rates for a range of smoothness
parameters and which adjust themselves to the smoothness of a given inte-
grand.

The basic idea in [2] can be roughly explained as follows: given p € Z[z].
If there exists a large enough amount of p.l.p.s. P(q, p) which do well for the
smoothness parameter « and if there exists a large enough amount of p.l.p.s.
P(q,p) which do well for the smoothness parameter o/, then there must be
a p.l.p.s. P(q,p) which does well for both smoothness parameters « and «'.
The underlying mathematical argument is the following “sieve principle”: let
X be some finite set and A, B C X. If |A|,|B| > | X|/2, then |AN B| > 0.

Algorithm 3 Sieve Algorithm

Require: b a prime, s,m,3 € N, 8 > 2, p € Z|z] irreducible with deg(p) = m,
weights v = (vi)i>1,

: Set n = Bm.

: Find [(1 — 8~ 1)bP™#| + 1 vectors q in G} g Which satisfy

N =

82(q7p) < cs,b,'y,s,m,ﬁ,Q,TQbiTQm forall 1 <7 < 2,

and label this set 75.
3: fora=3,...,6do
4:  find [(1 — (e — 1)B~1)bP™2 | + 1 vectors q in To_1 which satisfy

6a(q,p) < Cs,b,'y,s,m,ﬁ,cx,fab—Tum for all 1 < Ta <

and label this set 7.
5: end for
6: return Select g* to be any vector from 73.

Algorithm 3 only presents the basic idea of a construction for p.l.p.s. which
do well for a range of smoothness parameters. In practice this algorithm would
not be applicable since it is much to time consuming. However, in [2, Algo-
rithm 2] it has been show how Algorithm 3 can be combined with the CBC
approach. This leads then to the following result which is [2, Theorem 4.2]:

Theorem 10. Let s,m,3 € N, § > 2, then one can construct a vector q €
G} gm Such that
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ea(qvp) < Cs,b,a,ﬁ,'y;rabi‘ram fOT all 1 < Ta <

and for all 2 < a < (.
If >, %1/7& < 00, then Cspa,fy,70 < Coo,bya,By,ma < 00, i.€., the above
bound can be made independent of the dimension s.

Until now there exists no counterpart of the results from this section for
l.p.s.

10 Summary and further comments

In this paper we reviewed the main progress in the analysis of p.l.p.s. over
the last decade and we pointed out several connections to the theory of 1.p.s.

For both concepts we have comparable discrepancy bounds and tractabil-
ity properties, and the worst-case error analysis in several reproducing kernel
Hilbert spaces follows parallel tracks. P.l.p.s. and l.p.s. can both be con-
structed with the (Fast) CBC approach and both can be made extensible in
the number of elements. The tent transformation together with a suitable
randomization leads in both cases to improved error bounds for smoother
integrands.

However, there are also some differences. For example, with a slight gen-
eralization of the concept of p.l.p.s. one can achieve almost optimal conver-
gence rates for smooth integrands (even with varying smoothness from a finite
range) together with strong tractability which means that the error bound is
independent of the dimension. Such a result is not known for l.p.s. until now.
(But it is known that with L.p.s. one can obtain almost optimal convergence
rates together with strong tractability for smooth periodic functions.)

A further difference is that for p.l.p.s. it makes sense to apply Owen’s
scrambling scheme since this preserves the (t,m, s)-net structure of a point
set but not the geometric lattice structure. This leads to an improved error
bound in the randomized setting, a result which is not known for l.p.s.

Also the consideration of the quality parameter ¢ of 1.p.s. makes in general
little sense since these point sets are not constructed to have a good (t,m, s)-
net structure. Nevertheless, the analog of the quality measure p(q,p) = m—t
from Section 4 has some interpretation, namely it is the enhanced trigonomet-
ric degree of a lattice rule [7, 39]. A cubature rule of enhanced trigonometric
degree § is one that integrates all trigonometric polynomials of degree less
then ¢ exactly. However, in this vein p(q,p) = m — t from Section 4 can also
be interpreted as the enhanced Walsh degree of a polynomial lattice rule since
any (t,m, s)-net in base b integrates all Walsh polynomials of degree < m —t¢
exactly (this follows from [23, Lemma 1]).

A further point which was not discussed so far but which is worth to be
mentioned is that with 1.p.s. one can even obtain exponential convergence for
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the worst-case error of infinitely times differentiable periodic functions; see
[12]. Such a result in turn is not known for p.l.p.s. until now.

Acknowledgements The author is supported by the Austrian Science Foundation
(FWF), Project S9609, that is part of the Austrian National Research Network “An-
alytic Combinatorics and Probabilistic Number Theory”.

References

10.

11.

12.

13.

14.

15.

16.

. Baldeaux, J. and Dick, J.: A construction of polynomial lattice rules with small

gain coefficients. arXiv:1003.4785, 2010.

Baldeaux, J., Dick, J., Greslehner, J. and Pillichshamemr, F.: Construction al-
gorithms for higher order polynomial lattice rules. To appear in J. Complexity,
2011.

Béjian, R.: Minoration de la discrépance d’une suite quelconque sur T'. Acta
Arith., 41:185-202, 1982.

Bilyk, D., Lacey, M. T., and Vagharshakyan, A.: On the small ball inequality in
all dimensions. J. Funct. Anal., 254:2470-2502, 2008.

Cristea, L. L., Dick, J., Leobacher, G. and Pillichshammer, F.: The tent transfor-
mation can improve the convergence rate of quasi-Monte Carlo algorithms using
digital nets. Numer. Math. 105: 413-455, 2007.

Cools, R., Kuo, F. Y. and Nuyens, D.: Constructing embedded lattice rules for
multivariable integration. STAM J. Sci. Comput. 28: 2162-2188, 2006.

Cools, R. and Lyness, J. N.: Three- and four-dimensional K-optimal lattice rules
of moderate trigonometric degree. Math. Comp. 70: 1549-1567, 2001.

Dick, J.: The construction of extensible polynomial lattice rules with small
weighted star discrepancy. Math. Comp. 76: 2077-2085, 2007.

Dick, J.: Walsh spaces containing smooth functions and quasi-Monte Carlo rules
of arbitrary high order, SIAM J. Numer. Anal. 46 (2008) 1519-1553.

Dick, J., Kritzer, P., Leobacher, G. and Pillichshammer, F.: Constructions of
general polynomial lattice rules based on the weighted star discrepancy. Finite
Fields Appl. 13: 1045-1070, 2007.

Dick, J., Kuo, F. Y., Pillichshammer, F. and Sloan, I. H.: Construction algorithms
for polynomial lattice rules for multivariate integration. Math. Comp. 74: 1895—
1921, 2005.

Dick, J., Larcher, G., Pillichshammer, F. and Wozniakowski, H.: Exponential
convergence and tractability of multivariate integration for Korobov spaces. To
appear in Math. Comp., 2011.

Dick, J., Leobacher, G. and Pillichshammer, F.: Construction algorithms for dig-
ital nets with low weighted star discrepancy. STAM J. Numer. Anal. 43: 76-95,
2005.

Dick, J., Niederreiter, H. and Pillichshammer, F.: Weighted star discrepancy of
digital nets in prime bases. In Monte Carlo and quasi-Monte Carlo methods 2004,
pages 77-96. Springer, Berlin, 2006.

Dick, J. and Pillichshammer, F.: Multivariate integration in weighted Hilbert
spaces based on Walsh functions and weighted Sobolev spaces. J. Complexity 21:
149-195, 2005.

Dick, J. and Pillichshammer, F.: Strong tractability of multivariate integration
of arbitrary high order using digitally shifted polynomial lattices rules. J. Com-
plexity 23: 436-453, 2007.



Polynomial Lattice Point Sets 19

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

Dick, J. and Pillichshammer, F.: Digital Nets and Sequences. Discrepancy Theory
and Quasi-Monte Carlo Integration. Cambridge University Press, Cambridge,
2010.

Dick, J., Pillichshammer, F. and Waterhouse, B. J.: The construction of good
extensible rank-1 lattices. Math. Comp. 77: 2345-2373, 2008.

Dick, J., Sloan, I. H., Wang, X. and Wozniakowski, H.: Liberating the weights.
J. Complexity 20: 593-623, 2004.

Dick, J., Sloan, I. H., Wang, X. and Wozniakowski, H.: Good lattice rules in
weighted Korobov spaces with general weights. Numer. Math. 103: 63-97, 2006.
Drmota, M. and Tichy, R. F.: Sequences, Discrepancies and Applications. Lecture
Notes in Mathematics 1651, Springer, Berlin, 1997.

Faure, H.: Discrépance de suites associées & un systéme de numération (en di-
mension s). Acta Arith., 41:337-351, 1982. (In French).

Hellekalek, P.: Digital (¢, m, s)-nets and the spectral test. Acta Arith. 105: 197—
204, 2002.

Hickernell, F. J.: Obtaining O(N ~2%¢) convergence for lattice quadrature rules.
In: Monte Carlo and Quasi-Monte Carlo Methods 2000. pages 274—289, Springer,
Berlin, 2002.

Hickernell, F. J. and Niederreiter, H.: The existence of good extensible rank-1
lattices. J. Complexity 19: 286-300, 2003.

Hinrichs, A., Pillichshammer, F. and Schmid, W. Ch.: Tractability properties of
the weighted star discrepancy. J. Complexity 24: 134-143, 2008.

Hlawka, E.: Zur angendherten Berechnung mehrfacher Integrale. Monatsh. Math.
66: 140-151, 1962.

Joe, S.: Construction of good rank-1 lattice rules based on the weighted star
discrepancy. In Monte Carlo and quasi-Monte Carlo methods 2004, pages 181—
196. Springer, Berlin, 2006.

Korobov, N. M.: The approximate computation of multiple integrals. Dokl. Akad.
Nauk SSSR 124: 1207-1210, 1959. (Russian)

Korobov, N. M.: Number-theoretic methods in approximate analysis Gosudarstv.
Izdat. Fiz.-Mat. Lit., Moscow, 1963. (Russian)

Korobov, N. M.: On the calculation of optimal coefficients. Soviet Math. Dokl.
26: 590-593, 1982.

Kritzer, P. and Pillichshammer, F.: Constructions of general polynomial lattices
for multivariate integration. Bull. Austral. Math. Soc. 76: 93-110, 2007.
Kritzer, P. and Pillichshammer, F.: A lower bound on a quantity related to the
quality of polynomial lattices. To appear in Funct. Approx. Comment. Math.,
2011.

Kuipers, L. and Niederreiter, H.: Uniform Distribution of Sequences. John Wiley,
New York, 1974; reprint, Dover Publications, Mineola, NY, 2006.

Kuo, F. Y.: Component-by-component constructions achieve the optimal rate of
convergence for multivariate integration in weighted Korobov and Sobolev spaces.
J. Complexity 19: 301-320, 2003.

Larcher, G.: A best lower bound for good lattice points. Monatsh. Math. 104:
45-51, 1987.

Larcher, G.: Nets obtained from rational functions over finite fields. Acta Arith.
63: 1-13, 1993.

Larcher, G., Lauss, A., Niederreiter, H. and Schmid, W. Ch.: Optimal polynomials
for (¢, m, s)-nets and numerical integration of multivariate Walsh series. STAM J.
Numer. Anal., 33: 2239-2253, 1996.

Lyness, J.: Notes on lattice rules. J. Complexity 19: 321-331, 2003.
Niederreiter, H.: Point sets and sequences with small discrepancy. Monatsh. Math.
104: 273-337 1987.

Niederreiter, H.: Low-discrepancy point sets obtained by digital constructions
over finite fields. Czechoslovak Math. J. 42: 143-166, 1992.



20

42.

43.

44.

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

Friedrich Pillichshammer

Niederreiter, H.: Random Number Generation and Quasi-Monte Carlo Methods.
No. 63 in CBMS-NSF Series in Applied Mathematics. SIAM, Philadelphia, 1992.
Niederreiter, H.: The existence of good extensible polynomial lattice rules.
Monatsh. Math. 139: 295-307, 2003.

Niederreiter, H. and Pillichshammer, F.: Construction algorithms for good ex-
tensible lattice rules. Constr. Approx. 30: 361-393, 2009.

Novak, E. and Wozniakowski, H.: Tractability of Multivariate Problems. Volume
I: Linear Information. EMS Tracts in Mathematics, 6. European Mathematical
Society (EMS), Ziirich, 2008.

Nuyens, D. and Cools, R.: Fast algorithms for component-by-component con-
struction of rank-1 lattice rules in shift-invariant reproducing kernel Hilbert
spaces. Math. Comp. 75: 903-920, 2006.

Nuyens, D. and Cools, R.: Fast component-by-component construction, a reprise
for different kernels. In Monte Carlo and Quasi-Monte Crlo Methods 2004, pages
373-387. Springer, Berlin, 2006.

Owen, A. B.: Randomly permuted (¢, m, s)-nets and (¢, s)-Sequences. In Monte
Carlo and Quasi-Monte Carlo Methods in Scientific Computing, pages 299-317.
Springer, New York, 1995.

Roth, K. F.: On irregularities of distribution. Mathematika, 1:73-79, 1954.
Sarygin, I. F.: Lower bounds for the error of quadrature formulas on classes of
functions. Z. Vy¢isl. Mat. i Mat. Fiz. 3: 370-376, 1963 (Russian).

Schmid, W. Ch.: Improvements and extensions of the “Salzburg Tables” by using
irreducible polynomials. In Monte Carlo and Quasi-Monte Carlo Methods 1998,
pages 436-447. Springer, Berlin, 2000.

Schmidt, W. M.: Irregularities of distribution VII. Acta Arith., 21:45-50, 1972.
Sloan, I. H. and Joe, S.: Lattice Methods for Multiple Integration. Clarendon
Press, Oxford, 1994.

Sloan, I. H. and Reztsov, A. V.: Component-by component construction of good
lattice rules. Math. Comp. 71: 263-273, 2002.

Sloan, I. H. and WozZniakowski, H.: When are quasi-Monte Carlo algorithms effi-
cient for high dimensional integrals? J. Complexity 14: 1-33, 1998.

Sloan, I. H. and Wozniakowski, H.: Tractability of multivariate integration for
weighted Korobov classes. J. Complexity 17: 697-721, 2001.

Sloan, I. H. and Wozniakowski, H.: Tractability of integration in non-periodic
and periodic weighted tensor product Hilbert spaces. J. Complexity 18: 479-499,
2002.

Sobol’, I. M.: Distribution of points in a cube and approximate evaluation of
integrals. Z. Vycisl. Mat. i Mat. Fiz., 7:784-802, 1967.



