CHARACTERISATION RESULTS FOR SHIFT RADIX SYSTEMS

PAUL SURER

ABSTRACT. For r € R? define the function 7 : Z% — Z4 in the following way:
2% = 7% a= (a1,...,aq) — (az,...,aq,—|ral).

v is called a shift radix system (SRS) if Va € Z% 3k > 0: 7F(a) = 0. In this paper we deal with
new results concerning the characterisation of the set Dg = {r € R? |7y is an SRS }, especially
for d = 2. For this purpose we adapt and generalise several results and methods presented in
earlier papers.

1. INTRODUCTION
Let r € R and
T 2% — 74,
a=(ay,...,aq) — (az,...,aq,—|ral).
7y is called a shift radix system, short SRS, if
VacZ'3keN:7f =o0.

Further define the sets

Dy:={reR|Vx € Z'In,l e N: 7f(x) = 7/ T!(x) Vk > n} and

DY :={re R? |7, is an SRS} .

Shift radix systems were first introduced by Akiyama et al. in [1]. There the basic properties
have been analysed, as well as the close relation to S-expansions [1, 8, 10] and canonical number
systems (CNS) [1, 9] were studied. It is easy to see that Dy D DY. The set Dy is, except for the

boundary, easy to describe. For an r = {ry,...,rq} € R? let
0 1 0 0
0
Rr) = : 1 0
0 0 0 1
—ry =Ty - —Tgo1 —Tq

and &; := {s € R¥p(R(s)) < 1}, where p(-) denotes the spectral radius. Then we have & C Dy C
&q4. Note that &; is compact and thus Dy and Dg are bounded. For a more detailed treatment
of Dy, see [1, Section 4] and, for d = 2, see [3, Section 2] or [2]. According to [3, Corollary 2.5
we have DJ C &. DY can be gained by cutting out polyhedra from Dy in the following way: An
element r of Dy does not belong to DY if there exists a sequence ao, . .., a;—1,] > d of integers, not
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all equal to zero, such that for the points

Vo :(ao, ey ad_l),
vy =(ay,...,aq),
(1.1)
Vi-1 :(alfla Qpyeeey al+d72))
where the indices of a have to be taken modulo I, we have that 7(vg) = vi,...,7%(vi_2) =
Vi1, Te(Vi—1) = vo. According to [1] we write (ag, ..., ad4—1);ad, - - . , a1 for the chain of mappings

Vo Vi - = vi_q — Vg and say that it is a period (of length 1) of 7 and generally a period
of Dy. Observe that for a period the order of elements is important, but it is invariant concerning

rotations. Further the sequences ag,...,a;—1 and ag,...,a;_1,0a9,...,...,a;_1 describe the same
period. In this manner we can enlarge the length of a sequence to ensure that it is bigger than d.
For a given period 7 = (ag,...,a4-1);ad,---,a;—1 we set P(w) := {r € R%|r is a period of 7 }.
By the definition of 7, this set consists of all the points r = (rq,...,ry) satisfying the system of
inequalities

0< amr + ar2 + -+ 4+ a-1ma + a4 <1,
(1.2) : : : : : :

0< a1 + a2 + -0 4+ Qiga—2Td + Qpa—1 <1

(again with the indices of a taken modulo [), which describes a polyhedron. This polyhedron
is not necessarily a d-dimensional figure, in many cases it is degenerated or even equal to the
empty set. According to [1] we call m a non-degenerated period, if P(w) is a non-degenerated
d-dimensional polyhedron and we call it empty, if P(w) is the empty set. By the Lifting The-
orem [1, Theorem 6.2] for the non-degenerated period = = (ag,...,a4-1);ad,...,a;—1 the lift
I(r) = (ag,.-.,a4d); @441, - - -, a;—1 to a higher dimension is also non-degenerated.

Now it is easy to see that

Dtoi = Dd \ U P(ﬂ—)a
= period
which is the representation of DY by cutting out polyhedra from Dy. We will refer to these
polyhedra as cutout polyhedra. The difficulty of the characterisation of DY is now clear: the set
of all periods is a priori infinite and we will see in section 4 that infinitely many of them are not
empty. Therefore this representation is only a theoretical one.
The paper is organised as follows: in Section 2 we deal with an algorithm that was originally
presented by Brunotte in [4] (see also [1]). With its aid we can construct a finite set IIg of periods
pi with P(m) N Q # () for a closed convex set Q C &4, such that

QNDy=D,\ |J P(n).

mellg

We will use this algorithm to extend the existing analysis of DY given in [3]. But note that it can
only be used for areas away from the boundary of Ds. For sets near this boundary other ways
are needed. For characterising an area near the upper boundary of Dy we will improve a method
which was presented by Akiyama et al. in [3]. This is also stated in Section 2.

A small area near the point (1,1) will be treated in Section 3. The set

P:{(lT,1+5T)|0<T<310,0§5§1}

cannot be investigated with the above mentioned algorithm, because it ”touches” the right bound-
ary of Dy. We will look directly at the orbits of 7 and find out that P belongs to DY.

Figure 1 shows the set Ds. The black parts are cutouts, the white areas are already known to
be subsets of DY. In Sections 2 and 3 all the light grey areas are investigated in the mentioned
theorems. The sets where cutouts are found are shown in the subscribed figures. Only the thin
dark grey regions near the upper boundary of the trapezian in Figure 1 are still not analysed.
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FIGURE 1. An overview of Dy

As we have seen, DY can be explained as set Dy with a number of polygons cut out. In this
representation we walk through all possible periods, which are of course infinitely many. But
not all of them give nonempty polygons. In [1, section 6] was already shown that there are no
upper bounds neither for the length nor for the size of the entries of a period = to ensure that
P(7) # . Section 4 is dedicated to infinite families of non-degenerated periods. We will complete
the analysis of such a family, which was already described in [1] and we will present a new one.
With the aid of this result we will conclude that the point K/, = (0,...,0,1,1) € R? is a critical
point in the sense of [1, Definition 7.1], i.e., any neighbourhood of K/, cannot be described by
using only finitely many cutout polyhedra.

2. ALCORITHMIC SOLUTIONS
2.1. The set of witnesses V(Q) and the graph G(V,Q). For Q C R%, V C Z%,x € Z% let
To(x) ={m(x)|r € Q} and
To(V)={n(v)|reQ,veV}.

Definition 2.1 (cf. [1]). For a closed convex set Q C int Dy, the smallest set V(Q) C Z? with the
properties

(V].) :‘:(517;, 0o . .. ,(Sdi) S V(Q),Z =1,..., d,

(V2) x € V(Q) = 7q(x) U —1q(—x) C V(Q),
where ¢;; denotes the Kronecker delta, is called the set of witnesses of the set (). Additionally,
for a finite set W C Z% and a closed convex set Q C Dy, we define GOW, Q) = V x E to be the
smallest directed graph with vertices V C Z% and edges E C Z% x Z¢, with

(Gl) wcCV,

(G2) xe V=r9(x)CV,

(G3) E={(x,7+(x))|x € V,r € Q}.

The original idea of a set of witnesses comes from Brunotte [4], who defined an analogue in
context with canonical number systems. The term set of witnesses for SRS was used for the first
time by Akiyama et al. [1]. The present definition is modified in that effect, that in [1] any set
which fulfils (V1)-(V2) is called a set of witnesses.

What are the requirements to ensure that V(Q) is finite? Let A € R4*?. For a § > p(A) choose
a vector norm || - || 4,5 with

vx € RY: || Ax||a5 < d)|x|

Denote also by || - || 4,5 a compatible matrix norm, i.e.
vx € R'YB € R™?: || Bx||a,s < ||Blasllx| a6

Such a norm always exists and is explicitly constructed for instance in [6, Equation (3.2)]. Choose
a vector r € £; and a 0 with 1 > 6 > p(R(r)). Further, for € > 0, set

U.(r,8) = {s € R*|||R(s) — R(r)||p(r),s <€} -

A5
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Lemma 2.2. V(Q) is finite for Q C Us(r,d) withe <1—4.
Proof. 1t suffices to prove that there is a finite set V'(Q) that satisfies (V1) and (V2) in Defini-
tion 2.1. Then V(Q) C V'(Q), which implies that V(Q) is finite, too. Let

N = maxd || + (511'7 e 76di)HR(r),6'

1=1,.
We will show that the finite set V'(Q) = {x € Z%|||x| r),s < 73—} fulfils the requirements.
Because N < ﬁJ}CE it includes the canonical base vectors ((V1) is satisfied). For x € V'(Q),s € Q
the functions 75(x) and —75(—x) can be written as R(s)x + (0,...,0,v) with |v| < 1. Thus
[B(s)x + (0., 0,¥) || gy 5 <N(R(s) = B(r) + RB(r)) X[ gy 5 + (0, 0,0)[ ey 5
<NR(s) = R() | pery 5 1%l ey 5 + I1R@E)X] pey 5 + N

N(e+9) N
<e|xllp)s + 0 Xllpeys + N < o5+ N =7—5
This proves that 7¢(V'(Q)) U —7o(=V'(Q)) C V'(Q), satistying (V2). O

The lemma shows that V(@) is finite for sufficiently small Q). For our further proceeding it is
sufficient to know this. We will avoid to calculate the maximal size of some set ) by using norms
we do not know explicitly. Algorithm 1 shows how a calculation of the set of witnesses could look
like. The algorithm starts with

Algorithm 1 Calculation of V(Q).

Input: @, p
Output: V set of witnesses of the set @

1: Vb{i(élj,,édj)‘j:1,7d}
2: M<—(Z)
3. while V £ M do

4: if #V > p then

5: Return(Overflow)

6: end if

7. N<V\M

8: M~V

9: for all (z1,...,24) € N do

10: 1 min(n’“_,rd)EQ |_— ZZ:l ZL’kT‘kJ

11: J = max(, . rpeq — [ Xhoy a7k

12: V—VU{(za,...,zq,k)|k=1,...,5}

13:  end for
14: end while

(21) Vo(Q) = {1(511,521,6dz)|2 = ].,,d}
and calculates inductively V1(Q),V2(@Q), ... by applying the rule
(2.2) Vit1(Q) = 1q(Vi(Q)) U —1o(—Vi(Q)) U Vi(Q).

For all i we have V;(Q) C V(Q). Hence, for a finite set V(Q), there is a j € N such that
Vi+1(Q) = V;(Q) = V(Q). To avoid problems with the possible infiniteness of the set, we use an
additional input parameter p. If the size of the set of witnesses exceeds p, the process stops and the
algorithm returns an overflow. We will deal with this later. At the moment it is more interesting,
how the minima and maxima can be calculated. This depends on the way, how the algorithm is
implemented. Mathematica®, for instance, offers the possibility to minimize or maximize a given
function under some conditions. Hence it suffices to let Mathematica® search for the maximum
and minimum of the function rx under the condition r € Q. Without this possibility, we have
other methods to get the maximum and minimum. Define Qx C @ to be the set of those r, where
rx is extreme. Because rx is linear and @ is closed, we have Qx C 9Q for each x. The easiest
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case is, when @ is a polygon. Then ()x consists of its vertices. But also for nonpolygonial ) with
differentiable curves as boundaries, it should be no problem to calculate Q. With the usage of
Qx, the rule of calculating V;11(Q) from V;(Q) changes to

23)  Vin(@:= J {(xg,...,xd,j) ’j = min |-rx],..., max —|rx| } Uvi(Q),
reQx reQx
x€Vi(Q)
where x = (z1,...,24). The construction of the graph G(W, Q) =V x E for a set W C Z? runs
analogously, at least the calculation of the set of vertices V. For this purpose we have to modify
algorithm 1 only little. At first replace all V by V because we have the set of vertices V' as output.
Besides the input of the additional parameter WV replace line 1 by

VW
and line 10 by

. . d
i ming, o roeQ — LD pe1 ThTR]-
Again the algorithm builds up V' inductively by starting with

(2.4) Vo=W
and observing the rule
(25) Vvi-‘rl = U {(x27"'7$daj) ’j = ngIl_LrXJ)aII:IEl%}i_LrXJ } uv;
xeV;
with x denoting the vector (z1,...,24). As soon as Vi1 = V; we set V = V;. Of course, all

remarks about the extremes of the function rx for r € @ are also valid in this context. For each
vertex it is not hard to get the list of outgoing edges. We omit an explicit calculation here. It
depends on the later process whether it is needed or not.

Let us make a few remarks on the finiteness of G(W, Q). It is an easy exercise to prove it in an
analogous way as in Lemma 2.2 for a sufficiently small closed convex set ) C £; and a finite set
W. As in Definition 2.1 Condition (V2) obviously is stronger than Condition (G2), we can expect
that there are weaker requirements for G(W, Q) to be finite. In the further proceeding we are
going to calculate this graph with @ C Dy and Q NIDy # () and (fortunately) it is finite there. It
is an interesting but up to now unsolved question what the exact conditions are. However, it is not
obsolete to keep a (generously) bound p while calculating G(V, Q) to ensure that the algorithm
stops even if the graph were infinite.

The cyclic structure of G(W, @) is very important. In order to get an uniform nomenclature,
we give a short summary of basic graph theoretical definitions. For a graph with set of vertices V'
and set of edges E C V x V', we call a sequence vg — vo — ... = v;_1 — vy withv; € Vi=0...,1
and (v;,v;41) € E;i=0,...,1—1 a path. A path with v; = vy is said to be a closed path. A closed
path is a cycle if all v; are distinct (except vy and v;). A closed path which is no cycle obviously
includes (at least two) cycles. For a closed path vop — vy — ... — v;_1 — vg of G(W, Q) we may
ask if there is an r with 7, : v — vo — ... — v;_1 — v, hence if the closed path induces a period
of length [ of 7. for some r. It is easy to see that this is only possible for cycles otherwise we would
have edges v,;, — V41 and v, — vy for some m;n <[ —1 with v, = v, and vy, 41 # Vpi1.
A function 7 which had a period deduced from this closed path would have to map v, = v,
onto the two different points v,,41 and v, 41, which is impossible. Thus only cycles can induce
nonempty periods. The set of all these r is the solution of the system of inequalities (1.2) induced
by the cycle. In many cases G(W, Q) contains only the trivial cycle, i.e., the self-loop 0 — 0.

Lemma 2.3. Suppose the graph GOV, Q) = V x E has n cycles without the self-loop 0 — 0.
These cycles induce n periods 71, ..., 7,. Then

Vr € <Q\ LTLJ P(ﬂ',)) Vx e VOW)3Ik e N: 7F(x) = 0.

i=1
In particular, if GOW, Q) contains no cycle except the trivial one then

VreQvxeV3IkeN:F(x)=o0.
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Proof. From the definition of G(W, @) and the monotonicity of the floor-function it is easy to see
that Vr € Q,Vx € V,Vk € N: 7F(x) € V and Vr € Q,Vx € V : (x,7x(x)) € E. Hence each r with
7y having a period with elements in V produces a cycle in G(W, Q). Therefore, if we remove these
r from @, the remaining part has no cycles and so fulfils the stated condition. O

The lemma is similar to [3, Lemma 4.7]. Note that if we find such a period = with nonempty
set P(r), the sets P(m) and DY are disjoint. Then r is a period of DY as it is described in the
introduction. With the above lemma we can find some areas within a convex set, which are not
in D27 but we cannot be sure that the rest is. But the lemma provides a base for other methods.

2.2. Brunotte’s Theorem. The next theorem is an algorithm based on Brunotte. For proofs,
exact background and adaption for SRS, see [4] and [1, Section 5]. Here we will present only
the important facts and state them in a somewhat different way. This helps us to generalise the
existing results in order to give an improved analysis of DY.

Theorem 2.4. Let Q C DY be a sufficiently small, closed, conver set. Then GOV(Q),Q) =V x E
is finite. Furthermore we have Q C DY if for allr € Q,x € V(Q) there exists a k € N with 7} = 0.

Otherwise
DyoQ\ |J P,

wellg
where Ilg is the set of all periods which are described by the nontrivial cycles of G(V(Q), Q).

Proof. Obviously V = V(Q) and, according to Lemma 2.2, V(Q) is finite for sufficiently small sets
Q. The remaining part of the proof runs exactly as in [1, Theorem 5.2] U

[1, Theorem 5.2] treated only the case that @ is a polyhedron. Indeed, it is easier to handle
this case, but as mentioned above we do not have to restrict on it. The theorem can be used to
determine whether a given area is in ’Dg or not. If it is not, we get a set of periods II(Q), whose
corresponding cutout polyhedra completely describe DY N Q in the sense that

pi>Q\ |J P,
wellg

Note that Il can contain periods whose cutout polyhedra are empty or do not intersect with
Q. Further IT in general does not contain all periods that have polyhedra intersecting with Q.
Algorithm 2 shows a scheme of a corresponding algorithm. We bypass the problem of the eventually

Algorithm 2 Search for the periods describing @ N DY (recursively).

Input: Q
Output: Ilg list of cycles
: p <« suitable bound
calculate V(Q) (algorithm 1 with boundary p)
if —(overflow) then
E — set of edges of G(V(Q), Q)
Il « IgU all cycles of GV(Q), Q)
else
Split @ into sets @1, Q2
Search for the periods describing Q1 NDY (algorithm 2)
Search for the periods describing Q2 N DY (algorithm 2)
end if

=
=

infiniteness of the set of witnesses by giving a bound for its size. If it gets bigger the calculation
stops and @ is divided into two parts and the algorithm is applied on each of them separately.
The only way of division to keep convexity is by a line. We know that the set of witnesses is finite
for sufficiently small sets. We only have to pay attention on the choice of p. Since it is difficult
to extract from Lemma 2.2 the exact size of the set of witnesses, it turned out to be the best to
increase p whenever @ is split. Using this way, we can ensure that eventually the procedure will
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terminate. Concrete values for p depend on the location of @ relatively to the boundary of Dg
(trial and error).

We have to make a few remarks on finding cycles in a directed graph. In general our graph
will have only few edges compared to the number of vertices. Cycles can only occur within the
strongly connected components. They can be found with the aid of an algorithm of Tarjan [12].
Its requirements in time and space is linear to the size of V' and E. Once the strongly connected
components are found, we can extract the cycles from each such component.

Each cycle we find forms a system of inequalities which describes a polyhedron. We may also
find cycles, where the corresponding polyhedron is the empty set. Thus we need an algorithm,
which identifies these empty cycles and transforms the other ones into polyhedra. Such an algo-
rithm was implemented by Fukuda and is available, beside other algorithms concerning polyhedral
computation, as cdd/cdd+ on the homepage [5]. For our purpose the version working with rational
arithmetics is needed. The program is based on the Double Description Method of Motzkin at al.
[7]. For further information consult the documentation, which also can be found at [5].

We now consider the two dimensional case and DJ. Write Br(Q) for the application of al-
gorithm 2 on the set Q. As environment define m; := max(, yeg{r} — ming ,eoiz}, me =

max(; y)eQ iy} — ming eqfyl, r:= W and the split of the set @ into Q1 and Q2 by

max(g T }+ming, , x
Q (:Evy) € Q X S wt 'y)EQ{ }2 ( y)eQ{ } mi > meo
1= .
(z,y) €Qly < max(I’”)eQ{y};mm(”‘y)m{y} } otherwise
max(g x}4+min, , x
0 (2,y) € Qo > B weel }2 @weelz} } my > mo
2 = . .
() €Qly > max(@’y)EQ{y};mm(”’y)m{y} } otherwise

Hence we halve the set in z-direction when its x-expanse is bigger than its y-expanse, otherwise
we halve the set in y-direction.
With this we have the following results:

Theorem 2.5. Br(Q4) terminates for

5 99
= R? | —A-S<y<z-1
Qa {(my)e ;<o pSuse }
yielding 402 nonempty periods.
Theorem 2.6. Br(Qp) terminates for
5

QB = {(x y)€R2 6 100

99 }
— 7/\ —r+1<y<z

yielding 1010 nonempty periods.

Theorem 2.7. Br(Q¢) terminates for

Qc = {(fﬂ y) € R?

S A stro<y<14l
6="=100 y 2

yielding 787 nonempty periods.

The sets Qa, @B, Q4 have a minimum distance of 0.01 from the boundary of Ds. Figures 2-4
show all found cutout polyhedra located in the sets in black. To save space, the axes have been
reversed. The white spaces are in DY, the dark grey ones are still unknown. Note that only
those parts of the polygons are shown that intersect with Ds, e.g. the parts where x < 1 and
that there may be cutouts totally overlaid by others. For computational processing, the lists of
all periods are available in the internet, as well as an implementation in Mathematica® of the
presented algorithms (2 dimensional case) [11].

We will use Br(Q) for the last time with modified p := %.
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FIGURE 2. Cutouts of the set Q4

F1GURE 3. Cutouts of the set Qp

FIGURE 4. Cutouts of the set Q¢

Theorem 2.8. Let xg = %, T = %—(7), Ty = 19—0, T3 = % and

Qp, = {(m,y) € R?

2
xzyz/\yZZr/\mi,l ngxi}.
Then, fori=1,2,3 the algorithm Br(Qp,) terminates yielding that Qp := U?:l Qp, C DY.
The choice of Qp is not arbitrary, we will understand it in the further context.
2.3. A lemma of Akiyama et al. In [3], Akiyama et al. presented a way of analysing an area

near the upper boundary of Ds. Let

= R?
R {r € 1

y?
x>0/\y<o:+1/\m<}.

Further, for x € (0,1) and ¢ € N, define
R, = {r€R|x<my—h¢2}

and

|CL| <q,—

Ay g = {(a,b) c 7? 1

Following [3, section 4.1] we have

K 1
— 1<b —-1;.
2 g+1< <1_K2+q }
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Lemma 2.9. Let vy, be the positive root of the polynomial qt?+qt> —qt—q+1 and0 < k < Vg < 1.
Then, forr € R,
reDy e vVx € A, Ik mFx) =0.

For the proof see [3, Lemma 4.3]. In view of Lemma 2.3 this motivates the following

Lemma 2.10. Let vy, be the positive root of the polynomial qt*> + qt*> —qt —q+1, 0 < Kk <7y, < 1
and let Ilg be the set of all periods induced by the nontrivial cycles of the graph G(Ax 4, Q). Then

@n |J B\ | P c oy

0<t<k mellg

Proof. 1t follows immediately from Lemma 2.3 and Lemma 2.9 that

(R.NQ\ J Pr) cD}

mellg

for « = k. Because A, C A, for + < k the statement is true for all + < k. O

This lemma provides a powerful tool for determining which areas of R are contained in Dj.
Because of the concavity of R it may happen that @ is not fully contained in R. Whenever
parts of the line y = x + 1 are included in @, G(Ax,q, Q) will contain a lot of cycles of the form
(a,—a)? — (—a,a)T — (a,—a)T. These cycles induce the period p = (a,—a) that corresponds
exactly to the line y = z + 1 which we already know not to be part of DJ (see [3, Lemma 2.3]).
Based on this considerations we can specify Algorithm 3. Line 4 is only of importance if () contains

Algorithm 3 Search for all periods within an area Q N U0<L<,yq R,.

Input: Q,q
Output: Ilg list of cycles
1: calculate the set of vertices V' of G(A,, 4, Q) (modified algorithm 1)
2: calculate the set of edges E of G(A,, 4,Q)
3: g « all cycles of G(A,, 4,Q)
4: remove all cycles of the shape (a, —a) — (—a,a) — (a,—a) from Iy

parts of the line y = z + 1. Referring to the remarks on the finiteness of the graph, its size should
be bounded during the calculation in Line 1. We omitted such a bound here, because the graphs
we need are all finite. Denote the application of algorithm 3 with parameters @ and ¢ by Ak(Q, q).

In [3, section 4.1] the set R was analysed for x < 5/6 without having found any cutout.
Additionally the sets R,, for ¢ = 3,...,6 have also been recognised not to have cutouts ([3,
Theorem 4.8]). It is possible to continue this series. For ¢ = 3,...,11 fix rational numbers ~,
with 7/ < ~; and |y} —7;] < 1076 and for j = 4,...,11 fix rational numbers v with v/ > ~; and
|73 — 7l <1075

Theorem 2.11. Ak(R,» \ R,/ ,i) terminates for i =17,...,11 yielding no periods.

The approximation of 7; by rational numbers is necessary for the calculation by a computer to
avoid rounding errors. Theorem 2.11 as well as [3, Theorem 4.8] left some areas between the sets

R, and the parable z = 3/4—2 uninvestigated. These "holes” are very close to the boundary of Dy

causing troubles for an analyis by Algorithm 2. This explains the choice of Qp in Theorem 2.8.
We investigate these areas by another usage of Algorithm 3.

Theorem 2.12. Fori=4,...,11 let
Ei={(z,y) € Rlo =7y~ (vio)® 2 2 vy = ()}
Ak(E;, 1) terminates yielding no periods.
Summing up we gain

Theorem 2.13. <., Bx D {(z,y) eR |ac < 18 } is fully contained in D.
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FIGURE 5. The orbit of the point (—200,200)

3. AN AREA NEAR THE POINT (1,1)

3.1. Statement of the theorem. For areas near the boundary of Ds an application of the
presented algorithms fails. Often the only possible way to prove a set @ to be a subset of DY is to
do this directly by observing the behaviour of the orbits of the mapping 7 for r € Q. An example
for the usage of this strategy is [3, Subsection 4.2], where it is shown that a small area near the
point (1,—1) is a subset of DY. In that style, we will prove the following

Theorem 3.1.
1
P:= {(1—T,1+5T)'0<T<3070<5<1}cDS.

Proof. Fix T € (0, 45) and § € [0,1]. Let r = (1 — 7,1+ 6T) € P. Furthermore define
A= {(z,y) €Z*|x <0,y <0},
B:={(z,y) €Z°|z >0,y >0}.

These sets represent the third quadrant with the negative y-axis and the first quadrant with the
positive y-axis, respectively. We will prove the statement by showing that 77 sends each point
of Z? to 0 for some p € N. The idea is not very complicated, but several technical lemmas are
needed. These lemmas are proven afterwards. Everything is based on the fact that the application
of 72 changes a point only little. Figure 5 shows the orbit of the point (—200,200) for T = 5—10 and
60 = 1. It is divided into three branches. After three applications of 7. we return to one branch.
We now look at the sequence {77(z)}nen of a point z € Z2. We will show the existence of a
finite subsequence {zo, ..., 24, } that ends up in 0. This proves the theorem. We first assert that
each point in Z? has an orbit that intersects with AU B U {0}. This is shown in Lemma 3.12.
Hence, without loss of generality, we can start our subsequence with zg € A (for B the proof runs
analogously). For a z, € A, ¢ > 0, construct z,4+1 in the following way: Let (ug,vo) := z,. For an
i>0set (ujr1,viq1) := 7o (us, v;). Then for (u;,v;) € A the following points (which are shown in
the mentioned lemmas) are true:

(3.1) w41 <0 (Lemma 3.2),
(3.2) Uit1 + Vi1 > — |[(ui,v;)||;  (Lemma 3.4),
(3.3) vig1 —v; > 1 (Lemma 3.6).

Formula (3.3) ensures that there is no repetition possible and hence there cannot exist a period
within the set A. By (3.1) and (3.3) can further be seen that either (u;+1,vi41) € A or viy1 > 0.
Thus there exists a j € N with (u;,v;) € Afor ¢ < jand (ujq1,v41) ¢ A where (u;41,vj41) lies on
or above the z-axis. Additionally the length of (u;,v;) is not growing with respect to the 1-norm.
Now apply 7 once. Then Lemma 3.8 says that either 7.(uj1+1,vj41) = 0 or 7 (u;41,v,41) € B.
Moreover we always have ||7p(wjt1,vj41)|; < |[(wj,v;)]|; which is shown in Lemma 3.10. Now, if
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(0,%0) =0, set 2441 := 0. Otherwise we proceed in an analogous manner as before for the set B.
Start with (zo, o) := Tv(uj41,v;41) and define (41, Ykt1) := 70 (Tk, Yx), k > 0. Then for each
(xk,yr) € B we have

(3.4) ZTp+1 >0 (Lemma 3.3),
(3.5) Trt1 + Y1 < [[(@k, ye)ll;  (Lemma 3.5),
(3.6) Y1 — Yr < —1  (Lemma 3.7).

Thus, again, there exists an [ € N with (zx,yr) € B for k <! and (z;41,y+1) & B. (3.5) ensures
that ||(@r+1, Yr+1)|l; < @k, ye)ll; for k < 1. We set zg41 := 7o(2i41, Y1) and see that zg41 € A
or z¢+1 = 0 (Lemma 3.9) and this time ||zg41||; < [[(21,%)]/, (Lemma 3.11). Hence we have

1Zqlly = [l (w0, vo) Iy < [[(wr, v0)lly < < l(ug509)lly
< ltzo, yo)lly <z, w)lly < - <z w)lly < llzgally -

It is easy to see that any z, is a member of our sequence {7)'z},cn and there exists an gy > 0
with [|zol; < [|z1]l; < ... <||zg|l; = 0. Hence {zo,..., 24} really ends up in 0. O

3.2. Supporting lemmas. We need some preparing definitions. Let (u,v) € Z2. Using the
abbreviations

t(u,v) := vdT — uT,
(u,v) := —udT — (T + 6T) — |t(u,v)|dT,
AMu,v) == u(T + 0T) + vT + [t(u,v) | (T + 6T) — | k(u,v)|6T

B

yields
T (u,v) = (v, —u — v — |t(u,v)]),
T (u,v) = (—u— v = [e(u,0) |, u+ [(u,0)| = [K(u,v)]),
7—1? (u7 U) = (u + |_L(u7 U)J - I_’i(% U)J U+ LH(U7 U)J - p‘(”? U)J)

For some proofs it is better to choose another representation. By direct calculation we gain

(3.7) 73 ((u,v)) = (u + c1u + av + as, v + Bru + Bov + B3)
with

o =T (=1+08) -T2

g =T (14 20) + T%62,

By i=T(—1—26) +T*(1 + 25 — 6%) + T36%,

By i=T(—2— &) + T*(—25 — 36%) — T°6°,

ag = (=1 =0T {c(u,v)} + {k(u,v)},

B3 := (T + 20T + 6*T?){1(u,v)} + (=1 — 6T){k(u,v)} + {\(u,v)}.
where {a} denotes the fractional part of a. These expressions satisfy the following inequalities:
(3.8) -T< o <0,

(3.9) T< o < AT,
(3.10) =37 < Joi <0,
(3.11) —AT < B2 < =27,
(3.12) ~T< ay+fB <O.

The estimations are partly very crude, but easy to verify and sufficient for our aims. Because of
monotonicity the extreme values of ag and 3 can only occur, if {¢(u,v)}, {k(u,v)} and {A(u,v)}
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take extreme values. From this consideration we gain the following table:

{AMu,v)} {s(u,0)}  {e(u,v)} a3 Bs
0 0 0 0 0
0 0 1 —1-6T T+ 26T + 86212
0 1 0 1 —1-46T
0 1 1 —06T  —1+T+ 6T+ 62T?
1 0 0 0 1
1 0 1 —1—06T 14T +26T+ 6%T?
1 1 0 1 —6T
1 1 1 —0T +T + 6T + 5272

This table shows that

(3.13) —1-0T <o <1,
(3.14) ~1—6T < s < 14T +25T + 5°T?,
(3.15) 1+ T+8T? <az+p; <l

Note that {¢(u,v)},{k(u,v)} and {¢(u,v)} cannot be equal to 1 hence all inequalities are strict.
While proving the lemmas, we always have to keep track of the signs of the «; and (; as well as
the possible values § and T can obtain.

Lemma 3.2. Let (u;,v;) € A and (uir1,vi01) = 73 (ui, v;). Then u;yq < 0.
Proof.
Uip1 = U + uion +viag + oz = ui(1+ o) +vioe + ag

By the definition of A we have u; < 0 and v; < 0. Because v; is an integer this implies v; < —1.
(14 a1) > 0 and az > 0 by (3.8) and (3.9). Since by (3.13) we have az < 1 we obtain

Uip1 < —ag+1=-T(1+20) - T?*+1<1.

The fact that u;41 is an integer allows the final conclusion u;41 < 0. O

Lemma 3.3. Let (zr,yx) € B and (w41, Ykr1) = 70 (Tr, Y ). Then xpy1 > 0.
Proof. Analogously to Lemma 3.2, by using (3.8), (3.9) and (3.13), we get
Tpt1 =Tk + Tpoy + Yz + O3
=zp(l+ o) +ypaz + as
>ag — 1 — 60T
=—14+T(1+8)+T%%> -1
and therefore 41 > 0. O
Lemma 3.4. Let (ujr1,vi41) = 7o(ui,v;). Then (uj,v;) € A and ||(ui,v;)||1 = m implies that
Uiyl + Vip1 = —M.
Proof. Since (u;,v;) € A we have ||(u;,v;)||1 = —u; — v;. Thus
Uit1 + Vit1 =u; +ujon +vian + g + v +ui b+ i + B3
Sui(ar + 01) tvi(lae + o) —m—1+T+ 5272
where (3.15) gives the lower bound for a3 + (5. Considering (3.8), (3.9) and (3.12) yields w;41 +

vi41 > —m — 1 and for integer values wu;y1,v;11, m we get u;11 + vip1 > —m. O

Lemma 3.5. Let (441,Yk+1) = 7o (Tr, k). If (2, yx) € B and ||(xk, yx)|l1 = m, then zp1 +
Yk+1 <M.
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Proof. Since (zy,yr) € B we have ||(zk, yx)|l1 = zr + yr. Again (3.8), (3.9), (3.12) and (3.15) are
used for the following estimation.

Tht1 + Y1 =Tk + Tpa1 + Ypoo + a3 + Yy + 2101 + Y2 + B3
<z(on + B1) +yk(ag + B2) +m +1
<m-+1

and thus xg4+1 + yg+1 < m. O

Lemma 3.6. Let (uiy1,vi11) = 72 (ui,v;). Then (u;,v;) € A implies that viyq —v; > 1.
Proof. Since (u;,v;) € A we have u; <0 and v; < 0. Thus
K(ui,v;) = — w; 6T — v (T 4+ 0T) — [e(ug, v;) 6T
> —u;0T — v;(T + 0T) — t(u, v;)0T
=u;i(—0T 4 6T?) + v;(—T — 6T — 6°T?) > 0 = |k(us,v;)] >0
Mug,v;) =ui (T + 6T) + ;T + | t(us, v;) | (T 4 6T) — | k(us,v;)] 6T
<ui (T + 6T) + v;T + t(us,v;)(T + 0T)
=u;(T + 6T — T? — 6T?) + v (T + 6T? + §°T?)
<—T —0T?* - 6°T?* < 0 = [ A(us,v5)] < —1.
Finally the simple computation
Vi1 — v = [K(ui, vi)] — [Augv5)| > 1

shows the statement. O

Lemma 3.7. Let (xy,yr) € B and (vy1,ypr1) = 75 (2, yr). Then ypi1r —yr < —1.
Proof.
k(xk,yk) = — 20T — yp(T + 0T) — |t(zk, y) | 6T
< — @61 — yp(T + 6T) — (e(zk, yx) — 1)6T
=21(—6T + 0T?) + yp (=T — 0T — 6*T?) + 6T
<-—T-5T?><0=> k(2 yk)] < —1
A@ks yk) =2(T + 6T) + g T + [(@p, yu) | (T + 0T) — [K(@r, yx) | 6T
Zxk(T + (5T) + ykT + (L(.’Ek, yk) — 1)(T + (5T) + 6T
=23 (T + 6T — T? — 6T?) 4+ yp(T + 6T% + 6*°T%) - T
>0T? + 6°T% > 0 = | Axk,yx)] > 0.
Hence
Yer1 — Yk = [K(@k, yk) ] — [Mak, ye)] < -1
(]
Lemma 3.8. If (uj,v;) € A and (uji1,vj41) = 75(uj,v;) € A then 7p(uji1,vj41) € B or
Te(Uj+1,v+1) = 0.

Proof. Let (u',v") := 7p(ujy1,vj41). We will show that v/ > 0 and v" > 0. We have u;41 <0
(according to Lemma 3.2) and vj41 > v; (according to Lemma 3.6). Since (uj41,v;41) ¢ A we can
conclude that v;4+; > 0 and therefore v’ = vj41 > 0. The proof of the other statement requires
some more estimations. Set m := —u; —v;. Suppose first that m < 2. This is only for u; +v; = —1
and therefore u;, = 0 and v; = —1. Then [¢(u;,v;)] € {—1,0}, |k(u;,v;)| = 0 and [A(u;,v;)] =
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—1. Hence either (u;11,v;4+1) = 0, which means that (v',v") = 0, or (u;+1,v;4+1) = (1,0), which
implies that v/ = —|—-1+T] =1 > 0. If m > 2 then

Ujr1 =uj(l+ o) +vjoe + as
>(—v; —m)(1+ o) +vjag — 1 — 8T
=v;(—1—oa1 +az) —m(1+ai) —1-9T.
Note that (u;,v;) € A and so v; < —1 < 0. Thus
Ujp1 21+ a1 —ag —m —mag —1 =67
=—m+a1(l—m)—ay—0T
> —m— g — 0T,
Since uj4+1 and m are integers, the conclusion
(3.16) Ujp1 > —M
holds. Furthermore by (3.7) and (3.15)
Ujp1 +vj41 =uj(1+ 01+ B1) +v;(1 + g + F2) + az + (3
<(—=m—v;))(1+or+61)+vj(1+az+F2) +1
=—m+1—mar —mpi +vj(az + f2 — a1 — B1).
Inserting v; < —1 and using (3.8)-(3.11) yields
Ujt1 +vj41 < —m+1—mag —mfBy — (az+ P2 — a1 — (1)
=(—m+1)(1+o0o1+51) —ae—
<(—m+1)(1 —4T) + 3T
—m(—1+4T)+1—T.
Together with (3.16) this implies
ujt1(1=T) +vjpa (1 +0T)
<ujr1(1=T)+ (m(=1+4T)+1—-T —u;t1)(1 4+ 07T)
=m(—-14+4T)1+éT)+ (1 —-T)(1 4+ 0T) — ujs1 (T + T
<m(=1+4T)Q1+0T)+ (1 —-T)(1 4 0T) +m(T + 67T)
=m(—1+5T +46T%) +1 - T + 6T — §T*
<=2+ 10T +86T% +1—T + 6T — 61>
=—1+9T + 6T +76T% <0
and therefore v/ = —|u;41(1 = T) 4+ vjp1(1 +07T)] > 1 > 0. Hence 7(u;q1,vj41) = (v, 0') is
really inside B, when it is not O. ]
Lemma 3.9. (z1,y;) € B and (v141,yi11) = 72(x1, 1) € B implies that me(xi11,y111) € A or
Te(Ti41, Y141) = 0.

Proof. Let (z',y") := 7e(2141, Y141)- Analogously to Lemma 3.8 we have to show that 2’ < 0 and
y' < 0. The claim (241, y1+1) € B together with Lemma 3.3 and Lemma 3.7 implies that y;41 <0
and therefore z’ = ;11 < 0. The second estimation comes from the following computations: Let
m = x; + y;. Suppose m < 3. There are three possibilities:

(zi,m) = (0,1):
[t(0,1)] =[6T] =0
|£(0,1)| =|-T = T] = -1
[A0,1)] =|T+0T] =0

and therefore (2;41,y141) =(04+ 04+ 1,1 —1+0) = (1,0) and further (2',y') = 7.(1,0) =
(0,-[(1=T)]) =0.
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(zi,u) = (1,1):
[c(1,1)] =[6T - T] € {0,-1}
|k(1,1)] =|-T — 20T — [:(1,1)]0T| = —1
IA(1,1)| =27 + 26T + [«(1, D) |(T + 6T)] = 0.
)

So either (z;4+1,y1+1) = (1,0), which goes to 0 by the calculation above, or (x;411,y14+1) =
(2,0) and y = —[2—-2T| =-1<0.
(@1, 31) = (0,2):
[£(0,2)] =|26T] =0
1k(0,2)] =|—2T — 26T | = —1
[A(0,2)| =|2T + 6T = 0.
This yields (241, y1+1) = (1,1). This case does not fulfill the condition (z;11,¥1+1) € B.
Thus it is irrelevant for the present lemma.
Now let m > 3. Note that always y; > 1.
i1 =2(1 4+ 1) +yroe + a3
<(=yi+m)(1+ o) +yaz+1
=y(—1—a1+az)+m(l+a)+1
<—-1—a;+as+m+ma; +1
=m+ai(m—1)+ay
<m+ asy.
Again x;41 and m are integers and from there follows
(3.17) i1 < m.
Analogously to Lemma 3.8, we need a lower bound for z;+1 + yi41:
i1+ Y =1+ o+ 1) (1 +az + B2) +az + B3
>(m —y)(1+ a1+ 61) + yu(l +ag + B2) = 1+ T + §°T*
>m —1+ma; +mpr +y(ae+ P2 —o1 — 1) + T
>m—1+may+mpi+ (g + o —oy — B1) +T
=m-1)(14+a1+p5)+as+B+T
>(m—1)(1 —AT) — 2T
=m(1 —4T) — 1+ 2T
where (3.8)-(3.11) are used to gain the last lines. With the help of these two results we show the
estimation

Ti1(1 =T) + yi11(1 +67T)
>2p01(1—T) + (m(1 —4T) — 14+ 2T — x141)(1 + 0T)
=m(1 —4T)(1 4+ 0T) + (=14 2T)(1 4+ 6T) — 2141 (T + 7))
>m(1 —4T)(140T) + (=1 +2T)(1 + 6T) — m(T + 0T
=m(1 — 5T — 46T?) — 1 + 2T — 6T + 26T?
>3 — 157 — 126T% — 1 42T — 6T + 20T*
=2 — 137 — 6T — 106T? > 1.
Therefore y' = — |21 (1 = T) + yi41 (1 4+ 07) | < -1 <0. O

Lemma 3.10. If (u;,v;) € A and (wiy1,vit1) = 72 (ui,v;) € A then we have ||7e(wit1,viq1)]l; <
([, vi)lly = m.
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Proof. Let (v/,v") := 7v(tiq1,vi+1). Lemma 3.8 says that 7(u;y1,vi41) is element of B and
therefore |7 (uit1,vi41)|l; = v’ + ¢, while the inside A lying point (u;,v;) induces the condition
u; + v; = —m. According to Lemma 3.4, u; 41 + v;41 > —m is valid, although the point is not an

element of A.
u + v =vip1 — uipr — vip1 — | —ui T+ vip1 07|

=— |uj+1(1 = T) + v;416T]

< —|uir1(1 =T) + (—uip1 — m)dT|

=— |up1(1 =T = 6T) — moT].
Using (3.16) yields

W +v < —[-m(l =T —06T) —mdT|
<m—|mT] <m
and shows that v’ + v" < m holds. O
ﬁ;(emm)aH 3.11. If (1, y1) € B and (z141,Y1+1) = 72(z1,91) & B then we have ||7e(z151, yi41)]l, <
i,y =m.

Proof. Let (2',y') = Te(®i41, Y1) Referring to Lemma 3.9 we have (z/,y’) € A and therefore
l(z",y")]l; = —2’ —y'. On the other hand ||(z;,y)||; = @1 + yi =: m. According to Lemma 3.5,
Zi+1 + Yi+1 < m holds, although the point is not an element of B.

Y =y — 21—y — =2 T+ Y7

=— 2112 (1 = T) + 414207

> — |z (1 =T) + (—2141 +m)0T |

= — |e1(1 = T — 6T) + mdT|.
Now we use (3.17) to get

' +y >—|m(l—T—6T) +méT)

>—m—|-mT|>-m+1.

This shows the validity of ||(z',7")[|; <m —1 < m. O
Lemma 3.12. Let (u,v) € Z2. Then there is ani € N with either 7i(u,v) € AUB or 7i(u,v) = 0.

Proof. Consider the line  + y + ¢(x,y) = 0. It runs through the origin and splits the second
quadrant into two pieces for each possible T and §. It allows the partition of Z? into 0 and the
sets

B:={(z,y) €Z°|z >0,y >0},
A :{(x,y)€Z2|x§O,y<0},
Upi={(z,y) €Z*|x <0,y > 0,z +y + t(z,y) <0},
Up:={(z,y) €Z*|x <0,y >0,z +y+t(z,y) >0},
Us :={(z,y) cz? |z >0,y <0}.

There are the following cases

(u,v) € Uy: We have v > 0 and —|u + v + ¢(u,v)] > 1 > 0. Thus 7(u,v) = (v, —|u+ v+
t(u,v)]) € B.

(u,v) € Uzt (u,v) cannot be an element of the x-axis. Suppose v = 1 and u < —2. Then
u+v+(u,v) < —2+2T+14 0T = —1 — 2T — §T < 0 shows that (u,v) does not
lie in Us. If w = —1 then (u,v) = (—1,1). This point is an element of Us. 7.(—1,1) =
(1,-1+1—|T+T]) =(1,0) and 7(1,0) = (0,—1 — |=T']) = 0 shows that this point
goes to 0 after 2 applications of 7. For the rest of Us; we can assume v < —1 and v > 2.

v+ulby +vfe+ P33 >2+20, — 1 —1 =0T

=1 —T+T%(~1-46 —25%) + T3(—=6* - 6%) > 0
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and therefore v + ufy + vfF2 + B3 > 1. Further we have
t(u,v) =0T —uT > 26T+ T > 0= |(u,v)] >0,
k(u,v) = —udT —o(T + 0T) — |e(u,v)|6T
=—vT — |[u+v+t(u,v)]6T
<—vT'<0

which shows that |k(u,v)] < —1. Furthermore |¢(u,v)] — |k(u,v)] > 1. Thus we can
conclude that the point

3 (u,v) = (u+ [t(u,v)] — [K(u,v) |, v + Bru+ Bov + B3)

is above the z-axis and right of (u,v). This induces that 7. (u,v) is either 0, an element
of U; or an element of B for an m € N.
(u,v) € Us: This implies that v < 0. Thus 7 (u,v) = (v, —u — v — |(u,v)]) &€ Us.

Hence Ji € N with 7i(u,v) € AU BU {0} for each (u,v) € Z2. O

4. A FaMmiLy or CUTOUTS

In this section we construct a family of pairwise disjoint periods which all yield nonempty
cutouts. Afterwards we use this to show that the point K} := (0,...,0,1,1) is a critical point.
At the end we turn to another family of periods. It was presented in [1] and we will provide the
shape of the corresponding polygons.

4.1. Quadrangles near the point (1,1). For each n € N, n > 1, consider the period

3

n—1
w = 20+ 1, -2n); | |20 - 1,20 — 20+ 1,-2n), | | (2n+ 1,21, —2n + 2i)
i =1

i=1

where | | denotes the sequence gained by concatenation, e.g. | |\, a; = a1,...,a,. For an empty
set of indices the corresponding sequence is empty. Hence for each n > 1 we have a period of
length 6n — 1.

w1 = (3’ _2)7 17 17 _27

w2 = (55 _4)7 la 3) _47 3a 17 _47 5a _27 _Qa

w3 = (7a 76)7 13 5; 767 33 33 767 57 13 767 77 72; 747 73 747 723

Thus the set P(w;,) consists of the points satisfying the following system of inequalities, deduced
from (1.2):

0< r—2ny +2n+1 <1,
0< —2nz+ (2n+ 1)y — 2 <1,
0< —2z+ (2n+ 1)y —2n <1,
0< 2n+ 1)z —2ny +1 <1,

—2nz+ 27+ Dy+2n—-27-1 <1 (0<j<n),
0< (2j+Dz+2n—-2j—1)y—2n <1 (0<j<n),
0< 2n+ 1)z — 2jy — 2n+ 2j <1l (0<j<n),
0< 2+ (—2n+2j)y+2n+1 <1 (0<j<n)
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EEEEREREREE
0 ~J O Ot = W N =
3o e sl
(e
A



18 P. SURER

F1GURE 6. The points of the period wy

For n =1, (4.2) and (4.3) are equal and (4.7) as well as (4.8) do not exist. For a point r € P(w,),
the function 7, maps as follows:

(1,-2n) — (—2n,2n+1),
(=2n,2n+1) — (2n+1,-2),
(—=2,2n+1) — (2n+1,—2n),
(2n+1,-2n) — (—2n,1),
(—2n,2j+1) (2j+1 2n—2j—-1) (0<j<n),
2j+1,2n—-25—-1) — (2n—-2j—-1,-2n) (0<j<n),
(2n+1,-2j) — (=2j,—-2n+2j) (0<j<n),
(—2j,—2n+2j) — (—2n+2j,2n+1) (0<j<n).

Figure 6 shows these points for n = 7. We will see that the set P(w,) of points satisfying the
inequalities (4.1)-(4.8) equals a nonempty polygon for all n > 1. Let

X0 (17 2"“) 7
2n

@ 2n(2n+1) (2n +1)2
T \dn2 4 2n—1"4dn2+2n—1)"

2n(2n — 1 4n?
x(?’)::( n(2n —1) n )

An2 —2n+1"4n2 —2n+1

3 3 _
<@ . (3.3) (n=1)
" 1,522 ) (otherwise)
Denote by O(ay, .. .,a,) the convex hull of the points ay, ..., a.

Theorem 4.1. For any n > 1, P(w,) equals the open set S := int D(Xg), .. ,ngl)).

Proof. We chose from our list the four right hand (strict) inequalities (4.1), (4.4), (4.5) with
j=mn—1and (4.6) with j = 0. For n = 1 take (4.2) instead of the last one. They form a
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FIGURE 7. The cutouts P(w,)

subsystem of the system (4.1)-(4.8). Each of these inequalities describes an open half plane:
U {(z,y) |r —2ny +2n+1 <1},
UP {(z,y)|2n+ 1)z —2ny +1 < 1},
U {(z,y)|-2nz+ 2n—1)y+1<1},
U(4>:{{<x,y>—2z+3y—z<1} (=1
! {(z,y)|[r+2n—1)y—2n <1} (otherwise)

Obviously we have P(w,,) C ﬂle U The lines

g T —2ny + 2n = 0,
g2 (2n+ 1)z —2ny =0,
g3 —2nx+ (2n— 1)y =0,
(1) . —2r+3y—3=0 (n=1)
In " { z+(2n—1)y—2n—1=0 (otherwise)

are the boundary lines of these half planes: gq(f) bound Uf(f) for i = 1,...,4. Now it is quickly
verified that

o) = g A g2, 0D € UP U,
2? =g Ag® 2@ c UM nUP,
o) = o) A, o) € UR NUW,
o) = o A gD, a0 € U NUD.

This shows that S = ﬂ?:l UL and thus S O P(wy). On the other hand simple calculations show

that for each i = 1,...,4, 2¥) satisfies all the other inequalities of the system (4.1)-(4.8). Hence
we also have S C P(wy,). O

From the z-values of xg) and XS? )

m(2n + 1) 1
A2t on—1 +4n2+2n—1
2n(2n—1) 1
4n2 —2n+1 ~ 4dn2—2n+1

we see that only a part of TI(w,) lies within Ds. Figure 7 shows the cutout polygons for n > 1.
Again the axes are reversed to save space. The very big Polygon P(w;) can be seen in Figure 1.
Together with a second one, it forms the rightmost cutout. As it can be seen, the polygons cut
out triangles out of Dy (black).
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4.2. A critical point. In [1, Theorem 7.5] was shown that K, := (0,...,0,1,0) € Dy is a critical
point, i.e. for any neighbourhood U € Dy infinitely many cutout polyhedra are necessary to gain
UODS. We will use the results of subsection 4.1 to show K/, := (0,...,0,1,1) € Dy to be a critical
point, too. This was already stated in [1, Remark 7.6] but without being explicitly proven. We
will accomplish that proof now. The following lemma is a basic fact:

Lemma 4.2. Let m be any period. Then int P(m) NZ4 = ().
Proof. P(w) is described be several inequalities of the form
0<aiz1+...+agxqg+aqgs <1

with integers ay,...,aq. To ensure that a point is an inner point of P(7), both inequalities have
to be strict. For a point of Z% this is impossible to fulfill. O

Theorem 4.3. The point K/, is critical.

Proof. Because of the lifting Theorem [1, Theorem 6.2] it suffices to show the assertion only for
K/ = (1,1). From Theorem 4.1 we know that we can construct a sequence of points (xy, yi)ren
converging to K} with zp < 1, yx, > 1 and (zg,yx) & D3 for all k € N. Suppose K} were not a
critical point. Then there must exist a period m = (ag, a1);as, ..., a,—1 such that P(7) includes all
but finitely many elements of the sequence. For this period we can deduce the following properties
(for the rest of the proof, take all indices modulo n):
(1) P(mr) > Q == (1 =6,1) x (1,1 4 €) for some d,e > 0. The set P(m) is described by
inequalities
0<ai1x+ay+ai1 <1
with 4 € {0,...,n — 1}. The points of @ have to suffice all of these inequalities. Together
with Lemma 4.2 we gain
a; <0
a; >0
a; =0,a;_1 <0
a; =0,a;,_1 >1

ai—1+a; + a1 =1,
a;—1+a; +a;4+1 =0,
ai—1+a; +ai41 =0,
a;—1+a; +a;41 =1.

U4l

Especially we have

a; 0,041 <0 = aio=1—-a;—a;j411 >0 = ai43=0a;—1<0
= Qipqa = i1+ 1

)

a; 20,041 >0 = aiqy2=—-0;—0;11<0 = aj43=0a;,+1>0
= Q44 = aj41 — 1

(2) 7 has to include zeros. To see this, we first note that 7 consists of positive and negative
numbers. Summing up over all triples a;—1 + a; + a;+1 and observing the rules from (1)
yields

3% ai={ila; <0Va;=0,a;1>1}|>0.
=1

For any ¢ € {0,...,n — 1} we have

a; Fai+1  +aipo € {0,1}
—Qit1  —Giy2 —ai3 € {0,—1}
a; —@j43 € {0, 1, —1}.

Therefore, the element a;13 differs from the element a; by one at most. If n #Z 0(3), the
elements of 7 can be rearranged as

0, A3, - -, 4354 3(modn)s -+ +» (0 < j<n—1)
Observing that this list includes positive numbers as well as negative ones and that neigh-
boured elements differ by one at most shows that necessarily it has to include at least one
zero. In the case n = 0(mod 3) we can make such a rearrangement for each of the sets
Ay = {a;]i = k(mod 3)}, k = 0, 1,2 separately. Suppose all of these sets consist of equal
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FIGURE 8. The cutouts P((,)

signed integers only. Then there must be at least one such set including only positive
numbers, say A;. The calculation

n—1 TL/3—1
0< ai= ) (as; +azjs1 +asj2) =0,
i=0 =0

where as;j+1 € A for all j, shows the impossibility of this. Hence A; has to include both
positive and negative numbers and therefore zeros too.

We are now at the point to prove that there cannot exist a period m performing the desired
properties. We do this by constructing a sequence (b;);>o of integers sufficing points (1) and (2) and
showing that this sequence ends up in a series of zeros. Without loss of generality we may start with
by = 0. Suppose by = k > 0. Successive application of (4.10) shows bz, = k > 0 and b3g41 = 0.
Hence bsr12 = —k+1. Now we apply (4.9) sufficiently often to see that bgg_o = —k+1,bgr—1 = 0.
This implies bgr, = k—1. Repeating this procedure we gain bzg21 951 = 0 and bgp2 49, = 0. Similar
calculations for the case k < 0 yield the same result finishing the proof. O

Conjecture 4.4. K and K’ are the only critical points in the 2-dimensional case.

4.3. The shape of another family of cutouts. In [1] the family of periods

(o= (n+1,1);—n,—Ln, | |(i,—n—1+i,—i,n+1-1i)
1=2

of nonempty cutout polyhedra was investigated. Contrary to the cutouts P(wy ), which are located
in the upper half plane, we have y < 0 for P({,). But the shape of these cutouts has not been
investigated yet. Therefore we will add an analogue analysis for the periods (,, here. We have the
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pairs of inequalities

(4.11) 0< z+(n+1y+1 <1,

(4.12) 0< jr+(f-n-1y—j <1l (0<j<n)
(4.13) 0< (j—n—-Dz—jy+n+l—5 <1 (0<j<n),
(4.14) 0< —jetm+l-jy+(G+1) <1 (0<j<n),
(4.15) 0< m+1—glae+G+ly+ij—n <1 (0<j<n).

Note that the length of (, is 4n 4+ 1 and that we have exactly one inequality of each type for the
case n = 1, which we will see to behave a little different again. We direct our attention to five lines,
for n = 1 to three lines, respectively. They are deduced from the strict side of inequality (4.11)
and (4.12) with j = 1, and the not strict side of inequality (4.15) with j = n — 1 and additionally,
for n > 1, the strict sides of (4.14) with j = n and (4.15) with j = n — 1. In particular we have:

hgl) x4+ 2y =0,
h§2) -y =2,
hﬁg) 2rt+y=1

and for n > 1

AV :(n+ 1Dz +y=mn+1,
h? iz —ny =2,

hs’) 2 +ny =1,

Y ng —y = n,

A x4+ (n+1)y=0.

Further define the points:

n(n+1) n
n2+n—|—1’_n2—|—n+1>’
®) . (n+1)2 o on+1

= (o)

The points ygl) and y§5) as well as y§3) and y§4) are identical, such that there are only the three

different points yy),i =1,2,3 for the case n = 1.

Theorem 4.5.
) (2 .3 1 2
P(G) =01,y yi)\ (Y uri?),
P(G) =001 )\ g un? Un UR), > 1
Proof. (sketch) For n > 1 we have gg) A ggﬂ) = yg) for i = 1,...,5 (upper indices are taken

modulo 5) and ggi) A gY‘H) = ygi) for i = 1,2,3 (upper indices are taken modulo 3), respectively.

Therefore the five (three, resp.) lines bound the stated area. Only hg’) is deduced from a not
strict inequality, all other lines come from strict ones. Hence these lines have to be removed.
Additionally all points satisfy the rest of the inequalities. O
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(1 describes a triangle, the others form pentagons. In Figure 8 this is shown graphically, starting

with P({1) on the left (reversed axes). As easy can be verified, ¢,, cuts out a quadrangle from Dy
for n > 1, for n =1 it is an triangle (black parts).

REFERENCES

[1] S. Akiyama, T. BorBELY, H. BRUNOTTE, A. PETHO, AND J. M. THUSWALDNER, Generalized radiz represen-

[2

tations and dynamical systems. I, Acta Math. Hungar., 108 (2005), pp. 207-238.

] S. AkivaMA, H. BRUNOTTE, A. PETHO, AND W. STEINER, Remarks on a conjecture on certain integer se-

quences, Period. Math. Hungar., 52 (2006), pp. 1-17.

[3] S. AkiyamA, H. BRUNOTTE, A. PETHO, AND J. M. THUSWALDNER, Generalized radiz representations and

dynamical systems. II, Acta Arith., 121 (2006), pp. 21-61.

[4] H. BRUNOTTE, On trinomial bases of radiz representations of algebraic integers, Acta Sci. Math. (Szeged), 67

(2001), pp. 521-527.

[5] K. FUKUDA, cdd and cddplus homepage. Webpage http://www.ifor.math.ethz.ch/~fukuda/cdd-home/.
(6] J. LAGARIAS AND Y. WANG, Self-affine tiles in R™, Adv. Math., 121 (1996), pp. 21-49.
[7] T. S. MotzkiN, H. RAIFrA, G. L. THOMPSON, AND R. M. THRALL, The double description method, in Con-

tributions to the theory of games, vol. 2, Annals of Mathematics Studies, no. 28, Princeton University Press,
Princeton, N. J., 1953, pp. 51-73.

| W. PARRY, On the B-expansions of real numbers, Acta Math. Acad. Sci. Hungar., 11 (1960), pp. 401-416.
| A. PETHO, On a polynomial transformation and its application to the construction of a public key cryptosystem,

in Computational number theory (Debrecen, 1989), de Gruyter, Berlin, 1991, pp. 31-43.

[10] A. RENYI, Representations for real numbers and their ergodic properties, Acta Math. Acad. Sci. Hungar, 8

(1957), pp. 477-493.

[11] P. SURER, Personal homepage. Webpage http://www.palovsky.com/1links/p12007.htm.
[12] R. TARJAN, Depth-first search and linear graph algorithms, SIAM J. Comput., 1 (1972), pp. 146-160.

CHAIR OF MATHEMATICS AND STATISTICS, UNIVERSITY OF LEOBEN, A-8700 LEOBEN, AUSTRIA
E-mail address: me@palovsky.com



