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Abstract

Inspired by constructions from coding theory, Niederreiter intro-
duced the concept of cyclic digital nets. Later this concept has been
generalized to so-called hyperplane nets and it turned out that in some
sense this constructions can be viewed as a generalization of polyno-
mial lattices. We introduce a figure of merit with which one can
determine the quality parameter ¢ of hyperplane nets. Furthermore,
we show the existence of hyperplane nets of good quality.

1 Introduction

Quasi-Monte Carlo algorithms for numerical integration approximate the in-
tegral of a function over the (often high-dimensional) unit-cube by the aver-
age of function evaluations over a well-chosen deterministic point set. Here
an appropriate choice of the underlying point set becomes increasingly more
important as the dimension of the problem grows. It has been shown that
point sets chosen from the unit-cube having a very uniform distribution yield
small integration errors, at least for functions with bounded variation in the
sense of Hardy and Krause (see [7]).

Currently the best constructions of well distributed finite point sets are
based on the concept of (,m, s)-nets in base b as introduced by Niederreiter
[5] (see also [7, Chapter 4] for a survey of this theory).
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Definition 1 ((¢,m, s)-nets) Let b > 2, s > 1 and 0 < ¢t < m be integers.
A point set P consisting of b™ points in [0, 1)® forms a (¢, m, s)-net in base b,
if every subinterval of the form J = [];_;[a;b~%, (a; + 1)b~%) of [0, 1)*, with
integers d; > 0 and integers 0 < a; < b% for 1 < i < s and of volume b*~™,
contains exactly b' points of P.

Note that for any point set of o™ points there always exists a t € {0,...,m}
such that it is a (¢,m, s)-net in base b, e.g., we can always choose t = m.
Smaller values of ¢ imply stronger equidistribution properties for nets. With
regard to this fact, t is often called the quality parameter of the net.

Concrete constructions of (t,m, s)-nets are based on the digital construc-
tion scheme which we recall in the following. To avoid too many technical
notions - and since we only deal with this case - in the following we restrict
ourselves to digital nets defined over the finite field [F, of prime-power order
q. For a more general definition (over arbitrary finite, commutative rings) see
for example Niederreiter [7], Larcher [2], or Larcher, Niederreiter and Schmid
[4].

From now on let ¢ be a prime-power and let [F, be the finite field of ¢
elements. For a positive integer r let Z, = {0,...,r — 1}. Let ¢ : Z, — F,
be a fixed bijection with ¢(0) = 0. We also extend ¢ to integers in Z,m by
setting

(k) = ((0k0)s - P 1)) (1)

for k = ko+k1q+- -+ hm1¢™ " with kg, ..., Km_1 € Z,. Here " means the

transpose of the vector . For k € {0,...,q— 1} it will always be clear from
the context whether by ¢(k) we mean an element in F, or an m-dimensional
vector in [F".

Definition 2 (digital (¢,m, s)-nets) Let s > 1 and m > 1 be integers. Let
C1, ..., C5 be m xm matrices over F,. Now we construct ¢" points in [0, 1)*:
For 1 < i < s and for k € Z,» multiply the matrix C; by the vector ¢(k),
ie.,
Ci (k) = (yi,l(k)a s >yi,m(k))—r € F;n>
and set . " ) "
i Wia(k) ¢ (yi;%m( )
q q

If for some integer ¢ with 0 <t < m the point set consisting of the points

Ty = (Tp1,...,2s) for k€ Zgm,
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is a (t,m, s)-net in base ¢, then it is called a digital (¢, m, s)-net over F, or,
in brief, a digital net (over F,). The C; are called its generator matrices.

Remark 1 Let C1,...,C; be the generator matrices of a digital net over
F, and let C = {cy) e F» : 1 <j <m, 1< i< s} be the system
of the row vectors of these matrices (cg-i) is the j-th row vector of matrix
Ci, 1 <j<m,1<i<s). Let p(C) be the largest integer d such that
any system {cg-i) eF! : 1 <j<d;,1 < i < s} with 0 < d; < m for
1 <i<sand) ;_,d; =dislinearly independent in F* (the empty system is
viewed as linearly independent). Then the digital net with generator matrices
Ch,...,Cyis adigital (¢,m, s)-net over IF, with t = m—p(C). This was shown
by Niederreiter [7, Theorem 4.28]. For an effective method to establish the
quality parameter from given matrices C1, ..., C we refer to [16].

Many constructions of digital nets are inspired by a close connection be-
tween coding theory and the theory of digital nets (see, for example, Nieder-
reiter [8] or [9]). Examples for that are the so-called (u,u + v)-construction
(see [1, 11]), the matrix-product construction (see [10]) and the Kronecker-
product construction (see [1, 12]). Here we deal with a construction for
digital nets which is an analog to a special type of codes, namely to cyclic
codes which are well known in coding theory. This construction has been
introduced by Niederreiter in [8] who used the fact that cyclic codes can be
defined by prescribing roots of polynomials. Later this construction has been
generalized by Pirsic, Dick and Pillichshammer [15] to so-called hyperplane
nets whose definition will be given now.

Definition 3 (hyperplane nets) Let integers m > 1,s > 2 and a prime-
power ¢ be given. Let Fyn be a finite field with ¢™ elements and fix an
element o = (o, ..., ;) € Fym. Let F be the space of linear forms

F={f(zx1,....,25) =11+ +ZsVs : Y15,V € Fgm} CFym|xq,..., 24
and consider the subset
Fo={f€F : flas,...,a5) =0}
For each 1 <14 < s choose an ordered basis B; of Fym over IF, and define the
mapping ¢ : F — F;** by
f(z) = Z%xi_l EF = (Y15 Yms -5 Vsilr -+ 5 Vsm) € FJ'%,
i=1
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where (7,1, ...,7.m) is the coordinate vector of 4; with respect to the chosen
basis B;.
We denote by C, the orthogonal subspace in F}* of the image N :=
&(P,). Let
C,=(C]---c]) € Fem

be a matrix whose row space is C,. Then C},...,C are the generating
matrices of a hyperplane net over IF, with respect to By, ..., Bs and C, is its
overall generating matrix. This hyperplane net will be denoted by P, and we
say Pq is the hyperplane net associated to a. We shall from now on assume
a fixed choice of bases By, ..., Bs and will therefore not explicitly mention
them anymore.

Remark 2 In Definition 3 above, if a € F}.. is of the special form a =
(1,a,02,...,a*" ") with some a € F m, then we obtain a cyclic digital net as
introduced initially by Niederreiter [8]. This cyclic net will be denoted by
P, and we say P, is the cyclic net associated to a.

In this paper we introduce a figure of merit for hyperplane nets which
allows to express the quality parameter ¢ in terms of a. Based on this figure
of merit we will show the existence of a € Fy,» which yield hyperplane nets
of good quality with respect to the quality parameter ¢.

2 Preliminary results

Let Fym = F,[w] such that {1,w,...,w™ '} form a basis of F,m as vector
space over F . Let w™ = g+ -+ + Bp_1w™ ' where fo,...,Bn_1 € F, and
let P be the companion matrix of w, i.e.,

0 0 0 - [
1 0 0 By

P=]0 1 0 By | e Fmxm
0 0 1 Bna

. . . -1
Now, if we have the representation of o in Fym as a = ;" qiw', where
ag, - .., am—1 € Fy, then we define

m—1
Y(a) = (ag, ..., am-1) €F and  ¥(a):= a P € Fo .
1=0



With these definitions for any «, 8 € Fm we have

Y(af) = T(a)y(5).

This follows by first showing the identity for a and S equal to powers of w
and then using linearity.

Note that for any a, 8 € F}n 1= Fgm \ {0} we have W(a)y(8) = ¢(af) #
0 € F' as aB # 0 € Fym. Hence it follows that for any a € Fy.. we have
that the matrix ¥(«a) is regular.

Furthermore, for k = Z?:Ol k1" € Zym and a bijection ¢ : Z, — F, let

—_

m—

Pk) =Y plm)e’ and  ¢'(k) = (' (k).

=

Note that we have 1)’ = ¢ when we extend the bijection ¢ to integers in Z,m
as in (1).
We summarize the above definition in the following commutative diagram:

/
qu L qu

RN

kg

Remark 3 Let m,s,F, and o« = (aq,...,a5) € Fm = F,[w] be given
as above and define s matrices B; = (¥(bi1),...,%(bim)))"", where the
bi1,...,b;s constitute the chosen basis B; for 1 < ¢ < s. Then the gen-
erator matrices of the hyperplane net P, are given by C; = (¥(a;)B;)" for
1 <i < 's. Furthermore it follows that C; is regular whenever «; # 0. For a
proof we refer to [15]

Remark 4 Another construction of digital nets goes by the name of poly-
nomial lattices which have been introduced by Niederreiter [6] (see also [7]).
It has been shown by Pirsic [14] that polynomial lattices appear as a spe-
cial cases of hyperplane nets when we choose the ordered basis B, ..., B all
equal to {1,w,...,w™ '} if Fym = FF,[w] as before.

For hyperplane nets we can express the dual space in terms of a € Fy,n.
The following lemma has been given implicitly already in [15, Lemma 2.5].
In view of Remark 4 this lemma corresponds to [7, Lemma 4.40].

b}



Lemma 1 Let the m x m matrices Cq,...,Cs be the generator matrices
of a hyperplane net over F, as given in Remark 3. Then for any integers
ki,..., ks € Zym we have

Cl' (k) + -+ CJY (k) =0 € Ty (2)
if and only if
a1 (1 (k1)) + -+ @ (15(ks)) = 0 € Fym (3)

with permutations 7;(k) = '~ Biy/'(k)), and B; as in Remark 3 for all
1< <.

Proof. By Remark 3 we have
0 = ZCZ-TWU%) = Z‘I’(ai)Bz‘W(ki)
= Z (o) (riki)) = Z (i (Ti(ki))) = ¢< Z OéiSO/(Ti(/fi))>a

and this holds if and only if Y, a;¢'(7i(k;)) = 0 and we are done. O

3 The quality parameter of hyperplane nets

For polynomial lattices there exists a so-called figure of merit [7, Definition
4.39] which is based on the associated dual space and with which one can
express the quality parameter ¢t of a polynomial lattice considered as digital
net, see [7, Theorem 4.42]. These ideas can be transferred to the more general
concept of hyperplane nets.

Definition 4 For o = (o, ..., a,) € F}. the figure of merit p(cx) is defined

as
pla) =s—1+ minZLlogq(k‘i)J,
i=1
where the minimum is extended over all ky, ..., ks € Z,m, not all zero, such
that a1¢'(m1(k1)) + -+ + as¢'(75(ks)) = 0 € Fgm. Here log, denotes the
logarithm to base ¢ and we use the convention [log,(0)] := —1.
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With this figure of merit at hand we may now give a formula for the
quality parameter ¢ of a hyperplane net.

Theorem 5 The hyperplane net Py associated to o € Fpn is a digital
(t,m, s)-net over F, witht =m — p(a).

Proof. Let c ) be the 7-th row vector of the ¢-th generator matrix C; of the
hyperplane net Then by Remark 1, ¢ = m — p(C) =: m — p1, where p; + 1 is
the smallest integer such that there exist dy, ..., ds € Ny with Zle d; = p1+1
and \;; € Fy, 1 <i<s, 1< j<msuch that

s d;
)‘ZJ j (4>
1 j=1

i=

Equivalently, by the isomorphism ¢/, the integer p; + 1 is minimal such
that there exist k; € Zym, i = 1,...,s such that (2) holds, where k; =

m i1 .
> jo1 Vigq’ "', with

p1+ 1= Zdz = ZmaX{j Vi 7£ 0} = Z'.logq(ki) + 1J
i=1 =1 =1

(choose k; = (¢") "1 ((M\i1, .-, Aim) ) with the ); ; from above).
Finally, by Lemma 1

min {Z [log, (ki) +1]: (2) holds}

= min {Ztlogq(ki) +1]: (3) holds} = p(a) + 1,

i=1
so that altogether
t=m—pC)=m— (min {ZdZ : (4) holds} - 1) =m — p(a)
i=1

as desired. O



From the definition of the figure of merit p(a) and from Theorem 5 we
see that it is enough to consider vectors a of the form a = (1, g, ..., )
only, where 1 denotes the neutral element with respect to multiplication in
[F,. The following result is the analogon of [3, Theorem 1] and [17, Theorem
6] for hyperplane nets.

Theorem 6 Let s > 2, m > 1 and let q be a prime-power. Choose ordered
bases By, ..., Bs of Fgm over F,. For p € Z define

s—1
s o= s—d—l—v 1) N e
;(d)(q Z( q q

1 If Ay(s, p) < q™, then there exists an a = (1, q,..., ;) € Fon with
p(a) > s+ p. Therefore the hyperplane net Pq, is a digital (t, m, s)-net
over F, witht <m — s —p.

2. If Ay(s,p) < sq -, then there exists an element o € Fym such that
a=(1,a,...,a°7) satisfies p(a) > s+ p. Therefore the cyclic net P,

is a digital ( ,s)-net over F, witht <m — s — p.

The proof of Theorem 6 is nearly the same as that of [3, Theorem 1]. How-
ever, to see the differences we present the proof of the first part of Theorem
6. First of all we need the following result.

Lemma 2 For a prime-power q and integers I > 1 and k the number A,(l, k)
of (ha,.... ) € (Zim)" such that Z _1Uog,(hi)| <k is given by

k
I+v-1
Atk =a- 3 (e
=0 "
Proof. We have A,(l,k) = Z::o D,(l,~) where D,(l,~) denotes the number
of (hi,...,l) € (Z;n)" such that ZﬁzlLlogq(hi)J = v. Now for v > 0
there are (lﬂ 1) l- tuples (dy,...,d;) with integers d; > 0 for 1 <4 <[ and

S d; = . For each such I-tuple (dy, ..., d;) there are (q — 1)lgh++4 =
(q—1)'q" tuples (h1, ..., ) € (Zin)" such that [log,(h;)] = d; for 1 <@ <.
The result follows. O

We give the proof of Theorem 6.



Proof. Let My(s, p) be the number of (ki, ..., k) € Zjn with (kg,... ks) #
(0,...,0) and 37 [log,(k;)] < p. Using the notation and the result of
Lemma 2, we get

s—1

My(s,p) = <§)Aq(8 —d,p+d)+1—¢"" = Ay(s,p).

d=0

(Recall the convention that |log,(0)] = —1.)

For a given nonzero s-tuple (ky, ..., ks) € Zn the equation ¢'(71(ky)) +
g’ (1o(k2)) + -+ - + as¢(15(ks)) = 0 has no solution if kg = -+ = ky = 0
(note that o(7;(0)) = 0 for all 1 <4 < s), and it has exactly ¢™*~2 solutions
a = (1,ay,...,a,) € F,, otherwise (note that ¢’ o 7; are bijections for all
1 <4 < 5). Therefore, to all nonzero (ky, ..., k) with Y7 [log, (k)] <
p there are assigned altogether at most M, (s, p)g™?) different solutions

a = (1,ay,...,a,) € Fy. of the above equation. Now the total number of
a=(1,0s,...,0) € F is ¢™C7Y. Thus, if My(s, p)g™*™? < ¢™=Y, that
is, if Agy(s,p) < ¢™, then there exists at least one a = (1, g, ..., ) € Fn,

such that ¢'(71(k1)) + a2¢'(12(ks)) + -+ + a9’ (75(ks)) # 0 for all nonzero
(k1,... ks) € Zm with Y77 [log, (k)] < p. For this a we have then p(cr) >
s+ p. By Theorem 5 the point set P, is a digital (¢,m, s)-net over [, with
t<m—s—p. ]

We obtain the following corollary whose proof is identical to that of [3,
Corollary 1].

Corollary 1 Let s > 2 be an integer, let q be a prime-power and let m be a
sufficiently large integer.

1. There exists a vector a = (1, g, ..., @) € 5 with
pla) > [m — (s —1)(log,m — 1) +log,(s — 1)!].
2. There exists an element a € Fym such that a = (1, a, ..., a* 1) satisfies

pla) > [m — (s —1)(log,m — 1) +log,(s —2)!].

The following result on the star discrepancy of hyperplane nets and cyclic
nets can be obtained from Corollary 1 in combination with [7, Theorem 4.10].



Corollary 2 Let s > 2 be an integer, let q be a prime-power and let m be a
sufficiently large integer.

1.

There exists a vector a = (1,q0,...,a5) € Fju such that the star
discrepancy of the hyperplane net P, satisfies

Dy (Pa) = O(m*2q™™)
with an implied constant only depending on q and s.

There exists an element o € Fym such that the star discrepancy of the
cyclic net P, satisfies

with an implied constant only depending on q and s.

More detailed results on the discrepancy of hyperplane nets will be given
in the forthcoming paper [13].
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