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The clown lattice

X . . . infinite base set of size ℵα.
O(n) = X X n

= {f : X n → X} . . . n-ary functions on X .
O =

⋃
n≥1 O(n) . . . finitary operations on X .

Definition

C ⊆ O clone iff

C contains the projections and

C closed under composition.

Cl(X ) . . . lattice of clones (with inclusion).

Fact

X infinite → |Cl(X )| = 22ℵα .
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Atoms and dual atoms

Fact (P. 2005)

X countably infinite → |[S, O(1)]| = |Cl(X )| = 22ℵ0 .

Definition

A maximal clone of Cl(X ) (or an interval I) is a dual atom of
Cl(X ) (of the interval I).

Definition

A minimal clone of Cl(X ) (of an interval I) is an atom of Cl(X )
(of the interval I).

Question

Can we find all dual atoms (all atoms) of [S, O]?
How about [S, O(1)]?
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are known (Heindorf 2002, P. 2004). Their number is
|α| + ℵ0.
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Maximal clones above S

|X | = ℵα regular → the maximal clones in [S, O] \ [O(1), O]
are known (Heindorf 2002, P. 2004). Their number is
|α| + ℵ0.
Situation in [O(1), O] complicated (Gold*, Shelah 2002).
All maximal monoids above S are known (Gavrilov 1965, P.
2004). Their number is 2 · |α| + 5.
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Minimal clones above S

Fact

There exists exactly one clone C with C ∩ O(1) = S.

Consequence

If C is minimal in [S, O], then it contains only essentially unary
functions (i.e. C = 〈C ∩ O(1)〉).

Proof

We have C ) S. If C 6= 〈C ∩ O(1)〉, then 〈C ∩ O(1)〉 is a proper
subclone of C which by the Fact properly contains S.

Definition

f ∈ O(1) is S-minimal iff it generates a minimal clone (monoid)
above S.
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S-minimal functions

Definition

Let f ∈ O(1). For all 0 ≤ ξ ≤ |X | set
sf (ξ) = |{y ∈ X : |f−1[y ]| = ξ}|.
sf . . . kernel sequence of f .

Fact

sf = sg → 〈{f} ∪ S〉 = 〈{g} ∪ S〉.

supp(sf ) = {1 ≤ ξ ≤ |X | : sf (ξ) > 0} . . . support of sf .
supp′(sf ) = {1 ≤ ξ ≤ |X | : ξ · sf (ξ) > sf (0)} . . . strong support.

µf = min supp(sf ).
εf = sup supp(sf ).
λ′

f = sup{ξ ∈ supp′(sf ) : ξ ≤ sf (0)} (if non-void).
χf = min{1 ≤ ξ ≤ |X | : ∃ζ ∈ supp(sf ) : sf (≥ ξ) ≤ ζ}.
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S-minimal functions

Theorem
f ∈ O(1) \S nonconstant → f is S-minimal iff all of the following:

1 µf = 1 or µf is infinite.
2 If µf = 1, then sf (0) is infinite or zero.
3 sf (µf ) = |X |.
4 sf (> µf ) < |X |.
5 sf ↾supp′(sf ) is strictly decreasing.
6 n /∈ supp′(sf ) for all 1 < n < ℵ0.
7 εf = 1 or εf is infinite.
8 ∀ξ ≤ χf singular or finite sf (≥ ξ) = min{sf (≥ ζ) : ζ < ξ}.
9 If εf ≤ sf (0), then sf (≥ χf ) is finite.

10 If εf > sf (0), then sf (εf ) is infinite.
11 If εf > sf (0), then sf (ξ) = 0 for all λ′

f < ξ ≤ sf (0).
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Theorem

Let f , g be S-minimal and non-constant.
Then 〈{f} ∪ S〉 = 〈{g} ∪ S〉 iff all of the following:

1 µg = µf .
2 sg(0) = sf (0).
3 sg ↾supp′(sg)= sf ↾supp′(sf ).

4 χg = χf .
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S-minimal functions

Theorem

Let f , g be S-minimal and non-constant.
Then 〈{f} ∪ S〉 = 〈{g} ∪ S〉 iff all of the following:

1 µg = µf .
2 sg(0) = sf (0).
3 sg ↾supp′(sg)= sf ↾supp′(sf ).

4 χg = χf .
5 sg(≥ ξ) = sf (≥ ξ) for all ξ < χf .
6 εg = εf .
7 sg(εg) = 0 iff sf (εf ) = 0.

Corollary

|X | = ℵα. The number of clones (monoids) minimal in [S, O] (in
[S, O(1)]) is |α| + ℵ0.
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2 or 22ℵα

or ?


