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ABSTRACT. We prove that in the Miller model the Menger property is
preserved by finite products of metrizable spaces. This answers several
open questions and gives another instance of the interplay between clas-
sical forcing posets with fusion and combinatorial covering properties in
topology.

1. INTRODUCTION

A topological space X has the Menger property (or, alternatively, is
a Menger space) if for every sequence (U, : n € w) of open covers of X
there exists a sequence (V, : n € w) such that V,, € [U,]<* for all n and
X = U{WUV, : n € w}. This property was introduced by Hurewicz, and the
current name (the Menger property) is used because Hurewicz proved in [14]
that for metrizable spaces his property is equivalent to one considered by
Menger in [18]. Each o-compact space has obviously the Menger property,
and the latter implies lindel6fness (that is, every open cover has a countable
subcover). The Menger property is the weakest one among the so-called
selection principles or combinatorial covering properties, see, e.g., [4, 16,
24, 25, 31] for detailed introductions to the topic. Menger spaces have
recently found applications in such areas as forcing [12], Ramsey theory in
algebra [33], combinatorics of discrete subspaces [2], and Tukey relations
between hyperspaces of compacts [13].

In this paper we proceed our investigation of the interplay between posets
with fusion and selection principles initiated in [23]. More precisely, we
concentrate on the question whether the Menger property is preserved by
finite products. For general topological spaces the answer negative: In ZFC
there are two normal spaces X,Y with a covering property much stronger
than the Menger one such that X x Y does not have the Lindelof property,
see [28, §3]. However, the above situation becomes impossible if we restrict
our attention to metrizable spaces. This case, on which we concentrate in
the sequel, turned out to be sensitive to the ambient set-theoretic universe.
Indeed, by [21, Theorem 3.2] under CH there exist X, Y C R which have the
Menger property (in fact, they have the strongest combinatorial covering
property considered thus far), whose product X x Y is not Menger. There
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are many results of this kind where CH is relaxed to an equality between
cardinal characteristics, see, e.g., [3, 15, 22, 27]. Surprisingly, there are also
inequalities between cardinal characteristics which imply that the Menger
property is not productive even for sets of reals, see [26]. The following
theorem, which is the main result of our paper, shows that an additional
set-theoretic assumption in all these results was indeed necessary.

Theorem 1.1. In the Miller model, the product of any two Menger spaces is
Menger provided that it is Lindelof. In particular, in this model the product
of any two Menger metrizable spaces is Menger.

Theorem 1.1 answers [26, Problem 7.9(2)], [29, Problem 8.4] (restated
as [30, Problem 4.11]), and [32, Problem 6.7] in the affirmative; implies
that the affirmative answer to [1, Problem II1.2.8], [5, Problem 3.9], and
[15, Problem 2| (restated as [31, Problem 3.2] and [32, Problem 2.1]) is
consistent; implies that the negative answer to and [1, Problem I1.2.7],
(6, Problem 8.9], and [35, Problems 1,2,3] is consistent; and answers [24,
Problem 7] in the negative.

By the Miller model we mean a generic extension of a ground model
of GCH with respect to the iteration of length ws with countable support
of the Miller forcing, see the next section for its definition. This model
has been first considered by Miller in [19] and since then found numerous
applications, see [11] and references therein. The Miller forcing is similar
to the Laver one introduced in [17], the main difference being that the
splitting is allowed to occur less often. The main technical part of the proof
of Theorem 1.1 is Lemma 2.3 which is an analog of [17, Lemma 14]. The
latter one was the key ingredient in the proof that all strong measure zero
sets of reals are countable in the Laver model given in [17], the arguably
most quotable combinatorial feature of the Laver model.

As we shall see in Section 2, a big part of the proof of Theorem 1.1
requires only the inequality u < g which holds in the Miller model. However,
we do not know the answer to the following

Question 1.2. Is the Menger property preserved by finite products of
metrizable spaces under u < g? If yes, can u < g be weakened to the
Filter Dichotomy, NCF, or u < 07

We refer the reader to [11, § 9] for corresponding definitions.

We assume that the reader is familiar with the basics of forcing. The
paper is essentially self-contained in the sense that we give all the definitions
needed to understand our proofs.

2. PrROOFS

The proof of Theorem 1.1 is based on the fact that in the Miller model
spaces with the Menger property enjoy certain concentration properties de-
fined below. Recall that a subset R of a topological space X is called a
G, -set if R is an intersection of wi-many open subsets of X.

Definition 2.1. A topological space X is called weakly G, -concentrated
(resp. weakly WG, -concentrated) if for every collection Q C [X]* which
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is cofinal with respect to inclusion, and for every function R : Q — P(X)
assigning to each Q € Q a G,,-set R((Q)) containing (), there exists Q; €
[Q]* such that X C Ugeq, R(Q) (resp. for every @ € [X]* there exists

Q1 € Q; with the property Q C R(Q1)).

Let A be a countable set and z,y € w?. As usually x <* y means
that {a € A : z(a) > y(a)} is finite. If z(a) < y(a) for all a € A, then
we write z < y. The smallest cardinality of a dominating with respect
to <* subset of w* is denoted by 0. The smallset cardinality of a family
B C [w]“ generating an ultrafilter (i.e., such that {A : 3B € B(B C A)}
is an ultrafilter) is denoted by u. By [7, Theorem 2| combined with the
results of [10] the inequality w; = u < g = wy holds in the Miller model, see
[7] or [11] for the definition of g as well as systematic treatment of cardinal
characteristics of reals.

As the following fact established in [20] shows, the inequality u < g
imposes strong restrictions on the structure of Menger spaces.

Lemma 2.2. In the Miller model, for every Menger space X C P(w) and
a Gs-subset G such that X C G C P(w), there exists a family K of compact
subsets of G such that |K| = wy and X C |JK.

Consequently, in this model for every Menger space X C P(w) and con-
tinuous f : X — w® there exists F' € [w”]“" such that for every x € X there
exists f € F with f(x) < f.

Proof. The first statement is [20, Theorem 4.4] combined with the fact that
u = w; in the Miller model.

Regarding the second statement, since the Menger property is preserved
by continuous images and w*“ is homeomorphic to a Gs-subset of P(w),
there exists a family K of compact subsets of w* such that || = w; and
X Cc UK. For every K € K there exists fx € w* such that y < fx for all
y € K. It follows that the family F' = {fx : K € K} is as required. O

By a Miller tree we understand a subtree T" of w<* consisting of increas-
ing finite sequences such that the following conditions are satisfied:

e Every t € T has an extension s € T which is splitting in 7', i.e.,
there are more than one immediate successors of s in T
o If 5 is splitting in 7', then it has infinitely many successors in 7.

The Miller forcing is the collection M of all Miller trees ordered by inclusion,
i.e., smaller trees carry more information about the generic. This poset has
been introduced in [19] and since then found numerous applications see,
e.g., [10]. We denote by P, an iteration of length a of the Miller forcing
with countable support. If G is Pg-generic and o < /3, then we denote the
intersection G NP, by G,.

For a Miller tree T'" we shall denote by Split(T) the set of all splitting
nodes of T, and for some t € Split(T) we denote the size of {s € Split(T) :
s Ct} by Lev(t,T). For anode t in a Miller tree T" we denote by T; the set
{s € T : s is compatible with t}. It is clear that T} is also a Miller tree. The
stem of a Miller tree T' is the (unique) ¢ € Split(T') such that Lev(t) = 0.
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We denote the stem of T by T(0). If T} < Ty and T1(0) = T5(0), then we
write T1 SO To.

The following lemma may be proved by an almost literal repetition of
the proof of [17, Lemma 14].

Lemma 2.3. Let (&; :i € w) be a sequence of P,,,-names for reals and p €
P,,,. Then there exists p' < p such that p'(0) <° p(0), and a finite set of reals
Us for each s € Split(p'(0)), such that for each e > 0, s € Split(p'(0)) with
Lev(s,p'(0)) =i, j < i, and for all but finitely many immediate successors
t of s in p'(0) we have

(P'(0):"p T [1,w2) Ik Fu € Us (| — ul < e).

A subset C' of wy is called an wi-club if it is unbounded and for every
a € wy of cofinality wy, if C'N « is cofinal in o then o € C.

Lemma 2.4. In the Miller model every Menger subspace of P(w) is weakly
WG, -concentrated (and hence also weakly G, -concentrated").

Proof. We work in V[G,,|, where G, is P,,-generic. Let us fix a Menger
space X C P(w), consider a cofinal Q C [X]¥, and let R(Q) D @ be a
G, -set for all @ € Q.

In the Miller model the Menger property is preserved by unions of wi-
many spaces, see [34, Theorem 4] and [7] for the fact that g = ws in this
model. This implies in particular that a complement X \ R of an arbitrary
G,-subset R C P(w) is Menger. Therefore by Lemma 2.2 and a standard
closing off argument (see, e.g., the proof of [9, Lemma 5.10]) there exists
an wi-club C' C wy such that for every a € C the following condition is
satisfied:

QNV[G,] is cofinal in [X]“NV[G,], and for every continuous

f from a subset of P(w) into w® such that f is coded in V[G,],

and every @ € QNV|[G,] such that X \ R(Q) C dom(f), for

every x € X \ R(Q) there exists b € w* N V[G,] such that

f(z) <b.
Let us fix @« € C. We claim that Q N V[G,]| has the required property.
Suppose, contrary to our claim, there exists p € G, and a P,,-name Q.
such that p forces “Q, € [X]“ and Q, ¢ R(Q) for any Q € [X]* N V[[,]”,
where I',, is the standard P,-name for P,-generic filter. There is no loss of
generality in assuming that o = 0. Applying Lemma 2.3 to a sequence (¢; :
i € w) enumerating Q,, we get a condition p’ < p such that p'(0) <° p(0),
and a finite set U; of reals for every s € Split(p’(0)) such that for each € > 0
and each s € Split(p'(0)) with Lev(s,p’(0)) = i, for all but finitely many
immediate successors ¢ of s in p’(0) and all 7 < ¢ we have

(1) P(0) 9 1 [Lws) - 3u € U, (|d; —ul < o).

Note that any condition stronger than p’ will also satisfy condition (1),
because for qg, ¢; € M the inequality ¢; < qo implies Lev(s, q1) < Lev(s, qo)

IThe proof of Theorem 1.1 requires only that Menger spaces are weakly G-
concentrated in the Miller model.
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for all s € Split(qr). Fix Q@ € QNV containing X NJ{Us : s € Split(p'(0))}
and set F = X \ R(Q). It follows from the above that p’ IF Q, ¢ R(Q). By
passing to a stronger condition, if necessary, we may additionally assume
that p’ IF ¢; ¢ R(Q) for a given j € w.

Consider the map f : F — w5 () defined as follows:

fy)(s) = [1/minfly —u| : v € Us}] +1
for? all s € Split(p'(0)) and y € F. Since F is disjoint from Q, f is well-
defined. Since f is coded in V, there exist p” < p/ and b € W' O) Ay
such that p” forces f (¢;) < b. Without loss of generality we may additionally
assume that Lev(p”(0)(0),p'(0)) > j. Letting s” = p”(0)(0), we conclude
that p” IF £(d;)(s") < b(s"), which means that

p" Ik min{|¢; — u| : uw € U} > 1/b(s").

On the other hand, by our choice of p/, p” < p/, condition (1), and
Lev(s",p'(0)) > j, for all but finitely many immediate successors ¢ of s” in
p”"(0) we have

P"(0):"p" T [L,wo) Ik Ju € Ugn g — u| < 1/b(s")

which means p”(0); "p” | [1,ws) IF min{|¢; —u| : v € Uy} < 1/b(s") and
thus leads to a contradiction. d

The next lemma relates the weak G, -concentration to products with
Menger spaces.

Lemma 2.5. In the Miller model, let Y C P(w) be Menger and QQ C P(w)
be countable. Then for every G, -subset O of P(w)? containing Q XY there
exist a Gy, -subsets R D () such that R xY C O.

Proof. Without loss of generality we shall assume that O is open. Let us
write ) in the form {g, : n € w} and set O,, = {z € P(w) : (qn,2) € O} D
Y. By Lemma 2.2 there exists a collection Z = {Z, : a € wy} of compact
subsets of ﬂnEW O,, covering Y. It follows from the above that Q) x Z, C O
for all a, and hence there exists an open R, C P(w) containing ) such that
Ry x Z, C O. Letting R =) R, we get that RxY C Rx Zo C
0.

a<wi a<wi

As it was proved in [10], in the Miller model there exists an ultrafilter
F generated by wi-many sets, say {F, : & € wy}. There is a natural linear
pre-order <r on w* associated to F defined as follows: x <z y if and only
if {n €ew:x(n) <y(n)} € F. By [8, Theorem 3.1], in this model for every
X C w* of size w; there exists b € w* such that z <z b for all x € X.

Lemma 2.6. In the Miller model, suppose that U, = {U}' : k € w} is an
open cover of a Menger space X C P(w), for every n € w. Then there
exists b € w* such that X C U,cp. Ukng(n) Up for all a. (Equivalently,
{new:zelUpqyum Uit €F foralzeX.)

’Here [a] is the largest integer not exceeding a.
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Proof. The equivalence of two statements follows from the equality F = F,
where for X C [w]¥ we standardly denote by Xt theset {Y Cw: YNX # 0
for all X € X'}.

To prove the second statement set G =, ., U, and find a collection
K of compact subsets of G such that || = w; and X C |JK C G. This
is possible by Lemma 2.2. For every K € K find bx € w® such that
K C Ug<pye(my Ui for all n € w. Then any b € w* such that bx <z b for all
K € K is easily seen to be as required. U

The second part of Theorem 1.1 is a direct consequence of Lemma 2.4
and the following

Proposition 2.7. In the Miller model, let Y C P(w) be a Menger space
and X C P(w) be weakly Gy, -concentrated. Then X x Y is Menger.

Proof. Fix a sequence (U,, : n € w) of covers of X x Y by clopen subsets
of P(w)?. For every Q € [X]* fix a sequence (W9 : n € w) such that
WE € U] and Q x Y C Og,q for all a € wi, where Og.q = U,,cr, UVS.
(The latter is possible by Lemma 2.6.) Letting Og = [),c,, Og.o and
using Lemma 2.5, we can find a G, -subset R(Q)) D @ of P(w) such that
R(Q) x Y C Og. Since X is weakly G,,-concentrated, there exists Q; €
[X]“]r such that X C [yeq, R(Q). For every @ € Qi let us find bg € w®
such that WS C {U : k < bg(n)} for all n € w, where U, = {U : k € w}
is an enumeration. Let b € w* be an upper bound of {bg : @) € Q;} with
respect to <z. We claim that X XY C ¢, Up<p(n) Ur- Indeed, fixy € Y,
x € X, and find @ € Q; such that x € R(Q). It follows that (z,y) € Og.
for all a € wy, therefore for every a there exists n € F, with (z,y) € UW? C
Uk<bo(m) Uk'» and hence F:={n € w : (z,y) € Uy, Uit € F© = F.
Then (z,y) € Upcpiny Ur for all n € F N {k : bo(k) < b(k)} € F, which
completes our proof. O

Note that Lemma 2.4 together with Proposition 2.7 imply that in the
Miller model, a subspace X of P(w) is Menger iff it is weakly G,,-concen-
trated iff it is weakly wG,,-concentrated.

As we have already notices above, Lemma 2.4 and Proposition 2.7 imply
Theorem 1.1 for subspaces of P(w). The general case of arbitrary Menger
spaces can be reduced to subspaces of P(w) in the same way as in the
proof of [23, Theorem 1.1], the only difference being that in some places
“Hurewicz” should be replaced with “Menger”. However, we present this
proof for the sake of completeness. We will need characterizations of the
Menger property obtained in [34]. Let uw = (U, : n € w) be a sequence of
subsets of a set X. For every z € X let Ij(z,u, X) = {n € w:z € U,}.
If every Is(x,u, X) is infinite (the collection of all such sequences u will be
denoted by A4(X)), then we shall denote by Us(u, X) the smallest semifilter
on w containing all I;(x,u, X). (Recall that a family F C [w]® is called a
semifilter if for every F' € F and X* D F we have X € F, where ' C* X
means |F'\ X| < w.) By [34, Theorem 3|, a Lindeldf topological space
X is Menger if and only if for every u € A4(X) consisting of open sets,
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the semifilter Us(u, X) is Menger. The proof given there also works if we
consider only those (U, : n € w) € Ay(X) such that all U,’s belong to a
given base of X.

Proof of Theorem 1.1. Suppose that X,Y are arbitrary Menger spaces
such that X x Y is Lindeldf and fix w = (U, x V,, : n € w) € Ay(X xY)
consisting of open sets. Set u = (U, : n € w), v = (V,, : n € w), and note
that u € Ag(X) and v € A,(Y). It is easy to see that

Us(w, X xY) ={ANB: A€Uyu,X),BeUvY),

and hence Us(w, X x Y) is a continuous image of Us(u, X) x Us(v,Y). By
[34, Theorem 3] both of latter ones are Menger, considered as subspaces of
P(w), and hence by Lemma 2.4 and Proposition 2.7 their product is Menger
as well. Thus Us(w, X xY') is Menger, being a continuous image of a Menger
space. It suffices to use [34, Theorem 3] again. O
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