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WE ARE ALWAYS SEARCHING & RESEARCHING

Life Algorithms

Life = Algorithms ?




OPTIMIZATION PROBLEMS EVERYWHERE

Conflicting
criteria

Impasse

Life = Dilemmas,

Intractable NP-Hard? Quandaries

Mess,

Obstacles Puzzles




SEARCH ALGORITHMS

e Backtracking NEEDLHAYSTACK

=

e Branch-and-bound A==

o Greedy
o Dynamic programming

o Simulated annealing

o Evolutionary algorithms

o Ant colony optimization

@ Particle swarm

o Tabu search
o GRASP
Q... Meta-heuristics




EVOLUTIONARY ALGORITHMS

Evolutionary algorithm

From Wikipedia, the free encyclopedia

In artificial intelligence, an evolutionary algorithm (EA) is a subset of
evolutionary computation, a generic population-based metaheuristic
optimization algorithm. An EA uses mechanisms inspired by biological
evolution, such as reproduction, mutation, recombination, and selection.
Candidate solutions to the optimization problem play the role of individuals
in a population, and the fitness function determines the quality of the
solutions (see also loss function). Evolution of the population then takes
place after the repeated application of the above operators. Artificial
evolution (AE) describes a process involving individual evolutionary
algorithms; EAs are individual components that participate in an AE.




EVOLUTIONARY ALGORITHM

The use of Darwinian principles for automated
problem solving originated in the 1950s.

Darwin’s theory of evolution: survival of the fittest

o stochastic evolution on computers

1= cultivating problem solutions instead of
calculating them

o randomized search heuristics
1= generate and test (or trial and error)
o useful for global optimization, if the problem is

o too complex to be handled by an exact method or

@ no exact method is available

Pioneers: John Holland, Lawrence J. Fogel, Ingo Rechenberg, ... =~



EVOLUTIONARY ALGORITHMS (EAs)

Anne-Wil Harzing’s s/w Publish or Perish
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ELITISM IN MULTIOBJECTIVE EVOLUTIONARY

ALGORITHM

nsga

A fast and elitist multiobjective genetic algorithm: NSGA-I|

K Deb, A Pratap, S Agarwal... - IEEE transactions on ..., 2002 - ieeexplore.ieee.org
Abstract: Multi-objective evolutionary algorithms (MOEAs) that use non-dominated sorting
and sharing have been criticized mainly for:(1) their O (MN/sup 3/) computational complexity
(where M is the number of objectives and N is the population size);(2) their non-elitism

Y% D9 Cited by 22270 Related articles  All 45 versions

A fast elitist non-dominated sorting genetic algorithm for multi-objective
optimization: NSGA-II

K Deb, S Agrawal, A Pratap, T Meyarivan - International Conference on ..., 2000 - Springer
Abstract Multi-objective evolutionary algorithms which use non-dominated sorting and
sharing have been mainly criticized for their (i) O (MN 3) computational complexity (where M
is the number of objectives and N is the population size),(ii) non-elitism approach, and (iii)
Yr Y9 Cited by 3529 Related articles  All 22 versions

Our motivation: from maxima (skylines) to elites to EAJ@




COMPONTENTS OF EAs

o Representation
w Coding of solutions (nitialize Population |
- Mtk [Randomly vaty individuals]«-
o Parent selection ¥
o Evaluation: (Evaluatel“fitness”]
w Fitness function (Apply selection )
@ Survivor selection no
o Offspring Reproduction yes
w Genetic operators m
o Termination condition @




TYPICAL PROGRESS OF AN EA

Initialization \/\/\/_A
Halfway \/\)\/\
Termination \/\’\/\




PROS AND CONS OF EAs

e Large convergence time
o Difficult adjustment of parameters
o Heuristic principle

o No guarantee of global max

Advantages

o Reasonably good solutions quickly

o Suitable for complex search spaces

o Easy to parallelize

o Scalable to higher dimensional problems 3




DIFFICULTY OF ANALYSIS OF EA

A typical EA comprises several ingredients

coding of solution

population of individuals

selection for reproduction

operations for breeding new individuals

fitness function to evaluate the new individual

Mathematical description of the dynamics of the algorithms
or the asymptotics of the complexity —>- challenging _,




Droste et al. (2002): Theory is far behind experimental
knowledge . ..rigorous research is hard to find. J

Applications

Theory Algorithms




SIMPLEST VERSION: 1 PARENT, 1 CHILD, AND

MUTATION ONLY

Algorithm (1 +1)-EA
@ Choose an initial string x € {0,1}"
uniformly at random

@ Repeat until a terminating condition

e (mutation) Createy by flipping each bit of x
independently with probability p

e Replace x by y iff f(y) > f(x)

f: fitness (or objective) function




ANALYSIS OF (1 4+ 1)-EA UNDER ONEMAX

Known results for ONEMAX f(X) = x4 + - - - + X,

X, .= # steps used by the (1 + 1)-EA to reach the
optimum state f(x) = n when the mutation rate is 1

o Back (1992): transition probabilities
o Mihlenbein (1992): E(X,) ~ nlogn
o Droste et al. (1998, 2002): E(X,) < nlogn

l ONEMAX function H Linear functions >_ w;x;

Doerr et al. lower bound Jagerskupper upper bound
(2010) (1 — o(1))enlog(n) (2011) 2.02enlog(n)
Sudholt lower bound Doerr et al. upper bound
2010 enlog(n) — 2nloglog(n) (2010) 1.39enlog(n)
Doerr et al. Witt upper bound
enlog(n) — ©(n)
(2011) (2013) enlog(n) + O(n)

Approaches used: Markov chain, martingale, coupon collection, ..



KNOWN BOUNDS FOR E(X,) UNDER ONEMAX

ONEMAX

Droste et al. (2002) ¢ en(logn—+~)

Doerr et al. (2011) ¢ enlogn—0.1369n

=e(n+ })logn—cin+ O(1)
Our result @ ¢ — 1.825417883.. ..
Lehre & Witt (2014) 4 enlogn— 7.81791n — O(log n)

Doerr et al. (2011)

[
>

enlogn—©(n)

»
=

Sudholt (2010) enlogn—2nloglogn

Doerr et al. (2010)

n
>

(1 —o0(1))enlogn
Droste et al. (2002) 4 0.196nlogn




GARNIER, KALLEL & SCHOENAUER (1999)

“Rigorous hitting times for binary mutations” )

Strongest results obtained so far but proof incomplete
(probabilistic arguments)

e E(X,) = enlogn+ cin+ o(n), where ¢; ~ —1.9

° ;(; —logn — ¢; N log Exp(1) (double-exponential)

their results had remained obscure in the EA-literature




OUR RESULTS
E(X,) = enlogn+ cin+ Jelogn—+ c + O(Iogn)

er = —e (g2~ — (1)
~ —1.89254 17883 44686 8230225714 .. .,

where 7 is Euler’s constant,

n(2) = / (sm- 17) 4t

=35 Y e-)i2

=1 77 ogj<s

Indeed E(X,) ~ ny " %1291+ &

nk
k>0




LIMIT GUMBEL DISTRIBUTION

P(;(——IognJrlogZ $1(3) < )—>e‘e

¢1(3) ~ —0.58029 56799 84283 8133229240 . ...

left: n=10..30



OUR APPROACH

RECURRENCE

= ASYMPTOTICS




THE RANDOM VARIABLE X,
n m ~Nn—m
Xoi= Y (m)p q" " Xom

o<m<n

Xn.m = 7 steps used by the (1 + 1)-EA to reach f(x) = n

when starting from f(X) = n—m
Let Q, m(t) := E(t*). Then Q,o(t) = 1 and

t Z )\n,n—m,KQn,m—f(t)
Qn,m(t) _ 1<l<m

- (1 - Z )\n,n—m,£> t
1<l<m

for 1 < m < n, where (P(m1’s — m—+( 1’s))

(1) > (e D

»

O<j<m|n{mn m—~}



Mme :=P(m1's— m+(1s)

ST VD

1—0 0—1
1= Z )\n,m,l /\n,m,m
1<e<m "
optimum
Anm2 st state
m/\
/\n.mj
Xn,m Xn,m—1 Xn,m—z .. Xn)o

n—mis n—-m+11s n—-m+21s ’ nis




Q: How to solve this recurrence?

t Z )\n,n—m,ZQn,m—ﬂ(t)
Qn_ym(t) _ 1<l<m

1- (1 - ) A,,y,,_mj> t

1<l<m




SIMPLEST CASE: m =1

m=1(n—-11s=n1s)




EXPONENTIAL DISTRIBUTION

Parameters |A > O rate, or inverse scale Exponential
X e [0, oo) Probability density function
1.6

—Ax
o O 1.4 A=05
— =1
A=15

Mode

Variance

Ex. kurtosis
Entropy

MGF t\ ! 3
== fort < A Toa o
A A=0.5
0.2 —:\:1?

0
A
Skewness 2
6
1

CF




BY INDUCTION m = O(1)

An LLT also holds







e (3L () e

o<j<min{n—m,m—~¢}
—(Me'nt(1+0 m=L +£
-/ nt+1) n

m= 0O(1) = j =1 is dominant




SKETCH OF PROOF

1\" m n—m j
e ()T (e
‘ n 0<j<m|{2:mm £} +4 J
B m 1. —¢ m—2¢ Y4
_<e>e n (”O( IS ))
m= 0O(1) = j =1 is dominant

t Z )\n,n—m,eon,m—é(t)
Qmm(t) _ 1<l<m

= (1 - Z )\n,nm,6> t
1<l<m

ot

TR o

— Qn,m(t) ~




SKETCH OF PROOF: BY INDUCTION

Lt
Qn,m(t) ~ H en

1<r<m - (1 - eLn) t




SKETCH OF PROOF: BY INDUCTION

Lt
Qn,m(t) ~ H en

1<r<m - (1 - eLn) t

= Qum (677) ~ ] 1 s = > Exp(r)

1<r<m 1<r<m

Fails when m — ~o




SKETCH OF PROOF: BY INDUCTION

P
—t
Q7 (t)N _____en
CCR Vi e Gy
— Qun () ~ [ 75 = Y Exp()
1<r<m T 1<r<m

Fails when m — ~o

Let Yin:=> 1c,cm EXP(r)- Then as m — oo

s(etrin) = [T £ [T &0 e i

1<r<m r r=1 r




SKETCH OF PROOF: BY INDUCTION

ot
Galt)~ 11 ==y

1<r<m
= Qum (677) ~ ] 1 1 s = >  Exp(r)
T 1<r<m

1<r<m

Fails when m — ~o

Let Yin:=> 1c,cm EXP(r)- Then as m — oo

_ ; e_T r
]E(e(Ym Hm)le) _ H . T - H — i _
r

1<r<m







EXPECTED VALUES E(X,m)

Hn,m = E(Xnm) = Qr;,m(1) (tno = 0)
1+ Z )\n,n—m,fﬂn,m—z

1<l<m

Hn,m =
E )\n,nfm,zlin,mfe

1<l<m

Z )‘;kw,m,é (:U;,m - M:,m—é> =

1<l<m

. A npd—m.e n+1-—m
Nyme i= SIELIEIRE 57 . .
n

oj<min{n+1—m,m—~¢}




*
:un,2 _

*

Hn3 =

* _ * * * J—
:U’n,1 =1& ZKKm )‘n,m,e (:un,m _ ﬂ’n,m—é’) -

3nP4+n—1
2n2+2n—1
22n54+40n°—19n* 4203414 °+15n—6

(2 m+2n—1 )(6 m+12m—7n2—9 n+6)

1
n




* * * * 1
Hp1 = 1 & Z1<£‘<m )‘n7m,e (:un,m - /l'n,m—é’) —n

¥ __ 3nP+n—1
Hn2 = 2m2i2n-1
x __ 22n°440n°—19n*—42n*+14n?+15n—6

Fns (2 242 nf1)(6 m4+12m—7n2—9 n+6)

6002 + 2616 n'"" + 1128 n'° — 7460 n°
—4958 n® + 11506 n” + 6167 n° — 10887 n°
. —2862n* +5917 n® — 153 n* — 1398 n + 360
Hna = "2 +2n—1) (6m +12@ — 7 —9n+6)
x (24n® +72n° —48n* — 140 n° + 93 * + 83 n — 60)

Mf;,5 =
78912 n*° + 626112 n'° + 1150848 n'® — 2455104 n'”
—8313432n'® + 4491096 n'® + 27182504 n'* — 5263508 n'®
—55021022 n'? + 7628986 n'" + 74466297 n'® — 15193087 n°
—67391443 n® + 21902962 n” + 38443857 n® — 18491957 n°
—11698973 n* + 8358804 n® + 827844 n> — 1576800 n + 302400

(2P +2n-1)(6n*+12n° -7 —9n+6)

x (24n° +72n° —48n* — 140n° + 93 * + 83 n— 60)

x(120 n® 4 480 n" — 360 n® — 1720 n° + 1145 n*
42394 n® — 1685 n — 1118 n + 840)




ASYMPTOTICS OF .,

» 11
Hng3 = F
» 25
Hpa = 12
» 137
Hns = ﬁ
49

*

Hne = E -

6
41

12
283

1

60 "

20

7
-2 -3 oy 4 v -5
A 7
185, 328 ., 4007
36 36 216
329 , 917 ., 61841 ,
36 36 864
_4y 2839 _, 19859 _, 848761
n —
180 360 4320
1453 2 _ 36709 _5 70451 —
60 360 160

4

—4




ASYMPTOTICS OF .,

/t2,1:1

B g 8 7 19, B

Hn72—§—n +Zn —4n +8n —4f7 4

* —H_En71+@nfz_%n73+4007n74

Hn3 =" " g 36 36 216

Lo E el g B WU Dle

Hna =927 12 36 36 864

. _ 187 283 ., 2839 ., 19859 5 848761

Hns =750~ 60 180 360 4320

. _49 121 ., 1453 ., 36709 . 70451

Hne =50 ~ 20 60 360 160
by 1| [, 311 25 137 49
me j 1’26712 6020 "

1<jsm



HEURISTICS

An Ansatz approximation: i , ~ 3. 24
do(m) = Hp (M > 0)
di(m)=Hmn+3—-3m(m=1)
d(m) =2 Hn+ 15— sm+ 1 m? (m>2)
d(m)=LHn+ L -3Bm+Zm? - m®(m>2)
() = & Mo — 5 — S8 m-+ 1098 — 885 m + 535 (m >




HEURISTICS

do(m) = Hp (M > 0)

di(m)=Hmn+3—-3m(m=1)

d(m) =2 Hn+ 15— sm+ 1 m? (m>2)
d(m)=LHn+ L -3Bm+Zm? - m®(m>2)

da(m) = 2 Hp— 5% — 3438 4 1L 2 19951 8 4 5789 it (m > 4)

Complication: di(m) holds form > 2 | &|




HEURISTICS

do(m) = Hp (M > 0)

di(m)=Hmn+3—-3m(m=1)

d(m) =2 Hn+ 15— sm+ 1 m? (m>2)
d(m)=LHn+ L -3Bm+Zm? - m®(m>2)

da(m) = 2 Hp— 5% — 3438 4 1L 2 19951 8 4 5789 it (m > 4)

Complication: di(m) holds form > 2 | &|

General pattern: i, , ~ >, n* (kam + D o<j<k wk,,-m/)




HEURISTICS

An Ansatz approximation: i , ~ 3. 24
do(m) = Hyp (m > 0)
di(m)=Hmn+3—-3m(m=1)
d(m) =2 Hn+ 15— sm+ 1 m? (m>2)
d(m)=LHn+ L -3Bm+Zm? - m®(m>2)
da(m) = 2 Hp— 5% — 3438 4 1L 2 19951 8 4 5789 it (m > 4)

Complication: di(m) holds form > 2 | &|

General pattern: i, , ~ >, n* (kam + D o<j<k ZUk,jm/)

oy i=

m
= tpm =~ Hn+¢(a) for1<m<n




A MORE GENERAL ANSATZ

o biHm « Hm a
,Un,m%Hm‘i‘@(O‘)‘{‘ 1 -;¢2()_|_b2 :;bs( )+_,, J

01 03 04 0506 07 08 09 10

-0.2
-0.3
-04
-0.5
-0.6
-0.7
-0.8

0.014
0.012
0.010
0.008
0.006
0.004
0.002

0.1 02 03 04 05 06 07 08 09 10 0.1 02 03 04 05 06 0.7 0.8 09 1.0

115.m — (Hm + 61(a)) i m — (Hm + 1 (ar) + Hotga(e)y




$2(2) =

§
SOS(H S 1 11
/ ( 25(° S 28,(0) 28 7) dt

(analytic in |z| < 1)

N 02 04 06 08 1 04
X

0.2

02 06 08 1
-02

S = W A u

-04

0 02 04 06 08 |

Si(x) & S2(x) P1(x) P2(X)




A GENERATING FUNCTION APPROACH?

* n+i-m & —(—2j
)\n,m,( = Z ( _/ ) (j—i— £> n -/

Oéjémin{n-ﬂ _m7m_£}

fn(Z) = Z’u;’mzm
m>1

1
Z A,y m—t (M’f,,m — u’,‘w) = —

0<t<m

:>L7{ T z(t+1
2mi Tt t(1+1—2z(

t n+1 Z(t+ B .




A HEURISTIC

_ 7\ N 1 z<7"|'15) dr
z(w—1)

n(w — z)?

Assume f,(w) ~ ¢(w).

V4 ¢(W)( = 1) z , z 1 B
2win (w— z)? dw _E(¢(Z)_(1 - 2)¢ (Z))_E1 _Z—RHS
Then (¢(0) = 0)

Gb(z)—(1—z)¢>'(z)=11Z 9(2) = - |g112




HOW TO GUESS ¢+(a)?

Matched asymptotics

Z )‘n m,¢ :un,m — /[r:,m—f)

1<l<m

~1<;mxm( oa)?)

1 /1

1 (a T ¢’(a)> > ame D

1<l<m




1 1 .
E E < +¢(O‘)> Z g)‘n,m,é

1<l<m

S e =Y (”*}‘m)n—f 3 e(':)n-f

1<<m j>1 j<t<m

1 —
-3 _a >
j=>1 £>f
—S1(Oé)

Then we see that ¢ must satisfy




TOOLS NEEDED

Lemma 1. Asymptotics of A}, := >\, &\, ,

Assume that A(z) = }_,., a,z""' has a nonzero radius
of convergence in the z-plane. Then
. = Ai(a _
Anm :Ao(a) - 12(1’7) + O(n 2)’

where
~ af (1—ay
Ao(a) := — —j :

o(e) ekl Ogjda‘ e
A () - af (1—ay? (1-af (1—ay?
Ai(a) = — i a— — ; -« .

@=2.7 K,j“( e 2 e = =)




TOOLS NEEDED

Lemma 2. (Asymptotic tranfer)

Z /\an anm — an,m—(’.) — bn,m

1<l<m

If |brm| < ¢/n, uniformly for 1 < m < nand n > 1, where
c > 0, then

|@n.m| < CHr (1<

m
In particular, p., ., < Hp,

|5, m|

|@n,m| <

+ |anm 1| + CHm—1 = CHm7

n
m

DIO

*
A

Useful for error analysis



TOOLS NEEDED

If € C?[0,1] and ¢'(x) # O for x < [0, 1], then

m—/
nmé n
1<é<m

O‘) 3 e+ 0 (n7?)

1<l<m

_ ¢’ (a) Si(a) L0 (nfz)

n

uniformly for 1 < m < n.

Bootstrapping & induction = i1}, ,, ~ "o 2t gea(@




INITIAL BITS ARE BERNOULLI(p):

>om ()P i,

E(X,
gn)—logqn+v+¢1(q)

1
+§7<Iogqn+v+3—¢1(q)

1 2q6/(q) + pgsl(q) + 2¢2<q))
+ O (n 2log n) )

p=>

E(X0) _ 1ogn— o _
= =logn Iog2+7+¢1(2)+2n(logn log2 + v

R ERTO PR LIOREINCI) FRT )



VARIANCE OF X,

Uniformly for1 <m < n

V(Xpm) = HE'M — e(2e +1) (n+ 1) Ha
+ 1()n +2(a) + O (0" Hi)

The two dominating terms independent of p

eZ 2
6
+c¢in+c,+ O (n "log n)

o) = Jy (S8 - & +2) dx

« / 2 / /
ola) = L — [ (58‘2%)(%)9) — 2SSO 65 (95

V(X,) = " —e(2e+1)(n+1)logn

So(x) 1 3 _ 1
~sor tEoE ot 2‘) dx




X (1 _'EiT)n+1
Vom = e (V(Xn+1,m) + E(Xn+1,m))

rcHm + skcHP + ¢ _
= H 4 Y Hm i O(Hpn ")
1<k<K

0.1 02 03 04 05 0.6 0.7 08 09 10

0.1 02 03 04 05 0.6 07 08 09 1.0

Viim Vim— HY

.1 02 03 04 0506 07 08 0.9 1.
0.1 02 03 04 05 06 07 08 09 10 0.1 02 03 04 05 06 07 08 09 1

oo o &
o ¥ &
~004 -0.006
-005 \ -0.008 \
~0.06 -0010
-0.07 -0.012:
-0.08 -0.014




LIMIT GUMBEL DISTRIBUTION OF X, r,
P ( > Exp(r) —logm < x) —e "

1<r<m

If m — oo with nand m < n, then

E <eXn,mS/(en) (Hm+¢1( ) > (1 + O( E >) H -IeS/;,
7

1<r<m

uniformly for 1 < m < n(proof long and messy). @






MAIN STEPS

E (gXnms/(en)) e (7)s

Fnm(S) == T

S
1<r<m g

Qy (/e & Hrs=o(2)s

- T =

1<r<m 7

=)e T (- f)l

Z An,nfm,an,mfz(S)ef (¢(%)7¢(
m—L+1<r<m

1<0<
Fnm(s) = T
gs/(en) — (1 - Z )\nmm,é)
.

<e<m

Prove |F, (s) — 1| < Cn~"H,, when ¢ = ¢;



AN AUXILIARY FUNCTION

1<e<m m—L+1<r<m

e—s/(en) — (1 -3 A,,v,,_m’g) es/(en)
1 m

<<

If 6 = ¢1 then Gnm(s) = 1+ O((mn)~)




A SUMMARY OF THE APPROACHES

Recurrence

4

Ansatz

4

Error analysis




(1 +1)-EA FOR LEADINGONES

Z H X;; Y, := optimization time

1<k<n 1<j<k

e Rudolph (1997): introduced LEADINGONES
e Droste et al. (2002): E(Y,) < n?

e Ladret (2005): CLT(cin?, con®)

e Bottcher et al. (2010): re-derived mean

o

many other papers

Prove Ladret’s results by a direct analytic approach




TIME TO OPTIMUM STATE UNDER LEADINGONES

Y, (starting with n random bits (each being 1 with

probability 1)

E( YnS . Zan1Qnm )

1<m<n

where the conditional moment generating function
Qnm(s) satisfies the recurrence relation

(1-(1-pa™")e) Qum(s) = pa" "e* (21 "+ Q”(S)

1<é<m

for1 < m< n,whereg=1-p.

p=n"




CLOSED-FORM SOLUTION FOR Q.m

1—e S
1 1= o
pq
Qunl) = 1 T] 12200
pPQT" 1<j<m pg"!

N ~
geom 3+2geom
pq" "t

— | (2 =
Rn(t) = E (t%) T-(1 - pgrm)t

2 1 1-(1-2pg" Nt 1 R
E () = 5 11 _pg)t 2 2

G=1,...,m—1) @




YWwBOWD s 4(0,1)

%)
E(Yom) = oot (T + )
B 7 (oo o ()
B(Y) = 3 27 E(Yam) = 525 (a7~ 1)

1<m<n
e’ —1 c—2)e+2 ce®(3c — 4
n2+( )e’ + i ( )+

2c2 4c 48
= 3q2 —2n
V) = g g (7 1)
B o -1 5y 36%(20—3) —8e° +17
- 8c 16¢2

(6c — 10c + 3)6° — 8(c — 2)e° — 19
Jr
32¢

n+ O(1)




Properties

ONEMAX (X»)

LEADINGONES (Y»)

Mean ~

Variance ~

Limit law

enlogn+ cin

Tr?z(en)2 — (2e + 1)enlog n

Gumbel distribution
P (% —log § — ¢1(3) < X)

—x
—e ¢

e—1
2 n?

e—1 .3
i

Gaussian distribution

_e—1 2
Plr—=" <x
928—1,,3

2

1 X _r

= =1 2
V2r f—OO e

Approach

Ansatz & error analysis

Analytic combinatorics




THANK YOU

1+9=2

(1+1)-EA = 232




