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ö
sl
e
r
(1

9
9
1
,
1
9
9
2
)

R
a
c
h
e
v
a
n
d

R
ü
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A general theorem: Periodicities

Xn
d
=

K∑
r=1

X
(r)

I
(n)
r

+ bn, n ≥ n0, (1)

all r.v. L2-integrable with conditions as before. Assume

E[Xn] = f (n) + <(γnλ) + o(nσ), (2)

with a function f : N0 → R, γ ∈ C \ {0}, and λ = σ + iτ ∈ C with
σ > 0. We denote

A
(n)
r =

(
I
(n)
r

n

)λ
, r = 1, . . . ,K , (3)

b(n) =
1

nσ

(
bn − f (n) +

K∑
r=1

f (I
(n)
r )

)
. (4)



A general theorem: Periodicities
Assume

(A
(n)
1 , . . . ,A

(n)
K )

`2−→ (A∗1, . . . ,A
∗
K ) and ‖b(n)‖2 → 0, (5)

and furthermore

E
K∑
r=1

|A∗r |2 < 1. (6)

Then,

`2

(
Xn − f (n)

nσ
,<
(
e iτ ln nY

))
→ 0, (7)

where L(Y ) is the unique fixed point in MC
2 (γ) of

T :MC →MC, η 7→ L

(
K∑
r=1

A∗rZ
(r)

)
, (8)

where (A∗1, . . . ,A
∗
K ), Z (1), . . . ,Z (K) are independent and

L(Z (r)) = η for r = 1, . . . ,K .



Applications

I # leaves in d-dim. quadtrees, d ≥ 9

I # nodes in m-ary search trees, m ≥ 27

I size of fragmentation trees

I composition of various urn models

I e.g. cyclic urns with at least 7 colors



Proof

Exercise:
The restriction of T to MC

2 (γ) maps into MC
2 (γ) and is Lipschitz

in `2 with Lipschitz constant bounded by(
E

K∑
r=1

|A∗r |2
)1/2

< 1.

Comment: The proof can be given along the lines for the
corresponding result above in (M2(0), `2).

Thus, (6) implies the existence of a unique fixed-point L(Y ).



Proof

With Y0 := 0 and

Yn :=
Xn − f (n)

nσ
, n ≥ 0

we obtain

Yn
d
=

K∑
r=1

(
I
(n)
r

n

)σ
Y

(r)

I
(n)
r

+ b(n), n ≥ n0, (9)

The fixed point property of L(Y ) implies

1

nσ
<
(
nλY

)
d
=

1

nσ
<

(
K∑
r=1

nλA∗rY
(r)

)
. (10)

where (A∗1, . . . ,A
∗
K ), Y (1), . . . ,Y (b) are independent and

L(Y (r)) = L(Y ) for r = 1, . . . ,K .



Construction on one probability space

We may assume, e.g. by taking optimal couplings, that

‖A(n)
r − A∗r ‖2 =

∥∥∥∥∥∥
(
I
(n)
r

n

)λ
− A∗r

∥∥∥∥∥∥
2

→ 0, (n→∞).

We choose X
(r)
n as optimal couplings to <(niτX (r)) for n ≥ 0 and

r = 1, . . . ,K .

Clearly, we may assume that, as required, X
(r)
n , r = 1, . . . ,K , are

independent of each other and of (I (n), bn)n.



Bounding the `2-distance
We denote, for n ≥ 1,

∆(n) := `2

(
Yn − f (n)

nσ
,<
(
Xe iτ ln n

))
= `2

(
Xn,

1

nσ
<
(
nλX

))
.

Using (9) and (10) we obtain, for n ≥ n0,

∆(n) = `2

(
K∑
r=1

(
I
(n)
r

n

)σ
X

(r)

I
(n)
r

+ b(n),
1

nσ
<

(
K∑
r=1

nλA∗rX
(r)

))

≤

∥∥∥∥∥
K∑
r=1

((
I
(n)
r

n

)σ
X

(r)

I
(n)
r

− 1

nσ
<
(
nλA∗rX

(r)
))∥∥∥∥∥

2

+
∥∥∥b(n)∥∥∥

2

≤

∥∥∥∥∥
K∑
r=1

((
I
(n)
r

n

)σ
X

(r)

I
(n)
r

− 1

nσ
<
(

(I
(n)
r )λX (r)

))∥∥∥∥∥
2

+
∥∥∥b(n)∥∥∥

2

+

∥∥∥∥∥
K∑
r=1

(
1

nσ
<
(

(I
(n)
r )λX (r)

)
− 1

nσ
<
(
nλA∗rX

(r)
))∥∥∥∥∥

2

.



Bounding the `2-distance

By (5) and (3) the second and third of the three latter summands
tend to zero as n→∞. We abbreviate

W
(n)
r =

(
I
(n)
r

n

)σ
X

(r)

I
(n)
r

− 1

nσ
<
(

(I
(n)
r )λX (r)

)
. (11)

Hence, the latter estimate implies

∆(n) ≤

E

(
K∑
r=1

W
(n)
r

)2
1/2

+ o(1)

=

E
K∑
r=1

(W
(n)
r )2 + E

K∑
r ,s=1
r 6=s

W
(n)
r W

(n)
s


1/2

+ o(1). (12)



Bounding the `2-distance

Since X
(r)
n and <(niτX (r)) are optimal couplings for all n ≥ 1 and

r = 1, . . . ,K we obtain

E(W
(n)
r )2 = E

( I
(n)
r

n

)2σ

∆2(I
(n)
r )

 . (13)

From (2) we obtain

E[Xn] =
1

nσ
<(γnλ) + R(n), n ≥ 1,

with R(n)→ 0 as n→∞.



Bounding the `2-distance

Since E[X (r)] = γ and by the independence conditions we obtain

EW (n)
r = E[(I

(n)
r /n)σR(I

(n)
r )]

E[W
(n)
r W

(n)
s ] = E

[(
I
(n)
r

n

I
(n)
s

n

)σ
R(I

(n)
r )R(I

(n)
s )

]
.

Splitting the latter integral into the events {I (n)r ≤ n1 or I
(n)
s ≤ n1}

and {I (n)r > n1 and I
(n)
s > n1} for some n1 > 0 we obtain, for every

n1 > 0,

|E[W
(n)
r W

(n)
s ]| ≤

(n1
n

)σ
‖R‖2∞ + sup

n≥n1
R2(n),

where ‖R‖∞ := supn≥n1 |R(n)| <∞.



Bounding the `2-distance

|E[W
(n)
r W

(n)
s ]| ≤

(n1
n

)σ
‖R‖2∞ + sup

n≥n1
R2(n),

From this we obtain first, letting n→∞,

lim supn→∞ |E[W
(n)
r W

(n)
s ]| ≤ supn≥n1 R

2(n), and then, letting
n1 →∞,

E[W
(n)
r W

(n)
s ]→ 0 as t →∞. (14)

Now, (12), (13), and (14) imply, for n > n0,

∆(n) ≤

E

 K∑
r=1

(
I
(n)
r

n

)2σ

∆2(I
(n)
r )

+ R1(n)

1/2

+ R2(n), (15)

with R1(n),R2(n)→ 0 as n→∞



Bounding the `2-distance

First step: Show ‖∆‖∞ <∞.

Define ∆∗(n) := sup0<j≤n ∆(j).
We have |R1(n)| < 1 and |R2(n)| < 1 for n ≥ n1. Then with (15)
we obtain, for n ≥ n1,

∆(n) ≤

E

 K∑
r=1

(
I
(n)
r

n

)2σ

(∆∗)2(n)

+ 1

1/2

+ 1.

By (3), (5) and (6)

E
K∑
r=1

(I
(n)
r /n)2σ ≤ ξ < 1, n ≥ n2 > n1.



Bounding the `2-distance

Thus, for all n ≥ n2 we obtain, with
√
a + b ≤

√
a +
√
b for

a, b ≥ 0,
∆(n) ≤

√
ξ∆∗(n) + 2,

and thus
∆∗(n) ≤

√
ξ∆∗(n) + 2 + ∆∗(n2),

which implies ‖∆‖∞ ≤ 2 + ∆∗(n2)/(1−
√
ξ) <∞.

Second step: ∆(n)→ 0.

L := lim supn→∞∆(n) > 0. Let ε > 0. There exists an n3 ≥ n2
such that for all n ≥ n3 we have ∆(n) ≤ L + ε. Then (15) implies



Bounding the `2-distance

∆(n)

≤

E

 K∑
r=1

(
I
(n)
r

n

)2σ (
η{I (n)r < n3}+ η{I (n)r ≥ n3}

)
∆2(I

(n)
r )

+ R1(n)

1/2

+ R2(n)

≤

(
K∑
r=1

(n3
n

)2σ
‖∆‖2∞ + ξ(L + ε)2 + R1(n)

)1/2

+ R2(n).

Hence, n→∞ implies

L ≤
√
ξ(L + ε),

which if L > 0 is a contradiction if we choose ε small enough.
Consequently, we have L = 0 yielding the assertion.




