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Maiﬂ Results Fix ony rv C with k%OTP(C=k)= L write Py = ﬂ)(c.zk).
Let T be GW<C) dis#{kufeo{.




]j/lam Results Fix ony rv C with k%OTP(C:k): L write Py = TP(C"R).
I—ETL T be GWCC) diSWIP{L)(ﬂLeO(.

Theorem (Most rees are short ¢ fah)

TL\QPE 1S o MVI'I\/Q"SO\\ onerwrf §> O s.-}.

Pt (T) > K ond(T)) sexpl(- 5k).




MqM /RQSUHS Fix onY r.v. C wH\ éTP(C k)‘ |, wr‘hlt ?k: [P(C-:]\()
I—ETL T be GWCC) CAS#'L)U]LGO(.

T heorem ( Most WLr\ees are SL\omL 3 ga#)

TL\ePe 1S A M’/l'l\/e"SO\\ conSJrW\‘f §> O S.';.

Pt (T) > . w'uo\(T)> sexp(- 5k).

(Remar‘k: Let o= # nodes of T T4 EC >1 vLL\ev\TP(<5’=°@)>O, and
"P(\/\JC(TB i (T) ‘CT :oo)‘:l

Also, Svef\‘H\Q"’ o < o9, the cond. dist of T is GW C) wLere /,P(é"l):P‘,

S, con assume EC< 1

7 1-p




MqM /ResuHS Fix onY r.v. C wH\ k%JP(C ") |, wr‘hlt ?k: [P(C-:]\()
I—ETL T be GWCC) CASWIML)()]LGO(.

T heorem ( Most frees are SL\omL : ga#)

TL\ePe 1S A M’/l'l\/e"SO\\ conSJrW\‘f §> O S.';.

Pt (T) > . w'uo\(T)> sexp(- 5k).

(Rema\r‘}(: L€+ T = # nodes OP T 14 EC > 7L|mev\TP(<5"—’°Q’>>O, O\f\O\
Pht(T)ewid (T) =ss|o =02)= |

Also, SVEI\‘H\Q"’ 5 <09, the cond. dist of T is W C) Where /,P(ézl)’;?‘,
S, con assume EC<s 1

Heuristic: GIN trees 3o\+iswpg wid (T)- Wc( )"—’ Vol(‘l’)::z@~
T wmplieg i > C?in{ ) Hl C’l vol"

50 ?(H(T > K WT_)) ex?( $ k*)

_P‘

7 1-p




MqM /ResuHS Fix onY r.v. C wH\ k%JP(C ")‘ |, wr‘hlt ?k: [P(C-:]\()
I—ETL T be GWCC) CASWIML)()]LGO(.

T heorem ( Most WLr\ees are SL\omL 3 ga#)

TL\ePe 1S A M’/l'l\/e"SO\\ conSJrW\‘f §> O S.';.

Pt (T) > w'uo\(T)> sexp(- 5k).

ReomarkTL EC >4 thenP(c=22)>0. and
‘P(\’\JC(TB wid (T) \O‘ :00)=l

Also, SVEI\‘H\Q"’ 5 <09, the cond. dist of T is W C) Where /,P(ézl)’;?‘,
S, con assume EC<s 1

~ 1-7

Heuristic: GW trees satisfy wid(T)-ht(T) ¥ vol(T) =0
Twplies "k > Crwid" 2" W22 Cvol' o ﬂ’(H(‘r) >,k_ m) < ex?(-—d"k‘)

Theorem. P(Wt(T) > 65\ Vel (1)< P( 3 I; kf)




GO\HO»’[ —l/\)Q+SOA Tpees

° EO\CL\ nocfe hows r‘o\n()lc)m :H: OWF cl«ilo(r\e([
o NOO,QS PQFPQO(UC_Q M(JQPQ\(\OIQH-Hﬂ



Galton-Watson [rees

° EO\CL\ nocfe hows r‘o\n()lc)m :H: cﬂp cl«ilo(r\e([
o NOO,QS PQFPQO(UC_Q MCJEPQ\(\OIQH-Hﬂ

C onSJrr uc{'ioV\

J (CL/L?\) MO‘Q’PQV\O’QJ\'\ COP}ES o'p O\

rondom Vavriol,|e C wnl\« ZTPCC: k) =1,
Role 7

The sequence (Ci, 1>1) gues % children of

I\OOIQS) N IO(‘GO\OHI/\“R'FS{ SGO\rd\ oro|er\




Galton-Watson [rees

° EO\CL\ nocfe hows r‘o\n(),c)f'/l :H: O'F cl«ilo(r\e{[
o NOO,QS PQFPQA’MC_Q MCJEPQ\(\OIQH-I-‘%

C onstruction

J (CL/LZ\) MO‘Q’PQV\OJQJ\'\ CGP}ES Q'F O\

rondom Variol,|e C wnl\q Z([PCC‘: k) =1,
Role 7

The sequence (Ci, 1>1) gues % children of

I\OOIQS) N loreoxo“rlf\‘wpl'FS]l SGO\FCII\ oro|er‘




Random Plone Trees: Galton-Watson Trees

° EO\CL\ nocfe hows r‘o\n()lc)m :H: OWF cl«ilo(r\e([
o NOO,QS PQFPQO(’MC_Q MCJEPQY\OIQH-/-‘ﬂ

C onstruction

J (CL/LZ\) MO‘Q’PQV\O’QJ\'\ COP}ES Q'F O\

rondom Vavriol,|e C wnl\q ZTPCC‘: k) =1,
Role 7

The sequence (Ci, 1>1) gues % children of

I\OOIQS) N IO(‘GO\OHI/\“FI'FS{ SGO\FCII\ oro|er\

HO\l]Ling Condition

Trees w'num 4 YLOO'ES L\o\ve n-| eo’ges.




GaHoﬂ -l/\)ontson Trees

. Each node hos rondom # of children
o Noc’eg reFroo(uC.e ino'epev\ofenﬂlj

C onstruction

) (CL,Lé\) ino‘e’IJeno’e_r\J( Copies cf o
rondom variable C with kZ ’[P(C‘—‘ k) =|
20

HO\Hing Condition

Trees w'nll'\ 4 VLOO’ES L\o\ve n-| Qo}geg.

?O‘Q Fo(‘ N2 0O 2 steps of BFS
TLe Sequence (CL,Lél) 3"’85 ¥ children of tnoodeg olisc_oVQr‘QU\ LDY '}iMe ..
f\OOIQS) N EFQO\OHL\"]PITS% SearCh OPOIQP _ l . “Z C

(= | )




GaHoﬂ -l/\)ontson Trees

. Each node hos rondom # of children
o Noc]es reFroo(uC.e ino'epev\ofenH\j

C onstruction

) (CL,Lé\) ino‘e’IJeno’e_r\J( Copies cf o
rondom variable C with kZ ’[P(C‘—‘ k) =|
20

HO\Hing Condition

Trees w'nll'\ 4 VLOO’ES L\o\ve n-| Qo}geg.

?O‘Q | Fo(‘ N2 0O n steps of BFS
The >cquence (CL/LZI) 3ives # children of Fnoodec oIiSCOVQf'E’O\ LD)’ '}'Me n
I ()
nodes | in Ereao\”\—wpn’rsf search ordenr A
= | + .
_’ +EC,
= xample (2.1,3,0,0,1,0,2,00,1,4,0,..)
@ e | Ver+iCQ§ @XP'OFQOl k))’ wLiMe 1
= 11




Galton-Watson [rees

° EO\CL\ nocfe hows r‘o\n(),c)f'/l :H: O'F cl«ilo(r\e{[
o NOO,QS PQFPQA’MC_Q MCJEPQ\(\OIQH-I-‘%

C onstruction

J (CL/LZ\) MO‘Q’PQV\OJQJ\'\ CGP}ES Q'F O\

Role

The sequence (Ci, 1>1) gues % children of

I\OOIQS) N loreoxo“rlf\‘wpl'FS]l SGO\FCII\ oro|er‘

rondom Variol,|e C wnl\q kZo([P(C: k) =1,

HO\Hiv’lg Condition

Trees w'nu'[ 4 YLOO'ES L\o\ve n-| eo’ges.

For N2 0 @ steps of BFS
Nooleg oluscoVQf‘E’Ok L>>/ time 1,

'—‘l+éca

VQr+ice§ QXP,OFQOl L))’ wLiMe Yl

=1

SBze = # \/Er‘JriQG’Q = O

= infn: 1+§Cé=n§.



Se:iMP_

| + i Cj: # nodes olisCoVQFE’O\ LDY time i,
J=l

et G, = [+ J:Z(CJ_O




Se:iMP_
| + i Cj: # nodes olisc_oVQFE’O\ LDY time i,

. S,
et G, =1+ Ji(CJ—I) (

= V\OO!QS 0 "BFS o‘ueue“ U\J( J('mne l

Ec<l = ES=lralEC-l)<1

o= inf{1 Sy = 0f=first Hime no nodes left to exploce.



Se:iMP_
| + i Cj: # nodes olisCoVQFE’O\ LDY time i,

. S,
et G, =1+ Ji(CJ—I) f

= V\OO!QS 0 "BFS o‘ueue“ U\J( J(ime l

Ec<l = ES=lralEC-l)<1

o= int{1 S;=Of=Virst fime no nodes eft 1o explore

/PQP Let \/\I(T)= Ma><<S-UO\<L<O‘).
Then wid(T)< (l/\l(T)/Z, I/\I(T)]




Se:iMP_
| + i Cj: # nodes olisCoVQFE’O\ LDY time i,

J=1 . Si
ed Si:|+j:Z|<CJ"> 1 — f

= V\OO!QS 0 "BFS o‘ueue“ U\J( Jt'mne l

|

Ec<l = ES=lralEC-l)<1

o= int{1 S;=Of=Virst fime no nodes eft 1o explore

/PQP Lell \/\](T)z (Vl0'><<S-U OsL (< O‘)
Then wid (T) € (WY, W(T)]
.0\/\0\ :ITKI ot S+C\r~‘|'

Prch:Durinj BFS on level k, "exP'orq+':oA queue° - —[LUT,(H;

ol |evel k.



Se:iMP_
| + i Cj: # nodes olisCoVQFE’O\ LDY time i,

J=1 . Si
ed Si‘—"—lﬁ—j:Z'(CJ—l} 1 — f

= V\OO!QS 0 "BFS o‘ueue“ U\J( J(ime l

|

Ec<l = ES=lralEC-l)<1

o= int{1 S;=Of=Virst fime no nodes eft 1o explore

/PQP Lell \/\](T)z (Vl0'><<S-U O<L L <O‘).
Then wid (T) € (WY, W(T)]
~and =1 ot start

Prch:Durinj BFS on level k, "exP'orq+':oA queue° - —[LUT,(H;

ol |evel k.

ht(T) ht(T) 1

IO{'EO\: h{(T) i kgl 1 :k-ZI vé\'k | Tl




Se:iMP_
| + i Cj: # nodes olisCoVQFE’O\ LDY time i,

J=1 . Si
ed Si‘—"—lﬁ—j:Z'(CJ—l} 1 — f

= V\OO!QS 0 "BFS o‘ueue“ U\J( J(ime l

|

Ec<l = ES=lralEC-l)<1

o= int{1 S;=Of=Virst fime no nodes eft 1o explore

/PQP Lell \/\](T)z (Vl0'><<S-U O<L L <O‘).
Then wid (T) € (WY, W(T)]
~and =1 ot start

Prch:Durinj BFS on level k, "exP'orq+':oA queue° - —[LUT,(H;

ol |evel k.

ht(T) ht(T) 1

IO{'EO\: h{(T) i kgl 1 :k-ZI vé\'k | Tl

When VgéTk Jr\AeV\ SL ~ \Tkj S0 Pe rl'\o.FS

M(T)% L%“)Z o = é (SL = H(T>?

[\-'o\lse; consider a sﬁ\_r‘ with n |Eav€s.3u+...]



Se:iMP_
| + i Cj: # nodes olisCoVQFE’O\ LDY time i,
1= |

J . S
ed Si‘—"—lﬁ—j:Z'(CJ—l} 1 — f

= V\OO!QS 0 "BFS o‘ueue“ U\J( J(ime l

—

EC <| = IESA‘—’H' ﬂ(l}-

i
n
L

o= inf{t >y = O}: {irst 4ime no nodes left 1o ex\o|ora
/PQP Lell \/\I(T)= MO'X(Si ) Osc= G_)

| | . .o\r\o\ :TK ot stat
ProcrzDurinj BFS on ,evel k, \EKPlof'O\‘}ioV\ CI’MQME - —[LUT"H’O‘F |€V€.| |<

ht(T) ht(T) 1

__LO{E’O\ l’l'l',(T) = Z 1 :k-_Z| V;rk | T | |

When VgéTk Jr\AeV\ SL ~ \ 'k] S0 Pe rl'\o.FS

‘ ht (T) s 3H(T>

K&, c—

t(T)» = = ¢ = 5 ‘gL = H(M ¢

VC'I'kg

[\-'o\lse; consider a sﬁ\_r‘ with n |Eav€s.3u+...]



5341413_

| + i Cj: # nodes olisCoVQFE’O\ LDY time i,
1=

€+ gi:,+J:Z|<CJ—|> T_5

= V\OO!QS 0 "BFS o‘ueue“ U\J( J(ime l

[}
|

Ec<l = ES=lralEC-l)<1

o= int{1 S;=Of=Virst fime no nodes eft 1o explore

/PQP et \/\](T): MaX(S-{)OSL<O‘).
Then wid (T) € (W5, W(T)|

PQ_GP:Durinj BFS oN ,evel k, \'exPlor‘ar,",O\/\ cl’Meue\‘ . —I'Lu—rk .’

ht(T) ht(T) 1

Ldea W((T) i Z 1 :k-—Zl \z:‘\'k | Tl

When VgéTk Jr\AeV\ SL ~ \ 'k] S0 Pe rl'\o.FS

ht (T) % Lj{iﬁé“ = Z = HM?

[\-'o\lse; consider a sﬁ\_r‘ with n |Eav€s.3u+...]

0\/‘0\ :TK O‘Jr S+C\r~‘|'
o of evel k.

Prop-
ht (7)< 2H)
COVO“W‘\‘:] Suj@\?ices to Prove

P(HM 22 WM)< e’
thm. Tollows.




= |

W(e)=max (S;,0si <o) H(O-):E—SL_ ATM=P(H(°')>/‘_'}, I/\](O‘))é o5k

Key Too| TDecomPosi-hon m+o Sca|e S

l/\.”'\ﬁf\ SJ% ?_Q (‘\SCOJQ 2} |\) '(?OT' JC- §z/-"’/ '.’*2-2 z, l’\O\VQ.
'l+2£

H(i+d)-H() = =75 =2 5 -+

3=




W<O—)=MGX<S;JOSL<O_) H(O'):é—ét— AIMIP(H(O')Z‘_'(P‘ l/\,(o'))é e—ék

DGCOM?OSi‘L{Oﬂ irnLo SCG\IE S

WNhen O.% ?_k Jra\l<es obout 2 steps for H(D) 40 increase \o\\.j 1

l+2k

H(i+2)-H() = =5 = 2 <=1

J 1+

Det ol e
T.=0 = initia| time “'“'“%JC)T S ¢[2—L l 2)§

LO:O:,OSzSo - '“'+'Q| Scal€ I—f\-l-l - SUP{‘(° 9_\< S'fml‘%



W<¢)=MGX<S;JOSL<O_) H(O'):g—éi_ AIMIP(H(Q')Z‘_'}‘ l/\,(0'>)€ e—ék

DGCom?osi'hor\ imLo SCG\IE S.

WNhen O.% ?_k Jra\l<es obout 2 steps for H(D) 40 increase \o\\.j 1

l+2"

H(i+2)-H() = =5 = 2 <=1

J 1+

Det !
T.=0 = initia| time """“g{)—( S ¢[2—Ln l n2)§

LO:O:,OSzSo - '“'+'“| Scal€ Lf\-l-l - SUP{‘(° 9—\< S'fml‘%

Ln g
Lo T
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%



W(e)=max(S;,0si<0o o)==
I (Suosi<o) HO=zo  Aim P(HE) 2L W< et

DGCOMFOSi‘l'\cY\ N’\_"O SCG\IES

N he S k A
v S8 Hakes abart 2* sleps for H(D 4o increase by 1

l+2"

H(i+2)-H() = =5 = 2 <=1

J 1+

De?
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\/\]<O—)=MGX<SDOSL<O_) H(O->:§éT AIM"P(H(O_) l/\,( >) -3k

DGCom?osi'hor\ imLo SCG\IE S.

WNhen O.% ?_k Jra\l<es obout 2 steps for H(D) 40 increase \o\\.j 1

l+2"

H(i+2)-H() = =5 = 2 <=1

J 1+

Det ol e
T.=0 = initia Jﬂﬂﬁ_’ "”""%JVT S ¢[2—L l 2)§

L T :TP(H t 2 B before 2 2) 2 ZL_
1~
ZI._“-' A (JLV\'H: Lﬂ_z‘
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W(O—)zmaX(SpOSL<O_) H(O'):é—ét— AIMIP(H(O')Z‘_'(P‘ W(O'))é e—ék

Key Too| TDecomPosi-hon m+o Sca\|e S

N he n Sj% Q (“SCOJQ 2.1( “) Lor JC' %Z’ -, E*ZQZ howe.

l-l»lK | “ i
_—- 2 _r —

(L+2) H(1) 41+u > 2

So bmA\I\O\ () +me "’o C\I\O\V\SQ $C9\\QS/
(b) ks VOIS]"'S ','o Scales' =(M(R),f>,l)




\/\]<O—)=ma><<sizOSL<0—) H(O-) l_" SL AIMP(H(O_) l/\,( >) -3k

Key Too| Decom?osi-hor\ m+o Sca\|e S

N he n Sj% Q (“SCOJQ 2.1( “) Lor JC' §Z -, i+22§ howe.
l+2£

(L+2) H(1) Jm_ﬁ'ml er—'i
So bO‘V\\I\O\ () +me ‘,’o C\I\O\V\SQ $C9\\QS/
(b) ks VOISH'S ','o Scales' =(M(,Q),f>,l)

(O\)Tl’\ M(Lévg}DoeLIin,’ Ko ’m03oro\//‘ Roﬁozin) L e Com; - <séen; kgsjre,n)I

With P= max P, have | o p(Sn 3 <_—P——|—_(_-PS C >0 Universal

"Any random walk SPPQO\JS out over > Ju values '03 lime . Here Jn 22}.




\/\]<O—)=MGX<SDOSL<O_) H(O-) l_" é AIMP(H(O_) I/\,( >) -3k

Key Tool: Decomposition info scales.
hen Si% 2 Cscole 247) for je§i,—i+2' T love

+2£
(L+2) H(1) 41+|_;¢-m‘7‘ zrzi

So bO‘V\\I\O\ () +me ‘,’o C\I\O\V\SQ $C9\\QS/
(b) ks V.|S°|"'5 ','o Scales' =(M(,Q),f>,l)

(O\)Tk W\(L—éVﬂ}Doeum) Ko’mogoro\//‘ Rojozin) L e ComiE cséen; kgsjre,n)I

l/\)l“\ P: MaX F‘;/ lqa\ve ""‘“Xkﬂ)<5y\= l_() s‘—:—('r__%ﬁ‘)—) C 20 MV\iVCrSU\I.

"Any random walk SPPQO\JS out over > Ju values '03 lime . Here Jn 22}.

(b) |[Fact Given that M)+ O, ML) dominated by
sum of 2. Geom(3) rvisi= PomI)> k MI)>0) & 27

Prot via ’MPCPOSSM@S. =




waemorks
o Stronger results if add info. cbout Hails of

deSPEES.




’Remo«rks
o Stronger results if add info. cbout Hails of

degrees.

E_é‘ T4 ]P(C > k) = @(*E-N)’ de(l,l))
then P(M>A mwid®™")< g7 "




Remorks
o Stronger results if add info. cbout Hails of

degrees.
E_ﬁ‘ T4 ]P(C P k) = @(‘l;_q)’ o(é(l,l))
then P(W(M>A mewdM) g g7

LI Vor(Q) = o0 then PURT>A mowid )< €™ T poomses




Remorks
o Stronger results if add info. cbout Hails of

degrees.
E_ﬁ‘ T4 ]P(C P k) = @(‘l;_q)’ o(é(l,l))
then P(W(M>A mewdM) g g7

LI Vor(Q) = o0 then PURT>A mowid )< €™ T poomses

o anjecj'Ure_: A“ J'L\:\S workS cVven Q.Oll\o'i#'l'OI\O\| ON S\Z¢C
of +ree: '(P(H (T)> A 'M‘W‘J(_D\ CY"=Y\) < ya o




Remorks
o Stronger results if add info. cbout Hails of

degrees.
E_ﬁ‘ T4 ]P(C P k) = @(‘l;_q)’ o(é(l,l))
then P(W(M>A mewdM) g g7

LI Vor(Q) = o0 then PURT>A mowid )< €™ T poomses

o anjecj'Ure_: A“ J'L\:\S workS cVven Q.Oll\o'i#'l'OI\O\| ON S\Z¢C
of +ree: '(P(H (T)> A 'M‘W‘J(_D\ CY"=Y\) < ya d“m.

Iﬂl%: Here should hove §=J <’Po F')




Remorks
o Stronger results if add info. cbout Hails of

degrees.
E_ﬁ‘ T4 ]P(C P k) = @(‘l;_q)’ o(é(l,l))
then P(W(M>A mewdM) g g7

LI Vor(Q) = o0 then PURT>A mowid )< €™ T poomses

o anjecj'Ure_: A“ J'L\:\S workS cVven Q.Oll\o'i#'l'OI\O\| ON S\Z¢C
of +ree: '(P(H (T)> A 'M‘W‘J(_D\ CY"=Y\) < ya d“m.

. Conjechure - Binary trees are the fallest
Consder rondom trees Tz with o fixed degree seq fi=(n;,i>1)
Here N = # nokes of deg {. With =ni=n, 4hen 2 in; = Z(n-)




Remorks
o Stronger results if add info. cbout Hails of

degrees.
E_ﬁ‘ T4 ]P(C P k) = @(‘E_q)’ dé(',l))
then P(W(M>A mewdM) g g7

LI Vor(Q) = o0 then PURT>A mowid )< €™ T poomses

o anjecj'Ure_: All J'L\:\S workS cVven Q.Oll\o'i#'l'OI\O\| ON S\Z¢C
of +ree: '(P(H (T)> A 'M‘W‘J(T)\ CY"=Y\) < ya o

. Conjechure - Binary trees are the fallest
Consder rondom trees Tz with o fixed degree seq fi=(n;,i>1)
Here N = # nokes of deg {. With =ni=n, 4hen 2 in; = Z(n-)

To S‘l’OCL\G\S"'iQO«@ MO\X]M"_ZE. k’t(Tﬁ) MAS Sequenc.es w;_”\ no:k/ n= O/
chose the seq. (k,0,k-l,0,..)
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° Clo\imed 'H'\QOFCVV\ wiH/\ Jepeno‘ence onl\uj onNn
P, proved it with Jependence on Pp=maxp;.

Fix: requires more careful "disperson bound for our SQ‘HMS.

(Tdea: Tt suberitical then Poax=Po or P i P close fo 1 then

ei“\ef‘ \/QP5 Subcrhlical or MO\I(Q ,0\1‘32 jUMPS.)



