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LB—trees and algorithms

m integer > 2 : parameter of the B-tree
Database applications : m « large » (several hundreds)

B-tree shape
— planar tree
— root : between 2 and 2m children
— other internal nodes : between m and 2m children
— nodes without children at same level
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LB—trees and algorithms
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B-tree shape with parameter m = 2 and with 13 nodes
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LB—trees and algorithms

m integer > 2 : parameter of the B-tree

B-tree

— B-tree shape

— Research tree : nodes contain records (keys) belonging to
an ordered set + at each node, the root keys determine
the partition of non-root keys into subtrees

Root : between 1 and 2m — 1 keys
Other nodes : between m— 1 and 2m — 1 keys

All keys : a tree with repeated keys in internal nodes
cannot be a B-tree
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LB—trees and algorithms
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[22,25,27] [33,45,4; [58, 61] [68,70,7; [76,77] [81.82,84] [ 86 ] [91,93] [97,99,100]

A B-tree (m = 2) : B-tree shape + labelling as a research tree.
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LB—trees and algorithms

Variations

» Nodes have between m and 2m keys (internal nodes :
between m+ 1 and 2m + 1 children)
» For such trees and m =1 : each node has 1 or 2 keys
(internal nodes : 2 or 3 children)
2-3 trees

» Internal nodes may contain just an index, and the actual
records are in leaves
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LB—trees and algorithms

Searching for a key X in a B-tree

(s

[22,25,27] [33,454,4; [584, 61] [68,70.7; [ 764,77] £81,82,84] [ 86 ] [91,93] [97,99.10&
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LB—trees and algorithms

Inserting a key X into a B-tree

— No repeated key
Insertion of a new key : in a leaf

Research tree = a single place in a terminal node to
insert X

B-tree shape = terminal nodes must be at the same level

B-tree = terminal nodes contain between m — 1 and
2m — 1 keys ; what if the relevant node is already full ?
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I—B-trees and algorithms

Insertion of 60

(o]
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[22,25,271 [33,45,@ [53, 61} [68,70,7; [76,77} [81,82,84] [ 86 J [91,931 [97,99,100}
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Insertion of 60

(]
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[22,25,27} [33,45,49] [58,60,61} [68, 70, 7; [ 76,77} [81,82,84] [ 86, 88} [91,931 [97,99,100}




B-trees and Pélya urns

LB—trees and algorithms

Insertion of 60

(]

[22, 25,27] [33,45,49] [58,60,61] [68,70,7§ [76,77] [81.82,84] [86, 88] [91,93] [97,99,|00]

What if we now wish to insert 63 ?
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I—B-trees and algorithms

Insertion of 63 ?

\

[22,25,27] [33,45,49] [ 58 ] [ slf] [68,70,7§ [75,77] [81,82,84] [86,88] [91,93] [97,99,100]

63
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LB—trees and algorithms

An internal node was split :

30,52 30, 52, 60

[22,25,27] [33,45,49] [58,60,61] = [22,25,27] [33,45,49] [ 58 } [ 61 }

» A terminal node with maximal number of keys disappears
» 2 terminal nodes with minimal number of keys appear
» Parent node could accomodate one more key
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LB—trees and algorithms

Inserting a key X into a B-tree

» Need to keep the tree balanced = intricate algorithm

» Splitting a node may go all the way up to the root = tree
grows from the root
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LB—trees and algorithms

Inserting a key X into a B-tree

» Need to keep the tree balanced = intricate algorithm

» Splitting a node may go all the way up to the root = tree
grows from the root

» Analysis much more difficult than for other research trees
» Polya urn approach useful for lower level
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I—Some enumeration problems

Counting issues for B-trees (shapes) with parameter m
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LSome enumeration problems

Counting issues for B-trees (shapes) with parameter m

» Relation between height h and number of keys n of a tree

1
Iome(n+1)§h§Iogm%+1.

» Number of trees with n keys
» Number of trees with height h
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Number of trees with n keys ?

Proposition (Odlyzko 82)

Define E(z) as the g.f. enumerating 2-3 trees w.r.t. number n of
leaves = number n-1 of keys in internal nodes

E(z) = z+ E(Z? + 2°).

Radius of convergence : golden ratio %
Number of 2-3 trees with n leaves :

o . (0) <1+2£> (4 0(1 /).

n

w(n) periodic : average 0.71208... and period 0.86792...



B-trees and Pélya urns

LSome enumeration problems

Number of trees with n keys ?

Proposition (Odlyzko 82)

Define E(z) as the g.f. enumerating 2-3 trees w.r.t. number n of
leaves = number n-1 of keys in internal nodes

E(z) = z+ E(Z? + 2°).

Radius of convergence : golden ratio %
Number of 2-3 trees with n leaves :

o . (0) <1+2£> (4 0(1 /).

n

w(n) periodic : average 0.71208... and period 0.86792...
Similar result for general B-trees ?



B-trees and Pélya urns

LSome enumeration problems

Number of trees with height h ?

Proposition (Reingold 79)

The number aj, of 2-3 trees with height h satisfies the
recurrence relation

2 3
ap+1 = ap” + ap

with ag = 2. It is asymptotically equal to

ap = &3 <1 +0 (213,,>> with k = 2.30992632...

First values (h > 0) : 2, 12, 1872, 6563711232, ...

Known sequence ?



B-trees and Pdlya urns

I—Some enumeration problems

This site is supported by donations to The OFIS Foundation.

The On-Line of Integer

founded in 1964 by N.J. A. Sloane

Visit the OEIS Booth at the Joint Math Meetings in San Antonio Jan 10-13!

[2.12,1872 || search | mms

(Greetings from The On-Line of Inteq

Search: seq:2,12,1872
Displaying 1-1 of 1 result found. page 1
Sort: relevance | references | number | modified | created _ Format: long | short | data
A125205  Number of different non-self-crossing ways of moving a tower of Hanoi from
one peg onto another peg.
1,2, 12, 1872, 6563711232, 282779810171805015122254036992,

1552 (list; graph;
refs; listen; hlstug- text; internal format)
oFFsET 0,2
COMMENTS In other words, a sequence of moves starting with all disks on the starting peg,

ending with all disks on the destination peg and never more than once producing the
same distribution of disks among the pegs (assuming 3 pegs).

Links Table of n 6.
Wikipedia, Touer of Hano

FORMULA aln+1)=(a(n)*2) (a(n)+1)
Tog aln) grows somewhat faster than 0(3%n).

MapLE f:=proc(n) option remember; if n =0 then 1 else f(n-1)"2+(f(n-1)+1); fi; end;

MATHEMATICA  t={1, 2}; DolAppendTolt, t[[-111"3+t[[-1]1]°2], {n, 6}]; t (* Vladimir Joseph Stephan
Orlovsky, Feb 02 2012 *)

PROG. (Scheme)

(define (next m) (*nn (+n

(define (list-elements nr- nf elemems e next)

(let l)sl elements ((i 0)

(show

(ler (61 (a1 1))

(if (< i nr-of-elements) (list-elements i (next n))))))

(define (show in) (printf "N(~a)=~a~n-n" i n))

(list-elements 6 1 next)
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Hanoi tower : start from

and move disks (never more than one) ; a disk may never be
atop a smaller one ; the end result should be
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» The number of different non-self-crossing ways of moving
a tower of Hanoi from one peg onto another peg, with h+ 1
disks, is given by the recurrence

apy1 = ah2 + ah3 (ao = 2)
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LSome enumeration problems

» The number of different non-self-crossing ways of moving
a tower of Hanoi from one peg onto another peg, with h+ 1
disks, is given by the recurrence

apy1 = ah2 + ah3 (ao = 2)

» This is exactly the recurrence for the number of 2-3 trees of
height h!

= bijection between 2-3 trees of height h and sequences
of non-self-crossing ways to move h + 1 disks ?
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LSome enumeration problems

» Leaf with one key < move a single disk from initial to final
peg in one step

» Leaf with two keys < move a single disk from initial to final
peg in two steps

» Recursive structure of the tree < recursive sequence of
disk moves
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LSome enumeration problems

» Quickest way to solve the Hanoi problem < “thinnest” 2-3
tree

» Slowest way to solve it without redundant moves <
“fattest” 2-3 tree

» Number of disk moves = number of keys in the 2-3 tree

» Bottom disk at height 1 < root at level 0
Number of moves of bottom disk = number of keys in the
root node

» Number of moves of disk at height i — 1 = Number of keys
at level i
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LSome enumeration problems

Number of trees with height h ?

Proposition

Asymptotic number by, of B-trees with parameter m, height h

(a1 1
bh Km <1+O((m+1)(#+1)h>>’

withpu=2mor 2m —1 and

.
1 1\ ()P
/im:VoH<1+C€++Cm> .
>0 ¢

where co = m + 1 and

1
Cht = Cp*T (1 ++...+>.
Ch
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L Pélya urns

Back to insertion in a B-tree

Can we analyze the evolution of a B-tree (as done for binary
search trees) ?
» Balancing condition = an insertion can have far-reaching
consequences : modify the ancestor nodes on a path up to
the root plus the sister nodes

» We can analyze what happens at the lower level
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L Pélya urns

Fringe : Terminal nodes, according to the number of keys in
each of them

A terminal node has type k when it contains exactly m+ k — 2
keys (1 <k<m+1)

There are m+ k — 1 distinct ways to insert a key in such a node
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L Pélya urns

B-tree with n keys

o ,(,k) : number of terminal nodes of type k
° Gﬁ,k) : number of ways to insert a key in nodes of type k

X,(71) G,(11)
Xn = , Gh=
X,(7m) G,(1m)
m
m+ 1

2m—1
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L Pélya urns

Gf,k) number of insertion possibilities of type k in a tree with n
keys

Gn = : is a Pdlya urn with m colors, balance S = 1,

Gy

and replacement matrix
-m m-+1

—(m+1) m+2
Rm = :

—-(2m-2) 2m-—1
2m —(2m—-1)

The eigenvalues satisfy the equation
(2m)!

(A m)...(A+2m—1) =
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L Pélya urns

Equation for eigenvalues A,

(2m)!
m!

A+m)...(A+2m—1) =

> )\1 =1
» A2, A2 conjugate with maximal real part < 1; oo := R(\2)

(m] o2 |
57 | 0.4775726941
58 | 0.4866133472
59 | 0.4953467200
60 | 0.5037882018
61 | 0.5119521623
62 | 0.5198520971
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Variation of o, according to m

0.8

0.7

0.6

0.5

563606066000,

0.3

100 200 300 400 500 600 700 800 900 1000
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Theorem (~ Janson) G, vector for insertion possibilities

—-n e
» Gaussian if m <59 : G"\fnw converges in distribution
towards G

» non Gaussian if m > 60
Gp = nvy + 2R <n’\2 sz) + 0(n")

with
> vy, Vo are deterministic vectors
» W is the limit of a complex-valued martingale
» o()isfora.s.andinall LP,p > 1.
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