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What is this talk about?

Condensation
= emergence of a macroscopic phenomenon in a stochastic system.

y

Examples:
@ a node of high degree on a random tree/graph
@ a site containing a lot of particles in a particles system

In this talk:
The zero-range process (ZRP) in random environment.

Outline:
@ the homogenenous ZRP - state of the art

© ZRP in random environment - different interesting condensation
phases
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The homogeneous ZRP
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Simply generated trees, conditioned
Galton—Watson trees, random
allocations and condensation

Svante Janson
e-mail: svante. janson@math.uu.se
Abstract: We give a unified treatment of the limit, as the size tends to

infinity, of simply generated random trees, including both the well-known

roenlt in the standard cace of critical Clalton Watean trees and similar bt

+ [Grosskinsky-Schiitz-Spohn '03]
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What is the ZRP?
Continuous time Markov process: m particles moving on n sites.

. 1 , Function g : N — R encodes the
interactions between the particles.

Stationary distribution:

1
[Pmm(quw-,Qn Zmanq, 1q1+ +Qn=m

where py = [T ﬁ

A purely probabilistic description:

Take (Q))j»1 i.i.d. integer-valued random variables: P(Q; = k) = py.
The law of (Qq,...,Qn | XiL1 Qi=m)is Py p.

Aim: understand P, , when m, n — +co.

Cécile Mailler (Prob@LaB) Inhomogeneous ZRP June 9th, 2015

4/19



The homogeneous ZRP Condensation

A purely probabilistic description:

Take (Q));»1 i.i.d. integer-valued random variables: P(Q; = k) = px.
The IaW Of (01, Qn | 2121 Q, m) |S [Pm’n

Notations:
@ LLN implies Y7, Q; ~ p*n where p* = EQ “natural density”

@ We assume that m = m, depends on n, and that m/n - p
“forced density”

Theorem [Janson (2012)]: condensation

Assume that there exists 3 > 2 such that px ~ k™ (k — +00),
and that p > p*, then
conditionally to S, :=¥.7; Q; = m, in probability when n — +oo,

QY = (p-p)n+o(n) and Q% =o(n).

+ further results (fluctuations of Q")
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The in-homogeneous ZRP

The ZRP in random environment
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The in-homogeneous ZRP The ZRP in random environment

m particles moving on n sites

Random environment: i.i.d. random
variables X; € [0, 1] “fitnesses”

Function g : N - R encodes the
interactions between the particles

Stationary distribution:
k-1 1

n
XT g4 sgo= where py = [] ——

Pmn(G1,-..,qn) =

A purely probabilistic description:

Take (Xj)j»1 i.i.d. random variables on [0,1].

Take (Q));»1 independent integer-valued random variables:
P(Q; = k) o< kXK.

The law of (Qq,...,Qn | X7L1 Qi=m)is Py .
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Precise set-up
Let (X);»1 i.i.d. random variables law x on [0,1].
Let (Q));»1 independent random variables

Xk
P where ¢(z) = 3" pez*.

Qi=k)=
Px( ) (XD Z

We assume:
@ (px)ks0 is a probability distribution
@ u([1-h1]) ~pmo h" (y>0) “disorder parameter”
@ Dk ~koroo K (B>1) “interaction parameter”

Lemma: “Natural density”

In probability when n — +oo, if ++v > 2,
1
n

—_ *

10
Sn ZZEZQ/'_)E[EXQ1 :E[

X19'(X1) ]
P

d(X1)
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The in-homogeneous ZRP Preliminary: a small proof

Lemma: “Natural density”
In probability when n — +oo, if 5+~ > 2,

1< X1 9'(X1)
— Q—)EIEXQ1 :E[— = *
n l; I (Xq)
Proof:
@ if 3+~ >2then, in Pyx- probability,
! | n , P Y needs a NSC for the
1
_ZQI._,Z[EXQI._,Q weak LLN for
nis ni3 independent RV

@ (ExQ)is1 is a sequence of i.i.d. RV:

koeXE Xi9'(X)

ExQ = = :
xQ k; o(X)  o(X) To conclude:
| n Prove that
LLN gives: v := - S ExQ; —» EExQy. EExQq < +oo
j=1
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The in-homogeneous ZRP Preliminary: a small proof

Lemma: “Natural density”
In probability when n — +oo, if 5+~ > 2,

1¢ X19'(X1) .
- j ™ E[E = E _— || =8
n A EExQ [ o(X1)
Proof:
To conclude: Recall that ®(2) = %0 Pk 2" and py ~ k7

Prove that @ if 3>2then, EExQ; < ¢'(1) < +00 ged
EExQ; < +00 | @ if B<2then ¢/(x) ~x_1 (1-x)52

Fix u € R and think u — +oo:

X19'(X1)
d(Xq)

=P(X1 21—uﬁ) ~UTEE,

P([EXO12U)=P( 2u)zP((1—X1)5‘22u)
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The in-homogeneous ZRP Preliminary: a small proof

Lemma: “Natural density”
In probability when n — +oo, if 5+~ > 2,

1¢ X19'(X1) .
- j ™ E[E = E _— || =8
n A EExQ [ o(X1)
Proof:
To conclude: Recall that ®(2) = %0 Pk 2" and py ~ k7

Prove that @ if 3>2then, EExQ; < ¢'(1) < +00 ged
EExQ; < +00 | @ if B<2then ¢/(x) ~x_1 (1 -x)72

Fix u € R and think u — +oo:

d'(X
P([Exa1 > U) :P()GCD(—)((;) > U) NP((1 —X1)5—22 U)
1
:P(X1 >1- uﬁ) ~UTR. Integrable as soon as
ﬁﬂ < B+v>2 ged J
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Main results
Main results: condensation

Theorem: condensation

Assume that 8+~ > 2 and that m/n - p > p*,
then, conditionally to S, = m, in P, ,-probability when n — +co,

QY =(p-p")n+o(n) and QP =o(n).

@ if v > 1 then, the condensate is a.s.
located in the largest fitness site:

explicit symmetry-breaking

L e QY = Q, where X\ = Xj,.
intermediate
symmetry- . ..
breaking @ if v <1 this is no longer true:

07 2 3 where is the condensate?
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Main results: weak disorder phase
Weak-disorder phase: location of the condensate

Let K, be the rank (in term of decreasing fitness) of the site containing
the condensate.

We already know that K, =1 a.s. when v > 1.

Location of the condensate when 0 <~ < 1

Assume S+~ >2and p > p*,
then in quenched distribution when n — +oo,

(""'Kn)'"" > Gamma(y, p - p*).

Definition:
(Zn)n=1 converges in quenched distribution to Z iff:
for all u e R, for all e >0, when n - +oo,

P(IPx(Zy<u|Sp=m)-Px(Z<u)|>e) 0.
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Main results: weak disorder phase
Weak-disorder phase: fitness of the condensate

Let F, be the fitness of the site containing the condensate.
We already know that F, = maxj’, X; a.s. when ~ > 1.

Fitness of the condensate when 0 < v <1

Assume S+~ >2and p > p*,
then in quenched distribution when n - +oo,

n(1 - F,) - Gamma(vy,p - p").

Definition:
(Zn)n=1 converges in quenched distribution to Z iff:
for all u e R, for all e >0, when n - +oo,

P(|[Px(ZnS U’Sn=m)—|Px(ZS U)‘ >6) - 0.
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Main results: weak disorder phase
Weak disorder phase: fluctuations

. m, 12 .
New notations:  p, := 7” —»p and v,:= - Y ExQi—p
i=
Theorem: fluctuations when ~ < 1
Assume that 5+~ >2 and p > p*. Then,
@ if 3+~ > 3 then, in P-probability,

QY - (pn—vn)n

Vvn

in distribution, where W is a normal random variable.

- W,

@ if 2 < 3+~ <3 then, in P-probability,

QL - —vp)n
n (P1n n) _’Wﬁw—h

nB+-1
in distribution, where Wjs.,_1 is a (5 + v — 1)-stable random
variable.
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Main results: weak disorder phase
Weak disorder phase: fluctuations
. mp, 12 .
New notations:  pj, := — =0 and v, i= - Y ExQi—p
i=1
Theorem: fluctuations when ~ < 1

Assume that 3+~ >2 and p > p*. Then,
@ if 5+~ > 3 then, in P-probability,

v

in distribution, w1 jmmmmmeegm e ariable.
@ if2<fB+~<3th

%-stablc
fluctuations

normal
fluctuations

) D SR

in distribution, where Wj..,_4 is a (3 +~ - 1)-stable random
variable.
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The in-homogeneous ZRP Main results

Summary of the results

Condensation

7,

explicit symmetry-breaking

If6+~>2andp>p*,

1 _ *
! e Qy’ =(p-p")n+o(n)
intermediate @
o try- _
Pt Q" =o(n)
Y 2 B

Weak disorder: ~ < 1

K, defined such that Fj, := X,SK”) is the fitness
of the condensate:

(n""Ky)'"" — Gamma(y, p - p")
n(1 - Fp) - Gamma(y,p—p")

fluctuations of the size of the
v condensate

Lstable
fluctuations

normal
fluctuations
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Sane iz sl o g
A zoom in the proof: where is the condensate?

Assume that we have already proved:

P(Shp=m)=(1+0(1)) Zn:[P(condensation in site /)

i=1

- n *
= cst(1+0(1))n? Y xle=onn
i=1

n
What can be said about > X*"?
i

Assumption (X7 > 1 - h) ~ h” gives

An .
X,(71) -1 _@(n—%) Zn:X')\n ~(X,§1)> if v>1
X2 Ix0 =1 -e(n'h) A lse(n'™)  ifyst
~v>1 = condensation in the largest fitness site
v <1 = Px(Sy=m)=0(n""F) J

Cécile Mailler (Prob@LaB) Inhomogeneous ZRP June 9th, 2015 16/19



The in-homogeneous ZRP Some ideas used in the proof

Where is the condensate when v < 1?
The condensate occurs in the K" largest fitness site:
Px((" 'K > u| Sy =m)
1 o
e > -~ P(condensation in site /)
Xz xS
i —p* cst n X —p*
S = e = A DU

1- 1—
izurnt-v m= Juvni=

n o Aoy iy \ (PPN
(7 K) 2 0] Sy=m) st [ (x0T gy

Note that because P(Xy > 1 - h) ~ b7, X,(,W”HJ) ~ 1

Y
n

+00 «
Px((N"'K))"" > u| Sp=m) - cst fu e yr-1dy  ged
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Outiook and further work
Outlook and further work

@ Actually, we believe:
s p>p =>QY ~(p-p)n and QP =O(Inn);
» p<p* = QY =0(Inn).

Zoom into the phase transition window: take

pn=mhn=p"+An"".

@ Our hypothesis (3 +~ > 2) induced that YL Q; ~ p*n. Under
weaker hypothesis, we could have

s

Il
-

Qi~p*n" with x> 1.
I

Can we observe condensation when mn/ns — p > p*?
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Condensation

v

explicit symmetry-breaking

If +~v>2andp> p*,

: A QY = (p-p")n+o(n)
intermediate
Q= o(n)

Vi 2 B

Weak disorder: v < 1

K, defined such that Fj, := X,(,K") is the fitness
of the condensate:

n 'K ~ Gamma(y, p- p*)
n(1 - Fy) > Gamma(y,p-p")

fluctuations of the size of the
Y condensate

Litable normal
fluctuations fluctuations
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