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Here | will restrict to the setting of difference rings/fields.
RISC, J. Kepler University Lin- (IR



A bet (at my cost) - [
You've Got Mail (7/2004)

From: Doron Zeilberger
To: Robin Pemantle, Herbert Wilf
CC:Carsten Schneider

Robin and Herb,
I am willing to bet that Carsten Schneider’s SIGMA package
for handling sums with harmonic numbers (among others)

can do it in a jiffy. I am Cc-ing this to Carsten.

Carsten: please do it, and Cc- the answer to me.
-Doron



A bet (ot my cont) [
The problem

From: Robin Pemantle [University of Pennsylvanial
To: herb wilf; doron zeilberger

Herb, Doron,

I have a sum that, when I evaluate numerically, looks suspiciously
like it comes out to exactly 1.

Is there a way I can automatically decide this?

The sum may be written in many ways, but one is:

o0

Hy(Hpy1 — 1) i
; Hy = -
= kn(n+1)(k+n)’ F Zz

[Arose in the analysis of the simplex algorithm on the Klee-Minty cube
(J. Balogh, R. Pemantle)]



(e} o)
H,1-1 H
g_ +1 . Zkk k
= n(n+1) | = k(k+n)
|
h H, = -
where k ;Z



GIVEN & n



A bet (at my cost) - [

Telescoping
GIVEN & H,
Aln) = £ Jk+n)
=: f(n, k)
FIND g(n, k):

lg(nk+1) = g(n. k) |=| f(n. ) |

forall n,k > 1.



A bet (at my cost)

Telescoping
GIVEN L~ H,
A (TL) = £ m .
=: f(n, k)
FIND g(n, k):

lg(n.k+1) = g(n. k) |= | F(n. k)

forall n,k > 1.

lg(n.a+1) —g(n,1)|=| > f(n.k)




A bet (at my cost) - [

Telescoping
GIVEN & H,
Aln) = £ Jk+n)
=: f(n, k)
FIND g(n, k):

lg(nk+1) = g(n. k) |=| f(n. ) |

forall n,k > 1.

no solution @



A bet (ot my cont)
Zeilberger's creative teIescoplng paradigm

GIVEN o H,
Al ;k(mn)
=: f(n, k)

FIND g(n, k) and co(n), c1(n):

lg(nk+1) = g(n. k) |= [co(n)f(n,k) + c1(n) f(n + L, k)|

forall n,k > 1.

no solution @



A bet (ot my cont)
Zeilberger's creative teIescoplng paradigm

GIVEN o H,
Al ; k(k+n)
=: f(n, k)

FIND g(n, k) and co(n), c1(n), ca(n):

l9(n.k+1) —g(n.k)|= [com)f(n, k) + e1(n) f(n+ 1, k) + c2(n) f(n+2,k) |

forall n,k > 1.

solution @



A bet (ot my cont)
Zeilberger's creative teIescoplng paradigm

GIVEN o H,
Al ;k(mn)
=: f(n, k)

FIND g(n, k) and co(n), c1(n), ca(n):

l9(n.k+1) —g(n.k)|= [com)f(n, k) + e1(n) f(n+ 1, k) + c2(n) f(n+2,k) |

forall n,k > 1.

| Sigma computes: | co(n) = n?, e1(n) = —(n +1)(2n + 1), ea(n) = (n+ 1)(n + 2)

and ) kHy +n+k
L e S TGS

(14+n)Hy +n+k+2

m+k+1)(n+k+2)

g(n’k+1) =




A bet (at my cost) - [

Zeilberger's creative teIescoplng paradigm
GIVEN

FIND g(n, k) and co(n), c1(n), ca(n):

[g(n.k+1) = g(n, k)| = [co(m)F(n, k) + c1(n) F(n+ 1, k) + ea(n) f(n +2, k)

forall n,k > 1.

Summing this equation over k from 1 to a gives:

a

(9000 = 9] = | 3 [eolmf oo B+ ex(m)f o1, B +ea(m)f (242, B

k=1




A bet (at my cost) - [

Zeilberger's creative teIescoplng paradigm
GIVEN

FIND g(n, k) and co(n), c1(n), ca(n):

l9(n.k+1) —g(n.k)|= [com)f(n, k) + e1(n) f(n+ 1, k) + c2(n) f(n+2,k) |

forall n,k > 1.

Summing this equation over k from 1 to a gives:

[g.a1) = g0, )| =S colmf (n, k)+ > cr(mf (n-+1,k)+ Y ea(m)f (n+2, k)
k=1 k=1

k=1




A bet (at my cost) - [

Zeilberger's creative teIescoplng paradigm
GIVEN ' H,
— Z T

FIND g(n, k) and co(n), c1(n), ca(n):

l9(n.k+1) —g(n.k)|= [com)f(n, k) + e1(n) f(n+ 1, k) + c2(n) f(n+2,k) |

forall n,k > 1.

Summing this equation over k from 1 to a gives:

a

(9, a+1) — g0, D] =] co(m)Y f(m, k) +e1 ()Y Fn+1, k) +es(m)D f(n+2,k)
=1 k=1

k=1




A bet (at my cost) - [

Zeilberger's creative teIescoplng paradigm
GIVEN

FIND g(n, k) and co(n), c1(n), ca(n):

l9(n.k+1) —g(n.k)|= [com)f(n, k) + e1(n) f(n+ 1, k) + c2(n) f(n+2,k) |

forall n,k > 1.

Summing this equation over k from 1 to a gives:

[90a+1) = g, )| =] co(m)A' (n) + 1 (WA (0 + 1) + c2(n) A (n + 2) |




A bet (at my cost) - [

Zeilberger's creative teIescoplng paradigm
GIVEN

FIND g(n, k) and co(n), c1(n), ca(n):

l9(n.k+1) —g(n.k)|= [com)f(n, k) + e1(n) f(n+ 1, k) + c2(n) f(n+2,k) |

forall n,k > 1.

Summing this equation over k from 1 to a gives:

‘ gn,a+1) — g, 1) ‘ = ‘ co(n)A'(n) + c1(M)A'(n + 1) 4+ c2(n)A'(n + 2) ‘

I |
n?A'(n) — (n+1)(2n+1)A'(n + 1) + (n+1)(n+2)A’(n+2)

(n+1)(g+n+l)
N (a+1)H,
(a+n+1)(a+n+2)



A bet (at my cost) - [

Summation principles (in difference field/ring setting)

1
n+1

nQ}(ﬂ; —(n+1)2n+1)An+1)+ (n+1)(n+2)An+2) =

Recurrence finder

>~ H
An) = ;::1 k(k j n)



A bet (at my cost) - [

Summation principles (in difference field/ring setting)

n?Am) — (n+1)2n+ DA+ 1)+ (n+1)(n+2)A(n +2)= !

n+1

Recurrence solver

nH, 1
{617 + 02—
Hk n? cl,CQER}

=y nH2 — 2H, + nH
— k(k+n) + on2 \_/

where
H? = Z

g




A bet (at my cost)

Summation principles (in difference field/ring setting)

n?A(m) — (n+1)2n+ DA+ 1)+ (n+1)(n+2)A(n +2)= !

n+1

Recurrence solver

nH, 1
{017 +02—
Hk n? cl,CQGR}

=N~k _ €| nH2-2H,+ i
— k(k+n) + o2 \_/

where
H? = Z

g




A bet (at my cost)

Summation principles (in difference field/ring setting)

n?Am) — (n+1)2n+ DA+ 1)+ (n+1)(n+2)A(n +2)= !

1

_l’_

n

Summation package Sigma

(based on difference field algorithms/theory
see, e.g., Karr 1981, Bronstein 2000, Schneider 2001 -)

nH, —1 1
072 +<2_
A(n)zii Y- A1)
where
"1 1
H(Q) = —_— 2 = — | =
b 222 ¢ ;M ¢(2))



A et (at my cost) - [

n[1:= << Sigma.m
Sigma - A summation package by Carsten Schneider (© RISC-Linz ‘

a

In[2:= mySum = Z
k=1

_ He
k(k + n)



A bet (at my cost) - [

In[1l:= << Sigma.m

Sigma - A summation package by Carsten Schneider (© RISC-Linz ‘

a

In[2:= mySum = Z
k=1

_ He

k(k + n)

In3]:= rec = GenerateRecurrence(mySum, n][[1]]

outdl= n?SUM[n] — (n + 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] ==

—a — 1)H, a

atntD(atnt2) @iDatatD)




A bet (at my cost) - [

In[1l:= << Sigma.m
Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

In[2:= mySum = kgl k(k + n)

In3]:= rec = GenerateRecurrence(mySum, n][[1]]

oufz= n?SUM[n] — (n + 1)(2n + 1)SUM[n +(1] + (1114}; 1)(n +2)SUM[n + 2] ==

atntD(atnt2) @iDatatD)

In[4}:= rec = LimitRec[rec, SUM[n], {n}, a]

outfil= n2SUM[n] — (n + 1)(2n + 1)SUM[a + 1] + (a + 1)(a + 2)SUM[n + 2] = %
n



A bet (at my cost) - [

In[1l:= << Sigma.m

Sigma - A summation package by Carsten Schneider (©) RISC-Linz

In[2:= mySum = kgl k(k + n)

In3]:= rec = GenerateRecurrence(mySum, n][[1]]
out3l= n2SUMIn] — (n + 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] ==

(—a— 1)Ha a

atntD(atnt2) @iDatatD)

In[4}:= rec = LimitRec[rec, SUM[n], {n}, a]

outil= n?SUM[n] — (n + 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] = ol

In[5l:= recSol = SolveRecurrence[rec, SUM|[n], IndefiniteSummation — True]
| 2 1.5 21 21
2o (>-2) ; DI
_l’_

1 i—1 1 =1t i—1
Out[5]= {{07 7}7{07 - 72}7{17 Py }}
n n n 2n n 2n




A bet (at my cost) - [

In[1l:= << Sigma.m
Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

a Hk
In[2:= mySum = Z —_—
= k(k + n)

In3]:= rec = GenerateRecurrence(mySum, n][[1]]
out3l= n2SUMIn] — (n + 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] ==
(

—a — 1)H, a

+
(a+n+1)(a+n+2) (@+1(a+n+1)
In[4}:= rec = LimitRec[rec, SUM[n], {n}, a]

outil= n?SUM[n] — (n + 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] = ol

In[s]:= recSol = SolveRecurrence[rec, SUM|n], IndeﬁniteSummation — True]

1 (3o by z 212

i=1 1 =11 i=1
Out[5]= {{0 } {O - ;}7{17 on !12 on }}

In[6]:= FmdLmearCombmatlon[recSol {1,{¢2,1/2 4+ ¢2/2}},n,2]

1 1
2.3 (Z > & :
oufel= — L + 4= 42
n 2n 2n n



(o n an —2H, + nH,(f)

n 2n2



(o n an —2H, + nH7(L2)

n 2n2
[o¢]

H, < H?
=—4C2+(C2—1)Zi—2—zi—§
i=1 i=1



0o o] 2
L1 55’1 ﬂ“
2 4 i2 2 4 i2

=1 i=1

S — 4( — 2¢3 + 4¢2(3 + 2¢5 = 0.999222...

.M. Borwein and R. Girgensohn. Evaluation of triple Euler sums. Electron. J. Combin., 3:1-27, 1996.
P. Flajolet and B. Salvy. Euler sums and contour integral representations. Experim. Math., 7(1):15-35, 1998.



S 3
+ 1 ﬂ _ R
2'2 2
i=1 i=1

S — 4( — 2¢3 + 4¢2(3 + 2¢5 = 0.999222...

.M. Borwein and R. Girgensohn. Evaluation of triple Euler sums. Electron. J. Combin., 3:1-27, 1996.
P. Flajolet and B. Salvy. Euler sums and contour integral representations. Experim. Math., 7(1):15-35, 1998.

J. Bliimlein and D. J. Broadhurst and J. A. M. Vermaseren, The Multiple Zeta Value Data Mine,
Comput. Phys. Commun., 181:582—-625, 2010.



Toolbox 1: Indefinite summation
Toolbox 2: Definite summation

Toolbox 3: Special function algorithms



Toolbox 1: Indefinite summation



Telescoping

GIVEN f(k) = Hy.
FIND g(k):

f(k) =g(k+1) —g(k)
forall1 <k <mnandn>0.




Telescoping

GIVEN f(k) = Hj.
FIND g(k):

f(k) =g(k+1) —g(k)
forall1 <k <mnandn>0.

We compute



Telescoping

GIVEN f(k) = Hj.
FIND g(k):

f(k) =g(k+1) —g(k)
forall1 <k <mnandn>0.

Summing this equation over k from 1 to n gives

sz =g(n+1)—g(1)
k=1

=(Hpy1 = D(n+1).



Toolbiex 1: Indefinite summation |
Telescoping in the given difference field

FIND a closed form for

n
ZHk.

k=1

A difference field for the summand

Consider the rational function field
F

with the automorphism o : F — [ defined by




Toolbiex 1: Indefinite summation |
Telescoping in the given difference field

FIND a closed form for

n
ZHk.

k=1

A difference field for the summand

Consider the rational function field
F:=Q
with the automorphism o : F — [F defined by

o(c)=c VeeQ,




Toolbiex 1: Indefinite summation |
Telescoping in the given difference field

FIND a closed form for "
> Hp.
k=1

A difference field for the summand

Consider the rational function field

F:=Q(k)
with the automorphism o : F — [ defined by
o(c)=c VeeQ,
o(k)=k+1, Sk=k+1,




Toolbox 1: Indefinite summation |
Telescoping in the given difference field

FIND a closed form for "
S Hie
k=1

A difference field for the summand

Consider the rational function field

F:=Q(k)(h)
with the automorphism o : F — [ defined by
o(c)=c VeeQ,
o(k)=k+1, Sk=k+1,
1 1
= — Hy,=Hp+——.
o) =ht = S Hi=Hy 77




Telescoping in the given difference field

FIND g € F:
o(g) —g=h



Telescoping in the given difference field

FIND g € F:

We compute




Telescoping in the given difference field

FIND g € F:

We compute

This gives

with




Telescoping in the given difference field

FIND g € F:

We compute

This gives
[g(k+1) — g(k) = Hy |
with
g(k) = (Hp — 1)k
Hence,

3

(Hps1 = 1)(n+1)=>_ Hy.
k=1



Toolbox 1: Indefinite summation

— the basic tactic
(a simplified version of Karr's algorithm, 1981)



CONSTRUCT a difference field (F,0):

> a rational function field (containing Q)
F:=K
» with an automorphism

o(c)=c VYeeK



CONSTRUCT a difference field (F,0):

> a rational function field (containing Q)

F:=K(t)
» with an automorphism
o(c)=c VYeeK
O’(tl):altl—i-fl, ay EK*, f1eK



CONSTRUCT a difference field (F,0):

> a rational function field (containing Q)
F:=K(t1)(t2)
» with an automorphism
o(c)=c VYeeK
o(t)) =arti + f1, a1 €K, fieK
o(tz) = astz + fo, a2 € K(t1)", f2 € K(t1)



CONSTRUCT a difference field (F,0):

> a rational function field (containing Q)
Fi=K(t1)(t2) . - - (te)
» with an automorphism
o(c)=c VYeeK
o(t1) =a1t1 + fi, a1 € K", frek
o(t2) = azta + fo, a2 € K(t1)", f2 € K(t1)

O’(te) = Qe te + fe, Qe € K(tl, - ,te_l)*, fe S K(tl, - ,te—l)



CONSTRUCT a difference field (F,0):

> a rational function field (containing Q)

F:=K(t)(t2) ... (t)
» with an automorphism

o(c)=c VYeeK
O’(tl):altl—i-fl, ay GK*, f1eK
O'(tg) =agty + f2, as € K(tl)*, f2 c K(tl)

O’(te) = Qe te + fe, Qe € K(tl, - ,te_l)*, fe S K(tl, - ,te—l)
such that

const,F = {c € K(t1)(t2) ... (t)|o(c) = ¢} =K.



CONSTRUCT a IIS-field (F, 0):

> a rational function field (containing Q)

F:=K(t)(t2) ... (t)
» with an automorphism

o(c)=c VYeeK
U(tl):a1t1+f1, ay EK*, f1eK
O'(tg) =agty + f2, as € K(tl)*, f2 c K(tl)

O’(te) = Qe te + fe, Qe € K(tl, - ,te_l)*, fe S K(tl, - ,te—l)

such that
const,F = {c € K(t1)(t2) ... (t)|o(c) = c} =K.
GIVEN f € F,
FIND, in case of existence, a g € F such that
olg) —g=/




Telescoping in the given difference field
FIND a closed form for

> Hy.
k=1
A IIX*-field for the summand

Consider the rational function field

F:=Q(k)(h)
with the automorphism o : F — [ defined by
o(c)=c YeeQ,
o(k)=k+1, Sk=k+1,
o(h)=h+ . SHk:Hk—i-L.

E+1’ k+1




FIND g € Q(k)(h):
alg) —g=h



FIND g € Q(k)(h):
alg) —g=h

Denominator bound: COMPUTE a polynomial d € Q(k)[h]*: |:|
VgeQk)(h): olg)—g=h = gdeQk)Hh.

FIND ¢’ € Q(k)[h] with




FIND g € Q(k)(h):
alg) —g=h

Denominator bound: COMPUTE a polynomial d € Q(k)[h]*: d=1
VgeQk)(h): olg)—g=h = gdeQ(k)phl

FIND ¢’ € Q(k)[h] with




FIND g € Q(k)(h):
a(g) —g=h.

Denominator bound: COMPUTE a polynomial d € Q(k)[h]*:
VgeQk)(h): olg)—g=h = gdeQ(k)phl

FIND ¢’ € Q(k)[h] with
= h.

SHAR

gl
U(E) -

d=1

Degree bound: COMPUTE b > 0:

Vge Qk)[h] o(g)—g=h = deg(g) <b.

[ ]




FIND g € Q(k)(h):

o(g) —g=h.
Denominator bound: COMPUTE a polynomial d € Q(k)[h]*: d=1
Vge Qk)(h): o(9)—g=h = gdeQk)h]
FIND ¢’ € Q(k)[h] with
gy 9 _,
Degree bound: COMPUTE b > 0: h—=2

Vge Qk)[h] o(g)—g=h = deg(g) <b.




FIND g € Q(k)(h):

o(g) —g=h.
Denominator bound: COMPUTE a polynomial d € Q(k)[h]*: d=1
Vg e Qk)(h): olg)—g=h = gdeQk)[h]
FIND ¢’ € Q(k)[h] with
gy 9 _,
Degree bound: COMPUTE b > 0: h—2
VgeQk)h olg) —g=h = deglg) <b.
Polynomial Solution: FIND 1

g=g2h*+ g1 h+ go € Q(k)[h].




ANSATZ g = go h%2 4 g1 h + go € Q(k)[h]

7o) —g=h ]




ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[0(92) (B + 527)° + o (g1h + 90)] ]

—[g2h® + g1h+go] = h




Toolbox 1: Indefinite summation

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[0(g2) (h+ 27)* + o (g1h + g0)] ]

- [92 h? + gih + go] =h Xeff-comp-

‘0(92)—9220‘




Toolbox 1: Indefinite summation

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[0(92) (B + 527)° + o (g1h + 90)] ]

[92 h? + gih + go] =h Xeff-comp-

‘0(92)—9220‘

gzsz/QV




Toolbox 1: Indefinite summation

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[0(g2) (h+ 27)* + o (g1h + g0)] ]

- [92 h? + gih + go] =h K@ff-comp-

‘0(92)—9220‘

g2 =cCE
[o(c)(h+ 29)* + o lgih + go)] /QV

—[eh*+ gih+ go] =R




Toolbox 1: Indefinite summation

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[0(g2) (h+ 27)* + o (g1h + g0)] ]

- [92 h? + gih + go] =h K@ff-comp-

‘0(92)—9220‘

g2 =cgE
e(h+ 2 + olarh + )] =

—[eh*+ gih+ go] =R




Toolbox 1: Indefinite summation

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[o(g2) (h + %) +o(gih+ g0)]

[92 h? 4+ gih + 90] =h w\comp. I:l

‘0(92)—9220‘

g2 =y
2h(k+1)+1

o(grh+g0) = (91h+g0) = h — e[ 7]




Toolbox 1: Indefinite summation

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[o(g2) (h + ,%H)Q + o(g1h + 90)]

_[92 h2+91h+90] —h &ff.‘\comp. I:l

‘0(92)—9220‘

g2 :y
(k+1)+1

o(g1h+g0) — (g1h+go) = h— C[Zh(k-i-l)z ]
Nﬁff- comp.

o(g) —g1=1—cgg

RISC, J. Kepler University Linz




Toolbox 1: Indefinite summation

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[o(g2) (h + ﬁy +a(gih+ g0)]
—[g2h* 4+ g1h + go

a(g1h+ go) — (91 h+ go) :h—c[%]

h &ffg\comp. I:l

‘0'(92) — g2 = 0‘
o5
Nﬁff- comp.

o) —g1=1-cpy

~

C =

92 =

0 g =k+d
" deQ

RISC, J. Kepler University Linz




Toolbox 1: Indefinite summation

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[o(g2) (h + ﬁy +o(g1h + 90)]

_[92 h2+91h+90] —h @\comp. I:l

‘0(92)—9220‘

g2 :?QV
(k+1)+1

o(g1h+g0) — (g1h+go) =h— ‘3[%(1%1)2 ]
Nﬁff- comp.

o) —g1=1-cpy

L / o 9 =k+d

—g=—-1—d—— _
a(g0) — 90 dk+1 =0, 975

RISC, J. Kepler University Linz



Toolbox 1: Indefinite summation

ANSATZ g = go h2 + g1 h + go € Q(k)[h]

[o(92) (h + 25)" + o911+ 90)] _
k—i—l_ [92 h? + gih + go] =h @\comp.

‘0(92)—9220‘

g2 :?QV
(k+1)+1

o(g1h+g0) — (g1h+go) =h— ‘3[%(1%1)2 ]
Nﬁff- comp.

o) —g1=1-cpy

go = —k - 1 / o G =k+d

—go=-1-d— _
i=o0 |70 —% k1 ¢=0 4eg

RISC, J. Kepler University Linz




Toolbox 1: Improved indefinite summation

For

>
»

algorithmic details see:
CS. Symbolic summation with single-nested sum extensions. In J. Gutierrez, editor, Proc. ISSAC'04, pages 282-289.
ACM Press, 2004.
CS. Product representations in II3-fields. Ann. Comb., 9(1):75-99, 2005.
CS. Simplifying Sums in IIZ-Extensions. J. Algebra Appl., 6(3):415-441, 2007.

CS. A refined difference field theory for symbolic summation. J. Symbolic Comput., 43(9):611-644, 2008.
[arXiv:0808.2543v1].

S.A. Abramov, M. Petkoviek. Polynomial ring automorphisms, rational (w, o )-canonical forms, and the assignment
problem. J. Symbolic Comput., 45(6): 684-708, 2010.

CS, A Symbolic Summation Approach to Find Optimal Nested Sum Representations. In: A. Carey, D. Ellwood,
S. Paycha, S. Rosenberg (eds.) Motives, Quantum Field Theory, and Pseudodifferential Operators, Clay Mathematics
Proceedings, vol. 12, pp. 285-308. Amer. Math. Soc (2010). ArXiv:0808.2543

CS, Parameterized Telescoping Proves Algebraic Independence of Sums. Ann. Comb. 14(4), 5633-552 (2010).
[arXiv:0808.2596]

CS. Structural Theorems for Symbolic Summation. Appl. Algebra Engrg. Comm. Comput., 21(1):1-32, 2010.

CS. Fast Algorithms for Refined Parameterized Telescoping in Difference Fields. To appear in Computer Algebra and
Polynomials, Lecture Notes in Computer Science (LNCS), Springer, 2014. arXiv:1307.7887 [cs.SC].

For special cases see:

>
>

S.A. Abramov. On the summation of rational functions. Zh. vychisl. mat. Fiz., 11: 1071-1074, 1971.
P. Paule. Greatest factorial factorization and symbolic summation, J. Symbolic Comput., 20(3): 235-268, 1995.



Toolbox 1: Indefinite summation |
A difference field approach (M. Karr, 1981)

GIVEN a II¥-field (F, o) with f € F.

FIND g € F:
olg) —g=f.



Toolbex 1: Indefinite summation [
A symbolic summation approach

| 1. FIND an appropriate T15-field (F, o) with f € F. |

2. FIND g € F:
o(g) —g=f.



Toolbex 1: Indefinite summation [
A symbolic summation approach

‘ 1. FIND an appropriate ITX-field (F, o) with f € F. ‘

2. FIND an appropriate extension E > F with g € E:

o(g) —g=1.




Toolbex 1: Indefinite summation [
A symbolic summation approach

‘ 1. FIND an appropriate II3¥-field (F, o) with f € F. ‘

2. FIND an appropriate extension E > F with g € E:

olg) —g=1/
appropriate = degrees in denominators minimal
Example:
2“: ( —2+4k (1 — 4k — 2k%)H, (1 — 4k — 2k2)H )
10(14+ k%) 101 + k%) (2+2k+ k%) 51+ k2)(2+ 2k + k2)

k=1

=7



Toolbex 1: Indefinite summation [
A symbolic summation approach

‘ 1. FIND an appropriate II3-field (F, o) with f € F. ‘

2. FIND an appropriate extension E > F with g € E:

o(g) —g=1.

appropriate = degrees in denominators minimal
Example:
2“: ( —2+4k (1 — 4k — 2k%)H, (1 — 4k — 2k2)H )
10(14+ k%) 101 + k%) (2+2k+ k%) 51+ k2)(2+ 2k + k2)

k=1
_ a2—|—4a—|—5 B (a—l)(a—i—l)H(3)_
10(a? + 2a + 2) 5(a?+2a+2)

a




Toolbex 1: Indefinite summation [
A symbolic summation approach

‘ 1. FIND an appropriate ITX-field (F, o) with f € F. ‘

2. FIND an appropriate extension E > F with g € E:

o(g) —g=1.

appropriate = sum representations with optimal nesting depth

Example:

S| =

3
25
Y

k=1




Toolbex 1: Indefinite summation [
A symbolic summation approach

‘ 1. FIND an appropriate II3-field (F, o) with f € F. ‘

2. FIND an appropriate extension E > F with g € E:

o(g) —g=1.

appropriate = sum representations with optimal nesting depth

Example:

no (1) 1 1 1\ 1.1

> :6<Zz> +§<Zi_2> (Z;>+§Zz3

k=1 =1 =1 =1 =1
depth 3 depth 1



Toolbex 1: Indefinite summation [
A symbolic summation approach

‘ 1. FIND an appropriate ITX-field (F, o) with f € F. ‘

2. FIND an appropriate extension E > F with g € E:

olg) —g=1/
appropriate = sum representations with minimal number of objects
Example:
- n
St () =
k=0



Toolbex 1: Indefinite summation [
A symbolic summation approach

‘ 1. FIND an appropriate II3-field (F, o) with f € F. ‘

2. FIND an appropriate extension E > F with g € E:

olg) —g=1/
appropriate = sum representations with minimal number of objects
Example:
a a ;
n 1 (=1)" /n
—lka2(>=—— ; ()
kzzo( ) & " 1'121 “ “
277 2 (_1)a(n) 2
—(a—n)(n Ha +2nHa+2)Ta—ﬁ



Simplification of nested product-sum expressions

‘A(k): nested product-sum expression (sums/products not in the denominator) ‘

l SigmaReduce[A,k]

‘B(k): nested product-sum expression (sums/products not in the denominator)‘

» such that



Simplification of nested product-sum expressions

‘A(k): nested product-sum expression (sums/products not in the denominator) ‘

l SigmaReduce[A,k]

‘B(k): nested product-sum expression (sums/products not in the denominator)‘

» such that
A(k) = B(k)

» such that all the sums in B(k) are simplified as above



Simplification of nested product-sum expressions

‘A(k): nested product-sum expression (sums/products not in the denominator) ‘

l SigmaReduce[A,k]

‘B(k): nested product-sum expression (sums/products not in the denominator) ‘

» such that
A(k) = B(k)

» such that all the sums in B(k) are simplified as above

» and such that the arising sums in B(k) are algebraically independent
(i.e., they do not satisfy any polynomial relation)



Toolbox 2: Definite summation

Toolbox 2: Definite summation



Toolbox 2: Definite summation

Summation principles (in difference field/ring setting)

n?Am) — (n+1)2n+ DA+ 1)+ (n+1)(n+2)A(n +2)= !

1

_l’_

n

Summation package Sigma

(based on difference field algorithms/theory
see, e.g., Karr 1981, Bronstein 2000, Schneider 2001 -)

nH, —1 1
072 +<2_
A(n)zii Y- A1)
where
"1 1
H(Q) = —_— 2 = — | =
b 222 ¢ ;M ¢(2))



1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n: extra parameter

n
A(n) _ Z f(n, k:); f(n,k): indefinite nested product-sum in k;
k=1

FIND a recurrence for A(n)




Teolbax 2: Definite summation - |
Back to creative telescoping

Given Hk

. flnk) = m;
Find g(n, k) and cy(n), ci1(n),ca(n) :

Lo(n i +1) — g(n k)| = [eo(n) F(n. k) + ex(n) 0+ 1K) + ea(n) (0 +2,F) |




Teolbax 2: Definite summation - |
Back to creative telescoping

Given Hk

. flnk) = m;
Find g(n, k) and cy(n), ci1(n),ca(n) :

Lok +1) — g(n. b) | = | eo(n) gty + x(n) F(n 4 1K) + ea(n) (0 +2,K)




Teolbax 2: Definite summation - |
Back to creative telescoping

Given Hk

. flnk) = m;
Find g(n, k) and cy(n), ci1(n),ca(n) :

[9(n.k+1) = g(n, k)| = | co(n) s + e1(n) gty + c2(n) f(n + 2,k)




Teolbax 2: Definite summation - |
Back to creative telescoping

Given Hk

. flnk) = m;
Find g(n, k) and cy(n), ci1(n),ca(n) :

‘g(n,k +1)—g(n, k) ‘ =|co(n) % +ci(n) ﬁ + c2(n) m




Teolbax 2: Definite summation - |
Back to creative telescoping
Given H;

. f(n, k) = W;
Find g(n, k) and cy(n), ci1(n),ca(n) :

lg(n,k+1) = g(n, k)| =| co(n) s + e1(n) iy + c2(n) 7ty

A difference field for the summand:

Construct a rational function field
F

and a field automorphism ¢ : F — [F defined by



Teolbax 2: Definite summation - |
Back to creative telescoping
Given H

. f(n,k) = m;
Find g(n, k) and cy(n), ci(n),ca(n) :

(9(n,k+1) = g(n, k)| =| co(n) s + e1(n) iy + c2(n) 7ty

A difference field for the summand:

Construct a rational function field

F = Q(n)

and a field automorphism ¢ : F — [F defined by
o(c) =c Vc e Q(n),



Teolbax 2: Definite summation - |
Back to creative telescoping
Given H

nk) = —k .
| T D= T
Find g(n,k) and cy(n),ci(n),ca(n) :

[9(n.k +1) = g(n, k) | = | co(n) zrhiy + 1(0) gty + 2(n) gty

A difference field for the summand:

Construct a rational function field

F:=Q(n)(k)

and a field automorphism ¢ : F — [F defined by
o(c) =c¢ YeeQ(n),
ok)=k+1, Sk=k+1,



Teolbax 2: Definite summation - |
Back to creative telescoping

Given Hk;

f(n, k) = m;
Find g(n, k) and cy(n), ci1(n),ca(n) :

(9(n,k+1) = g(n, k)| =| co(n) s + e1(n) iy + c2(n) 7y

A difference field for the summand:
Construct a rational function field (F,0) is a [IX-field

F:=Q(n)(k)(h) Karr 1981

and a field automorphism ¢ : F — [F defined by
o(c) =c¢ YeeQ(n),
olk)=k+1, Sk=k+1,
1 1

O'(h)zh-i-k—H, SHk:Hk—Fk—H,



Teolbax 2: Definite summation - |
Back to creative telescoping
Given H;

. f(n, k) = W;
Find g(n, k) and cy(n), ci1(n),ca(n) :

lg(n,k+1) = g(n, k)| =| co(n) s + e1(n) iy + c2(n) 7ty

FIND g € F and ¢, c1,c2 € Q(n):

h +c h +c h
"kk+n+1)  Ck(k+n+2)

a(g) —g|= Cok(k—i—n)




Teolbax 2: Definite summation - |
Back to creative telescoping

Given

Find g(n, k) and cy(n), ci1(n),ca(n) :

‘g(n,k—l—l)—g(n,k)‘:

Hy,

f(mk)zm;

co(n) % +c1(n) ﬁ + c2(n) ﬁ

FIND g € F and ¢, c1,c2 € Q(n):

a(g) —g|= Cok(k:—i—n)

h h h

TG et T kErnt2)

I

co=n%co=—-n+1)2n+1), ca=(n+1)(n+2)
kh+n+k

T

nt+k)(n+k—+1)



Toolbox 2: Definite summation - |

Zeilberger's creative teIescoplng paradigm

GIVEN Z
E( k + n)

f(n k)
FIND g(n, k) and co(n),c1(n), ca(n):

[g(n.k+1) = g(n. k) | = [co(m)f(n,k) + c1(n) f(n+ 1, k) + ea(n) f(n +2,k) |

forall n,k > 1.

| Sigma computes: | co(n) = n?, c1(n) = —(n+1)(2n +1), c2(n) = (n +1)(n +2)

and kY e kHp +n+k

9k =~ e+ kD)
(14+n)Hy +n+k+2
m+k+1)(n+k+2)

g(n’k+1) =

RISC. 1. Kepler University Lin:



Teolbax 2: Definite summation - |
Zeilberger's creative teIescoplng paradigm

GIVEN Z
E( k + n)

f(n k)
FIND g(n, k) and co(n),c1(n), ca(n):

[g(n,k+1) —g(n, k)| = [co(m) f(n, k) + c1(n) f(n+1,k) + ea(n) F(n + 2, k)

forall n,k > 1.

Summing this equation over k from 1 to a gives:

a

(9000 = 9] = | 3 [eolmf oo B+ ex(mf o1, B +ea(m)f (242, B

k=1




Toolbox 2: Definite summation - |

Zeilberger's creative teIescoplng paradigm

GIVEN

Zkk+n

f(n k)

FIND g(n, k) and co(n),c1(n), ca(n):

‘g(n,k-i— 1)

—g(n k)| = [com)f (. k) + 1 (n) f(n + 1, k) + ca(n) f(n + 2, k) |

forall n,k > 1.

Summing this equation over k from 1 to a gives:

‘ gn,a+1) —

9, | =

Zco(n)f(n, k)—l-zcl (n)f(
k=1 k=1

n+1,k)+> ca(n)f (n+2,k)
k=1

RISC. 1. Kepler University Lin:



Toolbox 2: Definite summation - |

Zeilberger's creative teIescoplng paradigm

GIVEN Z
E( k + n)

f(n k)
FIND g(n, k) and co(n),c1(n), ca(n):

[g(n.k+1) = g(n. k) | = [co(m)f(n,k) + c1(n) f(n+ 1, k) + ea(n) f(n +2,k) |

forall n,k > 1.

Summing this equation over k from 1 to a gives:

a

(9, a+1) — g, D] =] co(n)Y f(n, k) +e1 ()Y F(n+1, k) +es(m)D . f(n+2,k)
k=1 k=1

k=1




Teolbax 2: Definite summation - |
Zeilberger's creative teIescoplng paradigm

GIVEN Z
E( k + n)

f(n k)
FIND g(n, k) and co(n),c1(n), ca(n):

[g(n.k+1) = g(n. k) | = [co(m)f(n,k) + c1(n) f(n+ 1, k) + ea(n) f(n +2,k) |

forall n,k > 1.

Summing this equation over k from 1 to a gives:

[9,a+1) — g0, ) | = [ co(n)A'(n) + c1 (A (0 + 1) + 2 (n)A'(n + 2) |




Teolbax 2: Definite summation - |
Zeilberger's creative teIescoplng paradigm

GIVEN Z
E( k + n)

f(n k)
FIND g(n, k) and co(n),c1(n), ca(n):

[g(n.k+1) = g(n. k) | = [co(m)f(n,k) + c1(n) f(n+ 1, k) + ea(n) f(n +2,k) |

forall n,k > 1.

Summing this equation over k from 1 to a gives:

‘ gn,a+1) — gln, 1) ‘ = ‘ co(n)A'(n) + c1(m)A'(n + 1) 4+ ca(n)A'(n + 2) ‘

I |
n*A'(n) — (n+1)(2n+1)A'(n + 1) + (n+1)(n+2)A’(n+2)

(n+1)(3+n+1)
N (a+1)H,
(a+n+1)(a+n+2)



1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
Aln) = n.k): f(n,k): indefinite nested product-sum in k;
(n) ; f(n, k); n: extra parameter

FIND a recurrence for A(n)




1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) _ Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=1

n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions in n.

ao(n)A(n) +--- + ay(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums in n.

(d'Alembertian solutions)
(Abramov/Bronstein/Petkoviek/CS, in preparation)




1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) _ Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=1

n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions in n.

ag(n)A(n) + -+ + ag(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums in n.
(d'Alembertian solutions)

(Abramov/Bronstein/Petkoviek/CS, in preparation)

Note: the sum solutions are highly nested
(possibly with denominators of high degrees)



1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) _ Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=1

n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions in n.

ag(n)A(n) + -+ + ag(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums in n.
(d'Alembertian solutions)

(Abramov/Bronstein/Petkoviek/CS, in preparation)

3. Simplify the solutions (using difference field theory) s.t.
> the sums are algebraically independent;
» the sums are flattened:;
» the sums can be given in terms of special functions.



1. Creative telescoping (for the special case of hypergeometric terms see Zeilberger's algorithm (1991))

GIVEN a definite sum

n
A(n) _ Z f(n, k); f(n,k): indefinite nested product-sum in k;
k=1

n: extra parameter

FIND a recurrence for A(n)

2. Recurrence solving

GIVEN a recurrence ao(n),...,aq(n), h(n):
indefinite nested product-sum expressions in n.

ag(n)A(n) + -+ + ag(n)A(n + d) = h(n);

FIND all solutions expressible by indefinite nested products/sums in n.
(d'Alembertian solutions)

(Abramov/Bronstein/Petkoviek/CS, in preparation)

4. Find a “closed form”

‘ A(n)=combined solutions in terms of indefinite nested sums in n. ‘




In[1l:= << Sigma.m
Sigma - A summation package by Carsten Schneider (© RISC-Linz ‘

a

In[2:= mySum = Z
k=1

_ He
k(k + n)



In[1l:= << Sigma.m
Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

In[2:= mySum = kgl k(k + n)

In3]:= rec = GenerateRecurrence(mySum, n][[1]]

oufz= n?SUM[n] — (n + 1)(2n + 1)SUM[n +(1] + (1114}; 1)(n +2)SUM[n + 2] ==

atntD(atnt2) @iDatatD)

In[4}:= rec = LimitRec[rec, SUM[n], {n}, a]

outfil= n2SUM[n] — (n + 1)(2n + 1)SUM[a + 1] + (a + 1)(a + 2)SUM[n + 2] = %
n



In[1l:= << Sigma.m
Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

a Hy
In[2:= mySum = Z —_—
= Kk +n)
In3]:= rec = GenerateRecurrence(mySum, n][[1]]
out3l= n2SUMIn] — (n + 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] ==

(—a— 1)Ha a

atntD(atnt2) @iDatatD)

In[4}:= rec = LimitRec[rec, SUM[n], {n}, a]
outigl= n?SUM[n] — (n+ 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] = ——y
n

In[5l:= recSol = SolveRecurrence[rec, SUM[n], IndefiniteSummation — False]



In[1l:= << Sigma.m

Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

a Hk

In[2l:= mySum = Z m

k=1

In3]:= rec = GenerateRecurrence(mySum, n][[1]]
out3l= n2SUMIn] — (n + 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] ==

(—a— 1)Ha n a
(a+n+1)(a+n+2) (@+1(a+n+1)

In[4}:= rec = LimitRec[rec, SUM[n], {n}, a]

outil= n?SUM[n] — (n + 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] =

n+1

In[5l:= recSol = SolveRecurrence[rec, SUM[n], IndefiniteSummation — False]

kg

s, s, a2
> DD D

1 1 i= i= =
outs)= {{0, -}, {o, =+ - hAL - 12 += 1
n n n n



In[1l:= << Sigma.m

Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

a Hk

In[2l:= mySum = Z m

k=1

In3]:= rec = GenerateRecurrence(mySum, n][[1]]
out3l= n2SUMIn] — (n + 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] ==

(—a— 1)Ha a

atntD(atnt2) @iDatatD)

In[4}:= rec = LimitRec[rec, SUM[n], {n}, a]

outil= n?SUM[n] — (n + 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] =

n+1

In[5l:= recSol = SolveRecurrence[rec, SUM|[n], IndefiniteSummation — True]

Out[5]= {{07 1}7 {07 = - 72}7 {17 =
n n

DOESENO DO D DE D DF
S 11

n 2n n



= << Sigma.m

Sigma - A summation package by Carsten Schneider (©) RISC-Linz ‘

a
= mySum = Z Hic

= k(k+n)

In3]:= rec = GenerateRecurrence(mySum, n][[1]]

= n’SUM[n] — (n+ 1)(2n + 1)SUM[n +(1] +(+1)(n+2)SUMn + 2] ==

—a — 1)H, a

atntD(atnt2) @iDatatD)

In[4}:= rec = LimitRec[rec, SUM[n], {n}, a]

n?SUM[n] — (n+ 1)(2n + 1)SUM[n + 1] + (n + 1)(n + 2)SUM[n + 2] = ol

In[s]:= recSol = SolveRecurrence[rec, SUM|n], IndeﬁniteSummation — True]

owpl= {0, 2} {0, = - Thq,

oy )
Z n (Z I) Z Z i2
1=21n - n2 = 2111 H

FmdLmearCombmatlon[recSol {1,{¢2,1/2 4+ ¢2/2}},n,2]

1 1
2.3 (Z > & :
-E= +i= 422

n 2n 2n n



Sigma's summation spiral

definite
sum

combination creative

of solutions telescoping
s1mpl}ﬁed recurrence
solutions

indefinite
summation
d’Alembertian
solutions



Toolbox 3: Special function algorithms



Computer algebra and special functions:
Harmonic sums (Borwein, Hoffman, Broadhurst, Vermaseren, Remmiddi, Bliimlein,...)

L
Say!
=1 =1




Computer algebra and special functions:
Harmonic sums (Borwein, Hoffman, Broadhurst, Vermaseren, Remmiddi, Bliimlein,...)

n 7
1 1
IEIE
i=1 " j=1
Integral representation:

(e oS

i=1




Computer algebra and special functions:
Harmonic sums (Borwein, Hoffman, Broadhurst, Vermaseren, Remmiddi, Bliimlein,...)

n A
1 1
IEIE
i=1 " j=1
Integral representation:

(R Ja S

i=1
Asymptotic expansion:
1 1 11
= -t —— =1
(3On5 6n3 + 2n? n) a(m)
_103n5 - # + séi3 - # - % +2G +O(lnrfg))‘
limit computations numerical evaluation



» Generalized algorithms for generalized harmonic sums

k,QZ
kN

N
| 21¢3 1 1 295 1115 5
=22 - N
; k 20 v Fane T aens et TN
1 3 19 5
oy T T TG
3 3 9 39
2N v N—5
205y T anz tana Taya HOWNT)G

1 3 157 19

N+W_W+N4+O( *)) (log(N) + )
1 3 19 5

+(5n — v F1ans — i T OWT) (log(V) + 7))

[Ablinger, Bliimlein, CS, J. Math. Phys. 54, 2013, arXiv:1302.0378 [math-ph]]

+




» Generalized algorithms for cyclotomic harmonic sums
J
P 2T
> T
2

._n

N J
Z Jj=1 —(- 35C3)C _ 3145
= (1+2k)?
1 33 17 4795 s
N 3N T 1ene  aeosnd OV )
1,9 7 209
+108(2) (662 ~ 7 + gz ~ g + ga T O )
77 7 77 21 5
(-1 v Y ove " 1o Tt T O )G
1 1 65
+(feve — wvs T agavs T OW ) (log(N) +)

16N2  8N3 ~ 384N*

[Ablinger, Bliimlein, CS, J. Math. Phys. 52, 2011, arXiv:1302.0378 [math-ph]]



» Generalized algorithms for nested binomial sums

49 H;
j—1 5 21 223 671
=7 VN - -
Z (21) S { N T 12NZ T 320N3  10752N4 | 29152N°
j=t \3/J
11635 1196757 376193 N 201980317
1441792N6  136314880N7  50331648N8 18253611008 N9
_ 5 263 579
o) 10 In(N) — — _ 10123
+0( )] n(N) Nt 18N2  2400N3 + 12544 N4 + 110592087
1705445 27135463 N 197432563 105757489
71368704N6  11164188672N7 ' 7927234560N8 ' 775778467840N9
+ O(NIO)}

Ablinger, Bliimlein, CS, ACAT 2013, arXiv:1310.5645 [math-ph]
Ablinger, Bliimlein, Raab, CS, J. Math. Phys. 55, 2014. arXiv:1407.1822 [hep-th]



Discovery of algebraic relations

mutliple Zeta-values

X1 (—1) K1
Z;Z( )Zg
i=1 j=1 k=1

j2

(Comprehensive literature: M.E. Hoffman, D. Zagier,
P. Cartier, M. Petitot/H.N. Minh/C. Costermans,
D.J. Broadhurst, D. Kreimer, M. Waldschmidt,
D.M. Bradley, J. Vermaseren, J. Biimlein, etc.)

combining known relations of the
sum and integral representations



Discovery of algebraic relations(J. Ablinger, J. Bliimlein, CS)

mutliple Zeta-values
2] (—1) 1
SAnSrE

(Comprehensive literature: M.E. Hoffman, D. Zagier,
P. Cartier, M. Petitot/H.N. Minh/C_ Costermans,
D.J. Broadhurst, D. Kreimer, M. Waldschmidt,
D.M. Bradley, J. Vermaseren, J. Biimlein, etc)

combining known relations of the
sum and integral representations

)
cyclotomic Zeta-values




Discovery of algebraic relations(J. Ablinger, J. Bliimlein, CS)

mutliple Zeta-values
2] (—1) 1
SAnSrE

(Comprehensive literature: M.E. Hoffman, D. Zagier,
Cartier, M. Petitot/H.N. Minh/C. Costermans,
D.J. Broadhurst, D. Kreimer, M. Waldschmidt,
D.M. Bradley, J. Vermaseren, J. Biimlein, etc)

combining known relations of the
sum and integral representations

.‘ - - L
cyclotomic Zeta-values generalized multipe Zeta-values

N A B T A
ZF; 2y+12zk ;5;2@2;E




The full machinery:
Toolbox 1 + Toolbox 2 + Toolbox 3



Teolbaxx 3: Special function aigorithms |
The problem

From: Robin Pemantle [University of Pennsylvanial
To: herb wilf; doron zeilberger

Herb, Doron,

I have a sum that, when I evaluate numerically, looks suspiciously
like it comes out to exactly 1.

Is there a way I can automatically decide this?

The sum may be written in many ways, but one is:

o0

Hk(Hn+1 - 1) k 1
; Hy = -
e kn(n + 1)(k +n)’ F Zz

[Arose in the analysis of the simplex algorithm on the Klee-Minty cube
(J. Balogh, R. Pemantle)]



Toolbox 3: Special function algorithms _
The full machinery:
In[1l:= << Sigma.m
‘ Sigma by Carsten Schneider (© RISC-Linz ‘
2= << EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz ‘

o= o= Hi(Hpp1 —1)

In[4]:= EvaluateMultiSum[Z Z _
o kn(n + 1)(k 4+ n)

]



Teolbax 3: Special function aigorithms |
The full machinery:
In[1l:= << Sigma.m

‘ Sigma by Carsten Schneider (© RISC-Linz ‘
2= << EvaluateMultiSums.m

‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz

In[4]:= EvaluateMultiSum[i i Hic(Hn+1 — 1) ]
ot kn(n + 1)(k 4+ n)

RISC, J. Kepler University Linz



Toolbox 3: Special function algorithms ||
The full machinery:
In[1l:= << Sigma.m
‘ Sigma by Carsten Schneider (© RISC-Linz ‘
2= << EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz ‘

3= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz ‘

Hy(Hppq — 1)

kn(n+ 1)(k + n)]

oo oo
In[4]:= EvaluateMultiSum[Z Z
n=1k=1



Toolbox 3: Special function algorithms ||
The full machinery:
In[1l:= << Sigma.m
‘ Sigma by Carsten Schneider (© RISC-Linz ‘
2= << EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz ‘

3= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz ‘

Hy(Hppq — 1)

kn(n+ 1)(k + n)]

oo oo
In[4]:= EvaluateMultiSum[Z Z
n=1k=1

Out[4]= —4C2 — 2¢3 + 4¢3 + 2¢s



Toolbox 3: Special function algorithms ||
The full machinery:
In[l]:= << Sigma.m
‘ Sigma by Carsten Schneider (© RISC-Linz ‘
2= << EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz ‘
3= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz ‘

o~ v~ Hy(Hnpy1 —1
In[4]:= EvaluateMultiSum[Z Z %]
1= kn(n + n

Out[4]= —4C2 — 2(3 + 4(2(3 + 2(5

H2 (Hopy — 1)2

k(k+n)n ]

oo oo
In[5]:= EvaluateMultiSum[Z Z
n=1 =



Toolbox 3: Special function algorithms ||
The full machinery:
In[1l:= << Sigma.m
‘ Sigma by Carsten Schneider (© RISC-Linz ‘
2= << EvaluateMultiSums.m
‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz ‘

3= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz ‘

Hy(Hppq — 1)

kn(n+ 1)(k + n)]

In[4]:= EvaluateMultiSum[Z Z
Out[4]= —4C2 — 2(3 + 4(2(3 + 2(5

H2 (Hopy — 1)2

In[5]:= EvaluateMultiSum[Z Z k(ktm)n ]

outls)= —10(s + (3 &43 - ?) 10¢s + Co(—Ca + 13¢5 — 4) +

457¢7
8



The full machinery:

In[1l:= << Sigma.m

‘ Sigma by Carsten Schneider (© RISC-Linz ‘
2= << EvaluateMultiSums.m

‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz

3= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz

. o o~ Hy(Hyy; —1)
Inf4]:= EvaluateMultISum[Z Z — T ]
== kn(n + 1)(k + n)

Outfd]= —4C2 — 2(3 + 4(2(3 + 2(5

= X Hy (H -1
In[s]:= EvaluateMultiSum] %
k=1j=1 k(k+n)4n



The full machinery:

In[1l:= << Sigma.m

‘ Sigma by Carsten Schneider (© RISC-Linz ‘
2= << EvaluateMultiSums.m

‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz

3= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz

o~ v~ Hy(Hnpy1 —1
In[4]:= EvaluateMultiSum[Z Z %]
1= kn(n + n

Outfd]= —4C2 — 2(¢3 + 4¢2(3 + 2C5
= Hy(H -1
In[s]:= EvaluateMultiSum] %
k=1j=1 k(k+n)4n

outsl= 2¢s + 42( 743 ) + (2(2¢s — 3¢5 — 4) — % + 3%



The full machinery:

In[1l:= << Sigma.m

‘ Sigma by Carsten Schneider (© RISC-Linz ‘
2= << EvaluateMultiSums.m

‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz

3= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz

. o o~ Hy(Hyy; —1)
Inf4]:= EvaluateMultISum[Z Z — T ]
== kn(n + 1)(k + n)

Out[4]= —4C2 — 2(3 + 4(2(3 + 2(5

. Y HyHnHp 414k
In[s]:= EvaluateMultiSum] E g E ]
1=1k(k—i—n)(k—{—n—{—l—{—l)2



The full machinery:

In[1l:= << Sigma.m
‘ Sigma by Carsten Schneider (© RISC-Linz ‘
2= << EvaluateMultiSums.m

‘ EvaluateMultiSums by Carsten Schneider (© RISC-Linz ‘

3= << HarmonicSums.m

‘ HarmonicSums by Jakob Ablinger (© RISC-Linz ‘

o~ v~ Hy(Hnpy1 —1
In[4]:= EvaluateMultiSum[Z Z %]
1= kn(n + n

Out[4]= —4C2 — 2(3 + 4(2(3 + 2(5

HyHnHy 4k

In[5]:= EvaluateMultiSum[Z Z X ktm)(ktntlet 1)2]

||Mg

149 114
outls]= 3¢5 — j + C2(9¢s — 6¢3) + T& + ECS



Example 1: Unfair permutations

joint work with H. Prodinger, S. Wagner



» We are given n players.



» We are given n players.

» Player i: chooses randomly a number (all different)



» We are given n players.
» Player i: chooses randomly a number (all different)

» The player with the highest number gets n dices



» We are given n players.
» Player i: chooses randomly a number (all different)

» The player with the highest number gets n dices
The player with the second highest number gets n — 1 dices.



» We are given n players.
» Player i: chooses randomly a number (all different)

» The player with the highest number gets n dices
The player with the second highest number gets n — 1 dices.

The player with the lowest number (looser) gets 1 dice.
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We are given n players.
Player i: chooses randomly a number (all different)

The player with the highest number gets n dices
The player with the second highest number gets n — 1 dices.

The player with the lowest number (looser) gets 1 dice.

We get a random permutation

pl.ayer (1 2 3 ... n)GSn
dices al az asz ... ap



v
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We are given n players.
Player i: chooses randomly ¢ numbers and takes the largest (best) one

The player with the highest number gets n dices
The player with the second highest number gets n — 1 dices.

The player with the lowest number (looser) gets 1 dice.

We get an unfair permutation

pl.ayer 1 2 3 ... n cs,
dices ap az asz ... ap



» We are given n players.

v

Player i: chooses randomly ¢ numbers and takes the largest (best) one

v

The player with the highest number gets n dices
The player with the second highest number gets n — 1 dices.

The player with the lowest number (looser) gets 1 dice.

» We get an unfair permutation

pl.ayer 1 2 3 ... n cs,
dices ap az asz ... ap

anti-inversion:

i<jandai<aj

1 < j and j beats i



» We are given n players.

v

Player i: chooses randomly ¢ numbers and takes the largest (best) one

v

The player with the highest number gets n dices
The player with the second highest number gets n — 1 dices.

The player with the lowest number (looser) gets 1 dice.

» We get an unfair permutation

pl.ayer 1 2 3 ... n cs,
dices ap az asz ... ap
anti-inversion: probability:
¢ < jand a; < aj J
1 1+ J

1 < j and j beats i



Example 1: Unfair permutations

» We are given n players.

v

v

Player i: chooses randomly ¢ numbers and takes the largest (best) one

The player with the highest number gets n dices

The player with the second highest number gets n — 1 dices.

The player with the lowest number (looser) gets 1 dice.

» We get an unfair permutation

player
dices

anti-inversion:

i<jandai<aj

(3
1 < j and j beats i

RISC, J. Kepler University Linz

( 1 2 3 ... n)
€S,
ay; az agz ... Qnp,
probability: expected number
) of anti-inversions:
; >
1+ —
1<i<j<n +J




Theorem (Prodinger, Wagner).

A, = no. of anti-inversions of a random unfair permutation of length n.

Then the mean of A4, is



Theorem (Prodinger, Wagner).

A, = no. of anti-inversions of a random unfair permutation of length n.

Then the mean of A4, is
om

J 1 2 1 2
L = —(—8n%—8n—1)H, + - (2n + 1)2Hyy, — —
Z i+j 16( n n )n+8(n+) 2n s



Theorem (Prodinger, Wagner).
A, = no. of anti-inversions of a random unfair permutation of length n.
Then the mean of A4, is
3y ﬁ = %(—8712 —8n—1)H, + é(2n+1)2H2n = %”
1<i<j<n
= 0.3465735903n2 — 0.4034264097n + O(logn)

fair case = 0.25n% — 0.25n



Theorem (Prodinger, Wagner).

A, = no. of anti-inversions of a random unfair permutation of length n.

Then the mean of A4, is
j 1 1

> %:—(—8n2—8n—1)Hn+—(2n+1)2H2n—5—”

c~ 347 16 8 8

1<i<j<n

The variance of A4,, is

kj k
2 Y M,y R
1<i<j<k<n (@ + )+ +k) 1<i<j<k<n ' titk

kj kj
LRI DI o v D DI rrwys vy

1<i<j<k<n 1<i<j<k<n
J k k k
2y L b,y Bk
1<i<j<k<n vty aT k 1<i<j<k<n itk J+ k
J k J J
DI L D
. . . . . 2 . .
1<i5hen +j i+k < Ten (i +79) << +J



Theorem (Prodinger, Wagner).

A, = no. of anti-inversions of a random unfair permutation of length n.

Then the mean of A4, is
j 1 1

> %:—(—8n2—8n—1)Hn+—(2n+1)2H2n—5—”

c~ 347 16 8 8

1<i<j<n

The variance of A4,, is

kj k
2 Y M,y R
1<i<j<k<n (@ + )+ +k) 1<i<j<k<n ' titk

kj kj
LRI DI o v D DI rrwys vy

lsi<j<ksn 1<i<j<k<n
i _k ko k
—2 Z —— —2 Z .
1§i<]‘<k§nl+] j+Ek 1§’i<j<k§nl+k j+k
) -2 .
J k j j
—2 — = — — 4 : :
z i+j 1+k Z (i +4)2 Z it

1<i<i<k<n

1<i<j<n 1<i<j<n



zn:k 15-1 k
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k=3 j=2 i=1
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k=3 j—2| i=1 (i+7)(J+k)
| summation, spiral
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Example 1: Unfair permutations

2":’“‘1[1] 1 jKH;  k ]
SlSlE E i itk 2+
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FH 4k H® — h(2k = 3)Hy + 4




1
n k —14+2r k 1
2 r=1 2
H[ —k 273 +((k—1)k+ka)Z_1+2r
= s=1 r=1
_ 1 2172 1 277(2) 1 o 1
JRHE = SRPH — h(2k - 3)Hy + 4]



1
n k —142r k
AN k— 1)k + k*H,
k—3[ 2 5 +(( TRH) ) 1+2r
= s=1 r=1
1 1 9 1
— CR2H? — Zk2H! k(2k — 3)H ]
F = R H = gk Vi + 7
|
° 1
1 n :1—1+2T 1
1)(2n +1 [—— =t ))H, -
n(n+1)@2n+1) 6; P )
1 — 1 1 1 & 1
- _ Ltz }
+(62—1+2r 247" +62—1+2r
r=1 r=1
1 i 1 1 ™
— Z(2n+1)? - 1)(4n + 1)H,, + —
g2 +1) Z—1+2r+12(n+ J(dn + 1) Hn + o7

r=1



n k—1j—1 ik
g;;(i+y)(y+k)
|
2 1
n(n+1)(2n+1)[_é§r:1 _;4-21" _1_12) n_2_14Hg
_%(2n+1)2§:_11+2r+1—12(n+1)(4n+1)ﬂn+;_z



Theorem (Prodinger, Wagner).

A, = no. of anti-inversions of a random unfair permutation of length n.

Then the mean of A4, is
j 1 1

> %:—(—8n2—8n—1)Hn+—(2n+1)2H2n—5—”

c~ 347 16 8 8

1<i<j<n

The variance of A4,, is
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1<i<j<k<n (@ + )+ +k) 1<i<j<k<n ' titk

kj kj
LRI DI o v D DI rrwys vy

lsi<j<ksn 1<i<j<k<n
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Theorem (Prodinger, Wagner, CS).

A, = no. of anti-inversions of a random unfair permutation of length n.

Then the mean of A,, is

j 1 1 5
v oL 1o (—8n% = 8n — 1) Hy - o(2n 4 1) Hay — gn
1<i<j<n )
The variance of A4,, is
n(29 + 126n + 72n?) N 354 108n + 81n? — 27n3 I
216 162 "
N —3—16n — 10n2 + 8n3H N —16 + 27n — 54n?
12 2n 108 3n
1+ 3n + 2n? —1)'H;
# 2LEIEI0) () o a3 U
1<i<2n
8xn 1 (DN (-) (V)
+2_7;3i—2+ 4 i _; i )



Example 2: Super-congruences

(S. Ahlgren, E. Mortenson, R. Osburn, Sigma)
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Sigma's contribution to harmonic number congruences

» S. Ahlgren (2001):
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p—1 j+P_—1
2 2 _
(j ) ( i )(Hj+p21—Hp;1):0 mod p
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Sigma's contribution to harmonic number congruences

» S. Ahlgren (2001):

p—1 9

2 p—1 . p—1
2(2) ( .2)(Hj+pTl_HpT—l)EO mod p

pr AN j
» E. Mortenson (2003):

T o1y 2 4 el

Z(Z)( .2)(1—|—3jH.+p_1—3jHj)EO mod p
-\ J J T2

Jj=

p—1

2. /b1 4 ezl

Z(Z)( .2)(1+2]H+p1_2jHj)EO mod p
S\ j



Sigma's contribution to harmonic number congruences
» S. Ahlgren (2001):

p—1

2 sp—1 2 . p—1

E ( 2 ) (j+. 2 )(H~+p_l_Hp_—1)EO mod p
- Vi Vi It 2
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]_
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For a prime p > 2,
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B (_1)1’51(p1é1)
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= pol\ /4 2l
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Sigma's contribution to harmonic number congruences

» S. Ahlgren (2001):

p—1 9

2, /eANT g et
2(2) ( .2>(Hj+p_1_Hp_—1)EO mod p
= i 9 2 2
» E. Mortenson (2003):
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Example 3: Feynman integrals

joint work with J. Ablinger, A. Behring, J. Blimlein, A. Hasselhuhn,
A. de Freitas, C. Raab, M. Round, F. Wissbrock (RISC-DESY)
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Evaluation of Feynman diagrams
(long term project with J. Blimlein, Deutsches Elektronen—Synchrotron)

Behavior of particles

Evaluations required for the
LHC experiment at CERN

processable by physicists

symbolic summation

simple sum expressions

/<I>(n, €, z)dx

Feynman integrals

DESY

Zf(n,e, k)

multi sums



AN

= F_3(n)e >+ Fo(n)e 2+ F_1(n)e " + +...



= F 3(n)e 4+ F o(n)e 2 + F_1(n)e ™t +| Fo(n) |+ ...

implify [
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=0 s=1 r=0

0 l q
D)) (g ros-8)(s-1)!
(= l+n q— 2)'( Jj+n—1)(n— q r—s—2)(q+s+1)
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+2H,_ 1 —2H, 5| + 3 further 6—fold sums
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Summarizing:

If you have
unfair permutations/monster sums/. . .
super congruences/identities/. . .,

give the presented machinery a try!



