ASYMPTOTIC NORMALITY OF b»-ADDITIVE FUNCTIONS ON
POLYNOMIAL SEQUENCES IN THE GAUSSIAN NUMBER FIELD!

BERNHARD GITTENBERGER* AND JORG M. THUSWALDNER**

ABSTRACT. We consider the asymptotic behavior of b-additive functions f with respect to a base
b of a canonical number system in the Gaussian number field. In particular, we get a normal
limit law for f(P(z)) where P(z) is a polynomial with integer coefficients. Our methods are
exponential sums over the Gaussian number field as well as certain results from the theory of
uniform distribution.

0. NOTATIONS

Throughout the paper we use the following notations: We write e(z) = ¢2™%*; C, R, Q, Z, N and
Ny, denote the set of complex numbers, real numbers, rational numbers, integers, positive integers,
and positive integers including zero, respectively. Q(i) denotes the field of Gaussian numbers, and
Z[i] the ring of Gaussian integers. We write tr(z) and N(z) for the trace and the norm of z over Q,
and {z} for the minimal distance of a real number z to the next integer. Furthermore, the largest
integer less than or equal to a real number z is denoted by [z]. A, denotes the n-dimensional
Lebesgue measure. V7 denotes the transposition of the matrix V. For a set A we denote its

closure by A and its boundary by dA. Furthermore we use the symbol f <« ¢ to mean that
f=0(g) and f > g to mean that g = O (f).

1. INTRODUCTION

Let v4(n) denote the sum of digits function of n in its g-adic representation for some integers
g > 2 and n > 0. This function and related functions have been studied by several authors. In
1975 Delange [2] computed the average of v4(n):

1 q—1
~ 2 va(n) = T~ log, N + 7 (log, N),
n<N
where ; is a continuous, nowhere differentiable and periodic function with period 1.
Higher moments were considered by Kirschenhofer [18] and independently by Kennedy and
Cooper [17] who obtained a formula for the variance

2 2
+ 3 2m) - 1 (Z uq<n>> = (51 10w ¥ 1o, )
n<N n<N

with a continuous fluctuation 7 of period 1. Grabner, Kirschenhofer, Prodinger and Tichy [10]
extended this result (dth moment for the case ¢ = 2) and showed

1
N Z va(n)? = 10%2 4+ Z logy N)'vi(logy N),

n<N

where the ~; are again continuous fluctuations of period 1.
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In the literature there can also be found generalizations of these results to other than g-adic
number systems. In particular, it is possible to extend the notion of g-adic number systems to
number fields in a rather natural way. Since in the remaining part of this paper number systems
in the Gaussian number field Q(¢) play a prominent réle, we recall their definition.

Definition 1.1. A pair (b, N') with b € Z[i] and N' = {0, 1, ... ,|b|?—1} is called canonical number
system if any + € Z[i] has a representation of the form

'y:co+clb+~-~+chbh, ch #0 if h#0,

where h € Ng and ¢; € N for j =0,1,... ,h. bis called base and N is called set of digits of (b, V).
Furthermore, we define the sum of digits function by

w(y)=cot+c1+--+cp.

Remark 1.1. Of course, the set of digits is uniquely determined by the base of a canonical number
system. For the ring of Gaussian integers Z[i| the bases were characterized by Kétai and Szabd
[16] who showed that the only bases are given by b = —n + i, where n € N. For generalizations to
arbitrary number fields we refer to [14, 15, 19, 20].

Grabner, Kirschenhofer and Prodinger [9] and Thuswaldner [23] generalized Delange’s result to
canonical number systems in the Gaussian integers and to arbitrary canonical number systems,
respectively. A treatment of the higher moments in the general case has been done recently by
Gittenberger and Thuswaldner [8]. E.g. for the Gaussian integers we have

: S (=)

Nt + O (\/N) 122<N

b 9 1 d d—1 )
= (| | 2 ) logfy2 N+ logf, ., N®;(logjy2 N) + O (mlogldb‘z N) ’
§=0

where ®q,... ,P,;_1 are again continuous periodic fluctuations of period 1 and b is the base of a
canonical number system in Z[i].

Let b be the base of a canonical number system in Z[i]. Then obviously each v € C has a unique
representation of the shape oy + a1b with ag, a; € R. Thus the mapping

¢: C—R% ayg+ab— (g, 1)

is well defined. It turns out, that in order to simplify some computations it is convenient to use
this embedding.

There also exist distributional results for the sum of digits function and related functions. For
instance, Bassily and Kétai [1] studied the distribution of g-additive functions on polynomial
sequences. Recall that a function f is said to be g-additive if f(0) =0 and

f(n) = Zf(aj(n)qj) for n = Zaj(n)qj,
720 3>0

where a;(n) € E :={0,1,...,¢g — 1}. A special g-additive function is the sum of digits function
vy(n). Bassily and Kétai [1] showed the following theorem:

Theorem 1.1. Let f be a q-additive function such that f(cg’) = O (1) as j — oo and ¢ € E.
Furthermore let

1 1
Mk,q = — Z f(ch)ﬂ Ulzf,q = Z f2(ch) - mz,qa
q ceE q ceE

and

N N
My(x) =) Jmig,  Di(x) =) oi,
k=0 =

k=0
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with N = [logq x] Assume that W()l)/?’ — 00 as x — oo and let P(x) be a polynomial with

integer coefficients, degree r, and positive leading term. Then, as T — oo,
1 P — M, (x"
T

Dy(z7)
where @ is the normal distribution function.

Similar distribution results for the sum of digits function of number systems related to substi-
tution automata were considered by Dumont and Thomas [5]. For number systems whose bases
satisfy linear recurrences we refer to [3].

In this paper we will extend the above result of Bassily and Kéatai to canonical number systems
in Z[i]. The concept of g-additivity is extendible to these number systems in an obvious way:

Definition 1.2. Let (b, V) be a canonical number system in Z[i]. A function f is called b-additive
if f(0) =0 and

Zfaj )07 for v = ZaJ ' (aj(vy) €N).

j=0 i>0
After these preparations we state our main result:

Theorem 1.2. Let f be a b-additive function such that f(cb?) = O (1) for j € N and ¢ € N.

Furthermore let
my, = bQchb’“ op = bQZfQ (cb*) —mi,
‘ | ceN | ‘ ceN
and

L L
Ji=) mw,  DN)=) o
k=0 k=0

with L = [logw N] Assume that %

be a polynomial with coefficients in Z[i]. Then, as N — oo,
1 2 f(P(z)) — M(N")
- N P
e R e e e

where ® is the normal distribution function and z runs over the Gaussian integers.

— 00 as N — o0 and let P(2) =p.2" 4+ -+ p12+po

Corollary 1.1. Since vy(z) fulfills all the conditions posed upon the b-additive function f in the
theorem, we have

! vp(P(z)) — M(N")
W#{|Z2 D(NT) <y} — @(y).

The paper is organized as follows: In the next section we extend some results of Hua [12] on
exponential sums to the Gaussian number field. Section 3 is devoted to the construction of an
Urysohn function for a certain domain related to the fundamental domain of the number system
which will allow us to keep track of certain digits in a digit expansion. We will analyze some
properties of the Fourier series of this function. Since we cannot avoid some errors arising in the
region where the Urysohn function attains values in (0,1), we have to analyze the number of hits
in this region for the polynomial sequence under consideration. This will be done in Section 4 by
means of the Erdés-Turdn-Koksma inequality. In Section 5 we will derive a proposition giving the
crucial distributional result which will allow us to reduce our problem to the considerably simpler
case P(z) = z and to complete the proof of Theorem 1.2. This is done in the last section.

2. EXPONENTIAL SUMS OVER NUMBER FIELDS

In this section we establish a result on exponential sums of polynomials over the number field
Q(i). Before we state this result, we list some lemmas which will be needed in its proof. We start
with estimates for exponential sums of a simple type.
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Lemma 2.1. Let h,q € Z[i] and define the square D, := {z = a+bi € Z[i]| —v < a,b <v}. If

we set h/q =71+ si and
h
V.= Z e (tr (—z)) ,
z€D,, q

V < min (41/27 {QVT}’ {QVS}’ 4{27"1{28})

then the estimate

holds.
Proof. Let z = a + bi. It is easy to see that
V= Z e(2(ra — sb)) = Z e(2ra) Z e(—2sb).
a+bieD, a=—v b=—v

Using the estimate (cf. Hua [12, Lemma 1.8])

K 1
e(ka)| < min KQ_K17—>
2 <lhe) ( 2}
we derive
|V] < min (21/ L) min (21/ L)
- " 2{2r} " 2{2s}
and the result follows. O

With help of this result we derive a corresponding result for open discs. In the following, the
summation variable z always runs over the Gaussian integers.

Lemma 2.2. Let h,q € Z[i] and

If we set h/q =r + si then the estimate
N /N/QogN)7r +/N/(log N)7" 1 ) LN
(

§ < (log N)*" min <(log Ny {2ry 7 {2sh 0 T{2r}{2s} ) (log N)or/2

holds for each positive real number o1.

Proof. This result follows easily from Lemma 2.1. We tesselate the open disc |2|?> < N by
squares of side length y/N/(log N)o1. There are O ((log N)?*) such squares in this open disc,
which do not intersect its boundary. The contribution C7 of these squares can be estimated with
help of Lemma 2.1 by

Or< (logN)"lmin< N VN/(ogN)r /N/(logN) 1 )

(log N)7” {2r} 7 {25} "{2r}{2s}
Since the squares intersecting the boundary can be covered by an annulus of width
o (\/N/(log N)”l/Q), the contribution Cp of these squares can be estimated by

c —s.
B K (log N)71/2

This yields the result. O

Remark 2.1. The same reasoning easily shows that the estimate in Lemma 2.2 remains valid if
the range of summation has the shape z € ﬂj:l (a; +{y € Z[i] : [y|* < ¢;N}) with a; € Z[i] and
cj > 0.
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Lemma 2.3. Let h,q € Z[i] with |q| > 2 and (h,q) =1 and
h
S = Z e(tr (—z))
|z|2<N 4

|S| < V/Nlq.

Proof. Tt is easy to see that there exists a residue system R modulo ¢ with

Rc{zeZli] | |z] < 2q]}. (2.1)

Then

Suppose we tesselate the open disc Ky := {z | |2|> < N} with translates of R. Let T be this
tesselation. Now define

Ey
Fy

{ReT | RC Ky},
{ReT | R¢ Kn}.

Since |q| > 2 and the different of Q(7) is 2 - Z[i], we have by Hua [11, Theorem 3]

> e (tr (;%)) =0 for Re Ey.

zER
Thus
ReFNn zeRNK N ( < ) )
By (2.1), this sum has at most O <\/N|q|> summands. This implies the result. O

Next we give a lemma that will help us to reduce the degree of the polynomial in an expo-
nential sum. The rational version of it has been proved in [12]. Since the Q(i) version given
here can be proved in exactly the same way, we omit the proof. Adapting Hua’s [12] notation

to the present situation let the symbol Z;’ denote the sum over all integers in a set of the form
ﬂ‘jjzl (aj +{y: |y|> < ¢;N}) with a; € Z[i] and 0 < ¢; < ¢/. In this context the exact values

of aj,c; and ¢ are not important. For details we refer to Hua [12, Lemma 3.3 and 3.4] and
Vinogradov [24, p. 185].

Lemma 2.4. (¢f [12, Lemma 3.3 and 3.4]) Let f(z) = Z?:o ajz? be a polynomial of degree k
and set

Si= Y e(tr(f(2))).

22<N

Then we have the estimate

|S|2k_1 < N2k Z o Z Z e (tr (y1- - yu—1(klaryr + 5)))

Y1 Ye—1 Yk
with certain computable numbers ¢ and (3.

Let di(z) be the number of representations of z as a product of k nonzero Gaussian integers.
It is well-known that

> di(z) < N(log N)*~
|z|2<N

(cf. Narkiewicz [22, p. 514]). From this result we easily deduce the following lemma (cf. Hua [12,
Lemma 6.1]).
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Lemma 2.5. For oo > 23% — 1 the estimate
!/
Z di(z) = O (N(log N)~2)
|z]2<N

holds. Here the prime (’) indicates that the sum is taken over all z in the range of summation,
for that
(log N)72 < edg(2).

Next we prove a version of Weyl’s Lemma (cf. [12, Lemma 3.5]).

Lemma 2.6. Let h,q € Z[i], with (h,q) =1 and let
GM):= Y g(2)

|z]2<M

where

N V/N/(log N)7t /N/(log N)o1 1
S R 75 S CH S TR SCR Y &

with r = N(hz/q), s = S(hz/q) and o1 > 0. Then

g(2) := (log N)?* min <

M
G(M) < <W + 1> (Nlq| + l¢|? log?to N).

Proof. Let Ty be a set of complete residue systems mod g that form a tiling of Z2, such that
each R € T} is a translate of Rg = Z[i]Ng{a+ PBi | 0 < o, 3 < 1}. Let T be the set of all R € Ty
having nonempty intersection with |z|?> < M. Then we can write

G(M)< > Gr
ReT
with
Gr= Z g(2).
zER

Note that since (h,q) = 1 we have
> g(hz) = Gr
zER

and thus we may w.l.o.g. assume h = 1.

We want to approximate the sum G by an integral and will use the Koksma-Hlawka inequality
to estimate the error caused by this approximation (cf. [4, Theorem 1.14]). To this end we need
the star discrepancy (see [4, p. 5] for a definition) D7, of the lattice induced by R, which is easily
seen to be Dy, = O (|q]). Moreover, we use the notion of bounded variation in the sense of Hardy
and Krause V(¥ (g), whose definition can also be found in [4, p. 10]. For g(z) we easily derive
V) (g) = O (N). After these preparations the Koksma-Hlawka inequality yields

ER =

/Q [0,1] 9(¢7(z,y)) dzdy — Gr| < DRV (g) = O (N|q)),
-[0,1]2

where @ is the matrix corresponding to a multiplication with ¢ in Z[i]. Summing up over all residue
systems contained in 7" and taking into account the residue systems intersecting the boundary of
|2|? < M we obtain

> Ep=0 <(|q]\|42 + 1) N|q|> : (2.2)

ReT

It remains to estimate the integral

P [ gl dedy= [ gle)@ ) dedy,
Q~[0,1]2 Q~[0,1]2
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where

N V/N/(log N)or /N/(log N)° 1
(logN)7+* {2z}~ {2v} " {22H{2y}

Using the transformation formula and splitting the range of integration according to the values of
the function {-} we get

1 2
I = |q? </o min (1 / (logjj\f)m {21a}> da) (log N)7*
T N 1

_ N 1 o
+é mln( Toe N7 [ 2a)> da) (log N)

/ T 1
= 2 Moz M1 (] / —d
4lg] logN / ot ) 2
2. /N

3 N 3
24/ Tog N)Ul — —da+ —)01 / da (log N)Ul
1
1 1_

Jg(z,y) = (log N)°* min (

NES

= O(|g[*log>™* N).

Summing up over all residue systems and combining this with (2.2) we obtain the result. O

Proposition 2.1. Let (h,q) =1 and
h
flz) = ax’“ +orr" Vb o+ g

where (log N)? < |q|> < N¥(log N)~7. Then we have

§=| 2 eltr(f(2)| = O (N(log N)~)

|z|2<N
with o > 2624, 4 23(k+2)

Proof. For k = 1 we obtain, applying Lemma 2.3 and keeping in mind the upper bound for |g|?,

S=|> e<tr<g+a1>> < N(log N)~7/2,

|z]2<N

Suppose now that k& > 1. An application of Lemma 2.4 in combination with Lemma 2.2 and
Remark 2.1 yields

k—1 k—1 N \/(logN \/(logN 1
2 < 2 —k (o]
|51 = Z Z min (logN)or’ {2r} {25} ~ {2r}{2s) (log ')

Y1 Yk—1

+L
(log N)7: /2

h h
rzﬂfﬁ(k!qylu-yk_l) and 5:$<k!qy1~-yk_1).

where
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Setting
§:=klyr- - yp— (2.3)

we have |¢]2 < M = ¢"EIN¥=1. For a fixed ¢ # 0 the number of solutions of (2.3) is less than
or equal to dj_1(£). For & = 0 the number of solutions of (2.3) is O (N*72). Thus we can
apply Lemma 2.5 to obtain (note that the prime () has the same meaning as in the statement of
Lemma 2.5)

-1 k—1 /
ISP < NTTRINOY dea(9)

1§12 <M
o oator min 4N V/N/(log N)7r /N/(log N)o1 1
+log N) |§|2ng <(log N 2y (2s) 4{27‘}{25})

+NM (log N)72=1/2 4 N*=1(log N)”2>

< N2k (M(log M)~°2N

o2+o . AN /N/(log N)or /N/(log N)°o: 1
+(log N)72+ Z min ((mg N)or’ {2r} ’ {25} ’ 4{%}{28})

[€12<M

+NM(log N)?2~1/2 4 Nk1(log N)"2> .

Note that the last summand N*~!(log N)?2 comes from the contributions of the case & = 0. Now
we may apply Lemma 2.6 to the last sum. This yields

1 _1 M
|S‘2k < N2k —k (Nk(log N)fm + (log N)cm <|q_2 + 1> (N\q| 4 |q|2 10g2+01 N)
+NM (log N)72~71/% 4 N*~(log N)‘”).

Setting o := 28t 1oy + 2351 — 2 and o9 := 28" 1o + 2% — 1 we arrive at
1S12" < N2 (log N) 2" oo,
This proves the result. U

3. APPROXIMATIONS OF THE FUNDAMENTAL DOMAIN AND THE FOURIER SERIES OF AN
URYSOHN FUNCTION

In this section we will prove some auxiliary results in order to generalize Lemma 5 of Bassily
and Katai [1]. Since the set of all numbers having integer part zero in their b-adic representation
has a rather complicated shape, the proof will be much more involved than the proof of the g-adic
analogue. This set is defined by

F' = {z eClz= Z@g(z)b%,eg EN}
=1

and we call it the fundamental domain of the number system (b, /). In our context it is convenient
to work with the ¢-embedding of 7’ in R%2. We have

Fi=¢(F) = {z €ER?|z= iB_Zag, ag € QS(N)}

{=1



ASYMPTOTIC NORMALITY OF b-ADDITIVE FUNCTIONS IN THE GAUSSIAN NUMBER FIELD 9

0 1—n?
B_<1 —2n>'

It is well-known (cf. for instance [7, 21]) that one can approximate F with the help of the sets

Qo= {: | ol < 3 }.
Qr == |J B (Qr-1+ ¢(a)).
aEN
The approximation satisfies d(0Qy, 0F) < |b|~* with respect to the Hausdorff metric d(-,-). It is
easy to see that the sets Q) are connected sets and that they are the unions of |V|* parallelograms.
Moreover (cf. [7, 21]), there exists a p with 1 < p < |b|? such that O (u*) of these parallelograms
intersect the boundary of Q).
Following Bassily and Kéatai [1, Lemma 5] we will need for each a € N a function that lets us

keep track of a certain position in a digital expansion. Therefore we define an Urysohn function
fa for the domain

with

Fo=BHF + ¢(a)),
i.e., that subdomain containing the numbers whose fractional parts start with the digit a. To this
matter we need tubes P , with the following properties.

Lemma 3.1. For alla € N and all k € N there exists an aze-parallel tube Py , with the following
properties:

e 0F, C Py, forallk € N.

o Xo(Pia) = O (1/IbF).

o P, consists of O (uk) aze-parallel rectangles, each of which has Lebesque measure

O (|b|72).

Proof. We construct a tube Py , that has the required properties. Let Q.o := B~ (Q + ¢(a)).
Then the family Q.. has the same properties with respect to F, as the family @), has with respect
to F. Thus the boundary 9Qy,q of Q.. is a polygon II} .. Let Ry, be the family of the IN|F
parallelograms that result in @ . By the remarks at the beginning of the present section, O (uk)
of the elements of Ry, have nonempty intersection with 0Qj . Thus the number of edges of
1T, , is bounded by O (1*). Since each element of Ry, has diameter c[b|~* with some absolute
constant ¢, we conclude that the length of H}m is O (uk|b|_k). From this polygon we construct a
polygon Il , with axe parallel sides in the following way: Let EH;M be the set of edges of Hﬁm.
Then define

4 = U ((or, ) (B, 2) U (B1, a2)(B1, B2))-
(a1,02)(B1,P2)€B
az< B2

Note that the length, the number of edges, and the maximal distance from F, are comparable for
H;m and Iy o. Thus all estimates we gave for H;C)a also hold for ITj, 4.

Now, since d(Ily ., 0F,) < c'|b|~*, we conclude that the tube
Pro={z € R?||z — I}l < 20| 7%}

has the properties required in the statement of the present lemma. O

For the remaining part of this paper we fix to each pair (k,a) a polygon Il , and the corre-
sponding tube P , having the properties stated in Lemma 3.1.
Denote by I , the set of all points inside Il ,. Now we define f, by

AJ2 AJ2

fale) =55 [ [ e+ any ) dody, (31)

—AJ2—A/2
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where A = 2¢/|b|=% and
1 if (x,y) € Itq
¢a(xa y) = 1/2 if (.’E, y) € Hk,a
0 otherwise.
Thus f, is the desired Urysohn function which equals 1 for z € Iy, 4\ Px.q, 0 for 2 € R?\ (I} o UPy o),
and linear interpolation in between. Our next task is to give estimates for the Fourier coefficients
of this function.

Lemma 3.2. Let fo(z,y) = >, h.ezCnina€(M1T + n2y) be the Fourier expansion of fo. Then
for the Fourier coefficients cp,n, we get the estimates

Mk

Cning = O(m) (nl,n27é0)7
pk

Cnio = O(A—n:{> (n1 #0),

ik
Con, = O(A—n%> (n2 # 0),

1
Cop — |b|2

Proof. If 11, , is not rectangular, then the domain I}, , can be split into finitely many rectangles
with axe-parallel edges. By the construction of Il , this can be done in a way, such that not
more than O (p*) of these rectangles intersect the boundary Il 4 of Iy 4. Suppose first that Iy,
consists only of one rectangle with lower left vertex (ay, 81) and upper right vertex (as, 82). Then
elementary calculations yield

e (™ —e A e na A —e I PYAN
Criny = () —e () (e (%) —e (=24 ))(e(nlal)—6(n1a2))(6(n251)—e(nzﬂz))

1674 A2n2n3

1
= O(m) (n1,n2 #0),

C(258) e (-

2 2 ) (e(mm) — e(nlag))(ﬂl — ﬂg) =0 (ALTL%) (n1 75 0), (32)

fmb = 42 An?
naAY _ n2A 1
Cony = e (% 4)772;53 ) (e(n1f1) — e(n1f2)) (o1 — az) = O (A—n%) (n2 #0),

coo = (a1 —a2)(B1 — Pa).

Suppose first that n1,n9 # 0. From the shape of (3.2) it is clear that the contribution of each rec-
tangle to the Fourier coefficient of f, is determined by its vertices: Observe that those coeflicients
have the shape

Cning = C(nlvnQ) Z Sgn((ala a2))6(n1a1 + nQa?)v
(a1,a2)
where the sum runs over all vertices (ai,as) of the rectangular subdomains and the sign of a
vertex is negative if (a1, a2) is the upper left or the lower right vertex of a rectangle and positive
otherwise. Now consider the rectangles of the above described tiling. Then the contribution of
these rectangles is the sum of the contributions of each of its vertices. Thus one easily checks that
these contributions cancel, unless the rectangle vertex under discussion coincides with a vertex of
I, . Hence to each vertex v = (a, 8) of Il , there corresponds a contribution

(e (52) —e(=%2)) (e (*32) —e(=232))
: 1g7T4A2n%n§ ? (e(nia + n2f3)).

Cning (U) ==

Since, by the construction of the Polygon Il , we have O (,uk) such vertices, the result follows for
this case. The cases cp,0 and cop, can be treated in a similar way. It is easy to see that cgp is
equal to the Lebesgue measure of JF,, which is |b|~2. O
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For certain pairs (n1,ns) it turns out that the corresponding Fourier coefficient ¢,,,,, vanishes.
The next lemma provides a characterization of these pairs.

Lemma 3.3. Suppose that for the pair (n1,ns) # (0,0) the condition
b | (l_ml - 712) (33)
holds. Then we have cp,pn, = 0 for the corresponding Fourier coefficient.

Proof. Suppose first that ni,ne # 0. We are dealing with the Urysohn function for a domain
with boundary Il , and as in the proof of Lemma 3.2 we tile the domain into rectangular subdo-
mains. As in the proof of Lemma 3.2 we see that all these contributions cancel, apart from those
rectangle vertices that coincide with the vertices of Il q.

Now let us examine the shape of ITy, ,. Due to the fact that the translates Iy, ,+¢(2) (z € b~ Z[i])
of I, form a tiling of R2, for each vertex v of Iy, there exists an o’ € b~'Z]i] such that
v — ¢(a’) € Iy ,. Hence each vertex has a corresponding vertex in Iy, (in case of triple or
quadruple points, i.e., the points belonging to three or four translates, respectively, there are two
or three corresponding vertices, respectively). This induces a partitioning R of the set of vertices.
Observe that the rectangular tiling of I, , can be done in such a way that each vertex v belongs to
four different rectangles which can be classified into four types according to their relative position
to v (R1(v),...,R4(v), ordered clockwise starting with upper left). Of course, these rectangles
are not all contained in Iy 4, but to each class p of R there correspond exactly four rectangles
R1(p),...,Ra(p) that are contained in Iy, 4, one of each type.

Now let us consider the contributions to the Fourier coefficients of corresponding points v, =
(a1, 9) and vy = (B, B2) (triple and quadruple points can be treated analogously). We want to
show that in presence of condition (3.3) the Fourier coefficient ¢;,,, vanishes. To this matter it
suffices to show that the contribution of each class p of R is zero. Due to the above considerations
we have to show that

e(niay + neag) =1 (3.4)

for (ay,as) = ¢((v1 + v2i)b~1) with vy + v9i € Z]i], since in this case the contributions of R;(p)
and Rs3(p) cancel with the contributions of Ra(p) and Ry(p) in the same way as for vertices not
coinciding with a vertex of Iy ,. By (3.3) there exist ¢ + di € Z[i] with (—n — i)ny — ngy =
(—n+1)(c+di). Comparing real and imaginary parts and inserting into (3.4) gives nia; +nsas =
—11d — voc € Z and we are done for the case where ni,ng # 0.

Next we deal with the case (n1,0), where ny # 0. In this case the Fourier coefficients are of the
shape

cnyo = C(m1) Z sgn((a1,az))e(niar)az,

(a1,a2)

where the sum runs over all vertices of the rectangle subdivision of Ij ,. As in the first case one
easily checks that the contributions corresponding to rectangle vertices not coinciding with the
vertices of 1l , vanish. Thus let us consider the contributions at the vertices of Il; ,. Arguing
in the same way as above, yields that each class p of vertices corresponding to the vertex, say
(a1, az), gives a contribution

cny0(p) = £C'e(ainy) # 0.

But each vertex of IIj , belongs to a horizontal edge of Il ,. It is easy to check that the class p’
corresponding to the vertex (ap, a}) situated on the other end of this edge gives a contribution of
the shape

cnio(p) = FC'e(arna).

Since these two contributions have opposite signs, they cancel and we have shown the result also
for this case. The case (0,n2) can be treated in an analogous way. O
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4. AN APPLICATION OF THE ERDOS-TURAN-KOKSMA INEQUALITY

Before we can prove our key proposition, we have to ensure that a certain sequence, connected
with the polynomial P(z) does not meet the tube Py, too often. Precisely, we want to get an
estimate for the quantities

Fj:=# {z € Z[d] ‘ |z]2 < N and ¢ <b (+1> U Py, omod B~ 122} (4.1)

To this matter we use the two dimensional version of the Erdds-Turédn-Koksma Inequality (cf. [4,
Theorem 1.21]).

Lemma 4.1. Let x1,... ,x, be points in the 2-dimensional real vector space R? and H an arbi-
trary positive integer. Then the discrepancy Dy (x1,... ,xy1) fulfills the inequality

L
Ze h-xp)
=1

=1 =

2 1
D —
L(xlv 7xL)<<H+1+ Z T(h)
0<||hllec<H

where h € Z* and r(h) = max(1, |h1]) - max(1, |hz]|).

It will turn out that the exponential sum occurring in this inequality can be estimated with
help of Proposition 2.1. In fact, we shall establish the following result.

Lemma 4.2. Let F; be defined as in (4.1) and let p < |b|* be as at the beginning of Section 3.
Then

k
F < (|b|2) N + N(log N) ™A u*
for an arbitrary positive constant A.

Proof. Since the discrepancy is defined as a supremum over certain rectangles, we subdivide
the tube Py, into a family of rectangles. Let R, be one of these rectangles. Furthermore, let

Ty i=¢ (f;(fl) for each z € Z[i] with |z|? < N. We want to derive an estimate for

bi+1

Fi(Ry) == # {z e Z[i] ’ 2> < N and ¢ ( (2)> c RamodB_lZZ}

It is clear that
F;(R,) < NX2(Rq) + NDp({x.})

where L = 7N + O (\/N ) Thus it remains to estimate the discrepancy of the point sequence
{z.}. Applying Lemma 4.1 yields

L
r(h)

Thus we have to estimate the exponential sum in (4.2). Let
7(2) == (tr(2), tr(b2))T = Z¢(2), (4.3)

where Z = VVT and V is the Vandermonde matrix

1 1
- ( ! b) |
With these notations we have

h-¢ (bfﬂ)) =h="1r (bﬁl ) = <Zj:h b]+1> = tr(r(z2)),

> e(h-a)|. (4.2)

22<N

S

Dr({z.}) < f Yy

0<||hlle <H
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where (hi,hy)T := h2~1 and r(z) is a certain polynomial. It is easy to see that r(z) fulfills the
conditions of Proposition 2.1. Thus we apply this proposition to (4.2) to derive the estimate

Dr({z.}) < HLH + Y Lh(lOgN)*Go

o<iimim<n "M

for an arbitrary constant og. Thus we arrive at

N
Fy(Ra) < NXo(R) + N(log H)*(1og N) ™ 4 7=

Now observe that (because of possible overlappings) F; < > > g Fj(Ra), where the second
sum runs over all rectangles R, in which we subdivided P ,. By the properties of P , listed in
Lemma 3.1 we conclude that

k
H —0 2 N k
F; N N(log N)~?°(log H i .
]<<(b|2) (5008 N om 2 1 57 )

Setting H := exp ((log N)?°/4) and A := 0¢/4 the result follows. O

5. THE KEY STEP

In this section we prove a proposition that will play a crucial role in the proof of our main
result. Before we state this proposition, we state a lemma that gives sharp bounds for the length
of the b-adic representation of a Gaussian integer. This result was first proved in a more general
setting in [13] (cf. also [9]).

Lemma 5.1. Let [ be the length of the b-adic representation of z € Zli], i.e., the smallest number
L, such that z =3 5 a;jbt? with a; € N'. Then the estimate

2log 2 2| — ¢ <1 < 2logyy2 2] + ¢
holds for a certain absolute constant c.

With help of this lemma we can formulate the following result. As in the introduction we will
denote the j-th digit of a number z € Z[i] in its b-adic representation by a;(z).

Proposition 5.1. Let L = 2log,2 N + ¢ be an upper bound for the mazimal length of the b-adic
representation of Gaussian integers z with \z|2 < N. For

L'B3<li<ly<---<l,<rL-—LY73
we have, as N — 00,

TN

0 = #{|2|? <N |ay,(P(z))=b;,j=1,...,h} = W

+0 (N(log N)_”/) ,
uniformly for b; € N and l; in the given range. z runs over the Gaussian integers and o’ is an

arbitrary positive constant.

Proof. For v € R? let
tv) = fo, (B~ "0) -+ f, (B~ M0)
(note that ¢(bz) = B¢(z)). Furthermore, let

M ={M = (p1,...,pn) | pj = (mj1,mjo) with mj1,mjs € Z;j =1,...,h}.
Then a straight forward calculation yields
h
ty)= > Tue | wB 5 (ay)" |,
MeM j=1

h
where Thy = [[;_1 Cmiims-
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Obviously we have

0— 3 Ho(P()| < By + -+ B, (5.1)

|z|2<N

With the same notations as in (4.3) we get

h
Yoo tePE) =D T Y e D BT 9(P())
|z]2<N MeM |z]2<N  \j=1
h
=D Tu > | PomB I TEIN(PR)
MeM lz2<N  \j=1

Set

~ ~ 11
fj = (M1, mye) = u; B~ 2
and observe that

Z i jitr( (b1 P(2))

=1

(iimﬂwlp )
3w = > Tu Y etr(g(2)))

|2]2<N MeM  |z2<N

and thus

with a polynomial ¢(z). Now we want to apply Proposition 2.1 to this sum. Hence we have to
check if the leading coefficient of ¢(z) satisfies the conditions of Proposition 2.1. In particular, we

have -
= szﬂb“lP(z)

j=1i=1
It is an easy exercise to derive that the leading coefficient is

Av zh: b=l (b1 — mya)

Hy ' _ b—b ’
j=1

where (Anr, Hy) = 1 in Z[i]. We will now characterize those M, for which (log N)? < Hyy.
Assume that the vector pj satisfies the condition b f(bmp1 — mp2). Now we have

h blhilj (l_)mjl — mjg)

A1) g, (52

HMpr
j=1
Let b = pi' ---py® be the prime factor decomposition of b. Then p* [ (bmp; — mpe) for some ¢
and hence (5.2) implies pt*** | Hy;. Thus there exists an n > 0 such that Hy; > b"*. By the
assumptions on [, we conclude that (log N)? < Hys. In case of bm;; —mo =0fori=s+1,...,h
and b f(bmgs — ms2) we can prove similarly that Hys > b"s. If, on the other hand, there exists
aj € {l,...,h}, such that b|bm;; —m 2, Lemma 3.3 implies that the corresponding T; = 0.
Thus we have proved that

Z TM Z tl" Z TM Z
MeM |z]2<N MeM [z|2<N
where the prime (’) indicates that we only sum over M = 0 and those M € M, for which the leading
coefficient 71 /gy, of ¢(z) has ¢ > (log N)? for arbitrary o. Since the inequality g < N"(log N)~7
is obvious, we can apply Proposition 2.1 to each of the inner sums corresponding to nonzero M.
Thus they are bounded uniformly by O (N (log N)~9°), where o is an arbitrary positive constant.
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Concerning the summand corresponding to M = 0 we remark, that the summands of the inner
sum are all equal to 1. Since cgo := |b|~2? by Lemma 3.2 the contribution corresponding to M = 0

is TN/|b]?h + O (\/N) Using (5.1) we arrive at

N
0= ‘Zl%+o N(logN)™ 3 [Tyl | +0 ZFl
M#0

Setting k = C'loglog N with some positive constant C, the result follows from Lemma 4.2 and the
estimate

> |Tu| < A7

M

which is a consequence of Lemma 3.2. O

6. PROOF OF THE THEOREM

Now we are ready to give a proof of Theorem 1.2. To this matter set A := [L'/3] and B := L—A,
where L is defined as in the statement of Proposition 5.1. Furthermore, define the function

B
)= > fla;(P())¥)
j=A

Since f(cb’) = O(1), we conclude that f'(P(z)) = f(P(z)) + O (LY/3). We also define the
approximations

B
M'(N" Zm] and D/2 N"):= ZO’
j=A
for M(N") and D?(N"). It is obvious that M'(N")—M(N") = O L1/3) and D'”*(N")=D2(N") =
O (L'/3). Summing up all these estimates we arrive at

’f M(NT>_f/(P(Z))_M/(NT> — 0 for N — o

NT) D/'(N™)

using the requirements upon D(N) stated in the theorem. This means that it is enough to show
that

|z \2<N

L 2 f'(P(z)) = M'(N7)
——# N — O(y).
#{z||z|> < N} {Z| < D'(NT) <Y W)
By the Fréchet-Shohat Theorem (cf. for instance [6, Lemma 1.43]) this holds if and only if the

moments
, 1 (P(2)) — M'(N")\"
w0 g, 2 ()

[z]2<N

converge to the moments of the normal law for N — oo. Instead of proving this, we compare

fk(N) with .
M’(N’”)
#{ZIIZ|2<N7} 2 < (N7) ) '

|z|2<NT™

ne(N) =

Proposition 5.1 now implies that
&(N)—np(N) =0 for N — occ.
Obviously, ni(N) are the moments of
f'(z) = M'(N")
D/(N7)
By Lemma 5.1 these are sums of independently identically distributed random variables (apart

from 2c¢ variables, which are not independent from the others; but since ¢ is an absolute constant,
they do not play any role). Thus it follows from the central limit theorem that their distribution

(Jz]* < N7).
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converges to the normal law. Hence, also 1 (IN) converge to the moments of the normal law. This
yields

o _ . _ k
N G(N) = Jim () = / v de.
Applying the Fréchet-Shohat Theorem again the other way round, the theorem follows.
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