CONVERGENCE OF BRANCHING PROCESSES TO THE LOCAL TIME OF A BESSEL PROCESS

BERNHARD GITTENBERGER

Abstract. We study Galton-Watson branching processes conditioned on the total progeny to be n which are scaled by a sequence cn tending to infinity as o(pn). It is shown that this process weakly converges to the totallocal time of a two-sided three-dimensional Bessel process. This is done by means of characteristic functions and a generating function approach.

1. Introduction

Let (φ_k; k ≥ 0) be a sequence of non-negative numbers and set φ(t) = ∑ k≥0 φ_kt^k. Consider a Galton-Watson branching process with offspring distribution ξ given by P {ξ = k} = τ^kφ_k φ(τ) , (1.1)

where τ is an arbitrary nonnegative number within the circle of convergence of φ(t). Without loss of generality we may restrict ourselves to critical branching processes, i.e. we may assume Eξ = 1 which equivalently means that τ satisfies τφ^′(τ) = φ(τ). The variance of ξ can also be expressed in terms of φ(t) and is given by

σ^2 = τ^2φ^{′′}(τ) φ(τ) . (1.2)

Now consider the family tree T of such a process conditioned on the total progeny to be n and let n_k be the number of nodes of this tree which have out-degree k. Then the offspring distribution (1.1) corresponds to assigning the weight

ω(T ) = ∏ k≥0 φ^{nk (T )} k to T . Denote by |T | the number of nodes of such a tree and let a_n be the (weighted) number of all trees with n nodes, i.e. a_n = ∑ T :|T |=n ω(T ). Then the corresponding generating function (GF) a(z) = ∑ n≥0 a_nz^n which will play a key role throughout this paper satisfies the functional equation a(z) = zφ(a(z)). Denote by (L_n(t), t ≥ 0) a Galton-Watson process the total progeny of which is n, i.e. for integer t L_n(t) is the size of the t-th generation. For non-integer t we define L_n(t) by linear interpolation: L_n(t) = (⌊t⌋ + 1 − t)L_n(⌊t⌋) + (t − ⌊t⌋)L_n(⌊t⌋ + 1), t ≥ 0. Furthermore, let (c_n, n ≥ 0) be a sequence of positive numbers satisfying the conditions c_n → ∞ and c_n = o( √ n). Date: February 26, 1998.

1991 Mathematics Subject Classification. 60J80, 60F05, 05A16.

Key words and phrases. branching processes, random trees, Bessel processes, local time. This research was supported by the Austrian Science Foundation FWF, grant P10187-MAT. 1

We will show that the scaled process

l_n(t) = 1 c_n L_n(c_nt), t ≥ 0, (1.3)

weakly converges to total local time of a three-dimensional Bessel process which proves a conjecture stated by Aldous [1, Conjecture 7].

Theorem 1.1. Let φ(t) be the GF of a sequence of non-negative numbers. Besides, let (B(s), −∞ < s < ∞) denote a two sided Bessel 3 process, that means (B(s), s ≥ 0) and (B(−s), s ≥ 0) are both three-dimensional Bessel processes. Denote by l(t) the total local time at level t of B(s), i.e.

l(t) = lim_{ε→0} 1 ε ∞∫ −∞ I_{[t,t+ε]}(B(s)) ds where I_A is the indicator function of the set A. Furthermore, assume that φ(t) has a positive or infinite radius of convergence R and ζ = gcd{i|φ_i > 0} = 1. Suppose that the equation tφ^′(t) = φ(t) has a minimal positive solution τ < R and that σ^2 defined by (1.2) is finite. Then the process l_n(t) defined by (1.3) converges weakly to local time of B(s), exactly that means l_n(t)^w−→ σ 2 l ( σ 2 t )_d = σ^2 4 l(t) in C[0, ∞), as n → ∞.

Remark 1. The case ζ > 1 can be treated analogously, but is technically more complicated. However, the weak limit theorem remains unchanged except that we have to require n ≡ 1 mod ζ. Thus the restriction to ζ = 1 is justified.

Remark 2. Note that Aldous [1] formulated his conjecture for the step function process 1 c_n Ln(⌊cnt⌋). But in this case the proof of tightness would be much more involved and thus we

decided to work with the interpolated process. However, there is a similar tightness condition for the space D[0, ∞) (see [2]) and our method can be directly extended to prove the “original” conjecture which would require much more technical effort without gaining any further insight into the structure of the problem.

Remark 3. The average extinction time of a branching process conditioned on the total progeny to be n is proportional to √ n. Thus the behavior changes if we choose c_n = √ n as scaling factor.

In this case Brownian excursion local time is obtained as limit process as was shown in [4].

The proof of Theorem 1.1 is divided into two parts: First, we have to show that the finite dimensional distributions (fdd’s) of l_n(t) converge weakly to those of l(t), which is done in the next section. The one-dimensional limit theorem has been established by Kennedy [13, Theorem 1] and Kolchin [14, Theorem 2.5.4]. The second quality we have to prove is that the sequence l_n(t) is tight. This proof is based on [2, Theorem 12.3] and is deferred to the last section.

Remark. We would like to mention that there are other approaches to related problems in the literature: Lamperti and Ney [15] proved finite-dimensional convergence results of a similar type for branching processes conditioned to have infinite total progeny. Perhaps it is possible to use their ideas to obtain a different way of attacking this problem. Finally, note that recently Pitman [17] reproved the results in [4, 5] by means of an approach via stochastic differential equations.

2. Finite Dimensional Convergence

2.1. The limiting distributions of l_n. We will prove the convergence of the fdd’s to those of local time by computing the (weighted) number a_{k1m1k2m2···kdmdn} of trees of size n with m_i nodes in layer k_i, i = 1, . . . , d. Then the desired distribution is given by

P {L_n(k_1) = m_1, . . . , L_n(k_d) = m_d} = a_{k1m1k2m2···kd mdn} a_n . In order to determine this distribution we use a generating function approach:We have (for details see [4], for general background we refer to [6]) ∑ m1,...,m_d,n≥0 a_{k1m1k2m2···kdmdn}u^{m1}_1 · · · u^{md}_d z^n = y_{k1} ( z, u_1y_{k2−k1} ( z, . . . y_{kd−kd}�_1 (z, u_da(z)) . . . )

where

y_0(z, u) = u y_{i+1}(z, u) = zφ(y_i(z, u)), i ≥ 0. Consequently the characteristic function of the joint distribution of^1_{cn} L_n(k_1), . . . ,^1_{cn} L_n(k_d) is given by ϕ_{k1···kd n}(t_1, . . . , t_d) = 1 a_n [z^n]y_{k1} ( z, e^{it1/cn} y_{k2−k1} ( z, . . . y_{kd−kd}�_1 ( z, e^{itd/cn} a(z) ) . . . ) (2.1)

where [z^n]f(z) denotes the coefficient of z^n in the power series of f(z).

In order to extract the desired coefficient we will use the following

Lemma 2.1. Let z_0 be the point on the circle of convergence of a(z) which lies on the positive real axis. Set w = u−a(z), α = zφ^′(a(z)) and β = zφ^{′′}(a(z))/2. If |w| = O

(_1 c_n ) and z −z_0 → 0

in such a way that arg(z − z_0) ≠ 0 and |1 − √ z − z_0| ≤ 1 +^{C√}_n , then y_k(z, u) admits the local representation y_k(z, u) = a(z) + α^kw 1 −^β_α^{1−αk}_{1−α} w + O (| |^{1−α2k} 1−α2 | | | |w|^2 ) (2.2)

uniformly for k = O (c_n).

Proof. The lemma looks very similar to [4, Lemma 2.1] except that there the assumption |w| = O (_{1√} n ) is required. But investigating the proof of this lemma shows that the crucial part is [4, Lemma 3.1] which states that under the assumptions w = O (1) and 1/2 ≤ |α| ≤ 1 + O (|w|) we have for k = O ( |w|^{−1} ) y_k(z, u) − a(z) = O ( |wα^k | ) . (2.3)

Note that it is well known (see e.g. [16]) that a(z) has a local expansion of the form a(z) = τ − τ √ 2 σ √ 1 − z z_0 + O (| | |1 − z z_0 | | | | ) (2.4)

around its singulariy z_0 = 1/φ^′(τ) (This can e.g. be easily derived by direct application of [7, Theorem 7.1]).

The assumption ζ = 1 ensures that |zφ^′(a(z))| < 1 for |z| = z_0, z ≠ z_0. Hence, by the implicit function theorem a(z) has an analytic continuation to the region |z| < z_0 + δ, arg(z − z_0) ≠ 0 for some δ > 0. Furthermore, it follows that α = zφ^′(a(z)) has similar analytic properties, especially it has the local expansion α = 1 − σ √ 2 √ 1 − z z_0 + O (| | |1 − z z_0 | | | | ) . (2.5)

Therefore the assumptions of Lemma 2.1 imply 1/2 ≤ α ≤ 1 + O (1/ √ n) which is even more than necessary. Due to (2.3) equation (2.2) holds if kw = O (1) which is indeed the case.

Theorem 2.1. Let k_i = κ_ic_n, i = 1, . . . , d where 0 < κ_1 < · · · < κ_d. Then the characteristic function ϕ_{κ1...κd} (t_1, . . . , t_d) = lim_{n→∞} ϕ_{k1···kdn}(t_1, . . . , t_d) of the limiting distribution of (_1 c_n Ln(k1), . . . , 1 c_n Ln(kd) ) satisfies ϕ_{κ1...κd} (t_1, . . . , t_d) = 1 ( 1 − i^{σ2}_2 ( t_1 +^{t2}_{A2} ) κ_1

)_2

A^2 · · · A^2_d

(2.6)

where for d = 1 we set A^2 · · · A^2_d := 1 and

A_j =

1 − i^{σ2}_2 ( t_j +^{tj+1}_{Aj+1} ) (κ_j − κ_{j−1}), j = 2, . . . , d − 1, 1 − i^{σ2}_2 t_d(κ_d − κ_{d−1}), j = d.

Remark 1. Note that by means of the generating function approach we get only a proof of this theorem for integer k_i and thus a limit theorem for the step function process L_n(⌊tc_n⌋)/c_n. However, a direct application of the tightness inequality (Theorem 3.1) shows that the difference L_n(⌊tc_n⌋)/c_n − l_n(t) converges to zero in probability and thus the theorem is correct as stated.

Remark 2. It should be mentioned that, following [3], this approach in conjunction with multivariate saddle point asymptotics would allow to establish a corresponding local limit theorem, too.

Proof. Let us apply Cauchy’s integral formula on (2.1) with the integration contour Γ = Γ_1 ∪ Γ_2 ∪ Γ_3 ∪ Γ_4 where

Γ_1 = { z = z_0 ( 1 + x n )| | ℜx ≤ 0 and |x| = 1 }

Γ_2 = { z = z_0 ( 1 + x n )| | ℑx = 1 and 0 ≤ ℜx ≤ log^2 n }

Γ_3 = Γ_2

Γ_4 = { z | | ||z| = z^0 | | |1 + log^2 n + i n | | | and arg ( 1 + log^2 n + i n ) ≤ | arg(z)| ≤ π } . (2.7)

The case d = 1. Set γ = Γ_1 ∪ Γ_2 ∪ Γ_3. It will turn out that the main contribution of the integral comes from γ. Expanding (2.2) into a series yields

ϕ_{kn}(s) = 1 + 1 2πia_n ∫ Γ ∑ m≥1 (wβ)^m α^k β ( 1 − α^k α(1 − α) )_{m−1} dz z^{n+1} ( 1 + O (| | | 1 − α^{2k} 1 − α^2 | | | | |w|^2 ))

with w = (e^{is/cn} − 1)a(z). We will investigate the contribution of each term in the above sum when integrating over γ. If we fix m, then substituting z = z_0 ( 1 +^x_n ) on γ and applying (2.4), (2.5) and β = σ^2 2τ + O (√| | |1 − z z_0 | | | ) . leads to (wβ)^m α^k βα^{m−1} ( 1 − α^k 1 − α )_{m−1} = ( isσ^2 2c_n )_m ( √ n)^{m−1}τ σ^{m+1}( √ 2)^{m−3} · e^{−λ√−x} ( 1 − e^{−λ√−x} )_{m−1} ( √ −x)^{m−1} × ( 1 + O (√| | | x n | | | ) + O ( 1 c_n )) (2.8) where k = κc_n and λ = σ √ 2κ^{cn√}_n . Moreover, one easily derives e^{−λ√−x}(1 − e^{−λ√−x})^{m−1} = [ d^{m−1} dy^{m−1} e^{−y√−x} ] y=0 (−1)^{m−1}λ^{m−1} + [ d^m dy^m e^{−y√−x} ] y=0 (−1)^{m+1}(m + 1)λ^m 2 + O ( λ^{m+1} )

for λ → 0. Hence (2.8) becomes (wβ)^m α^k βα^{m−1} ( 1 − α^k 1 − α )_{m−1} = (( isκσ^2 2 )_m 2τ κσ^2c_n − ( isκσ^2 2 )_m τ √ 2(m + 1) σ √ n √ −x )

× ( 1 + O ( c_n √ n ) + O ( log n √ n )) . (2.9)

Let us extend Γ_2 and Γ_3 to infinity and denote the integration contour obtained in this way γ^′. Note that the right-hand side in (2.9) is O (√ −x ) and besides, we have on γ^′ dz z^{n+1} = dx z^n_0 n ( 1 + x n )_{−n} = dx z^n_0 n e^{−x} ( 1 + O ( log^4 n n )) (2.10)

Thus the integrand remains bounded and we may substitute γ by γ^′ due to the dominated convergence theorem. Observing that 1 2πi ∫ γ0 (−s)^{−α}e^{−s} ds = 1 Γ(α)

implies that the first term in (2.9) vanishes and we get (wβ)^m α^k βα^{m−1} ( 1 − α^k 1 − α )_{m−1} = ( isκσ^2 2 )_m (m + 1)τ σ √ 2πn ( 1 + O ( c_n √ n ) + O ( log n √ n )) . (2.11)

Summing up over m, (2.11) in conjunction with (2.10) and

a_n = τ σz^n_0 √ 2πn^3 ( 1 + O ( 1 n ))

would give (2.6) for d = 1 provided that we can keep the errors small.

Error estimates. Let us first have a look at the errors occurring when summing up: Note that (2.11) only holds for m = o(min(c_n, √ n/c_n)). Thus we have to split the sum at M = o(min(c_n, √ n/c_n)). Now observe that | | |wβ ( 1 − α^k (1 − α)α )| | | ∼ | | | isκσ^2 2 | | | < 1 for sufficiently small s and therefore we obtain ∑ m>M (wβ)^m ( 1 − α^k (1 − α)α )_{m−1} = o ( max ( 1 c_n , c_n √ n ))

and so summing up does not cause any problems.

What remains to be done is to estimate the contribution of Γ_4. In order to do this we turn back to (2.1). Obviously, we have [ ∂ ∂x_2 y_k(x_1, x_2) ] x1=z,x2=a(z) = α^k and Taylor’s theorem yields y_k(z, e^{is/cn} ) = a(z) + α^ka(z)w + O (| w^2a(z)^2 |) .

The first term satisfies 1 2πia_n ∫ γ0_{∪Γ4} a(z) dz z^{n+1} = 1 and hence does not produce any errors. In order to estimate the remainder observe that due to ζ = 1 and (2.5) the maximum of |α| on Γ_4 is attained for z ∈ γ ∩ Γ_4. Then

α^k ∼ exp ( −κσ √ 2 c_n √ n √ −x )

and thus α^k = O (1) for z ∈ Γ_4. Finally, the fact that |z^{−n−1}| ∼ e^{− log2 n} for z ∈ Γ_4 shows the contribution of Γ_4 to be negligibly small and completes the proof for d = 1.

The case d > 1. Let us first consider the case d = 2. So we have to deal with the generating function y_k(z, uy_h(z, va(z))) with k = κc_n, h = ηc_n, and u = e^{is/cn} , v = e^{it/cn} . If z ∈ γ, then (2.2) and (2.9) imply y_h(z, va(z)) = a(z) + R_h(v, z) where

R_h = itτ/c_n 1 −^{itησ2}_2 − τ √ 2 σ √ n 1 ( 1 −^{itησ2}_2 )_2 − 1 √ −x ( 1 + O ( c_n √ n ) + O ( log n √ n ))

and y_k(z, uy_h(z, va(z))) = a(z) + R_k(u, v, z) where R_k is obtained from (2.9) by substituting w by w + R_h. Due to the fact that R_h = A + Bλ √ −x + O ( λ^2 ) and that the left-hand side of (2.9) has a similar form, say w^m ( P + Qλ √ −x + O ( λ^2 )) , where λ = σ √ 2κ^{cn√}_n , we have to compute ϕ_{khn}(s, t) =1 + 1 2πina_nz^n_0 ∫ Γ ∑ m≥1 ( w + A + Bλ √ −x + O ( λ^2 ))_m ( P + Qλ √ −x + O ( λ^2 )) e^{−x} dx =1 + 1 2πina_nz^n_0 ∫ Γ ∑ m≥1 ( (w + A)^mP + ((w + A)^mQ + m(w + A)^{m−1}BP )λ √ −x + O ( λ^2 )) e^{−x} dx =1 − σ^2κc_n τ ∑ m≥1 ( (w + A)^mP + ((w + A)^mQ + m(w + A)^{m−1}BP ) ) ( 1 + O ( c_n √ n )) . Then we insert A = itτ/c_n 1 −^{itησ2}_2 , B = − τ κc_nσ^2 1 ( 1 −^{itησ2}_2 )_2 − 1

and P = 2τβ^mc^{m−1}_n κ^{m−1} σ^2 , Q = − (m + 1)τβ^mc^{m−1}_n κ^{m−1} σ^2 and use w = isτ c_n + O ( 1 c^2_n ) . Taking the limit for n → ∞ we directly obtain (2.6) as desired.

The error estimates can be done in the same way as in the case d = 1 and the cases d > 2 follow immediately from the above considerations by induction.

2.2. The fdd’s of Bessel 3 local time. In order to complete the weak limit theorem contained in Theorem 1.1 we have to identify the distributions in Theorem 2.1 as those of the local time of a two-sided three-dimensional Bessel process. This is done by the following Proposition 2.1. The characteristic function of the joint distribution of l(κ_1), . . . , l(κ_d) is given by

E [exp(it_1l(κ_1) + · · · + it_dl(κ_d))] = 1 (1 − 2i(t_1 + t_2/Ã_2)κ_1)^2Ã^2 · · · Ã^2_d

(2.12)

with

Ã_j = 1 − 2i ( t_j +^{tj+1}_{Ãj+1} ) (κ_j − κ_{j−1}), j = 2, . . . , d − 1, 1 − 2it_d(κ_d − κ_{d−1}), j = d. As in (2.1) the empty product occurring for d = 1 on the right hand side has to be set equal to 1. Proof. By the Ray-Knight theorem the considered local time process is the square of a Bessel 4 process (see [19, p. 38]). These processes are well studied: Let BESQ^4_x(t) denote the square of a Bessel 4 process started at x ≥ 0. Then [18, Chap. XI, Corollary 1.4] tells us that for t > 0 the Feller semi-group of BESQ^4_x(t) has a density in y equal to

q_t(x, y) = 1 2t √ y x exp ( − x + y 2t ) I_1 ( √ xy t ) , x > 0, 1 (2t)^2 y exp ( − y 2t ) , x = 0, where I_1 denotes the first Bessel function. Due to the Markov property we have E [ e^{it1l(κ1)+···+itdl(κd)} ]

= ∫ · · · ∫ e^{it1x1+···+itdxd} q_{κ1} (0, x_1)q_{κ2−κ1} (x_1, x_2) · · · q_{κd−κd}�_1 (x_{d−1}, x_d) dx_1 · · · dx_d and as the Laplace transform of q_t(x, y) satisfies L_s(q_t(x, y)) = (1 + 2st)^{−2} exp(−sx/(1 + 2st)), it is easy to derive (2.12) from the above formula.

3. Tightness In this section we will show that the sequence of random variables l_n(t) = c^{−1}_n L_n(c_nt), t ≥ 0, is tight in C[0, ∞). By [12, Theorem 4.10] it suffices to establish tightness in C[0, T ] for all T > 0 and thus we may confine ourselves with considering L_n(t), 0 ≤ t ≤ Ac_n, where A > 0 is an arbitrary real constant.

[2, Theorem 12.3] tells us that we only have to show that L_n(0) is tight (this is obvious) and that we have to find α > 1, β ≥ 0, and C > 0 such that P {|L_n(ρc_n) − L_n((ρ + θ)c_n)| ≥ εc_n} ≤ C θ^α ε^β (3.1)

holds uniformly for 0 ≤ ρ ≤ ρ + θ ≤ A. In order to derive (3.1) we need a slightly sharpened version of [4, Theorem 6.1]:

Theorem 3.1. There exist constants C > 0 and D > 0 such that E (L_n(r) − L_n(r + h))^4 ≤ C h^2r^2 (3.2) holds for all positive integers n, r, h with r, h ≤ D √ n. Obviously Theorem 3.1 proves (3.1) for α = 2 and β = 4 if ρc_n and θc_n are non-negative integers and ρ and ρ + θ are bounded (which is satisfied). However, in the case of linear interpolation it is an easy exercise (see [11] or [10]) to extend (3.1) to non-integer ρc_n and θc_n (possibly with a different constant C).

Remark. As in the case c_n = √ n which was treated in [4] it is also not sufficient to consider the second moment E (L_n(r) − L_n(r + h))^2.

The proof of Theorem 3.1 is essentially a slight modification of that of [4, Theorem 6.1]. The two-dimensional distribution of the number of nodes in layer r and r + h is given by

P {L_n(r) = k, L_n(r + h) = l} = 1 a_n [z^nu^kv^l]y_r(z, uy_h(z, va(z))) and thus P {L_n(r) − L_n(r + h) = m} = 1 a_n [z^nu^m]y_r(z, uy_h(z, u^{−1}a(z))). Consequently

E (L_n(r) − L_n(r + h))^4 = 1 a_n [z^n]H_{rh}(z), where H_{rh}(z) = [( ∂ ∂u + 7 ∂^2 ∂u^2 + 6 ∂^3 ∂u^3 + ∂^4 ∂u^4 ) y_r(z, uy_h(z, u^{−1}a(z))) ] u=1 . (3.3)

Since a_n ∼ (τ/ √ 2πσ^2)z^{−n}_0 n^{−3/2}, (3.2) is valid if

[z^n]H_{rh}(z) = O ( z^{−n}_0 h^2r^2 n^{3/2} ) (3.4)

holds uniformly for r, h = o ( √ n ).

The proof is based on two lemmata. The first one is the well-known transfer lemma of Flajolet and Odlyzko [8]:

Lemma 3.1. Let F (z) be analytic in Δ defined by Δ = {z : |z| < z_0 + η, | arg(z − z_0)| > ϑ}, where z_0 and η are positive real numbers and 0 < ϑ < π/2. Furthermore suppose that there exists a real number β such that F (z) = O ( (1 − z/z_0)^{−β} ) (z ∈ Δ). Then [z^n]F (z) = O ( z^{−n}_0 n^{β−1} ) . Lemma 3.2. Set α = zφ^′(a(z)). Then for n → ∞, r = ρc_n and any fixed positive integers k, l and k_i, i = 1 . . . l, we have

[z^n]α^r = O ( z^{−n}_0 r n^{3/2} ) (3.5)

[z^n] α^r 1 + α + α^2 + · · · + α^k = O ( z^{−n}_0 r n^{3/2} ) (3.6)

[z^n] α^r ∏_l i=1(1 + α + α^2 + · · · + α^{ki} ) = O ( z^{−n}_0 r n^{3/2} ) (3.7)

uniformly for ρ = O (1).

Proof. As usual we evaluate the coefficient by means of Cauchy’s integral formula using the integration contour (2.7). By (2.5) we have on γ

α^r = exp ( −rσ √ 2 √ −x n ) ( 1 + O ( log^2 n n )) and thus 1 2πi ∫ γ α^r dz z^{n+1} = 1 2πiz^n_0 n ∫ γ0 exp ( −rσ √ 2 √ −x n − x ) dx ( 1 + O ( log^2 n n )) + O ( e^{− log2 n} )

= rσ √ 2πn^3z^n_0 exp ( − r^2σ^2 2n ) ( 1 + O ( log^2 n n ))

= O ( z^{−n}_0 r n^{3/2} )

which proves (3.5) by keeping in mind that the contribution of Γ_4 is O ( e^{− log2 n} ) due to the fact that the maximum on Γ_4 is attained for z ∈ Γ_4 ∩ γ.

In order to prove (3.6) we employ the same argument and immediately obtain that the contribution of Γ_4 is O ( log n · e^{− log2 n} ) . Moreover, on γ we have 1 1 + α + α^2 + · · · + α^k = 1 k + 1 ( 1 + σ √ 2 ∑_k i=1 i k + 1 √ −x n ) ( 1 + O ( log^2 n n )) . (3.8)

Now using 1 2πi ∫ γ0 √ −xe^{−λ√−x−x} dx = 1 4 √ π (2 − λ^2) exp ( − λ^2 4 )

it is easily seen that the second term in (3.8) yields a coefficient of order o(r/n^{3/2}) and the contribution of the first term is corvered by (3.5). The proof of (3.7) is now immediate.

Proof. (Theorem 3.1) With α = zφ^′(a(z)), β = zφ^{′′}(a(z)), γ = zφ^{′′′}(a(z)), and δ = zφ^{′′′′}(a(z)) we have (for details see [4, Lemma 6.1]) ∂y_r ∂u (z, 1) =α^r, ∂^2y_r ∂u^2 (z, 1) = β α α^r 1 − α^r 1 − α , ∂^3y_r ∂u^3 (z, 1) = γ α α^r 1 − α^{2r} 1 − α^2 + 3 β^2 α α^r (1 − α^r)(1 − α^{r−1}) (1 − α)(1 − α^2) , ∂^4y_r ∂u^4 (z, 1) = δ α α^r 1 − α^{3r} 1 − α^3 + ( 2βγ(2 + 5α + 5α^r + 3α^{r+1}) + 3β^3/α ) α^r (1 − α^r)(1 − α^{r−1}) (1 − α^2)(1 − α^3)

+ 3β^3(1 + 5α)α^r

(1 − α^r)(1 − α^{r−1})(1 − α^{r−2}) (1 − α)(1 − α^2)(1 − α^3) . Setting Y_{rh}(z, u) = y_r(z, uy_h(z, u^{−1}a(z))) and evaluating the terms in (3.3) gives ∂ ∂u Y_{rh}(z, 1) =a(z)α^r(1 − α^h), (3.9)

∂^2 ∂u^2 Y_{rh}(z, 1) =a(z)^2 β α α^r 1 − α^r 1 − α (1 − α^h)^2 + a(z)^2α^{r+h} β α 1 − α^r 1 − α , (3.10)

∂^3 ∂u^3 Y_{rh}(z, 1) =a(z)^3α^r ( γ α 1 − α^{2r} 1 − α^2 + 3 β^2 α (1 − α^r)(1 − α^{r−1}) (1 − α)(1 − α^2)

(1 − α^h)^3 )

+ 3a(z)^3 β^2 α^2 α^{r+h} (1 − α^r)(1 − α^h)^2

(1 − α)^2 − 3a(z)^2α^{r+h} β α 1 − α^h 1 − α − a(z)^3α^{r+h} ( γ α 1 − α^{2h} 1 − α^2 + 3 β^2 α (1 − α^h)(1 − α^{h−1}) (1 − α)(1 − α^2) ) , (3.11) and ∂^4 ∂u^4 Y_{rh}(z, 1) = a(z)^4α^r ( δ α 1 − α^{3r} 1 − α^3 + ( 2βγ(2 + 5α + 5α^r + 3α^{r+1})

+ 3β^3/α

) (1 − α^r)(1 − α^{r−1}) (1 − α^2)(1 − α^3)

+3β^3(1 + 5α)

(1 − α^r)(1 − α^{r−1})(1 − α^{r−2}) (1 − α)(1 − α^2)(1 − α^3) ) (1 − α^h)^4

+ 7a(z)^4α^{r+h} ( γ α 1 − α^{2r} 1 − α^2 + 3 β^2 α (1 − α^r)(1 − α^{r−1}) (1 − α)(1 − α^2) ) β α 1 − α^h 1 − α (1 − α^h)^2

− 12a(z)^4α^{r+h} β^2 α^2

(1 − α^r )(1 − α^h)

(1 − α)^2

+ 3a(z)^4α^{r+2h} β^3 α^3

(1 − α^r)(1 − α^h)^2 (1 − α)^3 − 4a(z)^4α^{r+h} β α 1 − α^r 1 − α ( γ α 1 − α^{2h} 1 − α^2 + 3 β^2 α (1 − α^h)(1 − α^{h−1}) (1 − α)(1 − α^2) ) (1 − α^h)

+ 12a(z)^2α^{r+h} β α 1 − α^h 1 − α + 8a(z)^3α^{r+h} ( γ α 1 − α^{2h} 1 − α^2 + 3 β^2 α (1 − α^h)(1 − α^{h−1}) (1 − α)(1 − α^2) )

+ a(z)^4α^{r+h} ( δ α 1 − α^{3h} 1 − α^3 + ( 2βγ(2 + 5α + 5α^h + 3α^{h+1}) + 3β^3/α

) (1 − α^h)(1 − α^{h−1}) (1 − α^2)(1 − α^3)

+3β^3(1 + 5α)

(1 − α^h)(1 − α^{h−1})(1 − α^{h−2}) (1 − α)(1 − α^2)(1 − α^3) ) . (3.12)

Now observe that (by noting that in the dominating part of the integration contour the functions a(z), β, γ, δ are asymptotically equal to constants) all terms occurring in the above expressions have the form

f(z) = Cα^{m0} (1 − α)^{l1} l2∏ i=1 (1 + α + · · · + α^{mi} ) l3∏ i=1 1 1 + α + · · · + α^{ki} . where m_i = o( √ n ) and the other quantities are fixed constants. If l_1 > 0 we will apply Lemma 3.1. We have by (2.5) α^r = O (1) in Δ and also (1 + α + · · · + α^{ki} )^{−1} = O (1) and thus Lemma 3.1 can be directly applied and yields

[z^n]f(z) = O ( z^{−n}_0 n^{−1−l1/2} l2∏ i=1 m_i ) . (3.13)

In the case l_1 = 0 we use Lemma 3.2 and get

[z^n]f(z) = O ( z^{−n}_0 n^{−3/2} ∂ ∂α α^{m0} l2∏ i=1 (1 + α + · · · + α^{mi} ) | | | | |_{α=1} ) . (3.14)

Applying (3.13) and (3.14) to (3.9)–(3.12) we obtain

[z^n]H_{rh}(z) = O ( z^{−n}_0 ( r^3 + r^2h^2 + rh^3 + h^4 n^{3/2} + r^2h^3 n^2 + r^2h^3 n^{5/2} + r^3h^4 n^3 ))

= O ( z^{−n}_0 r^3 + r^2h^2 + rh^3 + h^4 n^{3/2} ) + o ( z^{−n}_0 r^2h^2 n^{3/2} )

which implies (3.4) and completes the proof.

Acknowledgment. The author wishes to thank Jean-François Le Gall for pointing out some useful references.

References

[1] D. J. Aldous, The continuum random tree II: an overview, Stochastic Analysis, M. T. Barlow and N. H.

Bingham, Eds., Cambridge University Press 1991, 23–70.

[2] P. Billingsley, Convergence of Probability Measures, John Wiley & Sons, New York, 1968.

[3] M.Drmota, Correlations on the strata of a random mapping, Random Structures and Algorithms 6 (1995), 357–365.

[4] M. Drmota and B. Gittenberger, On the profile of random trees, Random Structures and Algorithms 10 (1997), 421–451.

[5] M. Drmota and B. Gittenberger, Strata of random mappings – a combinatorial approach, Stoch. Proc.

Appl., to appear.

[6] M. Drmota and M. Soria, Marking in combinatorial constructions: generating functions and limiting distributions, Theoretical Comp. Science 144 (1995), 67–99.

[7] E. A. Evgrafov, Analytic Functions, Dover, New York, 1966.

[8] P. Flajolet and A. M. Odlyzko, Singularity analysis of generating functions, SIAM J. on Discrete Math.

3, 2 (1990), 216–240.

[9] R. K. Getoor and M. J. Sharpe, Excursions of Brownian motion and Bessel processes, Z. Wahrsch. verw.

Gebiete 47 (1979), 83–106.

[10] B. Gittenberger, On the contour of random trees, SIAM J. Discrete Math., to appear. [11] W. Gutjahr and G. Ch. Pflug, The asymptotic contour process of a binary tree is a Brownian excursion, Stochastic Processes and their Applications 41 (1992), 69–89.

[12] I. Karatzas and S. E. Shreve, Brownian Motion and Stochastic Calculus, Springer, New York, 1988. [13] D. P. Kennedy, The Galton-Watson process conditioned on the total progeny, J. Appl. Prob. 12 (1975), 800–806.

[14] V. F. Kolchin, Random Mappings, Optimization Software, New York, 1986.

[15] J. Lamperti and P. Ney, Conditioned branching processes and their limiting diffusions, Theory Probab.

Appl. 13 (1968), 128–139.

[16] A. Meir and J. W. Moon, On the altitude of nodes in random trees, Canadian Journal of Mathematics 30 (1978), 997–1015.

[17] J. Pitman, The SDE solved by local times of a Brownian excursion or bridge derived from the height profile of a random tree, Technical Report 503, U.C. Berkeley, 1997.

[18] D. Revuz and M. Yor, Continuous Martingales and Brownian Motion, Springer, 1991. [19] D. Williams, Diffusions, Markov Processes, and Martingales, Vol. I, John Wiley & Sons, 1979.