A UNIFIED PRESENTATION OF SOME URN MODELS

MICHAEL DRMOTA*, DANIELE GARDY**, AND BERNHARD GITTENBERGER*

ABSTRACT. For a sequence of m urns we investigate how the number of urns satisfying a certain
condition (e.g. being empty) evolves in time when after each time unit a ball is thrown. We
show for a variety of urn models that this process (suitably normalized) converges weakly to a
Gaussian process.

1. INTRODUCTION

Consider a sequence of m urns into which we throw balls according to some rules. The balls
are thrown one at a time and independently. Moreover, we assume that the balls are usually
undistinguishable.

Assign to each urn U a valuation Y (U) that is a real valued random variable and is additive,
i.e. when we allocate balls in batches the final value of Y(U) is the sum of the values for each
batch considered separately. Furthermore, let £ be a subset of the set of possible values of Y (U).
We are interested in the random variable X equal to the number of urns U such that Y(U) € &:

X = Z Ly w)ee-
=1

We will deal with several urn models which are covered by the following two cases:

e If we are interested in the number of urns having a specified number of balls, then Y (U) is
the number of balls in the urn U, the set £ is the set of the required numbers for a single urn,
and is a subset of the natural integers. For example, empty urns (which have been studied
in [11]) correspond to €& = {0}, urns with exactly r balls to £ = {r}, and urns with at most
rballsto £E=1[0...7].

e When we allocate balls of two colors (say red and blue), and consider the urns having a
specified balance, Y (U) is the balance of the urn, i.e. the difference between the number of
blue balls and the number of red balls, and the set £ of required balances is a subset of
the set of relative integers. For example, balanced urns are obtained for & = {0}, urns with
balance r for £ = {r}, and urns with positive balance for £ = N. For previous work dealing
with this case see [3].

We shall prove in this paper that, when the balls are thrown at each unit time, the process
associated to the number of urns with a specified number of balls or a specified balance converges
weakly towards a Gaussian process, whose covariance matrix can be explicitely computed.

2. A GENERAL MODEL

We are interested in the stochastic process X,,(n), n =0,1,2,..., defined by the value of X at
the time when exactly n balls have been thrown into the set of m urns. We will study the behavior
of this process as m — oo. Consider for a moment the case where Y (U) equals the number of
balls and & is the set {r,r + 1,r + 2,...}. If at some time ¢; an urn satisfies Y (U) € &, it will
satisfy this condition for all the times t5 > ¢;. In such cases (we expect that) the limiting process
(as m — oo0) will be a Markov process (compare with Section 2.3). In the other cases this does
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not hold: An urn may satisfy Y (U) € £ at some time ¢1, but not at a further time t5 > ¢;. This
is obvious for the models with two types of balls, and this also holds for the number of urns with
exactly or at most r balls. In these cases the limiting process will (probably) be non-Markov (see
again Section 2.3).

In this section we will first describe a generating function approach to the problem of empty
urns which was studied by Kolchin et al.[11] (In fact they also studied the more general case of
urns with exactly r balls). Afterwards we will present a generalization of this model and some
examples covered by the general model.

2.1. The number of empty urns. We will apply the generating function technique for combina-
torial enumeration (for an introduction to this method see e.g. [5, 9]). We have undistinguishable
balls and distinguishable urns and thus we will use generating functions which are exponential
w.r.t. the balls and ordinary w.r.t. the urns. As there is only one way to throw n balls into a single
urn, the generating function of one urn is e* where z marks the balls and the generating function
of a set of m urns is given by e™*. We introduce the variable = in order to mark the empty urns.
This leads to the generating function

Gy(x,2)=(*+ax—-1)".
In this setup we have
[2%27]® (x, 2)
P{X,(n)=k}=—7>—"—"-—
Pl =1 = a1

We are interested in asymptotic distributional properties in the central domain, i.e. when the ratio
of the number of balls n and the number of urns m either tends to a constant or belongs to a
compact set of 0, +oo[. From (2.1) we get

"] 5 ®1(1,2) 1\" o
EX,, =% — = 11— — ~ ,
(n) [z"]®(1, 2) " m me
for m — oo and n/m — 6 > 0. The variance is
(") 2= 1(1,2)
[2"](1, 2)

i (o-2) e 2) - 2)

~ me (1 —(1+0)e?).

(2.1)

VarX,,(n)

The generating function for the bi-dimensional distribution is
Oy (11, 19,21,22) = ((e** —1)e? + x1(e** — 1) + x129)™
and here we have
[} @52 21" 252) By (1, 22, 21, 22)
[271 252 Pa(1,1, 21, 22)

P { X (n1) = k1, Xon(n1 + n2) = ko} =

The asymptotic covariance at (normalized) times ;m and fom is me™% (1 — (1 +60;)e™%); it
is factorized w.r.t. 81 and 65, which means that the limiting process is Markovian. (For a proof of
the existence of the limiting process see [11, Ch. IV]; for a relationship between the existence of a
factorized form and the Markov property see [12]).

The function marking the urns whose state has changed between the times ¢; and t5 is

B(x,21,22) = (712 + (. — 1)(e” — n)"

and the g.f. describing the multivariate (d-dimensional) distributions is

m

d

d i
D21,y 2d,T1, ..., Tq) = Z(ez’i+1 —1)exp Z Zj ij (2.2)
=0

i j=i+2 j=1
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2.2. General g.f.-model. We will now generalize the model described in the previous section.
Let g(z) be the generating function enumerating the allocation of balls into a single urn, and f(z)
the function enumerating those allocations such that Y € £. Furthermore, let us assume that g(z)
and f(z) are entire functions. As before, we mark the balls by z and the urns satisfying Y/(U) € £
by . Then the generating function describing the allocations of balls in the m urns is

De 1 (w,2) = (9(2) + (z = D f(2))™.

As can be seen from equation (2.1), the idea is to extract the coefficients [2"]®¢1(z, 2),
[2"2*]®g (7, 2), and their multivariate analoga. ®¢ (7, 2) is analytic w.r.t. z and we can use
a saddle point approximation. The nature of ®¢ 1(x,z) allows a straightforward application of
the results of Bender and Richmond [1], which gives directly the convergence towards a Gaussian
distribution. The asymptotic mean is obtained by a saddle point approximation: We have

" (R)g:)m ()

EX,,(n)=m ,
[z"g (=)™ 9(p)
where p is the solution of the saddle point equation zg'(2)/g(z) = n/m. The normalizing factor is
nygym — 90"
[2"]9(2) (1+o0(1)),

B PPV 2mm 2

with 2 = p?g"(p)/9(p) — (pg'(p)/9(p))* + pg'(p)/9(p). In the frequent case where g(z) = e* we
get p =n/m and s?> = p, and thus the above equation transforms to

mn

U

and we reobtain Stirling’s approximation of n!.

To cope with the multivariate distribution define ¢g q(21,...,%4;21,...,24) as the generat-
ing function enumerating all the possible allocations in a single urn, where we use the variables
z1,...,2q to mark the balls allocated before the time 6, then between 6; and 65, etc., and the
variables x1,...,x4 to mark the urns U such that Y(U) € £ at the times 64,...,604. Of course
the generating function relative to the system of m urns will be ®¢ ¢ = ¢¢';. Now we can get a
recurrence equation on the ¢¢ ¢ by a “renewal” argument as follows.

Consider a sequence of times 61, ...,60,, and partition the allocations into an urn U according
to the first time 6; when Y(U) € € (1 <1 < d), i.e. | = min{i : Y(U,6,;) € £ where Y (U, 0,) is
equal to Y (U) evaluated at time 6;.

If Y(U,-) € € does not hold for 04, ...,60,_1, but holds for ;, then we enumerate the allocations
up to and including time 6; by a function z;Kj(z1,...,2;). Note that only the z; for ¢ <[ appear,
since we stop counting at time ;. Hence we must also enumerate the allocations after the time
0;. For i > [, define Z;(U) := Y (U,0;) — Y(U,0,), which due to additivity can be interpreted as
the value of Y if the allocations between 6; (excluded) and 6; had been done into an empty urn.
Assume that Y (U, 6;) = r for some r € £ and define

E—r={y:y+ref}

Then Y'(U,0;) € € if and only if Z(U) € £ — r. Hence the allocations after the time 6;, knowing

that Y has value r at the time 6;, are described by the function ¢g_r 4—1(Zit1, .-, Td; 2141, - - -, 2d)-
For the case where Y (U, -) never belongs to &, i.e. for | = oo, define Kgy1(21,...,24) as the

function enumerating those allocations. Of course, there is no occurrence of any x; in this function.
Putting all this together gives

de.a(x1, ... Ta; 21,5 24) = Kap1(z1, ..., 24)
d
+> Kz, m) > G rd i (Tip1s - T3 24 2a). (2.3)
=1 ref

For the two classes of examples mentioned in the introduction we obtain:
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e For Y(U) equal to the number of balls in the urn,

an an
Ki(z1,... = L 1<d
l( 1 azl) Z TL1! nl! ( = )
MN1yenny ny
where the sum is for ny,...,n;suchthat n; € €, ... ,ni+---4+n;_1 € Eandny+---4+n; € &,
and .
ni d
_ L A
Kd+1(21,...,zd) = Z 711! nd!,
MN1y..-3Nd
where the sum is for ni,...,ngsuch that ny €&, ... ,ny+---+ng & ¢&.

e For colored balls and Y (U) equal to the balance of the urn,
Kl(Zl, ey Zl) = Z In1 (221) Cee Inz (221)7

N1,
where the sum is for ny,...,n;such that n; € &, ... ;ni+---4+n_1 € andni+---4+n; € &,
and where the I,,(z) are Bessel functions (see [3] for details), where we recall that for ¢ > 0
we have )
22nta
I,22) =S ———,
1 nzz;) nl(n+ q)!
and
Koz, za) = Y 1o, (221) . I, (220),
MN1y...3Ng
where the sum is for ny,...,ngsuchthat ny €&, ... ,n1+---+ng € ¢&.

We will show the following theorem:

Theorem 2.1. Let X,,,(|mt]), t > 0, be the process associated to allocating balls into urns of a
general urn model such that the gemerating functions describing the allocation process have the
shape

<I>g7d(x1, ey Ldy 1y ,Zd> = ¢g’d(a’,’1, ey Ldy 1y .- ,Zd>m
where ¢g q satisfies a recurrence relation of the form (2.8) with entire functions K,;. Then the
following weak limit theorem holds:

X t]) —EX,,(Imt]) w»

vty o Knllmt]) ~ BX((mt))
vm

where G(t) is a centered Gaussian process with continuous sample paths. The covariance function

B+, s,t >0, is given by

0?(log As,t(€%1, €%2))

Bs’t - Bt’s - 8u16u2

(2.4)
u1:0,u2:0
where s < t and
ey ) = 20022 )
PiP2
where p1 = p1(21,x2,5,t) and pa = pa(x1,x2,8,t) are the saddle points which are defined by the
equations in z1 and zo

2100 2/021 = S¢g 2, (2.5)
20 0pg2/020 = (t—8)Pe2; (2.6)
and
B 02 (log \s(e™))
Bs s = BT — - (2.7)
with

¢S 1(1’,/))
)\g )= 22—~ "7
s(z) o
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where p = p(x, s) is the saddle point defined by the equation in z
20¢g1/0z = spe 1. (2.8)

Remark 1. Note that the limiting process G(t) is a Markov process if and only if the covariance
can be factorized in the form By = b1(s)ba(t) (see [12]).

Remark 2. It should be mentioned that the assumption of the above functions to be entire is not a
necessity. We actually require that any saddle point considered during the evaluation of a Cauchy
integral throughout the proof is closer to the origin than any singularity of the integrand.

Corollary. Under the assumptions of Theorem 2.1, the limiting variance is

’ !’ 2
f f 592 pf
VarXp,(n) ~m>=|1—= |1+ T = | 1——= )
() g g 599" — (s —1)g"? sf

where the functions f, g and their derivatives are evaluated at the point p solution of the saddle
point equation : zg (z) = sg(z) with s = n/m.

As a consequence, we have a general formula for the variance, for a fixed allocation scheme
described by the function g(z). We give below the variances for some examples we shall consider
in the next subsection.

Corollary. For the classical allocation scheme (g(z) = e*),

~mf(s)e”? — f(s)e™? s —fl(s) 2
VarX,,(n) f(s) 1—f(s) 1+ <1 f(s))

For the allocation scheme on bounded wrns (g(z) = (1 + 2)°), and taking p = s/(6 — s),

’

_ 2
VarX,(n) ~mf(p) (172)6 lif(p)(lig)é 1+(55—$S <1%>

For the classical allocation scheme with colored balls (g(z) = e2%),

’ 2
VarX(n) ~mf(s/2)e™ | 1= f(s/2)e™ 1+<1éff((//22))>

For the allocation scheme on bounded urns and colored balls (9(z) = (1 +22)?), and taking p =
5/2(5 - 5)7

’

2
vkt (1=3) (110 (=)' [+ 525 (- 72805

—s)f

2.3. Further examples. We present in this part applications of our theorem to some problems
relative to the number of urns satisfying some condition of the kind specified number of balls or
specified balance. For each of them, we shall give the basic generating functions g(z) and f(z),
the multivariate functions ®4 (with an emphasis on ®; and ®2, which determine the moments,
hence the limiting Gaussian process), and either the exact formulae or the asymptotic expressions
for the mean value, variance and covariance. Asymptotics for the mean value and variance are for
n/m — 6; for the covariance the number of balls up to the (normalized) time 6; is ny such that
ny/m — 6 and the number of balls between the times 61 and 05 is ny such that (n; +nz)/m — 65.
Some of the results presented below can be found in the literature, others, to the best of our
knowledge, are new.
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2.3.1. Variations on the number of empty urns. In the classical case, the balls are undistinguish-
able, g(z) = e*, the valuation Y (U) is equal to the number of balls in the urn, the set & is {0},
and f(z) = 1. A variation of this model occurs when studying some database parameter : the size
of a projection in a relation without functional dependency [6]. Roughly speaking, the parameter
of interest is the number of non-empty urns, when the balls are distinguishable and the urns have
a bounded size §. Such an urn can be seen as a sequence of § distinguishable cells, each of which
can receive at most one ball; allocating n balls into an urn is equivalent to choosing the n cells
that receive a ball : g, = (i) and g(z) = (1 + 2)°.

This leads us to consider the number of empty urns in a general case, when the allocation of
balls into an urn is described by an ordinary or exponential function g(z); this covers the classical
case of empty urns (g(z) exponential and equal to e*) and the case of projections (g(z) ordinary
and equal to (1 + 2)°). The set € is the same, and f(z) = 1. The generating function describing
empty urns is

Oy (z;2) = (9(2) +x—1)™.
The generating function for the bi-dimensional distribution is
Do (21,223 21, 22) = ((9(21) — D)g(22) + 21(9(22) — 1) + z122)"™" .

The multivariate generating function associated to the finite-dimensional distribution is an exten-
sion of the function for the classical case :

Ga(T1, ..o Tdy 21, 1 2d) = Z z1...25 Gz, ..., 24); (2.9)
0<5<d
Gzt vza) = (9(zj41) — 1) g(2j42) -~ g(2a)- (2.10)

Let us define v(i,n) = [2"]{g(z)™~"}. When the parameter n is proportional to m, we can get an
asymptotic development of the coefficients v(i,n) for fixed ¢ € {0, 1,2} [4]. The mean value is

1(Ln) - m
EX n)=m ~ s
EETOR M
with p defined by the saddle point equation zg (z)/g(z) = 6. The variance is
12m) | y(1n) ( 7<17n>>2
VarX,,(N) = m(m-—1 +m —|m
W)= = D30 0 M)

and the covariance at (normalized) times 61 and 65 is

_ 7(2,m1) v(Lna)  y(1,n1) (1,01 + o)
Cov[X(n1),X(n1+mn2)] = m? (7(0,711) v(0,n2)  7(0,m1) v(0, ny +n2)>
m (7(17711) 7(2,n1)> ~(1,n2)

'7(0777’1) - 7(07n1) ’V(OanQ)'

Applying this to g(z) = (1+2)%, we find again (cf. [6, 8]) that the projection size converges weakly
to a non-Markovian process with mean value and variance

EXn(n) = m(l—%) ~m [1_ (1_§5>1 ;
e - [ .

< (18 o) )]
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Its covariance is

, () < <<’”n”5)>
Cov [Xp(ny), Xm(ny+n9)]=m 1T 2 1-— L
Al Xons + 1)} =172 ()
(Do) (o) (O 29)
() ( oy () )

S ) T )

2.3.2. Number of urns when the number of balls satisfies some condition. We begin by studying the
number of urns with exactly r balls (see [11] for a different presentation of some of these results);
of course this includes the number of empty urns. Here again, the balls are undistinguishable, with
g(z) = €*, and Y (U) is the number of balls in the urn. The set £ is {r}, and f(z) = 2" /rl.

By (2;2) = <ez +(z— 1)£>m.

r!

The mean value is

n\ (m—1)"" o, 2r —0)0 —r(r —1)
) (1+ >

The variance is

VarX,(n) = m(m—l)(”) w+(n>w
() iy’
)

Define h(z1,22) := Y < por (25 /K!) (257% /(r — k)!): This function enumerates the allocations that
put strictly less than r balls into an urn at the time ¢;, and exactly = balls at the time to. Then

Oy (21,2521, 22) =
2]

T r\ m
z z
((621 _ ﬁ) e?? — h(Zl7Z2) + l‘lr—l'(eZZ — 1) + a;‘Qh(Zl,Zg) + x1x2r_ll> .

For any urn, the condition Y (U) = r is not satisfied at the beginning, and may never hold; if
at some point it is satisfied, after some time it will cease to hold. The functions describing the
finite-dimensional distributions are

d
¢d = €Z1+mzd + Z (i(zl, ce Zi) (xiud,i(zprl, oo 3 Rdy g4y - - ,Cll‘d) — €Zi+1+m+zd) s
i=1

where (; is defined by
Lo ()

I
_ s S M » W
Cl Z 'lz' (T—ll—"'li)!,

Iy!
Ii4+li<r
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and where v, describes the allocation of d batches into a single urn, and is the function we met
while studying empty urns : v4 is the function ¢4 of Equation (2.2). The covariance is [11, p. 181]

Cov[X(n1), X (n1 +n2)] =
ni 1\™ /1\"

m(r><1m> <m>

R e e el

7!

When r = 0, we get back the expression for empty urns. For r # 0, the covariance cannot be
factored w.r.t. 8, and 65, and the limiting process is not Markovian.

We can extend these results when the allocation of balls into a single urn is described by a
function g(z) = Y, g;z". The function f(z) is now g,2", and

Dy (2;2) = (9(2) + (@ — Dgpz")" .

The mean value is .
" g()™ " 9 p(0)

[2"]g(2)™ 9(p(0))

EXp(n) = mg,
p
with p(f) defined, as usual, by the saddle-point equation : zg'(z)/g(z) = 6. The variance is
2" '

N s 169 e B £ 1769 i
VarKm(m) = mbm =16 —mgym M g
e (g
g’“( ="]g(z)™ )

The function enumerating the allocations that put strictly less than 7 balls into an urn at the time
t1, and a total of exactly r balls at the time to, is h(z1, 22) := 20§k<r gk Gr—k 2% zg_k. Then

Qo(w1, w25 21, 22) =
((g(21) = gr21) g(z2) = h(z1, 22) + 219721 (9(22) — 1) + 22h(21, 22) + T122972]) " -
The functions describing the finite-dimensional distributions are ®4 = ¢/*, with

¢a = g(z1)--g(za)
d
+ 3 G z) @avasi(zi, o 203 Tarn, %) = 9(zirn) - 9(2a))
i=1

where v, is again the function ¢4 associated with empty urns, and is defined here by the equa-
tion (2.9), and where the (; are such that

. — (et
Git1 = Z A 2 Gty
Iy li<r
The covariance can be expressed as a function of the coefficients (i, n) := [z"]g(z)™ % :
7(1,n2) (7(1%1 ) v(2,n1 — 7"))
Cov(X,(n1), Xpm(n1 +n = mg, . +(m-1)——=
Comli): Kt m2)) =m0y 5@y Y 50w

_m2927(17n1 +n2 —T’) ’7(17/”1 —7")
" (0n+n2)  A(0ng)
For example, if we consider bounded urns, we get

s~ m(0)(5%) (1) |
v~ () () (-4 - ) () (-2 (- 462)]
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As regards the asymptotic covariance, we can compute its asymptotic value for a given r.
If we consider now the number of urns with at most r balls, in the classical case g(z) = e?, the
set £ is [0...r] and f(z) = er(2), with e;(2) = Y ;< 2" /il

D1 (z;2) = (" — er(2) + we ()" .

The average number of urns with at most r balls is

r

EX,(n) = m%[z"]{er(z) em=1z1 — mz (?) (1—=1/m)" " m~% ~ me,(0)e?.

i=0
The variance can be obtained explicitely; its asymptotic value is

VarXm,(n) ~me™? (er(6) — e [e2(6) + 92T+1/r!2]) .

T

The generating function marking the urns that have at most r balls, after throwing the balls in
two batches, is @9 = ¢4, with
Ga(w1, 225 21, 22) =
# 4
[e*t —er(z1)] € + 21 |en(21) €2 — Z F er—i(z2) | + 122 Z E er—i(22).

0<i<r 0<i<r

The finite-dimensional distribution is described by the function
-1
d)d = €Zl+m+zl + Zl'l <Ly (ezj“Cj - <j+1) sz+2+m+zd +x1...24 Cla
j=1

where the functions (; are defined, for j > 1, as

i1 j

) N 21 “j
CJ(Zl,...,Z])— FF
inteetig<r E i

The covariance is

Cov  [Xpn(m1), Xpm(na +m2)l =m Y (nl Jkrnz) (1 B ;)nﬁnzk <7}1>k

0<k<r

ny—p na—j p+J
-y 3 GO0 (-5 G)
. . P ¥ 2 m m m
0<i<itj<rii<p<i+r
nl—i [ n1+n2—k k
—m? my (L 1 motng) (1 1
20w G)ECR G
0<i<r 0<k<

~ met (emz) e (erwn r(02) + "T“%)) |

r!

In the general case, where the function describing the allocation of balls into an urn is no longer e?,
but any function g(z) =), ¢;2" with suitable coefficients, we can get a similar expression for the
functions ¢q. We shall use the functions h,(2) := >, giz" and k(z1, 22) == 3, i o 9i21 hr—i(22);
then B
Ci(z32) = (9(2) + (@ — Dhe(2))";
Po(w1,22521,22) = (9(21)9(22) + (z1 — Dhp(21)g(22) + w1 (22 — k(21 22))™

The mean value is asymptotically
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with p defined, as usual, by the equation zg’ (2)/g9(z) = 6. Now the multivariate functions are given
by

da = g(z1)--g(za) +
d—1
s (9208 = Gr) 9(z542) -+ g(2a) + 21 a G
j=1
with ¢G = Z Giy - Gi; PH z;’

i1t i <

2.3.3. Urns with colored balls. Here the balls can have two colors, let’s say red and blue, and the
state of an urn is defined by its balance, i.e. by the difference number of blue balls minus number
of red balls, which is a relative integer : the valuation Y (U) is the balance of the urn. We begin
with the number of balanced urns. We have undistinguishable balls : g(z) = e2?*; the condition
to be satisfied is : Fither the urn is empty, or the numbers of blue and red balls are equal, which
corresponds to a set & = {0}, and the function describing the allocations leading to a balanced
urn is a Bessel coefficient : f(z) = Ip(2z) = Y, 5, 2°"/(n!)?. We have
D1 (7;2) = (2 + (v — 1)Ip(22))™" .

The average number of balanced urns is

ere - (1) (o 2) (&)

The exact variance has a complicated expression, and is given in [3]; its asymptotic value is
VarXm,(n) ~me™? (Io(0) — e ?13(0) — 0 [Io(0) — 1,(0)]?) .
The generating function marking the urns that are balanced at two different times is ®o = ¢3°,
with
¢2($1, T2;5 21, 2’2) = 62Z1+2z2 — 10(221)62Z2 - I0(2(2’1 + ZQ)) + 10(221)10(222)

H2110(221)[€?*2 — Iy(222))
+x2[lo(2(21 + 22)) — Io(221) Io(222))]
+$1$2]0(22’1) 10(222).

The asymptotic covariance is

me”%[Io(61)Io(62 — 61) — e~ " [01(Io(61) — 11(61)) (To(82) — 11(62)) + To(61) 1o (62)]].
When we throw the balls in d batches, we obtain for each [ < d
Ki(z1,2) = I, (221)...14,(221), (2.11)
q1s---5q1

where the summation is on ¢y, ..., q; such that ¢1 #0, g1 +¢2 #0, ..., 1 + ... + @i—1 # 0 (the urn is
not balanced at 61, ...,6;_1), but g1 + ... + ¢, = 0 (the urn is balanced at the time 6;). This formula
extends to | = d+ 1, but here the summation is on ¢, ..., gg+1 such that g1 #0, g1 +q2 # 0, ..., and
q1+...+qqy1 # 0. For a given [, it is possible to simplify further the functions K, using a property
of the Bessel coefficients (the summation is for relative integers ¢; such that ¢; + ... + ¢ =n) :

L+t z)= Y Ip(z1).dqy(2).
q1,---,q1

Such a transformation was already applied to obtain the expression of ®5 given above; for d = 3
for example we obtain

Kg(Zl, 22, 2’3) = 10(221 + 222 + 22’3) — I()(221 + 22’2)[0(23)
—10(221)10(222 + 223)) + Lo(221)10(222) 1o (223).
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We can extend the preceding results to a general allocation scheme described by a function g(z).
We shall use the functions (, enumerating the allocations into an urn that lead to a balance ¢ in

this urn :
Gly) = [y (y (z + i)) => (q 22]9) a2y TP

p

For ¢ = 0 we obtain (y(y) = Zp (if’)ggpy%, and
D1 (x52) = (9(22) + (z — 1)Go(2))™ -

The average number of balanced urns is
n 2 m—1
[27]g(22)™
with p defined by the equation 2zg'(22)/g(2z) = . When we throw the balls in d batches, the only

difference with the classical case is in the definition of the functions K;, which will not simplify as
much as when dealing with Bessel coefficients. The equations defining these functions are

Ki(z1,0m) = Y Cu(21)aCq(z)  (1<I<d+1)
q1

q1s---s

mdo(p)/9(2p),

where the summations are the same as the ones for the equation (2.11).

Consider now the number of urns with balance gq. We begin with the classical case :
g(z) = e*. The set £ is {q}, and the function describing this is f(z) = I4(2z), with I,(2) =
Zn:n+q20(z/2)2"+q/n!(n + ¢)! a Bessel coefficient :

Dy (z52) = (¥ + (z — l)Iq(Qz))m.

The average number of urns with balance q is

n 1 n—2p—q 1 2p+q o
EX,.(n) :m§ (p,p+q> (1 E) (%) ~mlg(0)e™?,

and its asymptotic variance is
1
VarX,(n) ~me™° (Iq(o) —e '12(0) — 1 e (1,-1(0) — 21,(0) + Iq+1(0))2> .

What about the multivariate function ¢4 associated to d batches? For d = 2, we have
bo(1, 29521, 20) = €T (I (221 + 229) — [,(221)(e**2 — I5(222))]
+$1Iq(221)(€222 — I()(QZQ))
+I2[Iq(22’1 + 222) — 14(221)I0(222)]
—|—.’131.Z‘21q(22:1)]0(222).
The asymptotic covariance is
me” % (1y(01)1o(02 — 01) — e~ Fy(61,02)),
with
Fy(61,02) = 01(15(61) — 1g4+1(01))(L(02)(1 — q/602) — Ig41(62))
—qI4(01)(I4(02) — Ig11(02)) + 14 (01)14(02) (1 + ¢° /62).
For general d, the multivariate functions are defined from

Ki(z1, o z) = Y 1,(221)...14,(221),

q1,---,41

where the summation for 1 <! < disonq,...,q such that ¢1 #p, g1+q2 #p, ..., 1 +...+q—-1 # P
but g1 + ... + ¢ = p; for | = d+ 1 the summation is on ¢y, ..., gg+1 such that ¢1 # p, ¢1 + g2 # p,
ey and g1 + ... + ga+1 # p. Of course, for ¢ = 0 all the results of this part are simply those relative
to the number of balanced urns.
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When considering urns with balance ¢ in the general case, we obtain results similar to the
previous ones, deduced from them by substituting g(z) for e*, and general (, for the I;. We have
to take care not to use any expression of the kind Ip,(z1 + 22 + ...), which is usually obtained
from a summation on products of some functions I,, by taking advantage of properties of Bessel
coefficients, but otherwise the results translate nicely.

We finally turn to the number of urns with (strictly) positive balance. In the classical case, we
have g(z) = €*, and the set £ becomes & = N. The function enumerating the states satisfying € is

z) = Z I,(22).
q>0
We have that
Dy (zy2) = (e + (x — 1) f(2))".
The average number of urns with positive balance is

SN L [0 1c.2 ) T T

To simplify the asymptotic variance, we use the relation I(;(t) = (1/2)(I4=1(t) + I4+1(t)), which
gives [ (2) = 2f(2) + Io(22) — I1(22); we get
VarX,(n) ~me™? (£(0/2) — e ?f2(0/2) — 0e=?[f(0/2) + Io(6) — I (0)]?) .
The function marking the urns that have a positive balance at two different times is
Py (21,725 21,22) =
(€272 4 (21 — 1) f(21)e* + (z2 — 1) f(21 + 22) + (21 — 1) (22 — 1)S (21, 22))™,
with the function S(z1, 22) defined in [3] :
S(er,z2) = > 1, (221) [, (222).
p1>0,p1+p2>0

We can generalize this to the number of urns with balance greater than some bound. We have again
g(z) = e*, and the set £ becomes [p... + oo[. The function enumerating such states is

z) = ZLI(2Z)'

q>p
We have that
Dy (zy2) = (e + (- 1) f(2))".

The average number of urns with balance greater than p is

ey, -
om0 = o gy f0/2) = me™ 3 14(0)

We have that f'(2) = 2f(2) + I,_1(22) — I,(22); we get

VarXp(n) ~me™ (£(0/2) — e f2(0/2) — 0™ [£(0/2) + I,-1(0) — 1,(0)]) .

We turn now to the functions describing what happens in a single urn when we allocate the balls
in d batches. We have

q>p

Ki(z1,m) = Y g (21)- g, (20),
Q1o
with the summation being on the ¢; such that ¢ <p, ..., 1+ ...+ g1 <pbut g1 +..+q¢ >p
(or ¢1 + ... + q < p for K411). Of course there is the usual possibility of extension to urns of a
different type and a basic enumerating function g(z).
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3. PROOF OF THEOREM 2.1

In order to prove Theorem 2.1 we first have to show that there exists a process with a.s.
continuous sample paths the f.d.d.’s of which are characterized by the limiting f.d.d.’s of Y,,(¢).
Afterwards we have to prove that this process is in fact the limit. As we are working in the space
([0, 00) this can be done via [2, Theorem 12.3]: We only have to show the weak convergence of
the f.d.d.’s and that the sequence Y,,(t) is tight. It follows immediately by [1] that the limiting
distributions of the f.d.d.’s are centered Gaussian distributions with covariance matrices given by
(2.4) and these are exactly the f.d.d.’s of G(¢) by construction.

By [13, Chap. I, Proposition 3.7] the existence of a centered Gaussian process having the
same covariance matrices (and thus f.d.d.’s) as G(t) is guaranteed by the convergence of the
covariance matrices of Y,,(t) to a limit determined by (2.4) which defines a positive semi-definite
function. Thus we only have to show continuity of the sample paths. This can be done by means
of Kolmogorov’s criterion (see [13, Chap. I, Theorem 1.8], or more generally by the Kolmogorov-
Centsov theorem, see [10, Theorem 2.8]):

Theorem 3.1. A real-valued process X for which there exist three constants o, 5, C > 0 such
that

E[|X(t+h) — X(t)|*] < Ch*P,
for every t and h, has a modification with a.s. continuous sample paths. The same holds on the
space C[0,T) with t,t+h <T.
The fact that G(t) satisfies this criterion follows immediately by

Lemma 3.1. We have
E(G(t) - G(t + s))4 =0 (52) ,

uniformly, if t is bounded in a fived interval.
Proof. For Gaussian processes we have
1
E(G(t) — G(t —+ S))4 = g(Btvt — 2Bt,t+s + Bt+s,t+s)2
Hence, it is sufficient to show
Bit+s — Biy = O (s) (3.1)

uniformly for t = O (1). In what follows we will only discuss the difference By 14, — By ¢ with s > 0.
The remaining case can be managed in the same way.

First, let us consider B;;. We use the representation ® = ®¢q(z,7) = g(r) + (x — 1) f(r).
Furthermore, for simplicity use ¢’ = ¢’(r) for the derivative with respect to r and the index-
notation f, for the derivative with respect to x. By definition

grotf  grE 2 g (gre t+ f)?

Bt,t = 2
g g g
» (r_z L Tew @)
r r r

_ f L gtmi2fe 2fgre+ f?

g g 9P
r, and 74, (evaluate at x = 1) can be derived by implicit differentiation:

_ tf —rf
. ra(rg” +tg") +ra(rf" — fHtf —trf")
Trx -

g/ 4 rg” _ tg’
The definition of By ;45 (s > 0) is much more involved. For convenience we will use the following

representation of ®¢ o(x1, 22,71, 7r2) in the sequel: Note that we can split the function into a sum
of four generating functions, the first of them counting the urns which neither at time ¢ nor at time
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t + s satisfy the condition Y (U) € £, the other ones counting the urns satisfying the condition at ¢
but not at ¢t + s, and vice versa, and the urns satisfying the condition at both times, respectively.
Thus ®¢ 2(x1,x2,71,72) can be written in the form

Qe o(x1,2,71,72) = fi(r1,7m2) + 21 fa(r1,72) + 22 f3(11,72) + T1W2 fa(r1,72).
Since ®¢ 2(z1,1,71,72) = Pg 1(x1,71)g(r2) we have

fa(ri,m2) + fa(ri,r2) = f(r1)g(ra).

Furthermore, by construction f5(r1,0) = f3(r1,0) = 0, i.e. the functions f5 and f5 contain a factor
r9. This can be easily seen in the following way: Since x; marks urns such that Y (U) € £ at time ¢
resp. t+s, the function fo (resp. f3) enumerates the allocations into an urn such that the condition
Y (U) € € is satisfied at time ¢ (resp. t + s) and not satisfied at time ¢ + s (resp. ¢). Since this can
only happen if the urn receives at least one ball between ¢ and ¢ + s (and those balls are counted
by r2), fo and f3 must contain a factor 7.

For simplicity we use the notation ¢ = ®¢ o(x1, 22,71 (21, x2), 72(21, x2)) and the index notation
for partial derivatives. By definition

a? ) )
92,057 9e1? 9559

Buse = 575y
¢ (T1)$13?2 _ (Tl)xl (T1)332
1 1 T1
s (T2)1112 . (7‘2)11 (7“2)952
T2 T2 T2 .

Now 71,79 are determined by r1¢,, = to, ro¢., = s¢. Since ®(1,1,71,7r2) = g(r1)g(re) we have
r1g (r) =tg(ry) and rag’(r2) = sg(ra)

which gives r; = r (from above) and r, = O (s).
Differentiation of the first (implicit) equation with respect to x; yields

(r1)2,9'(r1)g(r2) + 719" (r1)g(r2) (1), + 119" (r1)g' (r2)(r2) 2, +71(f2 + fa)ry
=t(g'(r1)g(r2)(r1)z, +9(r1)g (r2)(r2)a, + (fa + fa))

or (by applying r1g'(r1) = tg(r1) and fo + fa = f(r1)g(r2))
(1), (¢'(r1) + 719" (r1) —tg'(r1)) = tf(r1) —rif'(r1).

Hence (r1)z, = r, (from above). Similarly we obtain (r3),, = 0.
In the same way we obtain by differentiation of the first equation with respect to xo

fatfa .. (fstfa)r
b ~ T gt

g'(r1) + 719" (r1) — tg'(r1)

fa—f: (fs—f2)r
t.;(?“z)2 ) '

= e e g ) — 19
(F)ay + O (r2)
(r)ay + O (s).

(Tl)«’vz =

In the same way we get (TZ)zz =0 (5)3 (Tl)xmﬁz =74, + O (5)7 and (T2)r1r2 =0 (5)
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Applying this to the derivatives of ¢ we have

s = g Gy + ()9 02) 12D + (o 1)
= G ()glra)ra + F(P)g(r2) + O (5),
(%2 = g'(r)g(r2)(r1)e, + 9(r1)g' (r2)(r2) 2, + (f3 + fa)
— (r)g(ra) + O (s),
Gt = g2 (1) + 92 ) (1), () (1) (2
g(r)g" (72) (r2)a, (12
+(fs + fa)r (11)ay + (f3 + fa)ro (T2)ay + (fo 4 fa)ry (P1)as + (f2 + fa)ro (72) 2y
fy
= G r)gra)rE £ 2 (r)g(ra)re + F(ra)g(r2) + O (5)
Hence, it follows that By s = Bys + O (s). O

In order to prove tightness let us first show the following
Lemma 3.2. There exist constants C1,Cs > 0 such that
E(Xpn(n) — EXm(n))® < Cin
E(X,n(n) — EX,,(n))* < Con? (3.2)
form — oo and n = O (m).
Proof. 1. Proof of the second inequality. Set

n o o . Cn,i
Cnya i= [2 ]%@5,1(172) and A; = EH(Xm(”) —Jj)= i'
=0 "

The fourth moment occurring in (3.2) can now be expressed by
E(X,,(n) — EX,,(n))* = Ay — 441 A3 + 64245 — 3AT + 645 — 1241 Ay + 6A3 + TAy — 4A% + A,
(3.3)
Hence we have to compute ¢, 4.
(a) Computation of cpo. Let us start with ¢, 0 = [2"]g(2)™. Note that due to the fact

that we allow an urn to be empty or to contain one ball we have g(0) = go # 0 and
g'(0) = g1 # 0. Define x;(z) by

2g'(2) ¢ (292 g?) 2 3
k1(2) = =Zz4+—=-%)2z24+0(z
1(2) 9(2) 9o g 92 (=)

and

rjr1(z) == zri(2), j>1.

Observe that k;j(z) = O (z) for z — 0 and by Taylor’s theorem we have for real z and
for any fixed k > 1 and zg > 0

g(2e) = g(z)exp | Y (@)

J!

K;(2) + O (|0F11]2) (3.4)

Jj=1

uniformly for 0 < z < zp and 6 € [—0g, §y] where 6y > 0 sufficiently small. Furthermore,
in presence of the fact that there exist no r,d such that g, # 0 if and only if g, = r
mod d we have

l9(ze")] < g(z)e= (3.5)
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for some positive constant c¢. In order to extract the desired coefficient we will use
Cauchy’s integral formula and the saddle point method. Let ¢ denote the inverse function
of k1. Then we have

2 2
u(t) = L + (90 - g%”)t2+0(t3)-
g1 g1 91

The saddle point of g(z)™z~" is given by

() -2 +0(3)

By applying the saddle point method and using (3.4) and (3.5) we obtain

" m 1 m az
[2"]g(2) :% 9(2) ot
|z|=p
= 1 + + g(peie)efine de
277/)”

0]<(mp)=1/2+  (mp)~1/2He<|0]<0y  0o<|6|<m

g9(p)™ 6? E
= 2o / exp (—?mﬁg(p) — ng/ﬁg(p) +0 (94mp) a0
101< (mp)—1/2+¢

e—(ml))zscl e—mp@%c
+O 9" = | + O | 9(p)" ——— (3.6)

where ¢; > 0 is a suitable constant. Note that

i) =i (22 5 (e (55)) = ()

where 7;(t) are analytic functions with %;(0) = 1. Hence

[2™g(z)™ = 92(53):1|9< /I/HE exp (—92—21%2 (%)) (1 - ii—?nkg (%) +0 (94n)) de

- g([fzm ( 27rn/%12(n/m) o <n3/2)> .

Using more terms we directly obtain an asymptotic series expansion of the form

Mg(pym ~ Iln/m))™ AN
g ~ Z (=)=

where a;(t) are analytic functions that can be determined explicitly, especially ao(t) =
) (t)_1/2.

(b) Computation of ¢y o for o > 0. Now let us investigate how the situation changes for
Cn,o With a > 0. For technical convenience let us assume that f(z) contains a factor z.
So the g.f. under consideration has the form

De1(2,2) = (g9(2) + (x — Dz f(2))™

Note that this is no restriction for the present purpose: If we have an urn model where
f(2) does not meet this constraint, then let us use the process X,,, = m — X,, instead.
Since this does not change the fourth moment (3.3), the assumption is justified. We have

Cno=[2"IMm(m—1)---(m—a+1)2*K(2)%g(z)™
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where K (z) = f(2)/g(z). As above we get

0 (:6+)

k
K (zew) z) exp Z

j=1 ‘7'

uniformly for 0 < z < zg and |0| < 0y, where

Ao =z——=, XNti(z) = 2X)(2).

Furthermore, note that |f(ze?)| < f(z) because of the positivity of the coefficients
of f(z). This in conjunction with (3.4) guarantees that the estimates for the remainder
integral in (3.6) still hold in this case. Therefore, applying again the saddle point method
gives

m(m —1)---(m—a+1)p%g(p)" K(p)*
2mpn

N Zk: (i6)7
j=1

(2" m(m = 1) - (m — a + 1)z K (2)g()" =

92 b
X / exp ——mnz +Z
[0]<(mp)=1/2+e

|
=

+0 (mp9k+1)> do

m(m —1)---(m _2:,0—: Dp%g(p)™ K (p)* / exp (—92—2n/12 (%)

0] <(mp)—t/2+e

N (2)+ 0 (ne"1) ) do

’I?,
m

3 () w3

Using the substitution § = u/+/nka(n/m) yields

[2"m(m — 1) (m —a+1)p*K(2)g(2)™
~om(m—1)--- (m—a+ 1pg(p)™*f(p)

B 2wpny/nka(n/m)

k . -
X / exp ( % + 2 ]! nl—i/2g ,(n/m),—@(n/m)fj/z
|ul<(mp)=\/(nfm) Rz (n/m)/p =

7n1 Jl2 _ ] uw \*H
+O‘Z Aj(n/m)Ra(n/m)~7/2 + O (n (%> ) do.

Set
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We have
" (i) 1-3/2. R (iu)d i/

exp ZTn J mj(n/m)—i-az am Aj(n/m)
= I = J!

i yianam)  doln/m) - (ofm) + adi(nfm)® - (ofm)? 5 i (M
m  \/n 2n 6 vn
N a(n/m)rs(n/m) + 3a2(n/m)2 A (n/m)Xa(n/m) + a3(n/m)35\1(n/m)3> W
Vn3

The odd powers of v do not contribute to the integral. Hence, using

° 2k)!
/ vk /2 gy = (2kk)' V2

— 00

and setting

Vie) = éﬁz)mﬂf/m
gives
eno =v0) (14 2 (Bl _ 5@(;{@2) +0(5))
and

Fa(n/m) 5k3z(n/m)?  «

+ 5 o (Ra(n/m) X (n/m)

ena =V(@m: - (m—a+1)p"Vom <1 = % (

8 24 2
= atofm) = 5 (2) ntwsmp) +0 ()
and thus
Ao =K(p)m -+ (m — o+ 1)p° (1 e (§<~3x1 )+ a;%x%) ‘o (ni))

Now inserting this into (3.3) and keeping in mind that p = p(n/m) = O (n/m) and
n = O (m) shows that E(X,,(n) — EX,,(n))* = O (n?) as desired.
2. Proof of the first inequality. Using the above ideas this is now an easy exercise.

O
Proposition 3.1. The sequence Yy, (t) is tight.
Proof. Due to [2, Theorem 12.3] it suffices to show
_ _ _ 4 2
E(Xm(nl + n2) — X (n1) E2(Xm(n1 +n2) — Xin(n1))) <C (E) (3.7)
m m

where C is a positive constant. In order to treat the difference Z,,(n1,n2) = X, (n1+n2)— X, (nq)
we use the generating function that enumerates the urns whose state has changed. In the general
model this function has the shape

O(z,21,22) = (g(Zl)g(ZQ) + (z — 1) fa(z1, 22) + (% - 1) f3(21,22)>m.

Note that fo and f3 contain a factor ze (which proves to be important in the sequel), since a
state change occurs if and only if the urn receives at least one ball during the time period under
consideration. For simplicity, let us assume that f3 = 0. Then the generating function can be
expressed in the form

O(z,21,22) = (9(21)9(22) + (¥ — 1)22 f (21, 22))"

with an analytic function f(z1, z2).
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Set
e i—1 c )
. ny ,n .\ Pminag,
Crins,o = 211252 ] =—®(1,21,22) and A;:=E m(ni,ng) —j) = ——2—.
a [
T J 0 cn1n2,0

In analogy to (3.3) the fourth moment occurring in (3.7) can be expressed by

EZm(nl, n2)4 = A4 - 4A1A3 + GA%AQ - 314411 + 6A3 - 12A1A2 + GA? + 7A2 - 414% + A]_
(3.8)

Hence we have to compute ¢p,n,,o- Let us start with ¢, p,,0. This is rather easy since it factorizes
nicely:

Cnyns,0 =[21" 257]9(21) " g(22)™ = [27"]g(21) ™ [257]g(22)™

o (1 n nil (5/%3(722/771) B %4(7181/7”)) n n% (5ﬁg(gj/m) B ’%4(”82/7”))

ORIO)

Now we investigate what happens if a > 0 where we do not have such a factorization as for
Cning,0- We have

Cransia = [217 25° Im(m — 1) -+ (m — a + 1) 25 K (21, 22) " g(21) " g (22)™
where K (21, 22) = M With (3.4) and

g(z1)g

. . 0:)71(20-5)7
K (2161017226192) = K(z1, 22) exp Z M)\jm(m, 2) + 0O (Zl|91f+1|) +0 (22|0§+1|)

J1+j2>0 Jitje!
where
B%IK(zl,zQ) BLZZK(251722)
Ao = Zlm 01 = sz
VR Ajy a1l = Za=—Ajus
J1t+1,52 1321 J1J2 J1,J2+1 2321 J1j2
we have

g(p1)™g(p2)" K (p1, p2)”
ny no

[Z?IZ;LQ]m(m _ 1) .. (m —a+ 1) (ZQK(Zl, z2))0‘ g(21)mg(22)m _ 27rp1 P

)

63
xm(m—1)---(m—a+1 pz//exp ——1mf€2(P1)——m52 (p2 +Z

k(g )
191 )Jl (292)]2

+ + aify + o EEErer—
Z J! ) ? Z Jilga!

Jj= Jity22>1

+ O (mp1|07T]) + O (mpo| 05! )) d6, dbs

N1 j» (P15 P2)

_ 9(01)m9(P2)mK(P1,P2)am(m —1)-(

ny n2 - +1 2
2Py m-at
1 _ ny 0% _ Up) k 201 j 1 k (202)9 — U»)
o (s (2 s (225 (22 3, (2)
) (i01)71 (i02)72 nyng < ny n
+aify + o Z 1].1!].2!2 ;122 Aj1ja (El rri) +0 (mp1|9k+1|) +0 (ml)2|9k+1|) dby df

Jitj2>1
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where as above &;(2) = k;(u(2))/2z, p1 = w(ni/m), p2 = p(ne/m),

3 Ajuga (1(21), p(22))
>‘j1j2(21a22) = 2 2179 )

and the integration domain B is given by
B ={(61,02)]161] < (mp1)~"/**< and 65| < (mps) />3
Substituting 1 = u1/\/n1k2(n1/m), s = us/+\/naka(ne/m) yields
[ 25 m(m — 1) -+ (m — a + 1) (22K (21, 22))" g(21) " g(22)™
9(p1)"g(p2)" K (p1, p2)* m(m —1)---(m — a4+ 1)py

27Tp?1 p7212 \/’FLNIQRQ (nl/m)kg (ng/m)
2 2 k . ; k
uy Uy (iuy)’ 1-i/2, nl=9/2 N9
x//exp _7_?—'—2—]‘! ny ( ) J(E)
B 7j=3 Jj=3
iUQ 1 nin9 ny no iul ny ng
(L1 ) (e
@ Nno (52 (ng/m) m2 O\ m ) @ n17'10 m’ m

]1 . .
Wl ZU2 1—j1/2 1—j2/2 ny n2
ta E T nl n no ! Tj1j2
Jilje! m’ m

k+1 s k+1
+0|m do, do

Rj(x) = Rj(2)Ra(z) 772,
Tjaga (:9) = Njujo (2, y)Ra (@) 771 2R (y) 72/2,
Expanding the exp-term into a series, evaluating the integral, and setting
9(p1)"g(p2) " K (p1, p2)*m(m —1)---(m — a+ 1)py

J1,J2=1

+0 (m

Y

where

Via) =
(@) V2mp py? \/mnatka(pr)Ra(ng /m)
gives
e =V (@) (1 B nil (Fm(n;/m) B 5%3(;2/771) N akg(nl/m)ﬁg(nl/m,ng/m)
_a27170(n1/m,n2/m)2 1 Ra(ng/m) 3 5k3(ng/m) akg(ny/m) B a?

0(m)+o ()
nt n3
Note that pa = p(na/m) = na/m(1l + O (na/m)). Hence let L := K(p1, p2)mp(na/m)/ny and we

get

Ay =(Lng)” (1 + %(ng(nl/m)nﬁo(nl/m,ng/m) — aty o(ny/m,ng/m)?)

s ( Kii?ni% - @(ni/m)) “9( 11> o (né)) |

Inserting this into (3.8) shows that the terms containing nj3 or n3/n; cancel and thus by assuming
ny = O (ny1) we get (3.7). In the case where no = O (n;) does not hold let us assume ng > ng.
Then set X¢, (n) := X,,(n) — EX,,(n) and use the crude estimate

EZ,.(n1,n9)* <EXS (01 + n2)* + 6EXE (n1 + n2)*EXE (n1)? + EXE, (nh)*

in conjunction with Lemma 3.2.
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In the general case (i.e. where f3 # 0) the formulae are much more involved. In fact we have
Crina,t =mg(21)™  g(22)™ (fa(21, 22) — fa(21, 22))
Cnyng,2 =m(m = 1)g(21)" " 2g(22)" 2 (fa(21, 22) = fa(21, 22))% + 2mg (1) g(22)™ " f3(21, 22)
Cnyna,s =m(m — 1)(m — 2)g(21)"2g(22)™ > (fa(z1, 22) — f3(21,22))°
+6m(m —1)g(21)"2g(22)" 2 fa(21, 22) (f2(21, 22) = fa(21, 22))
— 6mg(z1)" g(z2)" " fa(21, 22)
Cryng,a =m(m — 1)(m —2)(m = 3)g(z1)™*g(22)"* (fa(21, 22) — f3(21,22))*
+ 12m(m — 1)(m — 2)g(21)" " g(22)™ > fs (21, 22) (fa(21, 22) — fs(21, 22))?
+12m(m —1)g(21)" "2 g(22)" 2 (f3(21, 22) = 2f3(21, 22) (f2(21, 22) = fa(21, 22)))
+ 24mg(z1)™ tg(20) ™ f3(21, 22)

These formulae can be treated in the same way as above and yield the desired result. O

4. FUTURE PERSPECTIVES

We have shown in this paper that a class of additive valuations on occupancy urn models
leads to limiting Gaussian processes. One of the authors has worked on some database parameters
(join sizes) that can be modelized by urn models [6, 7]. It requires us to use two types of balls,
and to compute a valuation on each urn according to the number of balls of each type that fall
into the urn. The global parameter is obtained by summing the valuations on each urn; it may
be additive, or not (the semijoin size is additive, but the equijoin size is not); even when it is
additive, the results of the present paper do not apply : We have assumed in the present work that
the total number of balls is known, and have studied the number of urns satisfying some condition
(Y(U) € &), whereas the natural assumption for the modelization of join sizes is that the number
of balls of each type is known, and we are interested in the valuation ) .. Y (U). However, it
should be possible to extend our approach to deal with such situations, and possibly to take into
account some types of deletions as well; we hope to present both in a future paper.
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