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Abstract We show that in any Piatetski-Shapiro sequence (|n€]), with ¢ in
(1, +00)\N, there exist long subsequences of consecutive elements no pair of which
are coprime, whereas for any ¢ in (1, 2), there exist infinitely many » such that all the
elements in {|n¢], [(n+ 1)€],..., | (n+ H)°]} are pairwise coprime for H almost
as large as min(c — 1,1 — ¢/2) logn.
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1 Introduction

We pursue the study of the arithmetical properties of Piatetski-Shapiro sequences of
integers, i.e. sequences (| n€]),, where c¢ is a non integer real number larger than one
(see[1,2,3,4,5,6,9,10, 11, 12, 13, 14, 15, 16]). The arithmetical property we are
looking at here is the coprimality of consecutive elements. The two extreme cases
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we are looking at are, first, whether no pair of elements (| (n + k)], [ (n + k)€ ]),
with 0 < h < k < H, are coprime for some n and H as large as possible, or whether
all such pairs are coprime.

In [4], expanded in [5], with L. Spiegelhofer and A. Shubin we studied the
occurence of blocks of consecutive elements in the sequence of the residues of | n€ |
modulo an integer m. Here, we build on our previous approach to show that there
are very long sets of consecutive values of n such that the respective values of | n|
are even: such even numbers are obviously not coprime. More precisely, we have

Theorem 1.1 Let ¢ € (1, 0)\N. There exist a positive k and infinitely many integers
n such that for any integer h in [0, n*], the numbers | (n + h)€ ] are even.

On the other hand, we expect that for any ¢ in (1, c0)\N, there are arbitrarily
long chains of consecutive elements in the Piatetski-Shapiro sequence (| n€]), the
elements of which are pairwise coprime. However, here the classical harmonic
analysis approach to the question does not seem powerful enough. But, when c is in
(1,2), an ad hoc combinatorial approach permits to prove the following

Theorem 1.2 Let ¢ be in (1,2) and 0 < @ < min(c — 1,1 — ¢/2). There exist
infinitely many n such that, for any integer H < alogn, all the elements in the
sequence {|n¢], [(n+1)¢],..., [ (n+ H)°]} are pairwise coprime.

2 Proof of Theorem 1.1

2.1 A little lemma

Lemma 1.1 Let x,u and v be real numbers with 0 < u < v < 1 and q and a be
integers with 0 < a < q. The two following properties are equivalent

{x} € [u,v] and |x] =amodgqg (D
and
{f}e a+u’a+v )
q q q

Proof The first part of (1) is equivalent to

1 1
e [—LxJ R
q q q 4 q
and thus (1) is equivalent to

a+u a+v

K+ K+
q

JKeZ:Xe
q

which is equivalent to (2). m]
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2.2 Reduction of Theorem 1.1

By Taylor expansion, we have

Lc]
(n+h)° = Z ht ({(j)nc_’J + {(j)nc_’}) +hle U (n 4 on)led-1, 3)
=0

for some 6 in (0, 1) which depends on c, n, h. We used the binomial notation (;) for
¢ areal number and ¢ a non-negative integer, namely (;) =c(c=1)---(c—t+1)/t.
Let us assume that we can find a positive T such that for infinitely many n we have

Vi e [0, [c]] NZ: Hj)n_’

is even and {(j)nc_’} <n77. 4)

If we take k < min(7/|c], (1 ={c})/|Lc+1]), then, when n is large enough, (n+ h)°¢
is the sum of an even integer and a positive real number less than 1 for any & < n*;
thus | (n + h)€] is an even integer for 1 < n* which is precisely the statement of
Theorem 1.1. Hence, we just have to show that (4) holds.

2.3 Proof of Theorem 1.1

We shall use the multidimensional version of the Erdds and Turdn inequality, as
given in [7] (Theorem 1.21, page 15).

Proposition 1.1 Let X = (xy, x2,...,xnN) be a finite sequence of elements of R® and
let DN (X) denote its discrepancy defined by

ﬁ S S
0zai<] % {n e [LN]: (fxl} {3} € E[[a,-,b,-)} - L_][(b" ~a)|.
I1<i<s

For any positive integer K we have

N

%Ze(k-xn)

n=1

, ®)

Dy (X) < (3)S 2 1

2 K+1

0<|lkllo<K r(k)

where e(e) = exp(2nie), u - v denote the usual scalar product of two elements u and
vinR® and r(k) = [1}_, max{1, |k;|} for k = (ki,ka, ..., ky) € Z°.

In order to apply Proposition 1.1 we need upper bounds for trigonometric sums.

Proposition 1.2 Let ¢ > 1 be a real number which is not an integer. There exist posi-
tive real numbers C, a, n) such that for any non-zero (| c]+1)-tuple (ko, k1, ..., k|¢])
of integers in [-N", N'1] one has
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Lc]
e (Z (j)k,nc—f/z
n<N =0

Proof This is a straightforward application of the results stated and proved in Chapter
2 of [8], entitled The simplest van der Corput estimates. We just give a hint of the
proof, not mentioning that the different cases we consider separately according to
the order of growth of the argument of the exponentiel in (6) can indeed be made
uniform to lead to Proposition 1.2.

In the case when (ko, k1, ..., k|¢]-2) is non-zero, Proposition 1.2 follows from
Theorem 2.8 of [8]. Assume now that (ko, k1, ..., k|c]-2) is zero; if k|.|—; is non
zero, Proposition 1.2 follows from Theorem 2.2 of [8] and when k| |_; = 0, then k|
is non zero by assumption and then Proposition 1.2 follows from the Kusmin-Landau
Theorem 2.1 of [8]. ]

<CN'"2, (6)

Remark 1.1 The number 2 in (6) may be replaced by any real number in [N~7, N7]
for a sufficiently small real 7.

We now end the proof of Theorem 1.1. We consider the sequence (x,);1<n,<n Of
elements in R, with s = | c¢] + 1 defined by

e\ ¢ c\ .- )\ (e}
(e g

and we apply Proposition 1.1 with K = | N7 ], where 7 satisfies Proposition 1.2. For
7 such that
0 < (le]+ 1)t < min(a,n) @)

we have

|Card {n <N:x,e€ [0, N—T)I_CJH} _ Nl—([cj+1)‘r

<, ﬁ + 1 Nl—a e Nl—min((t,n)+s’ (8)

0<|lkllo<K r(k)

for any € > 0. Thus, there exists an integer n in [1, N] such that

Ve [0,[c]] NZ: {(j)nc-f/z} <N,

Using N™7 < n™7 and applying the considerations of Subsections 2.1 and 2.2, this
last inequality implies Theorem 1.1.

3 Proof of Theorem 1.2

Let ¢ bein (1,2) and @ be in (0, min(c — 1,1 — ¢/2)). We let N be a (large) integer
and
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H = |alog(2N)| and My = ]_[ p. )
p<H

3.1 Reduction

We first show the following propositionosition, which will be used for the proof of
Theorem 1.2.

Proposition 1.3 Let N be a sufficiently large integer, H and 1y be defined in (9). If
nin (N,2N] satisfies

{n} < 1/3, {en"'} < 1/(3H) (10)

M| [en™!] (11)

and

ged([n€], Len']) = 1, (12)
then the elements in the sequence (|n€|, [(n+1)¢],..., | (n+ H)€]) are pairwise

coprime.

Proof In this part, let & and k denote any two distinct integers in [0, H] and n
sufficiently large an integer satisfying the hypotheses of Proposition 1.3.
By Taylor expansion (3), we have, for 1 < ¢ <2

(n+h)€ =n+hen ' + (n+6h)<2
= [nC] +{n Y+ hlen ™ + h{cn "} + B2 (n + Oh)< 2
and thus, by (10) we have for n sufficiently large
L(n+h)] = [n°] +hlcen"]. (13)
Let p be a prime which is at most equal to H: by (11) it divides | cn¢~!] and since
by (12) [n¢] and [cn¢~!] are coprime, it divides | (n + )€ | for no hin [1, H]. Let
p be a prime which divides | (n + 2)¢| and | (n + k)€ ]; as we have just seen, it is

larger than H and it divides | (n+h)¢]| — | (n+k)¢] = (h—k)[cn®~!]; thus it divides
Lenc~1]; thus it divides also [ n€], a contradiction to (12). O

3.2 Proof of Theorem 1.2

Let K| = ¢(c — 1)2°72 and K; = ¢(c — 1). By the mean value theorem, we have for
positive real numbers m and £ < m

Kitm 2 <ce(m+0° " —em™ < Kotm€™2. (14)
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By the prime number theorem (PNT), we have log Il ~ H; since
log(¢N~1/TIg) ~ (¢ = 1) log N — alog(2N) ~ (¢ — 1 — @) log N

the quantity (¢cN¢~!/TIy) tends to infinity as N tends to infinity at least like a (small)
power of N; by the PNT, this implies that when N is large enough, there exists a
prime number g such that

eNV < glly < c(BN/2)¢7 1 =1, (15)

and moreover, it implies that we have ¢ > H. We let m be the smallest integer
satisfying
Lem™"] = qTly

and notice that m is in [N,3N/2].
When N is large enough, we have K;m¢~2 < 1/(20H) and thus there exists £
(indeed less than m?~¢ /4K H) such that

le(m+ €)' =¢lly and {c(m+0)° '} e [SLH%} (16)

From now on, we denote m + £ as ng.
For 0 < k < 10HTIy, we have

(no+ k) = |n§] +{nS} + kleng ™' | + k{en§™'} + O (k*ng™2).
Because of (16), we have
10HT g {cny™"'} > 21y

and so, when N is large enough it is possible to find a k in the prescribed range such
that

Lng] +klen§ ™' | + [{n§} + k{cng™'} + O(k*n§™%) | = 1(mod Iy) (17)
Lng ]+ klen§ ™' ]+ [{n§} + k{en§ ™'} + O(k*n§™2)| # 0(modq)  (18)

{(no+k)} = {{n§} + k{cn§™ '} + O (K*n§™)} < 1/3. 19)
By (14) and (16), we have

{c(no+k)°™'} < 1/(4H) + 10HT g Kon§ ™% < 1/(3H). (20)

Finally, collecting (17), (18), (19) and (20), we can apply Proposition 1.3 with
n = ng + k, thus ending the proof of Theorem 1.2.
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