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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

0
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

01
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

0110
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

01101001

Michael Drmota Generalized Thue-Morse sequences



% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

0110100110010110
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

01101001100101101001011001101001
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

011010011001011010010110011010011001011001101 - --

to =0, t2n+k:1—tk (0<k<2n)
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

011010011001011010010110011010011001011001101 - --

to =0, t2n+k:1—tk (0<k<2n)

‘tn = s(n) mod 2‘

n= eiinN)g" &(n)e{0,1,...,q—1}, sq(n):- gi(n)
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% Thue-Morse sequence
Thue-Morse sequence (tn)n>o:

011010011001011010010110011010011001011001101 - - -
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% Thue-Morse sequence
Thue-Morse sequence (tn)n>o:

01
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% Thue-Morse sequence
Thue-Morse sequence (tn)n>o:

10
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% Thue-Morse sequence
Thue-Morse sequence (tn)n>o:

10
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

011010011001011010010110011010011001011001101 - - -

#{0<n<N:tn:0}~g
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

0110100110010110100101100110100110010110011

N
#{0<n<N:tn:0}~E
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% Thue-Morse sequence

Thue-Morse sequence (tn)n>o:

O 0O O OOOO0O1 OO O O0OO0OTUO0OT1
N
#{0<n<N:t, =0}~ =

N
#{0<nNn<N:tgp =0}~ -
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% Thue-Morse sequence
Thue-Morse sequence (tn)n>o:

011010011001011010010110011010011001011001101 - - -
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% Thue-Morse sequence
Thue-Morse sequence (tn)n>o:

01101 0 1 1 0
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% Thue-Morse sequence
Thue-Morse sequence (tn)n>o:

01 1 0 1 1 0
Mauduit and Rivat (2009):

N
#{0<n<N:tn2:0}~E
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% Generalized Thue-Morse sequences and main results

@ H ... compact (Hausdorff) group
@ q>2andgo,d1,...,9q—1 € H with go = e (identity element)
@ G < H...closure of the subgroup generated by go, 91, - ..,0q-1
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% Generalized Thue-Morse sequences and main results

@ H ... compact (Hausdorff) group
@ q>2andgo,d1,...,9q—1 € H with go = e (identity element)
@ G < H...closure of the subgroup generated by go, 91, - ..,0q-1
-1
n= 5|(n)q
i=0
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% Generalized Thue-Morse sequences and main results

@ H ... compact (Hausdorff) group
@ q>2andgo,d1,...,9q—1 € H with go = e (identity element)
@ G < H...closure of the subgroup generated by go, 91, - ..,0q-1
-1
n= 5|(n)q
i=0

Generalized Thue-Morse sequence:

T(n) = gag(n)gal(n) e gggfl(m
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% Generalized Thue-Morse sequences and main results

@ H ... compact (Hausdorff) group
@ q>2andgo,d1,...,9q—1 € H with go = e (identity element)
@ G < H...closure of the subgroup generated by go, 91, - ..,0q-1
-1
n= 5|(n)q
i=0

Generalized Thue-Morse sequence:

T(n) = gag(n)gal(n) e gEg,]_(n)

H=(Z/2Z,+),d=2,90=0,91=1: T(n)=sz(n)mod 2 =t,
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% Generalized Thue-Morse sequences and main results

@ H ... compact (Hausdorff) group
@ q>2andgo,d1,...,9q—1 € H with go = e (identity element)
@ G < H...closure of the subgroup generated by go, 91, - ..,0q-1
-1
n= 5|(n)q
i=0

g-multiplicative function:

T(+an)=gT(n)=T(j)T(n) 0<j<q

H=(Z/2Z,+),d=2,90=0,91=1: T(n)=sz(n)mod 2 =t,
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Theorem

Let n denote the Haar measure of G. Then (T (n))n>o is pu-uniformly
distributed in G, that is,

1 N-—-1
5 2 ot =
n=0
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Theorem

Let n denote the Haar measure of G. Then (T (n))n>o is pu-uniformly
distributed in G, that is,

1 N-—-1
anzg)f(T(n))H/Gfdu

(for all continuous functionsf : G — R.)
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Theorem

Let n denote the Haar measure of G. Then (T (n))n>o is pu-uniformly
distributed in G, that is,

1 N-—-1
anzg)f(T(n))H/Gfdy

(for all continuous functionsf : G — R.)

Remark. Equivalently, a sequence (Xp) in G is p-uniformly distributed if
1
N]{n<N:Xn€B}\—>,u(B)

holds for all u-measurable sets B C G with ;(9B) = 0.
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Theorem (D. and Morgenbesser, 2010)

There exists a positive integer m = m(q, o, - . - , gq—1) such that the
following holds: Set

m
dv = 1g,u-Q(v,m)dy,
v=0
where

@ 4 ... Haar measure on G,
@ U =cl({T(mn):n > 0})... normal subgroup of G of index m,
@ Q(v,m)=#{0<n<m:n?=vmodm}.

Then (T (n?))n>o is v-uniformly distributed in G, that is,

1 N—1
N Z ‘5T(n2) — V.
n=0
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Theorem (D. and Morgenbesser, 2010)
Leta > 1and b > 0 be integers, m = m(q,go, - -.,9q—1) and
m’ = gcd(a, m). Set

d/ =m’. lT(b)U’ d,u,
where
@ 4 ... Haar measure on G,
@ U’ =cl({T(m'n) : n > 0})... normal subgroup of G of index m’.

Then (T (an + b))n>o is ¢/-uniformly distributed in G, that is,

1 N—-1

N Z 5T(an+b) — v
n=0
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A unitary group representation is a continuous homomorphism
D:G— U, forsomen > 1.

U, ... group of unitary n x n matrices over C

D is irreducible if there is no proper subspace W of C" with
D(x)W C W forallx € G
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A unitary group representation is a continuous homomorphism
D:G— U, forsomen > 1.

U, ... group of unitary n x n matrices over C

D is irreducible if there is no proper subspace W of C" with
D(x)W C W forallx € G

Lemma

Let G be a compact group and v a regular normed Borel measure on
G. Then a sequence (Xn)n>o is v-uniformly distributed in G iff

1N—l
N r]Z:_OD(Xn) —>/GDd1/

holds for all irreducible unitary representations D of G.
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Remarks:

@ The characteristic integer m is the largest integer such that
m | g — 1 and such that there exists a representation D of G with

D(gu)=e ?w  forallue{0,1,...,q—1}.

@ (T (n?))n>o is uniformly distributed in G (i.e., v = p) iff m < 2.
o (T

(an + b))n>o is uniformly distributed in G (i.e., v/ = p) iff
m’ = ged(a, m) = 1.

@ If G is connected, then T (n?) and T (an + b) are uniformly
distributed in G.
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* Sketch of the proof

1
S Y D)

0<n<N
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* Sketch of the proof

1
S Y D)

0<n<N

@ The representation Dy, ...,Dy_1 are special but easy:
Di(gu) = e 2mmY  forall0<u<gand0<k <m

Dk(T(n?)) = e~Z"5"  Gausssums

@ For all other irreducible unitary representations ...
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Van der Corput type inequality:

o<n<N . [r|<R

o<n+r<B

> zm)| < %NZ( —%) > z(n+1)z(n)"
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Van der Corput type inequality:

Z D(T(n?))|| < d?NZ <1_L_‘) Z D(T (n +r)?)D(T (n?))"

0<n<N . [r|<R 0<n<B
° 0<n+r<B
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Van der Corput type inequality:

> D(T(n?

o<n<N

LRI (-R)| X ormenered)

. [r|<R 0<n<B
° 0<n+r<B

T (N) = 9e4(n)ey(n) Yoy _s(m)9er(n) " Fegs(n)
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Van der Corput type inequality:

> D(T(n?

o<n<N

LRI (-R)| X ormenered)

. [r|<R 0<n<B
° 0<n+r<B

TA(N) = Geo(m)Yer(n) - Y2y _1(n)
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Van der Corput type inequality:

1/2
> D(T(n?)] < dnN > (1—M) > D(T(n+r1)*)D(T(n?)" +
SR R
0<n<N - Ir|<R 0<n<B
: 0<n+r<B F
TA(N) = Geo(m)Yer(n) - Y2y _1(n)
(n + r)z = (56—156—2 o EN .)q, n? = (6[_16[_2 Lo EX . .)q
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Van der Corput type inequality:

> D(T(n?)]|| < %N > (1—%) > D(T(n+r1)*)D(T(n?)" l/:%R
osnet F <R o<nir<s .
TA(N) = Gy er(n) =" Y2y _1(n)
(N+1)2=(er160-2---€x-)q N? = (g 16¢-2-.-6x--)q
D(T((n +r)?))D(T (n?))"
= D(TA((N+71)?))D(Ge,) - - D(Ge,_1)D ()™ - - - D(9e, )" D(T(n?))"
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Van der Corput type inequality:

> D(T(n?)]|| < %N > (1—%) > D(T(n+r1)*)D(T(n?)" l/:%R
osnet F <R o<nir<s .
TA(N) = Gy er(n) =" Y2y _1(n)
(N+1)2=(er160-2---€x-)q N? = (g 16¢-2-.-6x--)q
D(T((n +r)?))D(T (n?))"
In
= D(TA((N+71)?))D(Qe,) - - D(Ge,_1)D ()™ - - - D(9e, )" D (T (n?))"
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Van der Corput type inequality:

/
o<;ND(T(nz)) f %N;R (1—%) 02%2; (n +r1)?)D(T (n?)" “ l:-%R
T(N) = o) Der(n) *** e _a(n)
(N+r)?=(cp160-2...6x--)q,  N?>=(er_160-2...x--)q
D(T((n +r)))D(T (n*))"
In
= D(g:,) - D(9e, 1)D(9e, 1) -+~ D(9:,)"D(Ta(n?))"

D(TA((n+T1)%))
D(TA((n +r1)?))D(Tx(n?))"
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T 2(N) = Geo(n)er(n) e, 1 (m)9ep(n) " Fer_a(n)

Fourier terms:

Fa(h) = q% e 2" D(T, (u)

ogu<gr
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Tua(n) = 9e,.(n) "+ Ger_a(n)

Fourier terms:
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Tua(n) = 9e,.(n) "+ Ger_a(n)

Fourier terms:

1 —27rih—;{
Fa(h) = — e @ D(Ti(u))
q ogu<gr
1 —2riu
Fua(h) == 7 e A D(T,(u))
ogu<g*
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A subtle Fourier analysis of the double truncated sum (following the
ideas of Mauduit and Rivat) leads to the following expression:

Michael Drmota Generalized Thue-Morse sequences



A subtle Fourier analysis of the double truncated sum (following the
ideas of Mauduit and Rivat) leads to the following expression:

2 4 /2~ A
— |Og <u) q)‘/z max/\ d1/2
™ ™ 0<l<q g

> IF (o)l [1F,x(h2) [ 1 a(ha)lg (IF A (ha)ll 2

0<hy hp,hs hy<g?
(hy+ha+hg+hs,g*)=d
d |2r(h1+h2)+25q © (h2+h3)+£
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A subtle Fourier analysis of the double truncated sum (following the
ideas of Mauduit and Rivat) leads to the following expression:

2 4e™/2gX
Zlog [ ——— ) g% max di/?
™ g ( ™ ) 0<£<qA Z

> IIFM,A(hl)HF IF A (h2) | [1Fa(ha)lz IF . (ha)llz

0<hy hp,hs hy<g?
(hy+ha+hg+hs,g*)=d
d |2r(h1+h2)+25q © (h2+h3)+£

The analogue of this expression appears in Mauduit and Rivat's work
and can be estimated as in their case.
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* Properties of the Fourier term

Lemma
Set
Wp(t) = > e(tu)D(gu),
o0<u<q
then

- () el) (D)
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* Properties of the Fourier term

Lemma
Set
Wp(t) = > e(tu)D(gu),
o0<u<q
then " . h H
0 = v () vo (—grr) v (3).
Lemma

Suppose that D ¢ {Dy,...,Dmn_1} is an irreducible and unitary
representation of G. Then there exists a constant ¢ > 0 such that

max |[Fa(h)[2 < q=¢*|
heZ
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% Exercise on linear subsequences

> D(T(an+h))
n<N
1 h b—
> ZD(T(U))'q—A > e< (antﬁ U)>

0<u<g? n<N 0<h<g?
h(an +b
Z Fa(h) Z e <%> ,
0<h<g? n<N
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% Exercise on linear subsequences

> D(T(an+h))
n<N
1 h b—
> ZD(T(U))'q—A > e< (antﬁ U)>

0<u<g? n<N 0<h<g?
h(an +b
S RMY e <%> .
0<h<g? n<N

> D(T(an+b))

n<N

ha
sin T2
q?

< Y IFa(h)lly - min (N

2 0<h<g?

),
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% Applications

% The sum-of-digits function:

Theorem (Mauduit and Rivat, 2009)
Letq,r > 2 and set m = gcd(q — 1,r). Then we have

lim #{n X :Sqg(n )—amodr}:%Q(a,m).

X—00 X

Furthermore, (asq(n?))nen is uniformly distributed modulo 1 iff o is
irrational.
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% Applications

% The sum-of-digits function:

Theorem (Mauduit and Rivat, 2009)
Letq,r > 2 and set m = gcd(q — 1,r). Then we have

lim #{n X :Sqg(n )_amodr}:%Q(a,m).

X—00 X

Furthermore, (asq(n?))nen is uniformly distributed modulo 1 iff o is
irrational.

Proof:
@ H=Z/rZandg; =j,0<j<q.ThenT(n)=sq(n) modr.
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% Applications

% The sum-of-digits function:

Theorem (Mauduit and Rivat, 2009)
Letq,r > 2 and set m = gcd(q — 1,r). Then we have

lim #{n X :Sqg(n )_amodr}:%Q(a,m).

X—00 X

Furthermore, (asq(n?))nen is uniformly distributed modulo 1 iff o is
irrational.

Proof:
@ H=Z/rZandg; =j,0<j<q.ThenT(n)=sq(n) modr.
@ H=R/Zandg; =aj,0<j<q.ThenT(n) = asq(n) mod 1.
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3
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* Applications
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A sequence (un)n>o is called a g-automatic sequence, if uy is the
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3

Uz = a,
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3

Uz = a, 61 = (2021)3
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.
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Uz = a, 61 = (2021)3
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3

Uz = a, 61 = (2021)3
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3

Uz = a, 61 = (2021)3 Ug1 = b
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* Applications
% Automatic sequences:
Definition
A sequence (un)n>o is called a g-automatic sequence, if uy is the
output of an automaton when the input is the g-ary expansion of n.

32 = (1012)3 Uz = a, 61 = (2021)3 Ug1 = b

(un)n>o0 : aaaaabaabaabaaabbaaabaaabbaaabaaabbaaaaaaba. ..
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s;/a

o4

1 00
Mpo=[0 1 O
0 01
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100 010
Mo=|[0 1 0 Mi=[1 00
001 001
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100 010 0
Mo=|0 1 0O Mi=[1 0 O My = |1
001 00 1 0
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= OO

[eNeN



1
32 = (1012); : ( 0 )
0
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1 0
0 0
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1 0
32 = (1012)3 : MO o Ml 0 = 1
0 0
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1 0 0 010 0 01
Mo=|0 1 0O Mi=[1 0 0 Mo=[1 0 0

0 01 0 01 010
Definition

A g-automatic sequence is called invertible if there exists an
automaton such that all transition matrices are invertible and Mg is the
identity matrix.
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(un)n>o0 : aaaaabaabaabaaabbaaabaaabbaaabaaabbaaaaaaba. ..

Frequency of a in (Un)nso : limy oo s #{0 <N <N :uy =a}
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(Un)n>0 : aaaaabaabaabaaabbaaabaaabbaaabaaabbaaaaaaba

Frequency of a in (Uzn)n>o : limy_ oo %#{0 <n<N:uz =a}
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(Un)n>o0 : @@aaa a b b a

Frequency of ain (Up2)n>o : limy oo 5 #{0 <N <N:up =a}=?
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(Un)n>o0 : @@aaa a b b a

Frequency of ain (Up2)n>o : limy oo 5 #{0 <N <N:up =a}=?

H:SO(H,R), gi:Mi,0<i<q:
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(Un)n>o0 : @@aaa a b b a
Frequency of ain (Up2)n>o : limy oo 5 #{0 <N <N:up =a}=?
H:SO(H,R), g = M;, 0<|<q

Theorem (D. and Morgenbesser, 2010)

Letq > 2 and (un)n>0 be an invertible g-automatic sequence. Then the
frequency of each letter of the subsequence (u,2)n>o exists.
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Thank you!
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Examples of automatic sequences

Thue-Morse sequence:

0 1 0
@ @

Rudin-Shapiro sequence:

0
1 1 0 0

Sy W w Wy

Michael Drmota Generalized Thue-Morse sequences



