THE INSTABILITY TIME DISTRIBUTION BEHAVIOUR OF SLOTTED ALOHA

Michael Drmota

Technical University of Vienna

Abstract. This paper deals with a quantification of the instability behaviour of the slotted multiuser communication network system ALOHA. In [DS1] U. Schmid and the author could quantify the expected value E(Y ) of the instability time Y = max{n : X_n = 0}, where X_n denotes the backlog after n slots. Here it is shown that Y is approximately exponentially distributed. Moreover uniform asymptotic expansions for y_m = P[Y = m] and for the moments M_m = E(Y^m) are given.

1. Introduction

More than 20 years ago N. Abramson developed at the university of Hawaii the famous multiuser communication network system, the socalled ALOHA protocol. Since then many generalizations and improvements of such collosion resolution algorithms such as ETHERNET have been created and widely discussed. (See [Ga] for an overview.)

A well-known variety of original ALOHA is the slotted ALOHA algorithm which works as follows. An infinite number of stations share a single communication chanel. All stations are synchronized and the time axis is slotted so that one packet can be successfully transmitted in the slot (n, n+1), n ≥ 1. Packets for transmission arrive at a Poisson stream of rate λ > 0. If they arrive during the interval (n − 1, n) they are first transmitted in the slot (n, n + 1). When a station transmits a packet it learns at the end of the slot whether the packet has been successfully transmitted or whether a collsion has occurred. We will call the collection of packets that have collided and await transmission the backlog. Backlogged packets are independently retransmitted with probability p ∈ (0, 1). This means that the retransmission delay following an unsuccessful attempt is geometrically distributed with parameter 1−p. Therefore the (slotted) ALOHA can be described as a Markov process (X_n)_{n≥0} with X_0 = 0, where X_n ∈ {0, 1, 2, . . . } represents the backlog after n slots. The transition stationary probabilities p_{n,m} = P[X_{l+1} = m|X_l = n] (n, m ≥ 0) are given by

p_{0,0} = e^{−λ}(1 + λ), p_{0,1} = 0, p_{0,j} = e^{−λ} λ^j j! for j ≥ 2 (1.1) 1

and by p_{n,n−j} = 0 for j ≥ 2 p_{n,n−1} = e^{−λ}np(1 − p)^{n−1} p_{n,n} = e^{−λ}(1 − np(1 − p)^{n−1} + λ(1 − p)^n)

p_{n,n+1} = e^{−λ}λ(1 − (1 − p)^n) p_{n,n+j} = e^{−λ} λ^j j! for j ≥ 2.

(1.2)

for n > 0.

The interesting (and at the first moment surprising) point is that this transmission algorithms is unstable. Moreover, with probability one only finitely many packets are successfully transmitted (see [KM]). But only few is known about the expected number of successfully transmitted packets or about the expected time of the last slot transmitting successfully a packet.

One method is to use large deviation techniques (cf. [GW] or [CFM]). There it is shown that the system operates near a stable point n_0 for a long period L of time, after that the system begins to follow an almost deterministic path out of the safe region n ≤ n_1, where n_1 > n_0 denotes the critical backlog. (This means that the drift D_n = E(X_{l+1} − X_l | X_l = n) > 0 for n ≥ n_1.) In [GW] it is shown that L is approximately exponentially distributed with a mean of

N(p, λ) = E(L) = exp ( c(λ) p + o ( 1 p )) (1.3)

for p → 0, where c(λ) is expressible via a certain integral and can be asymptotically expanded to c(λ) ∼ 1 2 log^2 1 λ + log 1 λ log log 1 λ (1.4)

for λ → 0 (see [DS2]). However, the major deficit of large deviation techniques lies in the fact that some of the results have not been completely proven yet.

In [DS2] U. Schmid and the author use a completely different method (without any large deviation thechnique) to expand the expected value N(p, λ) = E(Y ) of the last time Y = max{n : X_n = 0} with backlog X_n = 0. It is shown that

N(p, λ) = exp ( 1 log^1_{1−p} ( 1 2 log^2 1 λ + log 1 λ log log 1 λ + O ( log 1 λ ))) (1.5)

uniformly for p → 0, λ → 0. Note that (1.3) (combined with (1.4)) and (1.5) are quite similar although the underlying random variables L and Y are apparently different. Nevertheless both quantify the instability behaviour of slotted ALOHA.

The purpose of this paper is get more information about the distribution behaviour of Y = max{n : X_n = 0}. In the following the random variable Y will be called instablity time. For simplicity we will write F for a factor that is bounded by exp (_C p log^1_λ ) for some constant C > 0.

Theorem. The instability time Y = max{n : X_n = 0} of the slotted ALOHA backlog process (X_n)_{n≥0} is approximately exponentially distributed with expected value N = N(p, λ). Moreover we can estimate the probablities y_m = P[Y = m] by

y_m =

1 − Q_0(1) ϕQ^′_0(ϕ) ϕ^{−m} + O ( F N ( 1 + exp ( − C p log 1 λ ))_{−m})

= 1 N ( 1 + O ( F N )) exp ( − m N ( 1 + O ( F N )))

+ O ( F N ( 1 + exp ( − C p log 1 λ ))_{−m}) , (1.6)

where C > 0 is a proper chosen constant, and the moments M_m = E(Y^m) by

M_m = m!

1 − Q_0(1) ϕQ^′_0(ϕ)

(log ϕ)^{−m−1} + O ( m! F^m N )

= m! ( N ( 1 + O ( F N )))_m + O ( m! F^m N ) (1.7)

uniformly for p → 0, λ → 0.

The function Q_0(z) will be defined in (2.2) and satisfies Q^′_0(1)/(1 − Q_0(1)) = N(p, λ) (see (2.6)). ϕ > 1 is the unique positive solution of Q_0(ϕ) = 1 and has the asymptotic expansion (2.15)

ϕ = 1 + 1 N − Q^{′′}_0 (1) 2Q^′_0(1) 1 N^2 + O ( F N^3 ) . (1.8)

Remark. It is worth mentioning that Y can be described in terms of renewal theory. Applying the renewal theorem one gets

P[Y ≥ m] = ∑ k≥m y_k ∼ 1 − Q_0(1) (ϕ − 1)Q^′_0(1) ϕ^{−m} (1.9)

for m → ∞, which is of course a direct consequence of (1.6). (Compare with [Fe, p 374 ff], where a continuous analogue is discussed.)

2. Proof of the Theorem We will proceed similarly to [DS1] but note that this theorem is not a direct consequence of [DS1].

Let q_{n,k} (n ≥ 0, k ≥ 1)be the conditional probabilitiy

q_{n,k} = P[X_{l+1} ≠ 0, X_{l+2} ≠ 0, . . . , X_{l+k−1} ≠ 0, X_{l+k} = 0|X_l = n] (2.1)

and Q_n(z) (n ≥ 0) the generating function

Q_n(z) = ∑ k≥1 q_{n,k}z^k. (2.2) Then Q_n = Q_n(1) = P[min{k > 0 : X_{l+k} = 0} < ∞|X_l = n]. Especially

Q_0 = Q_0(1) = P[min{k > 0 : X_{l+k} = 0} < ∞|X_l = 0] = P[min{k > 0 : X_k = 0} < ∞]

(2.3) is the probability that the process returns to backlog X_k = 0 sometimes. Q_0 = 1 would imply P[X_k = 0 infinitely many often] = 1 which contradits the instability property mentioned above. Therefore we have Q_0 < 1. By Markov property it follows that

Q_0(z) = zp_{0,0} + z ∑ k≥2 p_{0,k}Q_k(z)

= ze^{−λ} ( 1 + λ + ∑ j≥2 λ^j j! Q_j (z) )

Q_1(z) = zp_{1,0} + z ∑ k≥1 p_{1,k}Q_k(z)

= ze^{−λ} ( p + (1 − p)(1 + λ)Q_1(z) + λpQ_2(z) + ∑ j≥2 λ^j j! Q_{j+1}(z) )

Q_n(z) = z ∑ k≥n−1 p_{n,k}Q_k(z)

= ze^{−λ} ( np(1 − p)^{n−1}Q_{n−1}(z) + (1 − np(1 − p)^{n−1} + λ(1 − p)^n)Q_n(z) + λ(1 − (1 − p)^n)Q_{n+1}(z) + ∑ j≥2 λ^j j! Q_{n+j} (z) ) for n ≥ 2.

(2.4)

It is an easy observation that the probability generating function Y (z) of Y = max{n : X_n = 0} can be evaluated in terms of Q_0(z) by

Y (z) = ∑ m≥0 y_mz^m = (1 − Q_0) + Q_0(z)(1 − Q_0) + Q_0(z)^2(1 − Q_0) + · · · = 1 − Q_0 1 − Q_0(z)

(2.5)

so that the expected value N(p, λ) = E(Y ) is given by

N(p, λ) = Y^′(1) =

Q^′_0(1) 1 − Q_0(1)

. (2.6)

Hence the asymptotic expansion (1.5) follows from Lemma 1 ([DS2]). We have

1 − Q_0 = exp ( 1 log(1 − p) ( 1 2 log^2 1 λ + log 1 λ log log 1 λ ) + O (F ) ) (2.7)

uniformly for p → 0, λ → 0.

and from the estimate 1 ≤ Q^′_0 = O(F ). The essential part of this paper is a generalization of this bound for Q^′_0 to Q^{(m)}_0 = Q^{(m)}_0 (1).

Lemma 2. There exists a constant C > 0 such that Q^{(m)}_0 can be estimated by

Q^{(m)}_0 ≤ m! exp ( m C p log 1 λ ) (2.8)

uniformly for p → 0, λ → 0.

We postpone the proof of Lemma 2 at the end of this section. As a first consequence we get that the radius of convergence R of Q_0(z) is at least R = 1 + exp ( − C p log 1 λ ) (2.9)

and that Q_0(z) can be estimated by |Q_0(z)| ≤ ∑ m≥0 ( exp ( C p log 1 λ ) (|z| − 1) )_m

= 1 1 − exp (_C p log^1_λ ) (|z| − 1) (2.10)

for 1 ≤ |z| < R. Similar bounds can be found for Q^{(m)}_0 (z) in the same region 1 ≤ |z| < R. In order to show that Y is approximately exponentially distributed with mean N(p, λ) we will prove that the distribution of Ŷ = Y/N(p, λ) converges weakly to the exponential distribution with parameter 1 if p and λ converge to 0. For this purpose we consider the characteristic function Ŷ^∗(t) of Ŷ which evaluates to

Ŷ^∗(t) = Y ( e^{it/N(p,λ)} ) = 1 − Q_0 1 − Q_0 ( e^{it/N(p,λ)} ) . (2.11)

Using the fact that max |z|≤1 Q^{′′}_0 (z) = Q^{′′}_0 (2.12)

we can apply Taylor’s formula

Q_0(z) = Q_0 + Q^′_0(z − 1) + O(Q^{′′}_0 (z − 1)^2) (2.13)

for |z| ≤ 1 to get

Ŷ^∗(t) = 1 − Q^0 1 − Q_0 − Q^′_0 ( e^{it/N(p,λ)} − 1 ) + O ( Q^{′′}_0 ( e^{it/N(p,λ)} − 1 )_2) = 1 1 − it + O (( 1 +^{Q′′0}_Q′_0 )_{t2} N(p,λ) ) (2.14)

for t = O(N(p, λ)). Thus lim_{p→0,λ→0} Ŷ^∗(t) = 1/(1 − it) for each fixed t ∈ R. But 1/(1 − it) is the characteristic function of the exponential distribution and so the distribution of Ŷ converges weakly to the exponential distribution.

Next we will use singularity analysis to get more information about y_m = [z^m]Y (z). Remember that we write F for a factor that is bounded by exp (_C p log^1_λ ) for some constant C > 0.

Lemma 3. The probability generating function Y (z) = (1 − Q_0)/(1 − Q_0(z)) has radius of convergence

ϕ = 1 + 1 N(p, λ) − Q^{′′}_0 2Q^′_0 1 N(p, λ)^2 + O ( F N(p, λ)^3 ) (2.15)

which is the solution of Q_0(ϕ) = 1. In addition Y (z) has only a single pole z = ϕ on its radius of convergence. The residue is

res(Y (z); ϕ) = −

1 − Q_0 Q^′_0(ϕ) = − 1 N(p, λ) ( 1 − Q^{′′}_0 Q^′_0 1 N(p, λ) + O ( F N(p, λ)^2 )) . (2.16)

Proof. Since q_{0,n} ≥ 0 a simple geometric arguement shows that the unique real positive solution ϕ of Q_0(ϕ) = 1 lies between 1 and 1 + 1/N(p, λ) < R. Thus Y (z) has a simple pole at z = ϕ with residue

res(Y (z); ϕ) = −

1 − Q_0 Q^′_0(ϕ)

. (2.17)

Now q_{0,n} > 0 for n > 2 implies |Q_0(z)| < Q_0(|z|) for z ≠ |z|. So z = ϕ is the only singularity on the circle of convergence. The asymptotic expansion (2.15) for ϕ can easily be obtained by Taylor’s formula and by boots-trapping starting with ϕ = 1 + ψ where ψ = O(1/N(p, λ)). □ Lemma 4. There exist constants C_1, C_2 > 0 such that Q_0(z) ≠ 1 for z ≤ 1 + exp ( −^{C1}_p log^1_λ ) with the only exception z = ϕ. Moreover we have

min |z|=1+exp(−^{C1}_p log^1_λ )

|1 − Q_0(z)| ≥ exp ( − C_2 p log 1 λ ) (2.18)

uniformly for p → 0, λ → 0.

Proof. The bound for Q^{′′}_0 (z) and the lower bound Q^′_0(ϕ) ≥ 1 imply that there exists some constant C_3 > 0 such that |1 − Q_0(z)| ≥ |z − ϕ| 2 (2.19) for |z − ϕ| ≤ exp ( −^{C3}_p log^1_λ ) . Using the explicit expressions

q_{0,1} = e^{−λ}(1 + λ) q_{0,2} = 0 q_{0,3} = e^{−3λ}λ^2p^2(1 − p)

q_{0,4} = e^{−4λ} ( λ^3p^3(1 − p) + λ^2 ( 1 − 2p(1 − p) + λ(1 − p)^2 ) p^2(1 − p)

+ λ^2(1 + λ)(1 − p)p^2(1 − p) ) (2.20) and the trivial estimate

|Q_0(z)| ≤ |q_{0,1}z + q_{0,3}z^3 + q_{0,4}z^4| + ∑ n>4 q_{0,n}|z|^n (2.21)

it is easy to check that there is some constant C_4 > 0 with max |z|≤ϕ |z−ϕ|≥^1_2 exp(−^{C3}_p log^1_λ )

|Q_0(z)| ≤ 1 − exp ( − C_4 p log 1 λ ) . (2.22)

This implies that there exist constants C_5, C_6 > 0 with max |z|≤ϕ+exp(−^{C5}_p log^1_λ ) |z−ϕ|≥^1_2 exp(−^{C3}_p log^1_λ )

|Q_0(z)| ≤ 1 − exp ( − C_6 p log 1 λ ) . (2.23)

So (2.18) follows from (2.19) and (2.23). □

Now a direct application of Cauchy’s formula gives

y_m = −res(Y (z); ϕ)ϕ^{−m−1} + 1 2πi ∫ |z|=1+exp(−^{C1}_p log^1_λ ) Y (z) z^{m+1} dz

= 1 − Q_0 ϕQ^′_0(ϕ) ϕ^{−m} + O ( F N(p, λ) ( 1 + exp ( − C_1 p log 1 λ ))_{−m}) (2.24)

which proves (1.6).

The asymptotic expansion for the moments M_m is an easy consequence of (2.24) and of the bivariate asymptotic expansion ∑ n≥1 n^me^{−αn} = m! α^{m+1} − B_{m+1} m + 1 + B_{m+2} m + 2 α + O ( m! (2π)^m (mα)^{3/2} ) (2.25)

which is uniform for α → 0 and m → ∞ (see [DS1]).

For the proof of Lemma 2 we will use the following notation. Let l^∞ be the Banach space of all bounded sequences x = (x_n)_{n≥1} with norm ||x||_∞ = sup_{n≥1} |x_n|

and l^∞(0) the subset of all sequences x = (x_n)_{n≥1} ∈ l^∞ with lim_{n→∞} x_n = 0. x = (x_n)_{n≥1} ≤ y = (y_n)_{n≥1} will denote that x_n ≤ y_n for all n ≥ 1. Furthermore let Lx ∈ l^∞ be defined by

(Lx)_1 = ∑ k≥1 p_{1,k}x_k (Lx)_n = ∑ k≥n−1 p_{n,k}x_k for n > 1. (2.26)

Then Q(z) = (Q_n(z))_{n≥1} satisfies

Q(z) = zd + zLQ(z), (2.27) where d = (d_n)_{n≥1} is defined by d_1 = p_{1,0} = e^{−λ}p and by d_n = 0 for n > 1. Thus Q^{(m)}(z) = (Q^{(m)}n (z))_{n≥1} fulfills

Q^′(z) = d + LQ(z) + zLQ^′(z) = 1 z Q(z) + zLQ^′(z)

Q^{(m)}(z) = mLQ^{(m−1)}(z) + zLQ^{(m)}(z) for m > 1.

(2.28)

For z = 1 this reads as Q = d + LQ Q^′ = d + LQ + LQ^′ = Q + LQ^′ Q^{(m)} = mLQ^{(m−1)} + LQ^{(m)} for m > 1.

(2.29)

So Q^{(m)} = (Q^{(m)}_n )_{n≥1} can be obtained by solving iteratively fixed point problems. Afterwards Q^{(m)}_0 = Q^{(m)}_0 (1) evaluates to

Q^′_0 = e^{−λ}(1 + λ) + e^{−λ} ∑ j≥2 λ^j j! (Q_j + Q^′_j ) = Q_0 + e^{−λ} ∑ j≥2 λ^j j! Q^′_j

Q^{(m)}_0 = e^{−λ} ∑ j≥2 λ^j j! ( mQ^{(m−1)} j + Q^{(m)}_j ) for m > 1.

(2.30)

Our aim is to show that Q^{(m)} ∈ l^∞(0) and that it is possible to find upper bounds c^{(m)} ∈ l^∞(0) for Q^{(m)} satisfying

||c^{(m)}||_∞ ≤ m! exp ( m C p log 1 λ ) (2.31)

for some constant C > 0. So (2.30) and (2.31) prove Lemma 2. Lemma 5. If there exist sequences 0 ≤ c^{(m)} ∈ l^∞(0) satisfying c^{(0)} ≥ Q and

c^{(m)} ≥ mc^{(m−1)} + Lc^{(m)}, (2.32)

then Q^{(m)} ∈ l^∞(0) and Q^{(m)} ≤ c^{(m)}.

Proof. First notice that (2.28) uniquely determine Q^{(m)}(z) ∈ l^∞ for |z| < 1 by a direct application of Banach’s fixed point theorem. You only have to observe that ||L|| = sup_{||x||∞≤1} ||Lx||_∞ = 1. Now we can prove inductively that 0 ≤ Q^{(m)} ≤ c^{(m)}

for 0 < z < 1.

We start with m = 1. Set a = 0 ∈ l^∞(0) and b = c^{(1)} ∈ l^∞. Then 0 ≤ a ≤ b, a ≤^1_z Q(z) + zLa, and b ≥ c^{(0)} + Lb ≥^1_z Q(z) + zLb force that there is a solution x ∈ l^∞(0) of x =^1_z Q(z) + zLx with 0 = a ≤ x ≤ b = c^{(1)}. (See Lemma 3.4 of [DS2].) But this solution must be Q^′(z). Thus the case m = 1 is settled.

Now suppose that 0 ≤ Q^{(m−1)}(z) ≤ c^{(m−1)} and that there exists a sequence c^{(m)} with (2.32). Set a = 0 ∈ l^∞(0) and b = c^{(m)} ∈ l^∞. As above we have 0 ≤ a ≤ b, a ≤ mLQ^{(m−1)}(z) + zLa, and b ≥ mc^{(m−1)} + Lb ≥ mLQ^{(m−1)}(z) + zLb. Thus there is a solution x ∈ l^∞(0) of x = mLQ^{(m−1)}(z) + zLx with 0 ≤ x ≤ c^{(m)} that must be equal to Q^{(m)}(z). This completes the general case.

Now it directly follows that Q^{(m)} = Q^{(m)}(1) exists and that it is bounded by 0 ≤ Q^{(m)} ≤ c^{(m)}. □

Lemma 6. There exists a sequence c = (c_n)_{n≥1} ∈ l^∞(0) such that ||c||_∞ ≤ exp (_C p log^1_λ ) for some constant C > 0, that c ≥ Q and that ( 1 − exp ( − C p log 1 λ )) c ≥ Lc. (2.33)

Proof. Let n_0 be the nearest integer to log^1_λ /log(1/(1 − p)) and n_1 the nearest positive integer to C_2λ^2/p, where C_2 is some constant that appears in Lemma 6.4 of [DS2] which says that there are constants C_1, C_2 > 0 such that

c_n =

C_1 λ^2

2^n (2.34)

satisfies c_n − (Lc)_n ≥ 1 for n_1 ≤ n ≤ n_0. In the case n_1 > 1 Lemma 6.4 and Lemma 6.5 of [DS2] imply that there exist constants C_3, C_4 > 0 such that

c_n =

n_1∑

k=n_1 −n+1

a_k (2.35)

for n ≤ n_1, where

a_k = exp ( C_3 log 1 λ ) (n_1 − k)!

n_1! ( C_4λ^2 p )_k (2.36) and c_n = a_02^{n−n1} + c_{n1 −1} (2.37) for n > n_1 satisfies c_n − (Lc)_n ≥ 1 for n ≤ n_0. Thus it is always possible to find a sequence c = (c_n)_{n≥1} with max n≤n_0 c_n = O(F ) (2.38)

satisfying c_n − (Lc)_n ≥ 1 for n ≤ n_0.

Now set q_n = np(1 − p)^{n−1} e^λ − 1 − λ(1 − p)^n , P_n = q_1q_2 · · · q_n,

b_1 = 1 − 1 1 + P_1 + P_2 + · · · , b_n = 1 − (1 − b_1)(1 + P_1 + · · · + P_{n−1}) = (1 − b_1)P_n(1 + q_{n+1} + q_{n+1}q_{n+2} + · · · ).

(2.39)

Then b = (b_n)_{n≥1} ∈ l^∞(0) satisfies

b ≥ d + Lb. (2.40)

Since x = Q = (Q_n)_{n≥1} is the only solution of x = d + Lx under the restriction x ∈ l^∞(0), b is an upper bound for Q. (For details see [DS2].) More precisely b = (b_n)_{n≥1} satisfies the system (b_0 = 1) b_n = e^{−λ} ( np(1 − p)^{n−1}b_{n−1} + (1 − np(1 − p)^{n−1} + λ(1 − p)^n)b_n + (e^λ − 1 − λ(1 − p)^n)b_{n+1}

) (2.41) which is equivalent to b_n − b_{n+1} b_{n−1} − b_n = q_n. (2.42)

Therefore we have b_n − (Lb)_n ≥ e^{−λ} λ^2 2 (b_{n+1} − b_{n+2}) = e^{−λ} λ^2 2 (1 − b_1)P_{n+1}.

(2.43)

Let n_2 ≥ n_0 be the smallest positive intger with q_{n2} ≤ 1/2. By elementary calculations (see [DS2]) we get

n_2 = 1 log^1_{1−p} ( log 1 λ + log log 1 λ + O(1) ) , (2.44)

b_{n2} ≥ exp ( − C_5 p log 1 λ ) (2.45)

for some constant C_5 > 0, and

1 + q_{n+1} + q_{n+1}q_{n+2} + · · · = O(F ) (2.45)

for n ≥ n_0. Thus there is a constant C_6 > 0 such that

c_n = exp ( C_6 p log 1 λ ) b_n (2.46)

fulfills c_n − (Lc)_n ≥ e^{−λ} λ^2 2 (1 − b_1)P_nq_{n+1} exp ( C_6 p log 1 λ )

≥ (1 − b_1)P_n(1 + q_{n+1} + q_{n+1}q_{n+2} + · · · ) = b_n (2.47)

for n_0 ≤ n ≤ n_2.

Now set c_n = exp ( C_7 p log 1 λ ) 2^{−n+n2} (2.48)

for n ≥ n_2, where C_7 is a constant to be chosen in the sequel. Since q_n ≤ 1/2 for n ≥ n_2 we surely have c_n − c_{n+1} c_{n−1} − c_n ≥ q_n (2.49)

or equivalently c_n ≥ e^{−λ} ( np(1 − p)^{n−1}c_{n−1} + (1 − np(1 − p)^{n−1} + λ(1 − p)^n)c_n + (e^λ − 1 − λ(1 − p)^n)c_{n+1}

) (2.50)

for n ≥ n_2. From (2.45) and

c_n − (Lc)_n ≥ e^{−λ} λ^2 2 (c_{n+1} − c_{n+2}) ≥ λ^2 24 c_n (2.51) it easily follows that C_7 can be chosen in a way that c_n ≥ b_n for n ≥ n_2. Putting all these things together it is easy to construct a sequence c that satisfies (2.33) □

Now we are able to construct sequences c^{(m)} ∈ l^∞(0) that satisfy (2.31) and (2.32). (2.33) shows that c^{(1)} = exp (_C p log^1_λ ) c is a proper choice for m = 1. In general we can use

c^{(m)} = m! exp ( m C p log 1 λ ) c. (2.52)

It easily follows by induction that these sequences fulfill (2.32)

References

[CFM]M. Cotrell, J.-C. Fort, and G. Malgouyres, Large Deviation and Rare Events in the Study of Stochastic Algorithms, IEEE Trans. Auto. Control AC-28 (1983), 907–922.

[DS1]M. Drmota and U. Schmid, Exponential Limiting Distributions in Queueing Systems with Deadlines, SIAM J. Appl. Math., to appear.

[DS2]M. Drmota and U. Schmid, The Analysis of the Expected Successful Operation time of Slottes ALOHA, submitted.

[Fe] W. Feller, An Introduction to Probability Theory and its Applications, Volume II, Second Edition, John Wiley and Sons, New York, 1966.

[Ga]R.G. Gallager, A Perspective on Multiaccess Channels, IEEE Trans. Inf. Th. IT-31 (1985), 124–142.

[GW]A.G. Greenberg and A. Weiss, An Analysis of Aloha Systems via Large Deviation, ATT Technical Memorandum (April 1986), 18 p.

[KM]F.P. Kelly and I.M. MacPhee, The Number of Packets Transmitted by Collision Detect Random Access Schemes, Annals of Probability 15 (1987), 1557–1568.

Department of Discrete Mathematics Technical University of Vienna Wiedner Hauptstrasse 8–10/118 A-1040 Vienna, AUSTRIA