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Lattice Paths and Binary Trees

C ... region in the plane




Lattice Paths and Binary Trees

C ... region in the plane

Rl P?
O——0—+ >




Lattice Paths and Binary Trees

C ... region in the plane

A

rh

ik




Lattice Paths and Binary Trees

C ... region in the plane

A

rh




Lattice Paths and Binary Trees

C ... region in the plane

A

rh
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C ... region in the plane




Lattice Paths and Binary Trees

(W.l.o.g. a = log %,b = Iog%, p+qg=1)
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Tunstall-Codes

p=0.4, g =0.6.
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Tunstall-Codes
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Tunstall-Codes

y ... node of tree of type (k1, ko) [i.e. k1 times L, ko times R]

P(y) = pF1gh2

1 1 1
internal nodes: P(y) = p*1¢"2 > 0.36 <= |k1log = + kylog = < log 0.36
p q :

depths: k1 + k> <2

external nodes: prefixfree set = {00,01,10,110,111} (Tunstall code)



Number of Paths

K ... integer, V ... positive real number

1 1
Cry :={(z1,20) ER3y :z1 + 220 < K, 2 |092; + x5 |0925 <V}

LK’V ... set of corresponding lattice paths

Tk y ... associated binary tree.

(kl + k2>

Lryvl=1+ > .
1

k1+ko<K, kilogo %-I—kz logs %SV

(the number of external nodes = 1 4+ number of internal nodes)




Number of Paths

Notation

ssp = ssp(K, V) is defined by

p—Ssp _I_ q—Ssp

p—5sp log % + g—5sp log % ~ Viog?2

K

ssp > —1 < K/V < (plogz%—l— 1109- %)

1
q

T(s) = P
=

p~*log? L 4+ ¢~*log? (p‘s log & + g% log

p~5+q*

]



Number of Paths

Notation

L L<£> 1 27m'mm
Qr(s,z) = e" L/ = —e L 7,
1 — eSL m%Z (—8) ‘I‘ 27T£m

(y) =y — |y| ... fractional part of a real number y.

H :=plog(1l/p) +qlog(1l/q) ... entropy of the distribution p, q

Hy :=plog?(1/p) + qlog?(1/q).



Number of Paths

Theorem 1 Suppose that § > 0 is given.

log 2 K log 2
1. (1406 < —<K (-0
(1+9) < V.~ min{log(1/p),log(1/q)} ( )
log p . 2V
ogq 28 = |l = +old)
:ng 40 — ||Lry|= QL(=1,V1092) v | 5ov-my
09 g H

wheren > 0, and L > 0 is the largest real number for which log(1/p)
and log(1/q) are integer multiples of L:

Iogq_LIog% r



Number of Paths

2log 2 K log?2
(1490) < < (1 =95
0a(1/p) +loa(ijg) TSy ST (70
p—
Qs (ssp, (K —£)logp — Vlog2) (p=5° + g 5sp)K—Vssp
Lryv|~ ) . |

(>0 (p~5sp + g~ 5sp)* \/27TK T (ssp)

where § = log q — log p.




Number of Paths

log 2
max{log(1/p),log(1/q)}

K 21og 2
(1+0) < y S log(1/p) + Iog(l/q)(l_d)

— | [Lgy| =28t —o@F(m)

(for some n > 0).



Number of Paths

Case 1
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Number of Paths

Case 2
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Number of Paths

Case 3
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EXit Time

y ... lattice path in EK,V with k1 steps R and ko, steps L
P(y) := pF1gk2 ... “natural probability distribution”

Y P(y) =1 ... every path y eventually leaves C 1
yeLR v

Dk y ... |exit time| of this random walk: |y| = k1 + k>

Equivalently, DK’V iIs the depth of the external nodes of the corre-
sponding tree (with distribution P).



Exit Time

Theorem 2 Suppose that 6 > 0 is given.

1 (1468 <— < — (1 -4)
V. 7 min{log(1l/p),log(1/q)}
Dy v — +logl|L

(23— L)iog |k v]) '

log|Liy| logH H, —logL+log(l—eX)+% 1
]EDKVZ —|— 2—'- (0]
’ H H 2H H log |L

Hy 1
VDgy = (H3 - H) log [L v| 4+ O(1).

L =0 iflogp/logq is irrational and L > 0O is the largest real nhum-

ber for which log(1/p) and log(1/q) are integer multiples of L if
log p/log q is rational.



log 2 .(1+5)§5§I092
max{log(1/p),log(1/q)} 4
——> the distribution of DKV is asymptotically concentrated at K +

1:

(1-5)

Pr{Dygy # K + 1} = O(e™ ")

for some n > 0.

EDgy=K+14+0( ™), VDgy =0(e).

Remark. Case 2 of Theorem 2 corresponds to cases 2 and 3 of
Theorem 1.



EXit Time

Case 1
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EXit Time

Case 2
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Asymptotic Analysis

Internal versus external nodes

Lemma 1

T ... m-ary tree,

X ... leaves (=external nodes) of T,
Y ... internal nodes of T

P(y) .= p]fl co.pkm if 4y is of type (ki,...,km)

= | > P(:zc)z'aj| =(z—-1) ) P(y)z|y| +1
xeX yey

Remark. expected (external) depth = ) |z|P(z) = ) _ P(y).
xeX yey



Asymptotic Analysis

Distribution of zeroes

Lemma 2 (Jacquet, Schachinger) 0 <p<g<1
Z i ={seC:pP4+q¢g %=1}
(i) =1 <R(s) <oqg forall se Z

(60 >0,14¢ 90 =p790)

(ii) For every integer k there uniquely exists s, € Z with

(2k — 1)w/logp < (si) < (2k+ 1)w/log p.
[ = {Sk Lk € Z}

(iii) logp/logq & Q = sg = —1 and R(s) > —1 for all k # 0.

(iv) logp/logq =d/r € Q, gcd(r,d) =1 —
R(s) = —1 if and only if k = 0 mod d, further

271
log p

Sk = Sk mod 4 + (k — (k mod d))



Asymptotic Analysis

Recall: k{log, % + k> Ioggé <V < P(y)>1/v (v=2")

AK(’U) L= Z 1

y:P(y)>1/v, |ly|<K

is the number of lattice paths with endpoints contained In Ck y

— ||Lgyv|=Ag@)+1=A(2") +1

(the number of external nodes = 1 4+ number of internal nodes)



Asymptotic Analysis

Sk (v,2) = S P(y)zY
y:P(y)>1/v, |y|<K

is the “probability generating function of the internal nodes”

Di(v,2) .= EPrV (v=2")

—> |Drg(,2) =(z—1)Sg(v,z)+1 (v>1)




Asymptotic Analysis

Recurrences

Ar(w) =0 (v<1,K>0)

Agy1(w) =1+ Ag(vp) + Ag(vq)

Sg(v,z) =0 (w<1,K>0)

Sk+1(w,z) =1+ pzSk(vp, 2) + qzSK(vg, z).



Asymptotic Analysis

oo
Mellin transform  £*(s) :/o f(v)v* Ldv

recurrence —

Afepa () =+ G +a AR (R() < 1)

1—(p*+q 5HFH

= A = T )

1
Sk+1(s,2) = — + (pt T+ qu_S)S}"((s, 2) (R(s) < 0).

1 — (Z(pl—s + ql—s))K—l—l
s(1—z(p'=54+4'7%)

=S (s,2) = —




Asymptotic Analysis

Inverse Mellin transform

1 . o+’ . s
Ap(v) = — Iim A (s)v™°ds (o0 < —1)

2m1 T—oo Jo—iT

1 . o1 . s
S (v, z) :2—7mj7j|—>moo . Sk (s,z)v %ds (o <0)



Asymptotic Analysis

1 o+iT 1 — (p—S —s\K+1
Ap(o) = > lim (p™%+q7%)

v °ds
27 T—oo Jo—iT s(1 — (p= 54+ q=%))

: 1 , _
Case 1: A= (~5F 4= dominates, ssp < —1

. (p7StgH)Et! - _
Case 2: S dominates, —1 < ssp < 0O

Case 3: % dominates, ssp > O.

PROBLEM: No absolute convergence!



Asymptotic Analysis

Case 1

Ap(w) =1 + Iz
1 o+T 1

I =——— lim - v ds,
1 271 T—oo Jo—iT  s(1 — (p=5 4+ ¢—9))

1 o+iT —8 —s\K+1
Io=——— Iim (r~°+q7°) 05 ds.

2m1 T—o0 Jo—iT 8(1 — (p_s+q_8))

ssp = saddle point of (p=5 4 ¢~ 5)Hv~s
ssp < —1 = I is negligible



Asymptotic Analysis

Shift of Integration for I

SHIT ——_ e __ C+IT

S-iT ---1--- c-IT

\/



Asymptotic Analysis

Shift of Integration for I
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Asymptotic Analysis

Shift of Integration for I

SHIT - = cHIT
o}
o
o
:o N
:
1° c-IT




Asymptotic Analysis

Case 1
IT = — lim > Res(A*(s)v™ %, s
T=%0 gez R(s)=—1,]3(s")|<T
1 o+iT 1
——— |lim v °ds
271 T—oo Jo—iT s(l —p= 5 — q=9%)
v—"
= — lim >
/ /
=00 yez, R(s)=—1,13(s)|<T H(s')
1 o—+12T 1
——— |lim / v °ds
271 T—oo Jo—iT s(1l —p=5 — q=9%)

H(s) = —p~*logp —q *logg.

PROBLEM: No absolute convergence!

s")



Asymptotic Analysis

Case 1

logp/logq & Q =

v oV
I = E(l +0(1)) = ﬁ(l + 0(1))

logp/logqg € Q —

1—277@’%

() 1— VQL
I = 4O =2
L mZE:Z (1 —2miZ)H (™)

(—-1,Vlog?2) + Ol




Asymptotic Analysis

Case 2

Shift to Rs = sgp € (—1,0):
1 ssp+i1 1 — (p—s + q—s)K—l—l

A = —— |lim v~ ds, 1
K (V) 271 T—oo Jssp—iT s(1 — (p™5 4+ q—5)) (1)
Infinitely many saddle points:
sp, = Ssp + ity,, tp =27h/(logp —109q).
—
1 (p—Ssp _|_ q—Ssp)K-I-12—Sspvp—ith(K+1)2—inh
Ag(v) ~ >

heZ \/27TK T (ssp) (ssp + ity,) (1 — (p=5sP + g—5sp)p—itn)



Asymptotic Analysis

Case 3

Shift to s = Ssp > O:

v °ds

1 sspHiT 1 — (p—S —s\K+1
Ag) =2K+1_ = jim [ w=+a7)
2m1 T—o0 Jssp—iT s(1—(p354+q9%))

— oK+1 1 O(QK(l_n))_



T hank You!



