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Lattice Paths and Binary Trees

CK,V ... x1 ≥ 0, x2 ≥ 0, x1 + x2 ≤ K , ax1 + bx2 ≤ V

(W.l.o.g. a = log 1
p , b = log 1

q , p + q = 1)

CK,V
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Tunstall-Codes

p = 0.4, q = 0.6.
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Tunstall-Codes

p = 0.4, q = 0.6.
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Tunstall-Codes

y ... node of tree of type (k1, k2) [i.e. k1 times L, k2 times R]

P (y) = pk1qk2

internal nodes: P (y) = pk1qk2 ≥ 0.36 ⇐⇒ k1 log
1

p
+ k2 log

1

q
≤ log

1

0.36

depths: k1 + k2 ≤ 2

external nodes: prefixfree set = {00,01,10,110,111} (Tunstall code)



Number of Paths

K ... integer, V ... positive real number

CK,V := {(x1, x2) ∈ R2
≥0 : x1 + x2 ≤ K, x1 log2

1

p
+ x2 log2

1

q
≤ V }

LK,V ... set of corresponding lattice paths

TK,V ... associated binary tree.

|LK,V | = 1 +
∑

k1+k2≤K, k1 log2
1
p+k2 log2

1
q≤V

(k1 + k2

k1

)

(the number of external nodes = 1 + number of internal nodes)



Number of Paths

Notation

ssp = ssp(K, V ) is defined by

p−ssp + q−ssp

p−ssp log 1
p + q−ssp log 1

q

=
K

V log 2

ssp > −1 ⇐⇒ K/V <
(
p log2

1
p + 1 log2

1
q

)−1
.

T (s) :=
p−s log2 1

p + q−s log2 1
q

p−s + q−s
−

p−s log 1
p + q−s log 1

q

p−s + q−s

2



Number of Paths

Notation

QL(s, x) :=
L

1− esL
esL〈x

L〉 =
∑

m∈Z

1

(−s) + 2πim
L

e
2πim

L x,

〈y〉 = y − byc ... fractional part of a real number y.

H := p log(1/p) + q log(1/q) ... entropy of the distribution p, q

H2 := p log2(1/p) + q log2(1/q).



Number of Paths

Theorem 1 Suppose that δ > 0 is given.

1.
log 2

H
· (1 + δ) ≤

K

V
≤

log 2

min{log(1/p), log(1/q)}
· (1− δ)

log p

log q
6∈ Q =⇒ |LK,V | =

2V

H
(1 + o(1))

log p

log q
6∈ Q =⇒ |LK,V | =

QL(−1, V log 2)

H
2V + O(2V (1−η)),

where η > 0, and L > 0 is the largest real number for which log(1/p)

and log(1/q) are integer multiples of L:

log p

log q
=

L log 1
p

L log 1
q

=
d

r
.



Number of Paths

2.
2 log2

log(1/p) + log(1/q)
· (1 + δ) ≤

K

V
≤

log 2

H
· (1− δ)

=⇒

|LK,V | ∼
∑
`≥0

Qδ (ssp, (K − `) log p− V log 2)

(p−ssp + q−ssp)`
·
(p−ssp + q−ssp)K2−V ssp√

2πK T (ssp)
,

where δ = log q − log p.



Number of Paths

3.
log 2

max{log(1/p), log(1/q)}
·(1+δ) ≤

K

V
≤

2 log2

log(1/p) + log(1/q)
·(1−δ)

=⇒ |LK,V | = 2K+1 −O(2K(1−η))

(for some η > 0).



Number of Paths

Case 1

(pt,qt)

(t,t)



Number of Paths

Case 2
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Exit Time

y ... lattice path in LK,V with k1 steps R and k2 steps L

P (y) := pk1qk2 ... “natural probability distribution”

∑
y∈LK,V

P (y) = 1 ... every path y eventually leaves CK,V

DK,V ... exit time of this random walk: |y| = k1 + k2

Equivalently, DK,V is the depth of the external nodes of the corre-

sponding tree (with distribution P ).



Exit Time

Theorem 2 Suppose that δ > 0 is given.

1.
log 2

H
· (1 + δ) ≤

K

V
≤

log 2

min{log(1/p), log(1/q)}
· (1− δ)

=⇒
DK,V − 1

H log |LK,V |((
H2
H3 − 1

H

)
log |LK,V |

)1/2
d−→ N(0,1)

E DK,V =
log |LK,V |

H
+

logH

H
+

H2

2H2
+
− logL + log(1− e−L) + L

2

H
+o

(
1

log |LK,V |

)
,

V DK,V =
(

H2

H3
−

1

H

)
log |LK,V |+ O(1).

L = 0 if log p/ log q is irrational and L > 0 is the largest real num-

ber for which log(1/p) and log(1/q) are integer multiples of L if

log p/ log q is rational.



2.
log 2

max{log(1/p), log(1/q)}
· (1 + δ) ≤

K

V
≤

log 2

H
· (1− δ)

=⇒ the distribution of DK,V is asymptotically concentrated at K +

1:

Pr{DK,V 6= K + 1} = O(e−ηK)

for some η > 0.

E DK,V = K + 1 + O(e−ηK), V DK,V = O(e−ηK).

Remark. Case 2 of Theorem 2 corresponds to cases 2 and 3 of

Theorem 1.



Exit Time

Case 1



Exit Time

Case 2



Asymptotic Analysis

Internal versus external nodes

Lemma 1

T ... m-ary tree,

X ... leaves (=external nodes) of T ,

Y ... internal nodes of T

P (y) := p
k1
1 · · · pkm

m if y is of type (k1, . . . , km)

=⇒
∑

x∈X

P (x)z|x| = (z − 1)
∑
y∈Y

P (y)z|y| + 1

Remark. expected (external) depth =
∑

x∈X

|x|P (x) =
∑
y∈Y

P (y).



Asymptotic Analysis

Distribution of zeroes

Lemma 2 (Jacquet, Schachinger) 0 < p < q < 1

Z := {s ∈ C : p−s + q−s = 1}

(i) −1 ≤ <(s) ≤ σ0 for all s ∈ Z

(σ0 > 0,1 + q−σ0 = p−σ0)

(ii) For every integer k there uniquely exists sk ∈ Z with

(2k − 1)π/ log p < =(sk) < (2k + 1)π/ log p.

Z = {sk : k ∈ Z}.

(iii) log p/ log q 6∈ Q =⇒ s0 = −1 and <(sk) > −1 for all k 6= 0.

(iv) log p/ log q = d/r ∈ Q, gcd(r, d) = 1 =⇒
<(sk) = −1 if and only if k ≡ 0 mod d, further

sk = sk mod d + (k − (k mod d))
2πi

log p
.



Asymptotic Analysis

Recall: k1 log2
1
p + k2 log2

1
q ≤ V ⇐⇒ P (y) ≥ 1/v (v = 2V )

AK(v) :=
∑

y:P (y)≥1/v, |y|≤K

1

is the number of lattice paths with endpoints contained in CK,V

=⇒ |LK,V | = AK(v) + 1 = AK(2V ) + 1

(the number of external nodes = 1 + number of internal nodes)



Asymptotic Analysis

SK(v, z) :=
∑

y:P (y)≥1/v, |y|≤K

P (y)z|y|

is the “probability generating function of the internal nodes”

DK(v, z) := E zDK,V (v = 2V )

=⇒ DK(v, z) = (z − 1)SK(v, z) + 1 (v ≥ 1)



Asymptotic Analysis

Recurrences

AK(v) = 0 (v < 1, K ≥ 0)

AK+1(v) = 1 + AK(vp) + AK(vq)

SK(v, z) = 0 (v < 1, K ≥ 0)

SK+1(v, z) = 1 + pzSK(vp, z) + qzSK(vq, z).



Asymptotic Analysis

Mellin transform f∗(s) =
∫ ∞
0

f(v)vs−1dv

recurrence =⇒

A∗
K+1(s) = −

1

s
+ (p−s + q−s)A∗

K(s) (<(s) < −1)

=⇒ A∗
K(s) = −

1− (p−s + q−s)K+1

s(1− (p−s + q−s))

S∗K+1(s, z) = −
1

s
+ (zp1−s + zq1−s)S∗K(s, z) (<(s) < 0).

=⇒ S∗K(s, z) = −
1− (z(p1−s + q1−s))K+1

s(1− z(p1−s + q1−s))
.



Asymptotic Analysis

Inverse Mellin transform

AK(v) =
1

2πi
lim

T→∞

∫ σ+iT

σ−iT
A∗

K(s)v−s ds (σ < −1)

SK(v, z) =
1

2πi
lim

T→∞

∫ σ+iT

σ−iT
S∗K(s, z)v−s ds (σ < 0)



Asymptotic Analysis

AK(v) = −
1

2πi
lim

T→∞

∫ σ+iT

σ−iT

1− (p−s + q−s)K+1

s(1− (p−s + q−s))
v−s ds

Case 1: 1
s(1−(p−s+q−s))

dominates, ssp < −1

Case 2: (p−s+q−s)K+1

s(1−(p−s+q−s))
dominates, −1 < ssp < 0

Case 3: 1
s dominates, ssp > 0.

PROBLEM: No absolute convergence!



Asymptotic Analysis

Case 1

Ak(v) = I1 + I2:

I1 = −
1

2πi
lim

T→∞

∫ σ+iT

σ−iT
−

1

s(1− (p−s + q−s))
v−s ds,

I2 = −
1

2πi
lim

T→∞

∫ σ+iT

σ−iT

(p−s + q−s)K+1

s(1− (p−s + q−s))
v−s ds.

ssp = saddle point of (p−s + q−s)Kv−s

ssp < −1 =⇒ I2 is negligible



Asymptotic Analysis

Shift of Integration for I1

c+iT

c-iT

+iT

-iT

s

s

-1
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Asymptotic Analysis

Shift of Integration for I1
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Asymptotic Analysis

Case 1

I1 = − lim
T→∞

∑
s′∈Z, <(s′)=−1,|=(s′)|<T

Res(A∗(s) v−s, s = s′)

−
1

2πi
lim

T→∞

∫ σ+iT

σ−iT

1

s(1− p−s − q−s)
v−s ds

= − lim
T→∞

∑
s′∈Z, <(s′)=−1,|=(s′)|<T

v−s′

s′H(s′)

−
1

2πi
lim

T→∞

∫ σ+iT

σ−iT

1

s(1− p−s − q−s)
v−s ds

H(s) = −p−s log p− q−s log q.

PROBLEM: No absolute convergence!



Asymptotic Analysis

Case 1

log p/ log q 6∈ Q =⇒

I1 =
v

H
(1 + o(1)) =

2V

H
(1 + o(1))

log p/ log q ∈ Q =⇒

I1 =
∑

m∈Z

v1−2πim
L

(1− 2πimL )H
+ O(v1−η) = 2V QL(−1, V log 2)

H
+ O(v1−η),



Asymptotic Analysis

Case 2

Shift to <s = ssp ∈ (−1,0):

AK(v) = −
1

2πi
lim

T→∞

∫ ssp+iT

ssp−iT

1− (p−s + q−s)K+1

s(1− (p−s + q−s))
v−s ds, (1)

Infinitely many saddle points:

sh = ssp + ith, th = 2πh/(log p− log q).

=⇒

AK(v) ∼
∑
h∈Z

1√
2πK T (ssp)

(p−ssp + q−ssp)K+12−sspV p−ith(K+1)2−iV th

(ssp + ith)(1− (p−ssp + q−ssp)p−ith)
.



Asymptotic Analysis

Case 3

Shift to <s = ssp > 0:

AK(v) = 2K+1 −
1

2πi
lim

T→∞

∫ ssp+iT

ssp−iT

1− (p−s + q−s)K+1

s(1− (p−s + q−s))
v−s ds

= 2K+1 + O(2K(1−η)).



Thank You!


