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Sums of independent random variables and
powers of generating functions

Coin tossing

o P{ct = head} = P{ct = tail} = 3.

e random variable § = Iy ;3 = { é :]]: J:]aele!;\d
. _ 1
e n independent runs: £1,8,...,&n, |P{§; =1} =P{§; =0} = 5|

o  Xn=& +&E+ -4+ &, ... the number of tails within n runs




Sums of independent random variables and
powers of generating functions

Counting generating function

an, = 2™ ... total number of possible n-runs

Uy o = (Z) ... the number of n-runs with k tails

An(u) = ) an,kuk =) (n)uk = (1 +w)"™ ... counting gen. func.
k>0 k>0 K

Ap(D) = D> app=an=Q0Q4+1)"=2"
k>0



Sums of independent random variables and
powers of generating functions

Probability generating function

Eu'n = Y P{X, =k} u”
k>0
_ N5 Ly
5
_ (4w An(u)
o2n AL(D)

An,k . E o Xn — Ap(u)

FXn = h} = an B An(1)




Sums of independent random variables and
powers of generating functions

Powers of probability generating functions

=E (u®l)---E(u®") ¢ independent !l!




Sums of independent random variables and
powers of generating functions

General fact

Xn=£& +&& + -+ &n| wWhere the r.v.'s &; are lid*

—  |EuXr = (Eugl)n

* Notation. “iid” ... independently and identically distributed



Sums of independent random variables and
powers of generating functions

Relation to moment generating function m,(v) = E 4

E(Z") ... r-th moment of Z

T,T
Zv ) —Ee¥? =Eu?  with |u = e’

— ZE(Z@?T:E(Z

r>0



A central Iimit theorem

Binomial coefficients

A

(n) . n! . on ox <_ k—g)2> +O(2n/ )
A TCR TR s P n/2 "



A central Iimit theorem

Standard normal distribution

1 1,2

3




A central Iimit theorem

Normally distributed random variable
Definition

A random variable Z has standard nomal distribution N(0,1) if

P{Z <z} = P(x)|

A random variable Z is normally distributed (or Gaussian) with mean
p and variance o2 if its distribution function is given by

P{Zg@:cb(x_“)

o

~

Notation. |£(Z) = N(u,o?) |




A central Iimit theorem

Moment generating function of N(u,c2):

1 2.2
V4 eHV—50°Y

my(v) =Ee

Characteristic function of N(u,c2):

242

. : 1
@Z(t) — Eeth — ez,ut—§a

Standard normal distribution: 41 =0, ¢c2=1

2

1
E V2 = 32V




A central Iimit theorem

Definition We say, that a sequence of random variables X,, satisfies a

central limit theorem with (scaling) mean un, and (scaling) variance
2 .

on If

P{Xn < pun+x-on} =>D(x)+ o(1)

as n — o0.

Example. X,, = number of tails in n runs of coin tossing:

P{Xngn/2+x.m}: 3 2_171(;;)
k<n/2+4x-+/n/4
1 (k — ﬂ)Q
v exp (— 2 ) ~ ().
k<n/24z-/n/4 W n/2

X, satisfies a central limit theorem with mean g and variance %.



Central Limit T heorem

Definition Weak convergence:

Xp-L x| = |lim P{X, <z} =P{X <z}

n—aoeo

for all points of continuity
of Fx(x) =P{X <z}

Reformulation:

X, satisfies a central limit theorem with (scaling) mean u, and
(scaling) variance o2 is the same as

Xn—,un d
On

. N(0,1)|.




A central Iimit theorem

Weak convergence via moment generating functions

im Ee?¥n = Ee’X  (veR) =— X, -5 X

n—oo

Moreover, we have convergence of all moments: E (X!) — E(X7).

Recall: Ee'*n = E ((e¥)*n) = Eu’n for u = €.



A central Iimit theorem

Weak convergence via characteristic functions (Levy’s Criterion)

im Eet¥n = EetX (1 eR) = X,-LX

n—oo

Moreover, if for all t € R

Y(t) = nII_)mOOEe
exists and (¢) is continous at ¢t = O then ¥ (t) is the characteristic

function of a random variable X for which we have X, i> X.



Central Limit T heorem

T heorem

€1,€n,...0id, E€2 < oo, Xn=E61+ &+ ...+ &

— . N(0, 1
e (0,1)

Remark. <— P{X, <EX, + zvV X} = P(z) + o(1).
Proof

n=E¢, 0> =V =E(£2) - (E&)? = EXpn=nu, VX, =no?.



Central Limit T heorem

e (1) = it — ez’t,u—%JQtQ (140(1)) (t — 0)
px, (1) = @¢ ()"

Zn = (Xn—pun)/V o°n

= |z, (1) | = Een

— e~ V/np/o (e(it/(\/ﬁff))(ﬁl-l--'--l—ﬁn))

= e~itin/o | (| it/ (Vio)Er)"

_ —itv/np/o  itynp/o—5t% (140(1))

— —5t2(140(1)) _, | —5t?|

-+ Levy’s criterion.



A central Iimit theorem

Quasi-Power Theorem (Hwang)

Let X,, be a sequence of random variables with the property that

EuXn = A(u) - B(u)™ - (1 40 (f))

n

holds uniformly in a complex neighborhood of v« = 1, |\, — oo| and

on — oo, and A(u) and B(w) are analytic functions in a neighborhood

of u =1 with A(1) = B(1) = 1. Set

un=B'(1) and ¢°=B"(1)+ B'(1) - B'(1)~

V Xn = 2An 4+ O (1 4+ An/on)

— |EXn=u M +0O 14+ A\n/dn)

~»
~»

VvV Xn

» N(0,1)| (o2 # 0).




Bivariate generating functions

Bivariate counting generating function

n

A(z,u) = ) )ukaznz Y 14 w)'z" = 1

n,k>0 k n>0 1 —z(1l4wu)

Observation: this is a rational function!



Bivariate generating functions

Rational functions

P(xz,u),Q(x,u) polynomials:

A(xz,u) = a kukg;-”:
2 Oz, )

Assumption: factorization of denominator

QG w) = ] (1— ’ )

j=1 P (u)

with

max - for —1 :
1] < max |p;(w)| u—1]<e




Bivariate generating functions

Central limit theorem for rational functions

Suppose that A(z,u) =Y a, ;ufz" with a, ; > 0 is rational and satis-
fies the assumptions from above.

Let X,, be a sequence of random variables with
An k

an,

P{X, =k} =

with an = > ap k-

Then X, satisfies a central limit theorem with

_ . nQ@) > p1(1)  pi(1)
HUn — _npl(l) and O'n—n<— —

+p’1(1)2>
p1(1)  p1(1)  p1(1)?)



Bivariate generating functions

Proof

Partial fraction decomposition:

Cw) L G
L /o) T T 2 pe)

A(x,u) =

—  An(u) = Z An,k uk = (1 (U),Ol (U)_n‘l' ' '+CT(U)PT(U)_n ~ Cq (U)pl (u)_rn
k>0

— |Eu

Xp _ An(u)  C1(u) <P1(1)>n
An(1)  C1(1) \p1(u)

—> central Iimit theorem.



Bivariate generating functions

Integer compositions
3=14141=241=142=3 ... 4 compositions of 3.

an, = number of compositions of n, A(z) = > anx™:

T

A(az)z1—|—A(:1:)(:1:—|—a:2—|—as3—|—---)=1—|—A(:1:)1_x.

1 1—
— A(x) = = -




Bivariate generating functions

Integer compositions

ap , = number of integer composition of n with k summands

A(z,u) = an’kukaj”:

Alz,u) =1+ uA(z,w)(z+ 22+ 23+ ) =14 Az, u)

TU
1 —«x

= Alz,u) =7

—> central limit theorem with un,

. 1l —=x
o 1—z(l4w)
and o :%.

n
2




Bivariate generating functions

Systems of linear equations

Suppose, that several generating functions

A (z,u) =) al;n,kukmn, o Ar(zu) =) ar;n,kukxn
n,k n,k

satisfy a linear system of equations.

Then all generating functions A;(x,u) are rational and a central limit
theorem for corresponding random variables is expected.



Bivariate generating functions

Meromorphic functions

The function A(x,u) is meromorphic in x when u is considered as a
parameter and there exists a dominant root pj(w) such that (locally)

Ao, ) = 10_(3:', ZJ)
p1(u)

= An(u) ~ C(p1(w),u) - p1(u)™"

7o Xn C(p1(u),u) <01(1)>n

— Clp1(1),1) \p1(w)

—> central limit theorem.



Bivariate generating functions

Number of cycles in permutations

P = number of permutations of {1,2,...,n} with k cycles

~ k CBn u.|ogL
Py = ¥ pop-ub- T = eart o
n,k>0 n:

1
(1 —2)¥

Remark: p,, ;. = (—1)”—ksn,k, where s, ;. are the Stirling number of
the first kind.



Excursion: Singularity Analysis

Lemma 1 Suppose that

y(@) = (1 —a/z0) "

T hen

= ()" = 40 ()

Remark: This asymptotic expansion is uniform in o if o varies in a
compact region of the complex plane.



Excursion: Singularity Analysis

Lemma 2 (Flajolet and Odlyzko) Let
y(z) = ) yna"

n>0
be analytic in a region

A= {x:|zr|<xzg+mn,|arg(z —xg)| >},
rxg>0,171>0,0<<7/2.

Suppose that for some real «

y(@) =0 ((L—xz/x0)™)  (z€D).

T hen

yn = O (xanno‘_l) .




Excursion: Singularity Analysis

A-region




Bivariate generating functions

Number of cycles in permutations (continued)

1

o~ |Ogi
P(z,u) =" "7 1z =
(z,u) 1 — o)

= pu(uw) = . pppu”
k>0

nu—l

(u)
e(u—1)logn

(u)

~ nl

1

AJ_____eu—llogn
r(u)( )

— & uxn

— central limit theorem with p, = logn and ¢2 = logn.

1
Generalization: Exp-Log-Schemes: F(z,u) = ¢"W109 1z +1(zw)



Bivariate generating functions

Catalan trees g, = number of Catalan trees of size n.

§ d %

X

G(z) =z(1 4+ G(z) + G(x)* +---)

1 G(x)
G(:C) _ 1— \/21 — 4z s gn = %(2:_—12> .

(Catalan numbers)



Bivariate generating functions

Catalan trees with singularity analysis




Bivariate generating functions

Number of leaves of Catalan trees

gn k. = number of Catalan trees of size n with k leaves.

xG(x,u)

G(z,u) = zu+ o(G(z,u) + G(z,u)* + - = zu + 1 - G(z,u)

— G(w,u)zé( —I—(u—l)a:—\/1—2(u—|—1):c—|—(u—1)2332)

p(u)

for certain analytic function g(x,u), h(x,u), and p(u).

—> |G(x,u) = g(x,u) — h(az,u)\/l —




Bivariate generating functions

Application of singularity analysis

Considering w as a parameter we get

R(p(u),u) - p(u) ™" - n=3/2

Gn(u) = Z gn,kuk ~

k>0 2y/m
Xn _ Gn(u)  h(p(u),u) (p(1)>n
= =G T R, D) e

—> central limit theorem with u, =% and o3 = %



Bivariate generating functions

Cayley trees
Tok = number of Cayley trees of size n with k leaves

BT
R(z,u) = > rppu —
n,k>0 n:

—> | R(x,u) = pelt(@u) 4 x(u—1)




Functional equations

Catalan trees: G(x,u) = zu + 2G(z,u) /(1 — G(x,u))

Cayley trees: R(z,u) = rel(zu) 4 x(u—1)

Recursive structure leads to functional equation for gen. func.:

A(z,u) = P(x,u, A(z,u))




Functional equations

Linear functional equation: ®(z,u,a) = ®g(z,u) + adPq(x, u)

Do (z, u)
1 — Py(x,u)

— A(z,u) =

Usually techniques similar to those used for rational resp. meromorphic
functions work and prove a central limit theorem.



Functional equations

Non-linear functional equations: ®.,(x,u,a) # 0.

Suppose that |A(x,uv) = (z,u, A(x,u))|, where ®©(z,u,a) has a power
series expansion at (0,0, 0) with non-negative coefficients and
¢aa(x7u7a) # O

Let g > 0, ag > O (inside the region of convergence) satisfy the system
of equations:

ag = P(xg,1,ag9), 1= Pu(xp,1,a0)|

Then there exists analytic function g(x,u), h(x,u), and p(u) such that
locally

X

p(u) |

A(xz,u) = g(x,u) — h(m,u)\/l —




Functional equations

Idea of the Proof.

Set F(x,u,a) = ®(x,u,a) —a. Then we have

F(xg,1,a09) =0
Fo(xp,1,a09) =0
Fr(zo,1,a0) # 0
Faa(z0,1,a0) # O.
Weierstrass preparation theorem implies that there exist analytic func-
tions H(xz,u,a), p(xz,u), g(x,u) with H(zg,1,a9) # 0, p(xg,1) = q(xp,1) =
O and

F(z,u,a) = H(z,u,a)((a — ag)® + p(z,u)(a — ag) + q(z,u)).



Functional equations

F(z,u,a) =0 <= (a-— ao)2 + p(z,u)(a —ag) + g(xz,u) = 0.

Consequently

GO w?(w,u)?

A(x,u) = ag 5 4

o Q($7u>

X

p(u)

~

= |g(x,u) — h(a:,u)\/l —

where we write

p(x, u)?
4

—q(z,u) = K(z,u)(z — p(u))

which is again granted by the Weierstrass preparation theorem and we

set

p(x,u)

g9(z,u) = ag —

and  h(z,u) = \/—K(a:,u)p(u).



Functional equations

A central limit theorem for functional equations

Suppose that |A(x,uv) = (z,u, A(x,u))|, where ®©(z,u,a) has a power
series expansion at (0, 0,0) with non-negative coefficients and ®4q(x, u,a) #=
0 (+ minor technical conditions). Set

zoPz (20, 1,a0)

®(z0, 1, ag)
Then then random variable Xy, defined by P{ X, = k} = a,, 1,/an satisfies
a central limit theorem with

and o° = “long formula”.

/JJ:

Un =mnpu  and agznaz.



Functional equations

Number of leaves in Cayley trees (R(z) = zel(®))

R(x,u) = pelt(@u) 4 x(u—1)

1
r0=—, 10= R(zg)=1.
(&

1

e

e—2

—> central limit theorem with u, = £ n and 02 = < n.




Functional equations

Systems of functional equations

Suppose, that several generating functions

A1(x,u) = Zalm,kukazn, oo S Ar(xyu) = Zar;mkuka@n
n,k nak

satisfy a system of non-linear equations

Ai(z,u) = Pi(z,u, A1(z,u),..., Ar(z,u))

~

where ®,(z,u,a1,...,ar) is non-linear in ay,...,ar for some j and has
a power series expansion at (0,0,0) with non-negative coefficients (for

all 7).

Let 9 > 0, ag = (ap,0,---,ar0) > 0 (inside the region of convergence)
satisfy the system of equations: (® = (Pq,...,P))

ag = ®(zg,1,a9), 0 =det(l— Pa(zp,1,a9)|




Functional equations

Suppose further, that the dependency graph of the system
a= ®(z,u,a) is strongly connected.

Then there exists analytic function g;(z,u),h;j(z,u), and p(u) (that is
independent of j) such that locally

T

p(u) |

Ai(z,u) = gj(z,u) — hj(a:,u)\/l —

If |A(z,u) = Zan,kaﬁnuk = F(z,u, A1(z,u),...,Aj(z,u))| (for some ana-
n,k
lytic function F satisfying certain conditions) then then random variable
Xnp defined by \P{ X, = k} = a,, /an| satisfies a central limit theorem

with

Un = nu  and 0%=n02,

where p and o2 can be computed.



Patterns in Trees

Pattern M

O—O



Patterns in Trees

Pattern M




Patterns in Trees

Occurence of a pattern M : ;

I



Patterns in Trees

Occurence of a pattern M : ;




Patterns in Trees

Occurence of a pattern M : ;

s N
i \
N ~\~ e N
i \ i \
\ /
~ - ~ -
[
; -

O S




Patterns in Trees

Occurence of a pattern M : ;

N LT
N




Patterns in Trees

Occurence of a pattern M i z in a labelled tree




Patterns in Trees

Cayley’s formula
o n”~1 .. number of rooted labelled trees with n nodes
tn = n"2 ... number of labelled trees with n nodes

Generating functions

R(z) = > rnﬁ:

|
n>1

R(x) = relt (@)

t(z) = ) tni—T:

n>1

T(z) = R(z) — %R(:p)Q




Patterns in Trees

T heorem
M ... be a given finite tree.
Xn ... number of occurences of of M in a labelled tree of size n

—> X,, satisfies a central limit theorem with

EXn~upun and VX, ~ on.

©n > 0 and o2 > 0 depend on the pattern M and can be computed
explicitly and algorithmically and can be represented as polynomials
(with rational coefficients) in 1/e.



Patterns in Trees

Partition of trees in classes (L1 ... out-degree different from 2)




Patterns in Trees

Recurrences | Az = xAgAos + tAgA3 + cAQA,

?‘%: :/‘ +£§%;:/‘
a % B —
SR NP

n

€T
Aj(z) = Z%’;ng
n.k )

aj., ... humber of trees of size n in class j



Patterns in Trees

Recurrences | A3 = xuAgAos + xuAgAsz + xuAgAg

5 5

QZ'n k
Aj(w,u) = Zaj;n,kg“
n,k

aj.nk .-~ humber of trees of size n in class j with k occurences of M



Patterns in Trees

10 00 "
AO:Ao(aZ,u)ICU—FwZAZ'—FQZ Z L (ZA) ]

1=0 n= 377’I
1
Al = A1(z,u) = 5:&42,

Ay = Ax(z,u) = xApgAz,
Az = Az(z,u) = zAg(A2 + Az + Ag)u,
Ag = Ag(z,u) = 2Ag(As + Ag + A7 + Ag + Ag + A1g)u?,

1
Ag = Ag(x,u) = ExA%u

Ag = Ag(w,u) = vA1(Az + Az + Ag)u?,
A7 = A7(z,u) = 2A1(As + Ag + A7 + Ag + Ag + A1g)u’,

Ag = Ag(z,u) = Sa(Aa + A3 + A0)%u?,

Ag = Ag(z,u) = x(Ax + Az + A4)(As + Ag + A7 + Ag + Ag + A1o)u”,
1

A10 = Ar0(z,u) = Jw(As + Ag + A7 + Ag + Ag + A10)%u.



Patterns in Trees

o

Final Result for M =

Central limit theorem with

5

= — =0.0311169177...
H 8e3

and
> 20e3+ 72e? + 84e — 175

= 0.0764585401....
32¢6

o



Degree distribution in random trees

Nodes of given degree

O

=5

Xff) = number of nodes of degree ¢ in trees of size n satisfies a central
limit theorem with

0 1 (2 _ 1+ (£—2)° 1
e TR B GO e T s Y- M S by




Degree distribution in random trees

dp¢ ... Probability that a random node in a random labelled tree of

Size n has degree /:
Eque) =ndy,y

R _ 1w
dg L= n||_>moodn,g = e(f— 1)! = u

Probability generating function of the degree distribution:

p(w) (= > dgwe = weW ™1
>1




Degree distribution in random planar graphs
e Outerplanar graph: no K4 and no K2,3 as a minor.
e Series-parallel graph: no K4 as a minor.

e Planar graph: no Kgs and no K33 as a minor.

Remark.

outerplanar C series-parallel C planar



Degree distribution in random planar graphs

Outerplanar Graphs

gn ... number of labelled outer-planar graphs with n vertices:

n

Gm=z%%

n>0

G(z) = (@),

O (z) = B/@C' @),

B'(z) =z + %x A(x),

Az) = z(1 4+ A(2))? + 2(1 + A(x)) A(x)

. 1—3$—\/1—6w—|—a:2
o dx '




Degree distribution in random planar graphs

Series-Paralles Graphs

gn,m ... Number of labelled series-parallel graphs with n vertices and
m edges:

xn
Gz, y) = ), gnm—y"
n>0 n!

G(z,y) = ")
00, Y) _ o <a_B (xac(x,y) y))

ox ox ox
OB(z,y)  x° 14 D(z,y)
oy 2 14y

D(w,y) = (1 +1)e@¥) — 1,



Degree distribution in random planar graphs

Planar Graphs

gn,m ... Nnumber of labelled planar graphs with n vertices and m edges:

xn
Gz, y) = ), gnm—y"
n>0 n!

G(z,y) = exp (C(z,y)),
oC(xz,vy) — exp (83 (x(‘?C(:B,y) y))

ox ox oz
OB(z,y) x° 14 D(z,y)
oy 2 14y
M (x, D) (1 + D> D2
= log — :
212D 1+vy 1+ xD
_ 292 1 1 . A+0)2(14V)?

U=zy(l+V)?
V=y(1+0)%



Degree distribution in random planar graphs

[Gimenez+Noy (2005)]
gn .... humber of all labelled planar graphs

_r
gn~c-n 24"%nl||, 4 =27.22..




Degree distribution in random planar graphs

Outerplanar graphs

T heorem
Xﬁ@ ... humber of vertices of degree ¢ in random 2-connected, con-

nected or unrestricted labelled outerplanar graphs with n vertices.

— Xﬁf) satisfies a central limit theorem with

EXT(ZK) ~ ,UJ(E)TL and Vque) ~ (a(e))zn.



Degree distribution in random planar graphs

Outerplanar graphs d; = (9, p(w) = Y dpw*
0>1

e 2-connected
() = 2(3 — 2v/2)w?
P T - (V2= Dw)?

e connected or unrestricted:

2

2
. c1w Ccaw
Plo) = )2 &P <C3w Ta- CQw)>

(with certain constants c¢q,c¢p,c3,¢c4 > 0).




Degree distribution in random planar graphs

Series-parallel graphs

T heorem
Xﬁ@ ... humber of vertices of degree ¢ in random 2-connected, con-

nected or unrestricted labelled series-parallel graphs with n vertices.

— Xﬁf) satisfies a central limit theorem with

EXT(ZK) ~ ,UJ(E)TL and Vque) ~ (a(e))zn.



Degree distribution in random planar graphs

2-connected series-parallel graphs d, = 1O p(w) = > dg’we:
>1

o
(o
N\

=

—
N—

where Bi(y,w) is given by the following procedure ...



Degree distribution in random planar graphs

2
Eo(y)® _ (Iog 1+ Eo(y) _ Eo(y)) |

Eo(y) — 1 o 14+ R(y)
_V1-1/E(y) -1
) = Eo(y) ’
Er(y) = — ( 2R(y)Eo(y)?(1 + R(y)Eo(y))? )5
(2R(y)Eo(y) + R(v)2Eo(y)2)2 4+ 2R(y)(1 + R(y)Eo(y)) )

R(y)Eq(y)

Do(y,w) = (1 + yw)el+R<y>Eo<y>D°(y’w) -1,
(1 + Do(y, w))R(y)El(y)Do(y,w)

Di(y.w) — 1+R(y) Eo(y) :
) = T T o w)) B Do)
Bo(y,w) = R(y)Do(y,w)  R(y)*FEo(y)Do(y, w)?
’ 14+ R(y)Eo(y)  2(1 + R(y)Eo(y))
Biy, w) = @)Dy, w) - R(y)*Eo(y) Do(y, w) Di(y, w)

T 1+ R(y)Eo(y) 1+ R(y)Eo(y)
~ R(y)*E1(y) Doy, w)(1 + Do(y, w)/2)
(1 + R(y)Eo(y))? '




Degree distribution in random planar graphs

Theorem
726) ... humber of vertices of degree ¢ in random 3-connected, 2-

connected, connected or unrestricted labelled planar graphs with n
vertices.

For ¢ < 2, X7§L€) satisfies also a central Ilimit theorem.



Degree distribution in random planar graphs

unrestricted planar graphs d;, = 1), p(w) = > dgwfz

>1
dq do d3 ds ds dg
0.0367284 | 0.1625794 | 0.2354360 | 0.1867737 | 0.1295023 | 0.0861805
p(w) = —eBoLw)=Bo(L) g (1 1) 4 eBo(taw)—Bo(t,H1 T Ba(L, 1) pp g

B3(1,1)

where B;(y,w) are given by the following procedure ...




Degree Distribution

e Implicit equation for Dg(y,w):

_ VS(Do(t —1) +1t)

14+ Do=(1+4+yw)exp (4(3t—|— Do+ 1)

~ Dg(t* — 12¢% 4+ 20t — 9) + Do(2t* + 6t° — 6t + 10t — 12) +t* 4 6¢° + 9t2>
4(t+3)(Do+1)(3Bt+ 1) ’

201 _ 2
where t = t(y) satisfies y+1 = 1+ 2 X ( L t7(1 —t)(18 + 36t + 5t )).

T+301 1) P\ 2 B0 +20(1 + 3t)2
and S = (Do(t — 1) +t)(Do(t — 1) 4 t(¢t 4 3)?).

e EXxplicit expressions in terms of Dg(y,w):

Do(y,w), D3a(y,w), Bo(y,w), Ba(y,w), B3(y,w)

e Explict expression for p(w):

p(w) = —eBoLw)=Bo(L1) B (1 1) + Bo(1w)—Bo(1,1)1 + Ba(l, 1)33(1,10)
B3(1,1)




Dissections

A ... set of dissections
(unlabelled planar graphs, where all nodes are on the outer face, one
edge is marked, and there are at least 3 edges)



Dissections

an ... number of dissections with n 4+ 2 nodes, n > 1,
(the nodes of the marked edge are not counted)

A(x) = Y apz™ ... generating function of dissections

n>1

A(z) = 2(1 + A(x))? + z(1 + A(z)) A(z)




Dissections

Quadratic equation:

3r—-1 1
T A+ =0

AQ
T 2x 2

Solution:

1—3w—\/1—6x—l—w2

Ale) = 4x

Radius of convergence: p; = 3 — 2v/2.

Lagrange inversion formula:



2-Connected Outer Planar Graphs

bn ... number of 2-connected vertex labelled outer planar graphs



2-Connected Outer Planar Graphs

B(x) = > bnfl—T ... exponential generating function of 2-connected
n>1 '
labelled outer planar graphs:

B'(z) =z + %J;A(m)

The derivative B/(z) can be also interpreted as the exponential gen-
erating function B®(xz) of 2-connected labelled outer planar graphs,
where one node is marked (and is not counted).



2-Connected Outer Planar Graphs

1
bn = Sap—2 - (n—1)! (n > 3)




2-Connected Outer Planar Graphs

8

1
bn = Sap—2 - (n—1)! (n > 3)




2-Connected Outer Planar Graphs

1
bn = Sap—2 - (n—1)! (n > 3)




2-Connected Outer Planar Graphs

1
bn = Sap—2 - (n—1)! (n > 3)




Connected Outer Planar Graphs

xC°

xC°

BO

xC°

0% (z) = B*(@C* (@)




Connected Outer Planar Graphs



Generating Functions

G

G(z) = exp (C(z))




Nodes of Given Degree

Dissections:




Nodes of Given Degree
e vo counts the number of nodes with degree 2,
e v3 counts the number of nodes with degree 3,
e v counts the number of nodes with degree > 3, and

e in all cases the two nodes of the rooted edge are are not taken
into account.



Nodes of Given Degree

e A>>(vp,v3,v) ... generating function of dissections with the prop-
erties that both nodes of the rooted edge have degree 2,

e As3(vp,v3,v) ... generating function of dissections with the prop-
erties that the left node of the rooted edge has degree 2 and right
one has degree 3,

e A33(vo,v3,v) ... generating function of dissections with the prop-
erties that both nodes of the rooted edge have degree 3,



Nodes of Given Degree

o A>-(vp,v3,v) ... generating function of dissections with the prop-
erties that the left node of the rooted edge has degree 2 and the
right has degree > 3,

e A3-(vp,v3,v) ... generating function of dissections with the prop-
erties that the left node of the rooted edge has degree 3 and the
right one has degree > 3, and

o A-~(vp,v3,v) ... generating function of dissections with the prop-
erties that both nodes of the rooted edge have degree > 3.



Nodes of Given Degree

The sum

A(v,v3,v) = App + 2A23 + A33 + 240 + 2435 + As>
is the generating function of all dissections (with the corresponding
counting in wvo,v3,v).

In particular,

1—3:13—\/1—6:c—|—:r:2
4dx '

Alx) = A(z,z,x) =



Nodes of Given Degree

Lemma 3

e er:;zz + v3A23 + vAos, @ ] ’

Az = v3A20 + v(A23 + Aos)
= vpA23 +v3A33 + VA3,
Azz = v(Anp + Axz + Azs)?
+ v(Aoo + Aoz + Az> ) (A3 + Azz + Azs),
Aos = v3A23 + v(A33 + A3s) +v(Aos + Azs + As>)
+ vp Aoy + V343> + VAS>,
Azs = v(Ax3z + Azz + 435 )(Axs + Az + As>)
+ v(A22 + A2z + A2>)(Aos + Azs + As>),
As> = v(Agz + A3z + Azs + Ao + Azs + Ass)?
+ v(A23 + A3z + Az> + Aos + Azs + A>>)(Aos + Ass + Ass).



Nodes of Given Degree

o B} (v1,v0,v3,v) ... exponential genenerating functions of 2-connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree 1.

o B3(v1,v0,v3,v) ... exponential genenerating functions of 2-connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree 2.

o B3(v1,v2,v3,v) ... exponential genenerating functions of 2-connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree 3.

o B2 (v1,vp,v3,v) ... exponential genenerating functions of 2-connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree > 3.



Nodes of Given Degree

Lemma 4
Bi(’l)l,UQ,’U:g,’U) — V1,

o 1
B3(v1,vp,v3,v) = = (vpAps + v3A423 + vA2y),
2

o 1
B3(v1,v2,v3,v) = 5 (voA23 +v3A433 + vA3S),

1
B2 (v1,v2,v3,v) = 5 (voAns + v3A3s +VASS).



Nodes of Given Degree

o Cj(v1,v9,v3,v) ... exponential generating functions of connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree 0.

o C7(v1,v2,v3,v) ... exponential generating functions of connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree 1.

o C3(vy1,v2,v3,v) ... exponential generating functions of connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree 2.



Nodes of Given Degree

o C3(v1,v2,v3,v) ... exponential generating functions of connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree 3.

o C%(v1,vp,v3,v) ... exponential generating functions of connected
labelled and marked outer planar graphs, where the root node (that
is not counted) has degree > 3.



Nodes of Given Degree

Lemma 5

Co(v1,v2,v3,v) = 1,
CI(’U]_,’UQ,’U:g,’U) — BI(Wla WQ) W37 W)a

° 1 ° °
CQ(U17U27U37U) — E(Bl(W17 WQ? W37 W))2 _I_ BQ(W17 WQ) W37 W)7
1
C:;(U17U27U37U) — ?(BI(Wla WQ? W37 W))3

1, .
-+ ﬁBl(W]-? WQ, W3, W)BQ(Wla W27 W?)a W)

+ B3(W1, Wo, W3, W),

C2? (v1,v2,v3,v) = BT (W1, Wo,W3,W)+B3(...)+B3(...)+ B (W1,W2,W3,W)

—1— BI(Wq, W, W3, W) — B3(...) — B3(...)

1, . Wo TWa. W 1 We Wo. Wa. W

— F(Bl( 1, VV2,VV3, ))2 _ 3|(BI( 1, VV2,VV3, ))3
1 ., WY BE (W T Wa. TV

_ﬁBl(”17”27”37 )BQ( 1, VvV 2, VV3, )7

where on the right hand side



W1 = v1C3 + v2C7 + v3C35 + v(C3 + C2),
Wo = voC§ + v3C7 +v(C3 + C3 + C2),
W3 = v3C5 +v(C] + C3 + C3 + C2),

W = v(C§+ C} + C3 + C3 + C2).

xC°

BO

xC°

xC°



Nodes of Given Degree

Counting nodes of degree 3:

C(v1,v2,v3,v) ... exponential generating function of all connected la-
belled outer planar graphs

Cy—3(z,u) ... exponential generating function that counts the number
of nodes with x and the number of nodes of degree d = 3 with wu:

Cy—3(z,u) = C(x,z,xu,x).

Also:
aCvd=3(aja ’U,)
ox

HC g
=C3 4+ CS+uCs+C%  and d—;(m’ W — e
u




Thanks for your attention!



