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ABSTRACT. The main goal of this paper is to study the behavior of subsequences u, =
{u(|n¢]) : n € N} of automatic sequences u that are indexed by [n¢] for some ¢ > 1. In
particular we show that the densities of the letters of u. are precisely the same as those
of the original sequence (provided that ¢ < 7/5). In this sense u, and u behave in the
same way. However, the pair correlation might be completely different as we will show in
the special case of the Thue-Morse sequence. The proofs use exponential sum estimates
like the double large sieve and a discrete Fourier analysis related to automatic sequences.

1. INTRODUCTION AND MAIN RESULTS

In this paper we consider relations between a sequence u with values in a finite set E
and its subsequences of the shape {u(|n°|) : n € N}, as well as some correlations between
such subsequences.

For a sequence v with values in E and for a € E, we say that a is observed with the
asymptotic (resp. logarithmic) density « if the quantity

1
(1) dens(v,a) = lim —#{l < n < z:v(n) =a}
Tr—00 U
resp.
2) log-dens(v, a) = lim —— 3 2
og-dens(v,a) = lim —
° 7 oo logn 1<n<a
V(\n);a

exists and is equal to a.. In other words, a is observed with the asymptotic (resp.logarith-
mic) density « if the sequence of these integers n for which v(n) = a has asymptotic (resp.
logarithmic) density .

We first compare the existence of the density with which a given value a € E is observed
in u and in

(3) u. := {u(|n°| : n € N}.

Since the sequence of integers (|n¢|),en has density zero, some “rigidity” is needed to be
able to compare the two densities dens(u, a) and dens(u,, a). One possibility is to consider
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the question for a family of values of ¢; in this vein, Harman and Rivat [7, Theorem 3]
showed that if dens(u, a) exists, then dens(u,, a) exists for almost all ¢ in (1,2) in the sense
of Lebesgue and is equal to dens(u,a).

For specific values of ¢, Mauduit and Rivat proved in [11, 12] the following result for the
sum-of-digits function s, in base ¢: For m > 2 and for any c in (1,7/5), the density with
which a residue a modulo m is observed in the sequence (s,(|n°]))nen exists and is equal
to 1/m. (Compare with [16], where the same result is shown for all ¢ € R\ N provided
that the base ¢ is large enough (depending on ¢).)

We consider here the case when the sequence u is g-automatic; in this introduction, let us
simply say that there exists a finite machine that produces the values u(n) by sequentially
reading the digits of the integer n in base q. Thanks to a classical result of Cobham (cf. [3]
or [1, Chapter 8]), when u is a g-automatic sequence with values in E, then, for any a € E,
the quantity log-dens(u,a) always exists; one should however notice that the quantity
dens(u, a) does not always exist: consider for example the sequence which associates to n
its most significant digit in base 10.

The Mauduit-Rivat above-mentioned result can be generalized in the following (here we
use the notation (1)—(3)):

Theorem 1. Let ¢ > 2, u be a g-automatic sequence with values in a finite set E and
ce (1,7/5); leta € E.

(1) The quantity log-dens(u,, a) exists and is equal to log-dens(u, a).
(2) The quantity dens(u., a) exists if and only if dens(u, a) ezists, and in this case, they
are equal.

For integer valued real numbers ¢ > 1, it need not be the case any more, that the
quantities dens(u., a) and dens(u,a) (if they exist) are equal. See for example [5], where
it is proved that for a special family of g-automatic sequences u the asymptotic density of
a in (u(n?)),en always exists but that it is in general not equal to dens(u,a).

The second scope of this paper is to study some correlations of the sequences u., when u is
a g-automatic sequence. One can consider either the correlation of the sequence u., seen as
a subsequence of the sequence u, i.e., study the distribution of the pairs (u(|n°|), u(|n¢| +
k)), or the correlation of the sequence u,, seen for itself, i.e., study the distribution of the
pairs (u.(n), u.(n + k)).

Since the sequence (|n¢]),en is, in a way, quickly increasing, we may expect that there
is no correlation in the second sense, whereas in the first sense, we are only modifying a
few digits and thus a non-trivial correlation should be derived. We shall illustrate this
phenomenon through the study of the specific Thue-Morse sequence t defined by

t(n) = s2(n) mod 2,

where s5(n) denotes the sum of the digits of the integer n written in base 2; we shall show
in Section 2.1 the well-known fact that the sequence t is 2-automatic.
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The correlation measure of order 2 of the Thue-Morse sequence has been studied by
Mauduit and Sérkozy in [15], where they proved that for any N > 5 one has
U 1
_1)\s2(n+d1)+s2(n+dz) >
W g 2y [ 2 () >
M+da<N In=1

Mahler [9] showed that for any positive integer k, the function

LS semtsatnri)
T g( 1)
converges and has a non-zero limit for infinitely many k’s: this pair correlation can be
understood as a consequence of the unique ergodicity of the symbolic dynamical system
associated to the Thue-Morse sequence, see [8, 10, 18]. Mahler’s result implies that for
every €1,e2 € {0,1} and k > 0 the density

fuler,c2) = lim A1 <0 < s (t(n), b+ B) = (er,20))

exists and it is not equal to 1/4 for infinitely many integers k. For the sequence (t(|n°]))nen
we have the following result:

Theorem 2. Let ¢ € (1,7/5), &1 and 9 be in {0,1} and k > 0. We have

lim l#{1 <n <o (b(Lne]), (1] + K) = (en,22) f = bulen, 20)

r—00 I

For example, the quantity ¢;(0,0) is equal to 1/6. This corresponds to the fact
lim l (_1)52(")+82(n+1) _ _l
T—00 U e 3 I

see for example [10]. The next result illustrates our expectation that the values so(|n¢|)
and so(|(n + 1)¢|) are not correlated.

Theorem 3. Let c € (1,10/9). For any pair (e1,¢2) € {0,1}2, we have
: 1 c c 1
tim —#{1 <n<a (@) 6L+ D) = 1) | = 5
The key ingredient in the proof of Theorem 3 is indeed an upper bound for the relevant
discrete Fourier series:

Proposition 1. Let ¢ € (1,10/9); there exists a constant o. > 0 such that we have
S (mayr DD = (1)
1<n<Lz

Remark 1. The upper bound for ¢ in the statement of Theorem 3 and Proposition 1 given
by the proof is
4log?2 + 9log(2 +/2)

21og2 + 9log(2 + v/2)

=1.11145799. ...
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As we expressed it, the pair correlation of the sequence u.., seen for itself, is zero because
the sequence (|n¢|)nen is quickly increasing. We justify this point of view by studying the
slowly increasing sequence |nlogn|, a case where we observe a non-zero correlation:

Theorem 4. The function

I S (—1)sallntognl el ogtr)

1<n<Lz

has no limit when x tends to infinity. Furthermore, for any (g¢,€1) € {0,1}?, the function

1
T ;#{1 <n<x:(t(|nlogn]), t([(n+1)log(n+1)])) = (51,82)}
has no limit when x tends to infinity.

In Section 2 we give a precise definition and important properties of automatic sequences
and we state some facts on the discrete Fourier transform of the sum-of-digits function. In
Section 3 we state and prove some results on g-multiplicative functions which we use in
order to show Theorem 1 and Theorem 2. In this part we use classical tools from analytic
number theory such as certain properties of the Beurling-Selberg function and the double
large sieve of Bombieri and Iwaniec. In Section 4 we study different exponential sums in
detail in order to prove Proposition 1 and Theorem 3. Finally in Section 5 we outline the
proof of Theorem 4.

2. NOTATION AND AUXILIARY RESULTS

Let ¢ > 2. Every integer n > 0 has a unique representation in base ¢ (called the proper
representation) of the form

nngj(n)qj, g;(n)€{0,1,...,q—1},  &,(n)#0.

The sum-of-digits function s,(n) is defined for n > 0 by sy(n) = >_7_;¢;(n) and we let
$4(0) = 0. Throughout, we use the notation e(z) for the exponential function e*™*. If x is
a real number then ||z|| denotes the distance from z to its nearest integer and {x} is the

fractional part of x. The symbol f < g means that |f| = O(|g|).

2.1. Automatic sequences. We refer to the very complete monograph [1] of Allouche
and Shallit for the definitions and properties of g-automata and g-automatic sequences.
We just give here the minimal information for the reader who is not acquainted with those
notions.

Definition 1. Let ¢ > 2. A g-automaton 9N with values in a finite set E is given by:

e a finite non-empty set R = {ry,...,rq}, the elements of which are called states,

e one element of R, which is singled out and called the initial state; we will use the
notation ry for this element,

e amapd:Rx{0,1,...,q—1} = R,
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eamapT:R— E.

Let us explain, how we associate to the g-automaton 90t a sequence of elements of F,
say Vvon, via a sequence rgy of elements of R.
(1) We let ron(0) = r; and ver(0) = 7(r1).
(2) For n > 1, we consider the proper representation of n in base ¢ and we let

ron(n) = 0(---0(6(r1,€4(n)), €—1(n)), ..., 0(n)),
and vop(n) = 7(rm(n)).

Remark 2. One can consider the oriented graph where the vertices are SR and the oriented
arrows are given by the map ¢. To attain vgn(n), we start at r; and sequentially read the
digits of n from the left to right, i.e. starting with €,(n), going from one state to another
on following the arrows numbered ¢,,¢,_1,...,&0; we thus arrive at a certain state rop(n)
and the value of vgy(n) is simply 7(rsp(n)) (see the example below).

Definition 2. We say that a sequence u with values in E is g-automatic, if there exists a
q-automaton M with values in E such that we have u(n) = vop(n) for all n.

Ezample 1 (Thue-Morse sequence). In the following we show that the Thue-Morse sequence
t, which we defined in the introduction, is a 2-automatic sequence. Let us consider the
2-automaton ¥ defined by:

[ ] E = {0, 1}, fR = {7’1,7’2},
e §(ry,0) =0(ro, 1) =1y,  0(ry, 1) = 8(ra,0) = 1y,
e 7(r) =0, 7(ry)=1.

Its graph (as described in the previous remark) is given in Figure 1. It is readily seen that

F1GURE 1. The graph of the automaton ¥ of the Thue-Morse sequence

the state denoted by rz(n) is 1 if we have read an even number of 1’s in the expansion of
n in base 2, and is ry otherwise. Thus, due to the definition of 7 we have

(n) 0, if n contains an even number of 1’s
ve(n) =
* 1, if n contains an odd number of 1’s,

so that vg(n) = t(n) for all n, which proves that t is a 2-automatic sequence.
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Transition matrices: To any given k € {0,1,...,q — 1} we associate the d x d matrix
M (k) = (m;j(k)), such that

i (k) = {1, if §(r;, k) =,

0, otherwise.

For example, for the Thue-Morse sequence, we have

M(0) = ((1] (1’) and  M(1) = ((1) é)

The dynamics of the automaton 901, i.e. the sequence roy, can be obtained in the following
way:! For n > 1, with the proper representation n = Y oio€i(n)g' in base ¢, we have

M(o(n)) M1 (1)) -+ M(2,(m))er = exmin.
In the sequel, it will turn out to be convenient to introduce the notation
(4) S(n) = M(go(n))M(e1(n))---M(e,(n)) for n > 1 and S(0) = Id,

where Id, is the identity element in C?*¢. In order to check whether von(n) is equal to a
given value a € E, we simply have to compute the product

33:61‘931(”) = 325(71)617

where the vector 3, is defined by

1, if7r(r;) =a,
(5a)i = {0, otherwise.

It is equal to 1 if vop(n) = a and 0 otherwise. The advantage of this matrix representation
is that, as shown by Peter [17], it permits to give a criterion for the existence of the
asymptotic density with which the element a in F is recognized by voy. We consider the
matrix M = (M(0) +---+ M(q —1))/q¢; it is a stochastic matrix and thus there exists a
positive integer m such that the sequence (M™*);cn converges. In particular, Peter showed
that dens(vgp, a) exists and is equal to « if and only if for all 1 < j < d,
i 3a M7,

exists and is equal to a. A special case of importance is the positive regular case, where
M admits a power all the entries of which are positive: in this case (M*); tends towards
a matrix all the columns of which are equal and Peter’s criterion is trivially satisfied.

Ior 1 < j < d, we denote by e; (and for notational convenience also by eTj) the d dimensional unit
vector defined by (e;); = d;; (the Kronecker symbol).
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2.2. Fourier transform. Let ¢ > 2, o € R and A € N. The discrete Fourier transform

F\(., «) of the function u — e(as,(-)) is defined for all h € Z by
1
Fx(h,a) = — Z e (asq(u) — hug™).
q 0<u<g?

Proofs of the following properties of the Fourier transform can be found in [13, 14].

2

Lemma 1. Letq > 2, a € R, h€Z, and A > 1; set ¢, = IQ’ITqu (1 - q%) Then we have

|F\(h, o) < 6”2/48q*0q\\(q71)a||2>\7
and
> IR(h o) < V2(2+V2)1,
0<h<2X
as well as

> |Ex(h,a)Fa(=h,a)| < 1.

0<h<g?

3. GENERALIZED ¢-MULTIPLICATIVE FUNCTIONS AND AUTOMATIC SEQUENCES

In this section we prove Theorem 1 and Theorem 2. These two results will directly follow
from Theorem 5, which is a generalization of a result of Mauduit and Rivat [12, Theorem
1] (see also [11]). They have shown that for all g-multiplicative functions f the following
result holds true: If ¢ € (1,7/5), v = 1/c and ¢ > 2, then for all § € (0, (7 — 5¢)/9)

A= > ym T f(m)| < 2

1<n<Lz 1<m<ae

where the implied constant depends at most on ¢, 6 and ¢q. Recall that a ¢-multiplicative
function f : N — C is defined by the property that for every triple (a,b, k) € N® with
b < ¢* we have

f(d"a+b) = f(d"a) f(b).

The following definition is a generalization of this property to matrix valued functions:

Definition 3. Let d > 1. We call a function F : N — C%¢ q generalized q-multiplicative
function in C¥4, if there exists a constant L > 0 such that for all k > 0 there exist

functions G,(gj) N — C™4 j = 1,2, such that for every triple (a,b, k) € N> with a > 0 and
b < ¢* — L we have
F(q"a+b) = G (b) G} (a).

Theorem 5. Let ¢ € (1,7/5), ¢ = 2, d > 1 and assume that F is a generalized q-
multiplicative function in C*™*? and there exists a submultiplicative norm || - ||, such that
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we have |[F(n)|, < 1, |GV )]s < 1 and |GP ()]s < 1 for all k >0 and n > 0. Set
v =1/c. Then we have for all 6 € (0, (7 — 5¢)/9) that

S ()= Y e )| <,
1<n<e 1<m<ae s
where the implied constant depends at most on ¢, §, q, d, the norm |- ||, and L.

Remark 3. By transposition, this result also holds true if the generalized ¢g-multiplicative
function F in C%*? satisfies

F(¢*a +b) = GP(a) GV (b),

instead of F(q*a +b) = G,(:)(b) G,(f)(a). In terms of g-automatic sequences (see Section 2.1
and the proof of Theorem 1), the definition of generalized g-multiplicativity as given in
Definition 3 corresponds to the fact that the automaton reads the input digits from left
to right. Contrary, if the automaton read the digits from right to left, this would yield a
generalized g-multiplicative function satisfying the relation stated in this remark.

3.1. Proof of Theorem 5. The proof of this theorem goes along the line of Mauduit’s and
Rivat’s proof of [12, Theorem 1]. Let || - ||s be the norm mentioned in Theorem 5. We denote
by || + |lmax the maximum norm (i.e., if A = (a;;) € C™% then ||Al|,,. = max;;|a;l|).
Recall that this norm is not submultiplicative.

The first steps of the proof are analog to [12]. The only difference is the fact that we
use the triangle inequality for arbitrary norms in C%*¢ instead of the triangle inequality
for the absolute value in C. Recall that ¢ > 1. A short calculation shows that m has the
form m = |n°] if and only if

max

[=m7] = [=(m+1)7] =1,

where v = 1/c (otherwise, this difference is zero). If we set U(u) = u — [u] — 1/2, then we
obtain

Y E(n))= Y, Fm)(l=m"] = [~(m+1)7])

1<n<zx 1<m<ze

(5) = > Fm)(m+1) —m")

1<m<z©

+ Y Fm) (¥(=(m+1)) = ¥(-m")).

1<m<zc

—

Next, we recall a result which can be found in [12, Lemma 2]. If 6 € [0, 1], then

Z |(m +1)" —m’ —om’ 1| <

m>1

o |
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Since ||F'(n)||, < 1 for all n € N, we get

<

AN

Yo Fm)((m+1)"=m?) = Y ym’ ' F(m)

1<m<z*© 1<m<z*©

Together with (5), this implies that in order to prove Theorem 5 it suffices to show that
for all 6 € (0,(7 — 5¢)/9) and for all M > 1 we have

©) Swi=| Y Fm) (W(=(m+ 1)) = U(=m)|| < M0,
M<m<2M i
where the implied constant depends on ¢, 0, d and the norm || -||,. Indeed, this follows

from a standard argument using geometric series. If we set M), = 2¢/2F, we have

Yo F(n) = Y ym? F(m)

1<n<zx 1<m<ae

<Y MY <t
k>0

S

We start with approximating the function ¥ by trigonometric polynomials. Let H > 1 be
an integer. Then it follows from Vaaler’s approximation method using the Beurling-Selberg
function (see [19, Theorem 19]) that the following holds true: There exist coeflicients ag(h)
with 0 < agy(h) < 1 such that the trigonometric polynomials

V() = —— 3 “HTU’)e(ht)

2im
1<|h|<H
and
_ |4
(7) ku(t) =) (1 71 ) eth)
\h|<H
verify
1
U(t)—w < — )
() = W (t)] < gt

The function kg (t) is the Fejer kernel and we have

1
8
(®) 2H + 2

Z /‘iH(mG) < H71M+H1/2M9/2 +H71/2M179/2’
M<m<2M
for every 0 < 0 < 1 and for every M > 1 (this is [12, Lemma 5] and follows easily
from [6, Theorem 2.2]). We set Hy := |[M'77079| where § is a constant satisfying
0<0<(7—5¢)/9, and we get

Su<|| D Fm) (Wuy(—(m+1)") = ¥gy(—m?))
+ 2H01+ i Z Ky (—(m +1)7) + 2H01+ i Z K, (—m7).

M<m<2M M<m<2M
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The last two sums can be handled by (8). This yields

Sy <

Y F(m) (W(—(m +1)7) = Upgp(=m"))

M<m<2M
+ Hy'M + HY?MY? o H VP72,

For our special choice of Hy we have that

Hé/2M’y/2 — gL/2+96/2 > ML/28/2 H51/2M1*V/2.

Thus we get
Su < | Y Flm) (Y, (—(m+1)7) = Uy (=m?))
M<m<2M s
) Oy g2,

Next, we treat the sum that arises in (9). Replacing Wy, by its expression, this sum is
bounded above by

>

1<|h|<Ho

Z F(m) (e(h(m+1)7) —e(hm?))
1
2 T

020 Hyy1<|h|<H,

s

Y. F(m)(e(h(m+1)7) —e(hm"))

M<m<2M

(10)

)

s

where Hy, = Hy/2°. Putting @5, (t) = e(h(t +1)7 — ht?) — 1, we get by partial summation?

Y. F(m)(e(h(m+1)7) —e(hm"))

—on(2M) Y Flmyelu)~ [ g0 S0 Flmye ().

M<m<2M M M<m<t

If |h| < M™™ we have @p,(t) < |h|M7! and ¢}, (t) < |h|M?~2 on the interval [M, 2M].
Thus we obtain for H, < M7 (note, that || [ A(t) dt||max < [ [|A()|lmaxdt which implies
I [ A#)dt]ls < [ [IA(#)]]sde)

L T

Hoy1<|h|<Hy

Y. F(m)(e(h(m+1)") —e(hm"))

M<m<2M

s

> F(m)e(hm)

M<m<M'!

<, max M1 Z

M'€[M,2M)]
Hopp1<|h|<H,

2If A(t) € C?*4, we denote by [ A(t)dt the matrix (B;;) with By = [ A;;(t)dt.
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Moreover, we trivially get for ¢ > 0,

X

Hy 1 <|h|<H,

Y. F(m)(e(h(m+1)") —e(hm))

M<m<2M

>

Hyp1<|h|<H,

S

Y. F(m)e(h(m+u))

M<m<2M

< max
ue{0,1} Hypq

Since the sum over £ in (10) has < log(Hy) summands, we obtain

Y. F(m) (Ypy(—(m +1)7) = Uy (=m"))

M<m<2M

s

11 <cq (log Hy) max max max min (M7, H')S s
( ) 7d( g 0)0<H<H0u6{0,1}Me[M72M] ( ) H,M,M’,

where Sy ar a4 is defined by

Z F(m)e(h(m+u)7)

M<m<M’!

(12) SHMM u = Z

H<h<2H

S

Proposition 2. Let vy € (1/2,1), ¢ > 2, d > 1 and F be given as in Theorem 5. Then we
have for all1/2 < H < M < M' < 2M and u € [0, 1] that

Suatara < HEMENA 4 g2 0772y /log(3M),
where the implied constant depends on vy, d the norm || - ||, and L.

As in [12, page 195] one can now show that this result implies (6). This in turn (as
already noted) proves Theorem 5. Thus, we omit the details and continue with proving
Proposition 2. Since the next few steps are of particular importance, we treat them in
detail. The final steps are again as in [12, Section 4], see the comments at the end of the
proof of Proposition 2.

Proof of Proposition 2. Throughout this proof we write .S instead of Sy as .. Let kK € N
such that B < H~Y*M'™/? <« B with B = ¢*. We can assume that k > 1 (otherwise,
the statement holds trivially). Then there exist integers A, R, A" and R’ such that

M=AB+ R with 0O<R< B, and M =AB+ R with 0< R < B.
We have A < A" <2A+1 and AB < M <« AB. This allows us to write

= %

H<h<2H

+O(HB).

S

Z Z F(Ba+b)e(h(Ba+b+u))

A<a<A’ 0<b<B
Next, Taylor’s theorem implies that
e(h(Ba+b+u)?) = e(hB"a") e(x(a, h) - y(b)) + O, (HB*M*™*),



12 J-M. DESHOUILLERS, M. DRMOTA, AND J. F. MORGENBESSER
where
x(a,h) = (ha” ', ha?’ "% ha"™?),
y(0) = (B (b +u), B (b + u)®, 1B (0 + u)?),
with v1 =, 72 = v(y — 1)/2 and 73 = (v — 1)y — 2)/6. Thus, we have

= 2

H<h<2H

> Y F(Ba+b)e(hB7a")e(x(a,h) - y(b))

A<a< A’ 0<b<B
+O(HB+ H*B*M™?).

s

The generalized ¢-multiplicity of F' implies that there exist functions G,(Cl) and G,(f) such
that we have for all A <a < A" and 0 < b < B — L that

F(Ba+b) =G () GP(a).
Using this property, we obtain (if B — L < b < B, we use the trivial estimate)

= 2

H<h<2H

YN GV 6P () e(hBYaY) e(x(a, h) - y (b))

A<a< A’ 0<b<B
+O(HA+ HB+ H*B*M"?)

< Y Y S e ex(a ) -yv)

H<h<2H A<a<A’ [|0<b<B
+HA+ HB+ H?B*M" 3,

S

S

where we used the submultiplicity of |- |[,. Note, that [|A|l, <4 >, jcqlai;| for any
matrix A = (a;;). Hence we get

sy Y %

1<i,j<d H<h<2H A<a<A’

S Giy(B) elx(a. h) - y(b))

0<b< B
+HA+ HB+ H?B*M 3,

where G ( ) = (Gij(b))1<ij<a- Set X = {x(a,h) : A < a < A,
Y ={y(® ) 0<b< B} Note, that x(a, h) # x(a’, /') if (a, h) # (a d

if b # /. We obtain that there exist complex numbers «;;(x(a,h)) and B;;(y(b)) with
la;j(x(a, h))| =1 and |B;;(y(b))| <4 1 such that

2. 2.

H<h<2H A<a<A’

> Gib)e(x(a,h) -y (b))

0<b<B

x(a,h)eX
y(b)ey
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(Note, that |Gi;(b)] < [|GL” (B) max < [|GR” (B[l < 1.) We set
At =y HB*M ™ X =~ 'A'BTY, Y= ATH AR

for k =1,...,3. Then we have that the k-th component of x(a, h) € X’ has absolute value
less than or equal to Xj. A similar result holds for the points in Y (with X} replaced by
Y}). Hence, we can apply [2, Lemma 2.4] (the double large sieve of Bombieri and Iwaniec)
in dimension 3 and we obtain

w (¥ ¥

H<h<2H A<a<A’

S Fy(B)elx(a,h) - y(b))

0<b<B k=1

2 3
) <4 H(l + Alzl)BlBQ,

where B; represents the number of quadruples (hy, he, aq,as) with H < hy,hy < 2H and
A < aq,ay < A’ such that

h’la’ly_k - h’2a’2_k‘ < <2Yk)717 k= 17 R 37
and B; represents the number of pairs (by, by) with 0 < by, bs < B such that
76 BY 7 (by + u)* — B by 4+ )| < (2X5) 7, k=1,....3.

Note, that the right-hand side of (13) is independent of i and j, since the sets X and ) as
well as the numbers X and Y, for £k = 1,...,3 are independent of 7 and 5. Mauduit and
Rivat have shown (see [12, Sections 3 and 4]) that

3
[[+AHBiBy <, M2 (1+ H' M) log(3M).
k=1

Thus, we obtain that S is bounded by some constant times
HYE M@/ (1 4+ HY2MO=0/2) flog(3M) + HA+ HB + H?B*M—.
Exactly the same way as at the end of [12, Sections 4], we obtain that
HB+ H*B*M3 <« HY¥M@+0/4(1 + H*1/2M(1*7)/2)\/W.
Furthermore, we have
HA< HB™'M < HY*M? < HYB M@/,
The last inequality follows from the fact that (note, that H < M and v < 1)
VB N[-1/247/4 < 1 /8=1/241/4

Finally, this completes the proof of Proposition 2. 0



14 J-M. DESHOUILLERS, M. DRMOTA, AND J. F. MORGENBESSER

3.2. Proof of Theorem 1. Before we start with the proof of Theorem 1, we show that
Theorem 5 implies the following result.

Lemma 2. Let ¢ € (1,7/5), ¢ > 2, d > 1 and assume that F is a generalized q-
multiplicative function in C*™*? and there exists a submultiplicative norm || - ||, such that
we have |[F(n)||, < 1, |GV 0)]s < 1 and |GP ()]s < 1 for all k >0 and n > 0. Set
v =1/c. Then we have

F(|n® F(m
(14) 3 F(n]) _ 3 LEm o,
1<n<x n 1<m<zx* m s
and
(15) S e F([nf)) = > F(m)|| <epaz' ™,
1<n<z?Y 1<m<zx

S

for all 6 € (0, (7 — 5¢)/9).

Proof. In what follows, we set

E(u):= Y F(ln))— > ym"'F(m).

1<n<u 1<m<uc

We start with proving inequality (14). By partial summation we obtain

S A s M e )

m X
1<n<Lz 1<m<z*c

where

I(z) = /1 ( > F(m)> t%dt —~ 7/1964 ( > vmv_lF(m)> ﬂ%dt.

1<n<t 1<m<t

Changing the variable in the last integral yields
1
I(z) = / =(t) t—th.
1
Thus we obtain

F(|n¢ F(m
DL

1<n<zx 1<m<z©

We can use Theorem 5 with some fixed 6 < (7 — 5¢)/9 and get

3 F(ln]) 3 ,Fm)

1<n<Le 1<m<xe

1 S 1
Z = =(t —dt.
<<xH~<:c>Hs+/1 121,

1

1 T
<<c7d E +\/1v t1+6dt <<C7d ]_.
S

One can show (15) using the same ideas but for brevity we do not give a proof. (Partial
summation, integration by substitution and Theorem 5 yields the desired result.) 0
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Proof of Theorem 1. Recall that we have 1 < ¢ < 7/5 and ¢ > 2. Let a € E. As we have
seen in Section 2.1, there exist ¢ transition matrices M (0),..., M (g —1) € C? (for some
d > 1) corresponding to the automatic sequence u and a vector 3, € C? such that

N

0, otherwise,

where S(n) is given by (4). Note, that S is a is a generalized g-multiplicative function in
C?*d, Indeed, we have for every triple (a,b, k) € N3 with a > 0 and b < ¢* that

S(qka+b) = S(b)M(0)F*® S (a),

where ((b) = [log,(b)] + 1 for b > 1 and £(0) = 0 (the expression £(b) is equal to the
number of digits of b in the base-q representation system). Thus, we can set

G (n) = S(n)M0)*“™ and  GP(n) = S(n).

Let || ]|, denote the submultiplicative norm induced by the 1-norm in C?. Alternatively,
if A = (aij)1<ij<a, then ||A||; is also given by ||A|;, = max; ) . |a;;| (maximum absolute
column sum norm). Since for each n there is exactly one entry equal to 1 in each column
of S(n), we have ||S(n)||; =1 (the same holds clearly for G,(Cl)(n) and G,(f)(n)). Hence, we
will be able to apply Theorem 5 and its consequences.

We start with showing that the logarithmic density of a in u. (recall that u, is defined
by (3)) exists and that it is the same as the logarithmic density log-dens(u,a) of a in u
(which exists since this sequence is g-automatic). We have

' 1 1 _ 1 3LS(n)ey
log-d — 1 Y oo=1 Yo 22U
og-dens(u,a) = lim im "

z—c0 log T n  z—oo logw

1<n<zx
u(n)=a

1<n<zx

In what follows, we show that

T c
1 Z Za, S( Ln J)el — log_dens(u, a,) — 0(1)7
log n

1<n<z
which implies the desired result. We can write

1 T c
— Z s S(n))er log-dens(u, a) = EY
log x n

log
1<n<zx

+E2

log

with

1 1 T S([n° S(m
-t (30 S 5 s,

1<n<x 1<m<ze

2 1 37S(m)ey
El(og) = oz 1° Z e log-dens(u, a).

1<m<xe
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The Cauchy-Schwarz inequality yields

1 S(|n° S(m
50 < ol (Z D 5,8 )>el
0gr 1<n<zx n 1<m<z© m 2
Vd S(n°)) S(m)
(16) ¢ Va5 S 5 S
10g17 1<n<zx 1<m<z*© m 2
where || - ||, denotes the norm induced by the 2-norm in C?. Inequality (14) of Lemma 2

implies that El(olg) = o(1). Since El(o2g) = 0(1) holds trivially, we are done.

Next, we assume that the quantity dens(u, a) exists. We will show that in this case the
quantity dens(u,,a) also exists and that they are equal, i.e.,

(17) > (30S([n°])er — dens(u, a)) = o(x).
1<n<z
Again, we split up the occurring sum in different parts. We write
(18) Z (305([n))er — dens(u,a)) = EW 4+ E® 4 g6
1<n<zx
with

EW =3, ( > S — Y VmHS(m)) 1,

1<n<z 1<m<xe

E®? — Z ym 7' (35S(m)er — dens(u, a)) ,

1<m<z©
E® = dens(u, a) ( Z ym It — Z 1) :
1<m<zx* 1<n<Lz
Similar to (16) we get
[EOT<VA|| > S(In))y = > ym S(m)
1<n<z 1<m<ze 2

Theorem 5 implies that EY) = o(z). In order to treat E® note that there exists a
continuous, positive and monotonic function g(¢) with g(¢) — 0 for t — oo such that

< tg(t).

Z (35S(m)er — dens(u, a))

1<m<t
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(This easily follows from the fact that the density of a exists.) By partial summation we
obtain

E® = ygl=e Z (35S(m)e; — dens(u, a))

1<m<ze
) / ( 2 (a0S(m)er = dens(u, a))) y(y — 1) %t
! 1<m<t
Hence we have
mc/2 e

|E®)| < ya'atg(2f) + / g(t)y(1 =y —tdt + / g(t)y(1 =yttt
1 xe/2
(19) < zg(2°) + ='? + g(a*?)a.

This implies E® = o(z). That E®) = o(z) is a simply consequence of Euler-Maclaurin’s
summation formula. We finally obtain that (17) holds true.

In order to finish the proof of Theorem 1 it remains to show that existence of the quantity
dens(u,, a) implies existence of the quantity dens(u, a). In particular, this holds true if

Z (35.S(m)e; — dens(u,, a)) = o(z).
1<m<z
Using a similar decomposition as in (18), we can use Lemma 2 (Inequality (15)) in order

to show that this holds true indeed. O

3.3. Proof of Theorem 2. Let us fix some ¢ € (1,7/5), €1,e2 € {0,1} and k£ > 0. Then
we have to show that

lim 3#{1 <n <o (b(Lne]), (1] + K) = (en,22) f = bulen, 20)

r—00 I

where (5, (g1, €2) = lim, oo t#{1 < n < 2 : (t(n), t(n + k)) = (e1,£2)}. Note, that

Z(_l)SQ(n+k)

n<x

(20) <2

for all x > 1 and k > 0. Thus we have

#{1<n <o (b60), 60+ 8) = (21,20) }
_ Z 1+ <_1)52(")+61 . 1+ (_1)82(n+k)+52

2 2
n<x
—1)e1te2
- 2 * % D (=1t 1o(1),

n<x
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Set = limgyo0 1/2 Y, (—1)*2( TR (Note, that this limit really exists, see the
introduction of this article.) Then we have

1 -1 e1+e2
Ui(er,e2) = 1 + %7]{}'

The same calculation as above shows that we have

#H{1<n <o (tln), 6(n) + 8) = (ere) |

n<x n<x

_ +
L 1? - S (1) s b,

n<x
It is now easy to show (by partial summation) that Theorem 5 and (20) imply

S (1) = o),

n<e

for all k£ > 0. Since the function F(n) = (—1)%2M+52(0+k) ig 4 generalized 2-multiplicative
function (with L = k), we obtain

Z(_l)SQ(Ln“JHSQ(LnCHk) — Z AmITY(=1)s )+ sa(mtk)
n<x m<x€
Similar to the calculations in the proof of Theorem 1, partial summation shows that
lim L S (—aysln Dt — o

T—00 I
n<x

Together with (21) this proves Theorem 2.

4. CORRELATION OF CONSECUTIVE TERMS
In this section we prove Proposition 1 and Theorem 3. In order to do so, we need some

exponential sum estimates which we show in the following section.

4.1. Exponential sums.

Proposition 3. Let 1 < ¢ < 2 be a real number and let x and v be integers with v > 1
and 2"~ < o < 2Y. Furthermore, let o, B € R such that ||a + B|| = 2v(1=96=9/3 Then we
have

ST elaln] + 8L+ 1)) < 22O,

w—lan<a

3In this section, the implied constants may depend on c.
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Lemma 3. Let 1 < ¢ < 2 be a real number and let x,v and H be integers with v > 1,
1 < HL2Y%98 gnd 2v~1 < o < 2. Furthermore, let y1,v2 € R such that 2v(1=0)06=0/3 <
|71 + 2| and |71], |v2| < H. Then we have

Z e(')/lnc‘|“’72(n‘|“ 1)c) < H1/29ve/2.
2v—lan<z

Proof. Let us denote the considered sum by T and set 7 = v, + 2. For n € [2V71,2) we
have

clc—1
e(min +72(n+1)°) =e (fync + Yo+ ( ) >n02> + O(H2V3),

Since H2"(*"?) <« 1, we get
clc—1
T<1+ Z e<7nc+%cnc—1+%unc—2>'

2v—lan<z

Set g(y) = ¢ + yacy ™t + ya(c(c — 1)/2)y~2 Then the second derivative of g is given

by g"(y) = ye(e = 1)y + yac(c — 1)(c = 2)y*~> + y(e(e = 1)(c = 2)(c — 3)/2)y*~*. Since
ly| > 2v1=96=/3 and H < 2¥?~9/3 we have for y € [2V7!, 2¥) the inequalities
. c—2 v(1=c)(5—c)/3+v(c—2) _ v(c?—3c—1)/3
ye(e — Dy > 2 2

Y

and

[rac(e = 1)(e = 2)y* " + ya(c(ec = 1) (e = 2)(c — 3)/2)y""|
< H2u(c—3) < 2u(2—c)/3+u(c—3) — 2V(26—7)/3.

We see that we can ignore the second and the third term of the derivative (note that
¢ —3c—1>2c—7if c <2) and we obtain

1277 < g (y)] < y[277?
for every y € [2¥7!,2¥). Thereom 2.2 of [6] implies that

vc 1 vil—c
T < |72 /2+|7|—1/22 (1=e/2),

Since we have
(c—=1)(5-¢c)/6+1—c/2=(~+6c—5)/6+1—c/2< (6c—6)/6+1—c/2=c/2,
the constraints on v and H imply the desired result. 0

Proof of Proposition 3. Let us denote the considered sum by S. Without loss of generality,
we can assume that 0 < a, f < 1. Let k be a positive integer (which we choose later on)

and set
w_l) (=0 ko1

I =
¢ k' k
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We start with the following correlation:

S= Y3 elaln 8L+ 1)),

ngl 7[2 <k nEIgl o

where Zy, 4, == {2"" ' <n < x:{n} € L,{(n+1)} € I,}. If n €Ly 4, then there
exist real numbers 0 < 01,0, < 1, such that

el |+ 8100+ 1) =e (an 4 5+ 1= all - 5F —aft - 52

B . . 0y lo 1
—e(om +B(n+1) a— ﬁk)—i-O(k).
Thus, we obtain

v

(22) 1S|< DY | D elant + B(n+1)7)| + %

0l ,42<k nEI[LKQ

If we set fi(z) := 1;,({z}), where 14 denotes the characteristic function of a set A, then
inequality (22) reads as follows:

14

(23) Sl< >, | 2 e<anc+5<n+1)6>fel<n6>f@<<n+1)6)+%

0ty ,lo<k |2V~ 1<n<e

Next, we approximate the function f, by trigonometric polynomials (similar to Section 3.1).
Let H > 1 be an integer. Then there exist coefficients ay g (h) with |a, g (h)| < 2, such that
the function

fou) = (2 —m) + QLm > aé’f“}’l(h) e(ht)

1<|h|<H

. 1 0 (+1
|fe(t) — fiu(t)] < SH12 (HH <t — E) + Ky <t - T)) )

where xp(t) is defined by (7). This follows from [19, Theorem 19] and a simple continuity
argument (even though f, does not satisfy Vaaler’s normalizing condition). We obtain (the
integer H is chosen in the last step of the proof)

verifies

(24) > e(an® + B(n+ 1)) fr, (n°) fuo (n + 1)) | < S, 4, + R(H),
where
(25) Sie=1] > elon"+Bn+1))f g(n)fiu((n+ 1)),

2v—lan<a
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and

RH)= ) |fa0) el +1)) = fig(n)f7m((n+ 1))

2v—lan<z

Sitice fi, fis — J7, Sy 15 equal to
(fh - f;l,H)(f& + flj;,H) + ffl(f& - fZQ,H) + ffz(le,H - ffl)v
and |fo(2)| < 1, |f7 g(2)] < |f7g(x) = fo(x)| + 1 < 2, we have

1 l C+1
H E C—— C—— ).
R(H) < 2H+2£e%i}e<2}2 (/{H (n k) + Ky (n ? ))

V71<n<x

Using the definition of kp, we obtain

R(H)<<2H1+2 Yool > ey

0<|h|<H |2v—1<n<e

We separate the case h = 0 from h # 0 and apply Lemma 3 (with 74 = h and v = 0).
This is admissible as long as H < 2¥(~9/3. We obtain

21/
(26) R(H) < = + HY29vel?,

Next, we use the definition of f;y to deal with 57 , . We get

* c o 1 1 afl,H(hl) ¢
St =| D elan®+Bn+1) >(z Yo 2 g el
2v—l<n<zx 1<|hi|<H
1 1 Gy, H(h2)
. — - ) 1 C
(k; T A1 Z hs e<h2(n + ) )
1< he|<H
T(a,) 1 T(a+hi,B) | 1 T(a, B+ hs)
< + - —_— + = —_—
P N T P
T(a + hla /8 + hZ)
+ Y
> 2 |hal - |ho
<lhilslhe|<H
where
(27) T(v,72) = Z e(71n® +y2(n+1)9|.

v—lan<

Since || + B]] = 2v(1796=9/3 we have |a + B + hy + ha| > 270796=9/3 for all integers hy
and hy. Assuming that H < 2"®79/% Lemma 3 implies that Sy, ,, is bounded by some
constant times

1

1 1
p}11/221/0/2 + E(log H)H1/22uc/2 + ang H>H1/22uc/2 + (10g H>2H1/22uc/2
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for all 0 < ¢4, ¢; < k. Hence we obtain (see (23), (24) and (26))

S < k*(log H)*H'?2v/% 4 22" |H + 2" /k.
If we set H = [2v?~9/3] and k = |2"(~9/9] then we obtain

S < VZ2V(2(2—c)/9+(2—c)/6+c/2) + 2u(2(2—c)/9+1—(2—c)/3) + 21/(1—(2—0)/9) < V22l/(7+c)/9.

This proves the desired result. O

Proposition 4. Let 1 < ¢ < 2 be a real number and let x and v, p be integers with v > 1,
p<v(2—1c)/6 and 2"~ < x < 2V. Furthermore, let o, 3 € R such that ||3|| > 2v0-9+2
and such that o + 8 € Z. Then we have

> elalnt]+ B+ 1)) < i,
2v—l<n<z

Lemma 4. Let 1 < ¢ < 2 be a real number and let x,v,p and H be integers with v > 1,
p =0, 1< H 298 gnd 21 < o < 2Y. Furthermore, let 1,7, € R such that
2v(1=)+20 < |~y < H and 1 + 72 = 0. Then we have

Z e(71n + Yo (n +1)%) < 2V,
2v—lan<z

Proof. Let us denote the considered sum by T. For n € [2/7! 2") we have (note, that
7 +72 =0)

clc—1
2

e(mn’+y(n+1)°) =e <720nc_1 + 72 )nc_z) + O(H2e3),

Since H2"(°"?) <« 1, we get

clc—1
T<<1+ Z e<720n6_1+72 ( 5 )nc—2>.

Set g(y) = Yocy“ ! + Yo(c(c — 1)/2)y¢~2 Then the first derivative of g is given by §'(y) =
yac(e — 1)y 2 + yo(c(c — 1)(c — 2) /2)y“~3. Thus we have

171227572 < |7 (y)| < |72[270¢72)

for all y € [2v71,2Y). Since |y,|2v(¢72) < H2v(72) L 22(e=2)/3 and 2(c — 2)/3 < 0, we see
that we can use Theorem 2.1 of [6] (at least for v sufficiently large) in order to obtain

T < - K W
|y2|2v(¢=2) .

This proves Lemma 4. 0
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Proof of Proposition 4. Let us denote the considered sum again by S. The first steps of
the proof are as in the proof of Propostion 3. Without loss of generality, we can assume
that 0 < o, f < 1 (that is, « + 8 = 1). Then we obtain (see (23), (24) and (26))
2 2Y
* 2 27171/260C/2
S| < ( > Sgl,b> R RPN o

0</ly ,ba<k

where H < 2¥279/3 and k are positive integers (chosen in the last step of the proof) and
S7,.4, 18 defined by (25). We get (as in the proof of Propostion 3)

T 1 T(a + h 1 T(a,B+h
St < (a;5)+_ 3 (a+ 1,5)+_ 3 (a, B+ ho)
7 k 1<|hi|<H [Ful 1<|ha|<H [ha
T(o+ hy, B+ h)
+ :
2 | - |Ro|

1< ||, |ha|<H
where T'(71,72) is defined by (27). If h; and hs are two integers, then
{|a+5+h1+h2| >1 if by +hy # —1,
o+ B+ hy + hy| =0  otherwise.
Thus, if hy + hy # —1, Lemma 3 implies T'(a + hy, B+ hy) < HY?2¢/2. Thus we obtain

T(OJ—Fhl,ﬁ—hl — 1)
|ha| - Ry + 1|

) 1 1
Strey < 7T(a—1,58) + ET(Of,ﬂ -1)+ Z

k
1<hi<H

i Z T(Oé—hQ—l,ﬁ‘i‘hz)

+H1/2 loo H 22110/2.
ESTN (log H)

1<ho<H
If hy +hy = —1, then we can use Lemma 4 and we obtain T'(a+ hy, B+ hs) < 272, Since
the sums in the last expression converge for H to infinity, we get
v v
S <« k*2v% 4 K2HY?(log H)?2"*/* + kQﬁ +
We set H = |22°] and k = [2%/3]|. This is admissible, since p < v(2 — ¢)/6 implies
H < 2v2=9/3 Furthermore, the assumption on p also implies
k?QHl/Q(lOg H)22Vc/2 < 1/2 2Vc/2+7p/3 < 1/2 2V—2p/3.
Thus, we finally have S < v?2"~2¢/3_ This proves the desired result. O

4.2. Proof of Proposition 1 and Theorem 3. At first we show that we can replace the
sum-of-digits function by a truncated version of it. In the following lemma, we use the fact
that the higher placed digit of |n¢] and [(n + 1)¢] do not differ in most of the cases. A
similar idea has been used in [13] and [14]. (In [13, Lemma 16], Mauduit and Rivat showed
a slightly more general result for ¢ = 2.) We set

A= |v(e—=1)] + 2p,
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where p is an integer satisfying
(28) p<v(2—c)(c—1)/6,
and

s)\(m) = 5)\_1(m) + 5)\_2(m) + -+ €o(m),
where ¢;(m), j > 0 are the binary digits of m.

Lemma 5. For all integers v > 0 and x with 2*~' < x < 2% we denote by E(v, ) the set
of integers n such that 2"=' <n <z and

s2([n°]) = sa([(n +1)°] # sa([n°]) — sa(l(n + 1)) .
Then we have
#E(v,z) < 2V7°

Proof. This lemma can be shown in the same way (with minor modifications) as in the

case ¢ = 2. Thus, we omit the proof (see the proof of [13, Lemma 16] for details). O
Proof of Proposition 1. Lemma 5 implies
(29) Z (=1)s2lnDrs2(lndD)]) gy 4 gV,
v—l<n<e
where

Sy = Z (_1)SA(LnCJ)+Sx(L(n+1)CJ)_

w—lan<a

We get

Z Z 1)) 2% Z e<h(Ln;JA—U))

0<u,v<2r 2v~l<nge 0<h<2X

L5 o (B brion)

0<k<2X

Using the discrete Fourier transform of sy, we can write
(30) Sy =S 4+ 57 + 5P,
where we set

V=3 RMm12R(EL2) > e(;L J+£L(n+1m).

(h.k) €1; -1 en<a
for 1 <7 < 3, and
I == {(h,k) : 0 < hk < 2*, h + k # 0 mod 2*},
L:={(hk): 0< hk <2 h+k=0mod 2", |[k/2}| > 2" 1-9+2},
(0 < hk <2\ h+k=0mod 2", ||k/2| < 2v(i-a+2e,
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Since p < v(2 —¢)(¢—1)/6 we have v(1 —¢) —2p > v(1 — ¢)(5 — ¢)/3 and we can employ
Proposition 3 in order to obtain

S&l) < v2V(Tr)/9 Z |E\(h, 1/2)F(k, 1/2)]
(h,k)e[l
< 220N By (h,1/2)Fa(k, 1/2)].

0<h, k<2

Part 2 of Lemma 1 implies
S§\1) < v22u(7+c)/9+2n2)\’
where 7, = log(2 + v/2)/log 16. Next, we apply Proposition 4 (note, that (28) implies
p<v(2—c)/6)and get
SY <ty |Fa(k, 1/2)FA(=k, 1/2)|

0<k<2?
||k/2>\ ||>2u(1—c)+2p

< 2N B (R, 1/2) Fa(—k, 1/2)).
0gk<2?

Part 3 of Lemma 1 implies
S/(\Q) <<U22V—2p/3.

If (h,k) € I3 we bound the exponential sum trivially by 2 and apply Lemma 1 (part 1)
to obtain

S§\3) < Z ‘FA(h, 1/2)F)\<k, 1/2)‘ < 2u+)\+y(170)+2p702)\/2’
(hk) € I3
where ¢o > 0 is defined in Lemma 1. Hence we obtain (see (29), (30), and the estimates

for 5, 5% and 5)
$ (cpymln o)

w—lan<a
U22u(7+c)/9+2n2>\ + U22uf2p/3 + 2u+)\+l/(lfc)+2p702)\/2 4oV

NN

U22u((7+c)/9+2772(cfl))+4772p + U22V*2p/3 + 2U(1702(C*1)/2)+p(4762).
Finally, if

187, +2  4log2+9log(2 + V2)

187 +1  2log2+9log(2 + v/2)’

then we have (7 + ¢)/9 + 2nme(c — 1) < 1 and we can choose p in an appropriate way (also
satisfying (28)), such that

$ (—)nhrnlinn))) o griz)

v—lan<z
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for a constant o. > 0. A standard argument using geometric series finally implies the
desired result. O

Proof of Theorem 3. Using standard Fourier analysis (cf. the proof of Theorem 2), Propo-
sition 1 implies the desired result. O
5. THE |nlogn|-CASE

Suppose that a sequence a,, has the property that the limit

o1
(31) lim — Y a=a
1<n<z

exists. Then it also follows that for every v < 1 we have

(32) lim 1 Z a, = (1 —7)a.

T—00 I
yrE<n<T
The main idea of the proof of Theorem 4 is to show that (32) cannot hold for
(33) ay, = (_1)82(LnlognJ)+sz(L(n+1)1og(n+1)J)

and for a properly chosen constant v < 1. This will be done in several steps.
The first one is to show a result similar to the one stated in Theorem 5. In particular,
we are interested in the sum

Z (_I)SQ(LnlognJ)JrSQ(LnlognJJrZ)

1<n<zx
for £ not to large. In order to analyze this sum one has to study the inverse of the function
xlogx (which we denote by y(z)). Note, that in Section 3.1 (where we are interested in
the function x¢), we have to deal with the inverse function 7, v = 1/c. The considerations
in Section 3.1 are relatively easy since the inverse of £ can be written in an explicit form.

Contrary to this situation, the function y(z) cannot be expressed in terms of elementary
functions. However, it can be written as

where W (z) is the (principal branch of the) Lambert W function (see [4]). The function
W (z) satisfies the functional equation

W(z)e"® =z,

and we have

log (102 :C) < W(z) < log(z)

for £ > e. Thus it follows that
T T

<7(z)

<
log x log x — loglog x
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for x > e. Differentiating in the functional equation of the Lambert W function (for
example, one has W'(x) = W(z)/(z 4+ xW (x))), it is also possible to give lower and upper
bounds on the derivatives of vy(z). As in Section 3.1, these calculations (which get quite
cumbersome) lead to the study of exponential sums. For the sake of brevity we do not give
a proof of the following result.

Lemma 6. We have

1
Z (_l)sg(Lnlogn])+82(|_nlognj+€) _ Z (_1)82(m)+s2(m+€) +O(ZL‘)
logm

1<n<z 1<m<zlogz
uniformly for £ < C'logx (for any given constant C' > 0).

The second lemma follows from partial summation
Lemma 7. Suppose that bm 1s a bounded sequence and y < x. Then

2 2 b’””((logxxv)'

y<m<zx y<m<zx

log m log x

Finally we need the following limit relations.

Lemma 8. We have
- Z 82(" )+s2(n+2%) _ —% + o(1),

n<:1:

and
- Z 1)s2(m)tsa( (nt2F42htt) ?1) +o(1)

n<a:

uniformly for all k with 28 < Clogx (for any given constant C > 0).
Proof. 1t is well known (see for example [10]) that the result holds true for £ = 0. Further-

more we have
Z (_1) 2(n)+s2(n+2F) — ok Z n)+s2(n+1)

n<2L n<2L k
and ——
(_1)32(n)+32(n+2 +2 _ ok 82(11 +s2(n+3)
By splitting up x into subintervals of powers of 2 (according to the binary expansion) and
by combining the two mentioned properties the result follows easily. O

Proof of Theorem 4. We first consider real numbers z such that logx + 1 is close to a
power of 2. In particular, we suppose that there exists a positive integer k£ such that for all
n € [yx,x) we have logn € [2¥ —1,2F —1+n), where > 0 will be chosen to be sufficiently
small and v < 1 satisfies —logy < 7.

Since the sequence nlogn is uniformly distributed modulo 1 it follows that

#{n € [yr,x) : {nlogn} € [n/2,1—n)} ~ (1 = 7)x(1 - 3n/2)
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as £ — oo. Now we use the relation
1

1
(n+1)log(n+ 1) =nlogn+1+logn ——+0O (—2)
n n
and the above construction of x to derive
#{n € [yz,z) : [(n+ 1)log(n+1)] = [nlogn| + 2"} > (1 —y)z(1 —n) + o(x).
Note that {logn} <7 and |logn| = 2¥ — 1). This implies (with a,, from (33
n
a, = (_1)82(\_nlogn])-{—sg(\_nlogn]—f—Zk) + R,
V;Z;Qm y%é%éx

where |R| < 2(1 — v)zn (for x large enough). By applying Lemmas 6-8 it follows that
(with fi,(y) = (—1)%2)+s2(s+2%)

> llnlogn)= Y B

gm
YrEN<T ~vx log(yz)<m<alog x
1 1—7
= gz Z fr(m) +o(x) = — x + o(x).
vz log(yx)<m<alogx
Hence, by choosing 1 = 15 (and v < 1 accordingly, for example v = 12) it follows that

1 1—7

. < 1=

hmrg 1Or01f . Z a, < 5

yr<n<z

Similarly we can proceed by choosing = in a way that logz + 1 is close to 2% + 281 for

some integer k, and we obtain
. 1 1—v
lim sup - Z p = ——.

T—00 Nr<n<z

Of course this makes it impossible that the limit

lim — Z (—1)s2(lnlogn))+sa(l(nt1) og(n+1)))

1<n<Lz

exists. It remains to show that for (go,&;) € {0,1}? the asymptotic density

lim 1#{1 <n <o (t(lnlogn)) b([(n + 1) log(n + 1)) = (e1,22)}

T—00 U
does not exist. For (ag,aq) € {0,1}2, let
Faper (£) = 2 3 (= 1)easallnosnsessa(lins ) ogtri ),
1<n<Lz

and G, o, () be defined by

%{1 <n<a: (b(|nlogn]), t(|(n+ Dlog(n + 1)])) = (a1, as)}.
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As in Section 3.3 (cf. (21)) we see that

Geper () = i<FO’O(x) + (=) Fio(x) + (—1) Foa(z) + (_1)eo+51FLl(x)).

Note that Fyo(z) = 1 for all positive integers x. Moreover, we have F o = o(1) and
Fy1 = o(1) (this can be proven in the same way as Lemma 6). Since Fyg, Fio and Fpy;
have a limit when x tends to infinity but not F ;, the expression G, ., has no limit either.
This finally proves Theorem 4. O
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