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In this paperwe considerdiscreterandomwalks on infinite graphsthat aregeneratedby copying andshifting one
finite (stronglyconnected)graphinto onedirectionandconnectingsuccessive copiesalwaysin thesameway. With
help of generatingfunctionsit is shown that thereareonly threetypesfor theasymptoticbehaviour of the random
walk. It eitherconvergesto the stationarydistribution or it canbe approximatedin termsof a reflectedBrownian
motionor by a Brownianmotion. In termsof Markov chainsthesecasescorrespondto positive recurrence,to null
recurrence,andto nonrecurrence.
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1 Introduction
Thepurposeof this paperis to considerrandomwalkson infinite graphsG of thefollowing type. Let K
andL bea finite stronglyconnecteddi-graphsandK0 � K1 � K2 ������� copiesof K. Thesetof nodes,V

�
G� , of

G is now givenby V
�
L ��� V

�
K0 ��� V

�
K1 ���
	�	�	 . Thedirectededgesof G, E

�
G� , consistfirst of theedges

E
�
L ��� E

�
K0 ��� E

�
K1 ����	�	�	 andsecondof edgesbetweenL andK0, betweenK0 andK1, betweenK1 and

K2 etc.,wheretheedgesfrom K j to K j � 1 arethesamefor all j  0 � 1 � 2 ������� . We alsoassumethatevery
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nodeof K0 hasthesameoutdegreeasK j for j  1 � 2 ������� , thatis, everydirectededgefrom K j � 1 to K j (for
j  0 � 1 � 2 ������� ) hasa counterpartfrom K0 to L.

We considera discreterandomwalk Xn (asa Markov chain)on G, wherethe startingpoint X0 is in
L. We alsoassumethat thetransitionprobabilitiesof thecorrespondingnodesof K j arethesamefor all
j  0 � 1 � 2 ������� .

Thesimplestcaseit theone-sided“ linear” graph,whereL andK j havesize1 (seeFigure1). Of course,
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L K0 K1 K2

b�
c� bbb

cc

ddd

Fig. 1: One-sided“linear” graph(with transitionprobabilities)

thecorrespondingrandomwalk is justaMarkov chainonthenon-negativeintegerswith reflectionatzero,
seeFeller(1968,1971)or adiscretetimeversionof thecontinuoustimeMarkov chainmodelingaM/M/1
queue(seeNeuts(1981,1989);LatoucheandRamaswami (1999)).It is well known thattherandomwalk
Xn on G is eitherpositiverecurrent,null recurrent,or nonrecurrent.

Thegeneralcasecorrespondstoadiscretetimeversionof ahomogeneousquasi-birth-and-deathprocess
(seeNeuts(1981,1989);LatoucheandRamaswami(1999))thatischaracterisedbyaNeutsstructuregiven
by aninfinite matrixof theform �������

B � C � 0 0 	�	�	
D � B C 0 	�	�	
0 D B C 0 	�	�	
0 0 D B C 	�	�	

. . .
. . .

.. .
. . .

�������� �
wherethe (finite) matricesB � � C � � D � � B � C � D collect the transitionprobabilities(seeSection3). These
kindsof graphsalsoappearin performanceevaluation,for example,comparewith Hermannsetal. (2002).

It is alsoworthmentioningthattherearespecificproblemsin combinatorics,wheregraphsof this type
appear, for example,thegraphpresentedin Figure2† is relatedto aproblemof bin-packing(seeProdinger
(1985,1990)).

The main purposeof this paperis to indicatethat dependingon the transitionprobabilitiesthereare
threetypical asymptoticbehaviours of Xn. It eitherconvergesto the stationarydistribution or it canbe
approximatedin termsof a reflectedBrownian motion or by a Brownian motion.‡ In termsof Markov
chainsthesecasescorrespondto positive recurrence,to null recurrence,andto nonrecurrence.

† This examplewasin factthemotivatingexamplefor writing this paper.
‡ We only presentone dimensionaldistributional results. However, with help of the sameproof techniqueswe easily obtain

correspondingfunctionalversions.Onehasto show finite-dimensionaldistributional resultsandtightness.Both propertiescan
be shown with help of analyticmethodsappliedto correspondingmultivariategeneratingfunctions,for relatedproblemsand
methodsseeDrmotaandGittenberger (1997)or Drmotaet al. (2001).



DiscreteRandomWalkson One-Sided“Periodic” Graphs 3

PSfragreplacements

L K0 K1 K2

Fig. 2: Graphrelatedto bin-packing

In what follows we presenta unifiedapproachto thesekindsof problemsthat is baseson generating
functionsandonanalyticmethods(singularityanalysis,saddlepoint techniques)for obtainingasymptotic
relationsfor thecoefficientsvia Cauchy’s formula. It seemsthatthiskind of methodhasnotbeenusedin
this context in this generality..

It alsoseemsthat theprecisestatementsgivenbelow (in particularthesecondandthird partof Theo-
rem2) arenew in this generality. Thecaseof positive recurrence(of Theorem2) hasbeendiscussedin
detail(seeLatoucheandRamaswami (1999)).Also, it is well known thatDyck pathsandMotzkin paths
canbeapproximatedby a reflectedBrownianmotion. Further, thepaperof Lalley (2001)dealswith ran-
domwalkson regularlanguages– it seemsthatour casemaybeviewedasspecialcases– but theresults
thereconcernonly asymptoticexpansionsfor theprobabilitiesPr � X0  v� Xn  w � , wherev� w � V

�
G� are

fixedandn tendsto infinity, comparealsowith Lalley (1995).
It wouldbeinteresting,too, to extendthepresentresultsto graphsG with specificinfinite graphsL and

K j . This would cover one-sidedversionsof therandomwalk on thed-dimensionalgrid. (Onecaneither
try to usethemethodby Lalley (2002)for infinite systemsof functionalequationsor theFourieranalytic
methodsby Guivarc’h (1984)andKrámli andSźasz(1984),comparealsowith (Woess,2000,Section
13).)

In section2 we first considerthe simplestcaseof a one-sided“linear” graph (seeFigure1) that is
relatedto theclassicalrandomwalk on thenon-negative integers(Dyck paths,Motzkin pathsetc.). The
generalcasewill thentreatedin section3.

2 The one-sided “linear” graph

2.1 Statement of the Result

In this sectionwe will describein detail the asymptoticbehaviour of Xn with X0  L for the one-sided
“linear” graphG, whereb � c � d andb� � c� denotethecorrespondingtransitionprobabilities(comparewith
Figure1).§

§ Theorem1 is surelynot new, but it seemsthat theproof methodis. Furthermore,it playsthe rôle of a prototypefor thegeneral
casecoveredby Theorem2.
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Theorem1 Supposethatb � c � d andb� � c� arepositivenumberswith b � c � d  b� � c�  1; andlet Xn be
therandomwalk on theone-sided“linear” graphG with X0  L.

1. If c � d thenwehave

lim
n� ∞

Pr � Xn  L �� d � c
d � c � c� and lim

n� ∞
Pr � Xn  K !�" c� � d � c�

d
�
d � c � c� �$# c

d %  �'&�(
0� �

that is, Xn is positiverecurrent.Thedistribution of Xn convergesto thestationarydistribution.

2. If c  d thenXn )+* cn is null recurrenctandconvergesweaklyto theabsolutenormaldistribution.
In particular, wehave, asn , ∞,

Pr � Xn  L �- 1
c� . 2c

nπ
� O / 1

n 0 �
and(uniformlyfor all

&"(
0)

Pr � Xn  K !�" .
2

ncπ
exp /1� & 2

2cn 0 � O / 1
n 0 �

3. If c 2 d thenXn is nonrecurrentand
�
Xn � �

c � d � n� )43 �
c � d � �

c � d � 2 � n convergesweaklyto the
standard normaldistribution. We alsohave, asn , ∞ anduniformlyfor all

&"(
0,

Pr � Xn  K �" 13 2π
�
c � d � �

c � d � 2 � n exp / � �'& � �
c � d � n� 2

2
�
c � d � �

c � d � 2 � n 0 � O / 1
n 0 �

Notethattheassumptionthatb 2 0 andb� 2 0 arenot thatrestrictive. In particularif oneof themis zero
thentheresultremainstrueasit is. Only if botharezerothenXn 5� K (andconsequentlyPr � Xn � K �6 0)
if n and

&
have thesameparity. However, if n 57 &

mod 2 thenwe getqualitatively thesameresult(and
theproofsarea little bit moretechnical).

NotealsothattheprobabilitiesPr � Xn  L � havebeendiscussedin Lalley (2001)for thecaseb  0 and
b� 2 0.

Finally, asmentionedabove, with a little bit moreeffort it canbe shown that in the casec  d the
normalizeddiscreteprocesses / X 8 tn9* cn

� t ( 00 n : 1

convergesweaklyto a reflectedBrownianmotionasn , ∞; andfor c � d theprocesses;
X 8 tn9 � t

�
c � d � n3 �

c � d � �
c � d � 2 � n � t ( 0<

n : 1

convergesweaklyto thestandardBrownianmotion.
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Fig. 3: Randomwalk on theintegers

2.2 Generating Functions
We startwith a propertyof one-sidedpathson theintegers(seeFigure3).

Lemma 1 LetYn denotetherandomwalkon theintegers(seeFigure3) withY0  0. Thenthegenerating
functionof one-sidedreturnprobabilities

M
�
x�= ∑

n : 0
Pr � Y1

(
0 � Y2

(
0 ��������� Yn > 1

(
0 � Yn  0 �6	 xn (1)

satisfiesthefunctionalequation

M
�
x�= 1 � bxM

�
x�4� cdx2M

�
x� 2 (2)

andis thusexplicitly givenby

M
�
x�? 1 � bx � 3 �

1 � bx� 2 � 4cdx2

2cdx2
�

Theradiusof convergencex0 is givenby

x0  1

b � 2 * cd
 1

1 � � * c � * d � 2 �
If b 2 0 thenx0 is alsotheonly singularityon thecircle of convergence @ x @A x0. Furthermore, M

�
x� has

a local expansionof theform

M
�
x�= b � 2 * cd* cd

� 1* 2

;
b � 2 * cd* cd

< 3B 2 	DC 1 � �
b � 2 * cd� x � O # 1 � �

b � 2* cd� x% (3)

aroundits sigularity x  x0.

Note that the generatingfunctionM
�
x� is closelyrelatedto the generatingfunctionsU

�
x� , G

�
x� , and

R
�
x� presentedin (LatoucheandRamaswami, 1999,p. 96). We have M

�
x�E 1 ) � 1 � U

�
x��� , G

�
x�F

M
�
x�G	 dx, andR

�
x�? cx 	 M �

x� .
Proof. Thefunctionalequation(2) is immediatelyclearby writing it in thefollowing way:

M
�
x�= 1 � bx 	 M �

x�4� cx 	 M �
x�G	 dx 	 M �

x� �
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If thefirst stepis theloop(with probabilityb) thentheremainingpartis justanon-negativepathfrom 0 to
0. thecontributionis bx 	 M �

x� . If thefirst stepgoesto theright (with probabilityc) thenwedecomposethe
pathinto four parts:first thestepfrom 0 to theright, thenweconsiderthepartfrom 1 to 1 thatis followed
by thefirst stepbackfrom 1 to 0, thethird part is this stepback,andthelastpart is againa non-negative
pathfrom 0 to 0. Hence,in termsof generatingfunctionsthis casecontributedcx 	 M �

x�G	 dx 	 M �
x� . This

proves(2).
Theremainingpropertiesfollow directly from (2). H
Next considertheoriginal one-sided“linear” graph.

Lemma 2 Let Xn denotetherandomwalk on thegraphrepresentedbyFigure1 andset

ML
�
x�? ∑

n : 0
Pr � Xn  L �6	 xn and M  � x�= ∑

n : 0
Pr � Xn  K �I	 xn �'&-(

0� �
Then

ML
�
x�? 1

1 � b� x � c� dx2M
�
x� and M  � x�? c�

c

�
cxM

�
x���  � 1

1 � b� x � c� dx2M
�
x� �J&"(

0� �
Proof. With helpof thesamereasoningasin theproof of Lemma1 onegetstherelation

ML
�
x�? 1 � b� xML

�
x�4� c� xM

�
x� dxML

�
x�

thatprovestheproposedrepresentatinfor ML
�
x� .

Next we have M0
�
x�= ML

�
x� c� xM

�
x� . Herewe have to divide all pathsfrom L to K0 into threeparts.

Thefirst part is just thepathfrom L to L that is followedby the last stepfrom L to K0. This stepis the
secondpart,andthethird part is a non-negativepathfrom K0 to K0. In a similar way we alsoobtainthe
recurrenceM  � 1

�
x�? M  � x� cxM

�
x� . This completestheproof of Lemma2. H

2.3 Analytic Methods
We now usethe above explicit representationsfor ML

�
x� andM  � x� �'&K( 0� andCauchy’s formula to

extract thecoefficients,e.g.

Pr � Xn  K !�" 1
2πi LNM x M O r

M  � x�
xn� 1 dx �

wherer is smallerthattheradiusof convergenceof M  � x� . By shifting thepathof integrationsuitablyin
theanalyticityregion of M  � x� andevaluatingasymptoticallytheintegral we will thusobtainasymptotic
expansionsfor Pr � Xn  K � . In particularwe have to dealwith threedifferentcases,first with a polar
singularity, secondwith a squarerootsingularity, and third we have to apply saddlepoint techniques.
Thesekindsof techniquesarevery well establishedin the literature.Thereforewe will not work out all
thedetailsbut referto properreferences(e.g.to Drmota(1994)).

We startwith thecasec � d.

Lemma 3 Supposethatc � d. Thentheradiusof convergenceof ML
�
x� andM  � x� �'&-( 0� is x1  1 that

is alsoa polar singularityof order1. Furthermore, wehave

lim
n� ∞

Pr � Xn  L �- d � c
d � c � c� and lim

n� ∞
Pr � Xn  K �" c� � d � c�

d
�
d � c � c� �P# c

d %  �'&-(
0� � (4)
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Proof. First notethat(for c � d) we haveM
�
1�Q 1) d andM � � 1�Q �

1 � d � c� ) � d � d � c��� . Thus,

1 � b� z � c� dz2M
�
z�= d � c � c�

d � c

�
1 � x�4� O

���
1 � x� 2� �

andconsequently

ML
�
x�? d � c

d � c � c� 1
1 � x

� analyticfunction

and

M  � x�= c� � d � c�
d
�
d � c � c� �P# c

d %  1
1 � x

� analyticfunction

for @ x @R� 1) � b � 2 * cd� . (Notethat1 ) � b � 2* cd�62 1.) Of course,this directly implies(4). H
Themostinterestingcaseis thecasec  d.

Lemma 4 Supposethatc  d. Thentheradiusof convergenceof ML
�
x� andM  � x� �'&-( 0� is x1  1 that

is an algebraic singularity. Hereweget,asn , ∞,

Pr � Xn  L �" 1
c� . 2c

nπ
� O / 1

n 0 � (5)

and(uniformlyfor all
&-(

0)

Pr � Xn  K �" .
2

ncπ
exp / � & 2

2cn 0 � O / 1
n 0 � (6)

Proof. Theessentialdifferencebetweenthepresentcaseandthatof Lemma3 is thatM
�
x� is not regular

at x  1. We haveto usethesingularexpansion(3) of Lemma1 andobtain(aroundx  1)

1 � b� x � c� dx2M
�
x�? c�* 2c

* 1 � x � O
�
1 � x� �

Furthermore �
cxM

�
x���   exp /1� &* 2c

* 1 � x � O
�'&+�

1 � x��� 0 �
Thus,thedominantbehaviour of M  � x� aroundx0  1 is of theform.

2
c
	 exp # �  S

2c
* 1 � x%* 1 � x

�
We cannow proceedasin theproof of Theorem4 of Drmota(1994).We justhave to usetheformula

1
2πi L γ

e> λ
S > t > t* � t

dt  1* π
e> λ2 �

whereγ denotesaHankel contour. Thisdirectly leadsto (5) and(6). H
Theanalysisof thefinal casec 2 d is a little bit differentfrom thepreviousones.In thefirst two cases

thesingularbehaviour of ML
�
x� andM  � x� aroundthepointx0  1 hasgovernedtheasymptoticbehaviour

of thecoefficients.In thethird casewe will againwork aroundthecritial point x0  1 but now with help
of a saddlepoint method.Theradiusof convergenceis largerthan1.
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Lemma 5 Supposethatc 2 d. ThenXn satisfiesa central limit theoremwith meanvalueEXn T �
c � d � n

andVar Xn T �
c � d � �

c � d � 2 � n. In particular wehavethefollowing local limit theoremasn , ∞ and
uniformlyfor all

&"(
0:

Pr � Xn  K !�" 13 2π
�
c � d � �

c � d � 2 � n exp /1� �'& � �
c � d � n� 2

2
�
c � d � �

c � d � 2 � n 0 � O / 1
n 0 � (7)

Proof. Note first that M  � x�U cV
c ML

�
x� � cxM

�
x���  � 1 andthat x1  1 is a regular point of M  � x� . Thus,

M  � x� is (despiteof an analyticfactor)a power of the function cxM
�
x� . Consequently, we candirectly

applythe(saddlepoint)methodsof Drmota(1994)andobtaintheresult. H
3 The general case
3.1 Matrices of Generating Functions
Wearenow goingto considerthegeneralsituation.Wewill denoteby B � C � D thecorrespondingmatrices
containingthe transitionprobabilitiesinsideK j , from K j to K j � 1, from K j � 1 to K j andby andB � � C � � D �
thetransitionprobabilitiesinsideL, from L to K0 andfrom K0 to L. (Notethat in contrastto the“linear”
caseD andD � aredifferentin general.)

We now assumethattherandomwalk Xn startsata vertex w in L.
The first (andeasy)stepis to generalizethe above relationsfor generatingfunctions. Let ML

�
x�U�

ML;wWwV � x��� wWwVYX V Z L [ denotethematrixof thegeneratingfunctions

ML;wWwV � x�? ∑
n : 0

Pr � X0  w� Xn  w� �I	 xn

andM  � x�? �
M  ;wW v � x��� w X V Z L [JW v X K\ thematrix of functions

M  ;wW v � x�? ∑
n : 0

Pr � X0  w� Xn  v �6	 xn �
Lemma 6 LetM

�
x�] �

MvW vV � x��� vW vV X K denotethe(analytic)solutionwith M
�
0�G I of thematrixequation

M
�
x�= I � xBM

�
x�4� x2CM

�
x� DM

�
x� � (8)

ThenML
�
x� andM  � x� aregivenby

ML
�
x�?_^ I � xB � � x2C � M �

x� D �a` > 1
(9)

and(for
&"(

0)

M  � x�? x
 � 1 ^ I � xB � � x2C � M �

x� D �'` > 1
C � M �

x� � CM
�
x���  � (10)

Proof. The proof is exactly the sameas that of Lemma1 and2 andalreadyappears(for the caseof
Figure 2) in Prodinger(1990), comparealso with Kuich and Urbanek(1983). For x  1 the matrix
M  M

�
1� is alsorelatedto the matricesU, G, andR of (LatoucheandRamaswami, 1999,p. 137), in

particular, M  �
I � U � > 1, G  MD , andR  CM . H

Themaindifferenceto the“linear” caseis thatwe arenow not ableto solve theabovesystem(8)–(10)
explicitly. Nevertheless,from an analyticpoint of view they behave in a similar way. Let us startwith
M
�
x� , thesolutionof (8).
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Lemma 7 Supposethat B is a primitive irreduciblematrix andlet M
�
x�= �

MvW vV � x��� vW vVaX V Z K [ denotethe
solutionof (8). Thenall functionsMvW vV � x� havea commonradiusof convergencex0

(
1. Furthermore, x0

is theonly singularityon thecircleof convergence@ x @A x0 andthere is a local expansionof theform

M
�
x�? M̃1 � M̃2

.
1 � x

x0
� O / 1 � x

x0 0 (11)

aroundits singularityx  x0, where M̃1 andM̃2 are matriceswith positiveelements.

Proof. The relation(8) is a systemof @V �
K ��@ 2 algebraicequationfor the functionsMvW vV � x� that canbe

written in the form Q
�
x�I F

�
x � Q �

x��� , whereQ
�
x� is just the vectorof functionsMwWwV � x� andF

�
x � y �

is a proper(non-linear)polynomialvectorfunction with non-negative coefficients. By assumptionB is
irreducible(andnon-negative). Thus,theso-calleddependencygraph (comparewith Drmota(1997))of
this systemis stronglyconnected,that is, it is impossibleto solve a subsystembeforesolving thewhole
system.Consequently, all (algebraic)functionsMvW vV � x� havethesamefinite radiusof convergenceandby
Lalley (2001)(comparealsowith Drmota(1997))they haveasquarerootsingularityatx  x0 of theform
(11),whereall entriesof M̃1 andM̃2 arepositive.

TheassumptionthatB is primitive implies thatall (sufficiently large)coefficientsof thepower series
MvW vV � x� arepositive. This propertyshows thatx  x0 is theonly singularityon thecircle of convergence@ x @A x0 (comparewith Drmota(1997),wherethis propertyis calledof simpletype).

Finally, wesurelyhavex0
(

1. For, if x0 � 1 thenthecoefficientsof MvW vV � x� areunbounded.However,
thecoefficientsof MvW vV � x� areprobabilities(comparealsowith (1)) andthusbounded.Thiscompletesthe
proof of thelemma. H

This lemmaalsoshows thatall entriesof thematrix function

ML
�
x�= ^ I � xB � � x2C � M �

x� D � ` > 1

haveafinite radiusof convergencex1 thatsatisfies

1 b x1 b x0 �
(Notethatx1 cannotbesmallerthan1 sincethecoefficientsareprobabilitiesandthusbounded.)

3.2 A General Theorem

As in the “linear” casethereare threekinds of asymptoticbehaviours for Xn, wherewe assumethat
X0  w0 with a givennodew0 � V

�
L � .

Theorem2 Supposethat thematricesB andB � are primitive irreducible, that no row of C is zero, and
that thematricesD � C � � D � are non-zero. Let Xn denotetherandomwalk on G with X0  w0 � V

�
L � and

let x0 andx1 denotetheradiusof convergenceof theentriesof M
�
x� andML

�
x� .

1. If x0 2 1 andx1  1 thenXn is positiverecurrentandfor all v � V
�
G�1 V

�
L �c� V

�
K0 �c� V

�
K1 �c�d	�	�	

wehave
lim
n� ∞

Pr � Xn  v �" pv �
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where
�
pv � v X V Z G[ is the (unique)stationarydistribution on G. Furthermore, there existsa non-

negativematrix R (whereall eigenvalueshavemoduli � 1) such that

p  � 1  p  R � (12)

in which p   �
pv � v X K\ .

2. If x0  x1  1 thenXn is null recurrentandthereexist ρvV 2 0
�
v� � V

�
K ��� , ρ �w 2 0

�
w � V

�
L ��� and

η 2 0 such that,asn , ∞,

Pr � Xn  w �" ρ �w . 1
nπ

� O / 1
n 0 �

w � V
�
L ��� � (13)

and(uniformlyfor all
&"(

0)

Pr � Xn  v �E ρṽ

.
1
nπ

exp / � & 2

2ηn 0 � O / 1
n 0 �

v � V
�
K ��� � (14)

where ṽ (for v � K ) denotesthecorrespondingnodein K.

3. If x1 2 1 thenXn is nonrecurrentandthereexist τvV 2 0
�
v� � V

�
K ��� , µ 2 0 andσ 2 0 such that,as

n , ∞ anduniformfor all
&-(

0,

Pr � Xn  v �" τṽ* n
exp / � �'& � µn� 2

2σ2n 0 � O / 1
n 0 �

v � V
�
K ��� � (15)

where ṽ (for v � K ) denotesthecorrespondingnodein K.

Theorem2 is, of course,a directgeneralizationof Theorem1. As above thesecondandthethird case
canbegeneralizedto functionallimit theoremsin thefollowing sense.For v � V

�
L � let v̂ : e� 1 andfor

v � V
�
K f� set v̂ :  &

. Then X̂n is a processon the integers
( � 1 andafter a properscalingX̂n canbe

approximatedby areflectedBrownianmotionor by aBrownianmotion.NotefurtherthatthematrixR in
thefirst partof Theorem2 is theclassicalR-matrix for positiverecurrentquasi-birth-and-deathprocesses,
it is givenby R  C 	 M �

1� andsatisfiestheequationR  C � RB � R2D, comparewith (Latoucheand
Ramaswami,1999,Theorem6.2.1).

3.3 Proof of the Theorem
First, let us considerthe casex0 2 1 andx1  1. By assumption,x  1 is a regularpoint of M

�
x� and,

thus,thefunction
f
�
x�g det ^ I � xB � � x2C � M �

x� D � `
is regularat x  1 andsatisfiesf

�
1�g 0. Equivalently, 1 is aneigenvalueof thematrix B � � C � M �

1� D � .
Sincethematrix B � � C � M �

1� D � is primitive irreducible,1 is a simpleeigenvalue. Consequentlyx  1
is a simplezeroof f

�
x� (andthereareno furtherzeroson thecirce @ x @R 1). Henceall functionsof the

inversematrix ^ I � xB � � x2C � M �
x� D � ` > 1

have a simplepoleat x  1 (andno othersingularitieson the
circe @ x @A 1). Thus,it followsasin theproofof Lemma3 thatthelimits

lim
n� ∞

Pr � Xn  w �
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exist for w � V
�
L � . Similarly we get the existenceof the correspondinglimits for v � K and(12) with

R  CM
�
1� . Since∑v X V Z G[ pv  1 themoduli of all eigenvaluesof R have to besmallerthan1.

Next, supposethatx0  x1  1. Now M
�
x� is singularat x  1 andbehaveslike (11). We alsohave

f
�
1�g 0 (with f

�
x� from above) andby usingthedefinitionof thedeterminantit alsofollows that f

�
x�

hasa squarerootsingularityof theform

f
�
x�? c* 1 � x � O

�
1 � x� �

wherec 5 0. (If we considers  * 1 � x asa new variablethenit follows asin thefirst partof theproof
that f

�
x�= f̃

�
s� hasa simplezeroin s. Thus,c 5 0.)

Next, considerthepowers
�
xCM

�
x���  . By assumptionxCM

�
x� hasjustpostiveentries(for realx with

0 � x b 1). Hence,thereexistsa uniquepositive eigenvalueλ
�
x� of xCM

�
x� suchthat themoduli of all

othereigenvaluesaresmallerthanλ
�
x� . By continuitythis is alsotruein a neighborhoodof therealaxis.

Thus, �
xCM

�
x���   λ

�
x�  Q � O # λ � x� Z 1 > η [  %

for somematrixQ andsomeη 2 0. SinceM
�
x� hasasquarerootsingularityatx  1, theeigenvalueλ

�
x�

hasthesameproperty:
λ
�
x�? c1 � c2 * 1 � x � O

�
1 � x� �

Hence,we arein a similar situationasin Lemma4 and(13) and(14) follow with theonly differencethat
anadditionalfactorc 1  λ

�
1�  appears.However, if c1 � 1 thentheprobabilitiesdo not sumup to 1 but

thesumis boundedby O
�
1 )+* n� . On theotherhand,if c1 2 1 thenthesumof theprobabilitiesdoesnot

converge.Thisprovidesc1  1 andcompletestheproof of thesecondpartof Theorem2.

Finally, supposethatx1 2 1. Thenwealsohavex0 2 1. Thus,if weconsiderM  � x� in a neighborhood
of x  1 then all componentsof M  � x� behave (almost)as powers of λ

�
x� (the largesteigenvalue of

xCM
�
x� ) that is now analyticat x  1. Thus,we canagainusethe (saddlepoint) methodsof Drmota

(1994)andobtain(15),however, againwith a factorλ
�
1�  . As above it follows thatλ

�
1�? 1 andwe are

done.Notethatµ  1 ) λ � � 1� . H
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