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In this paperwe considerdiscreterandomwalks on infinite graphsthat are generatedy copying and shifting one
finite (stronglyconnectedyraphinto onedirectionandconnectingsuccessie copiesalwaysin the sameway. With
help of generatingunctionsit is shavn thatthereareonly threetypesfor the asymptoticbehaiour of the random
walk. It eithercorvergesto the stationarydistribution or it canbe approximatedn termsof a reflectedBrownian
motion or by a Brownian motion. In termsof Markov chainsthesecasescorrespondo positive recurrenceto null
recurrenceandto nonrecurrence.
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1 Introduction

The purposeof this paperis to considerandomwalks on infinite graphsG of the following type. Let K
andL beafinite stronglyconnectedli-graphsandKg, K1, K>, ... copiesof K. Thesetof nodesyV (G), of
G is now givenby V(L) UV (Kg) UV (Kz) U---. Thedirectededgesof G, E(G), consistfirst of the edges
E(L) UE(Ko) UE(K7) U--- andsecondf edgeshetweerl. andKy, betweerKy andK;, betweerk; and
K> etc.,wherethe edgesfrom K; to K11 arethesamefor all j =0,1,2,.... We alsoassumehatevery
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2 MichaelDrmota

nodeof Kg hasthesameoutdeggreeaskK; for j = 1,2,..., thatis, every directededgefrom K1 to K; (for
i =0,1,2,...) hasacounterparfrom Kg to L.

We considera discreterandomwalk X, (asa Markov chain)on G, wherethe startingpoint Xg is in
L. Retmyeparadiatihe transitionprobabilitiesof the correspondingiodesof K; arethe samefor all
j=0,1,2,....

Thesimplestcaset theone-sided linear” graph,wherelL andK; havesizel (seeFigurel). Of course,

Fig. 1: One-sidedlinear” graph(with transitionprobabilities)

thecorrespondingandomwalk is justaMarkov chainonthenon-negative integerswith reflectionatzero,
seeFeller(1968,1971)or adiscretetime versionof the continuougime Markov chainmodelinga M/M/1
queug(seeNeuts(1981,1989);LatoucheandRamasvami (1999)).1t is well known thattherandomwalk
Xnh on G is eitherpositive recurrentnull recurrentor nonrecurrent.

Thegeneratasecorrespondto adiscreteime versionof ahomogeneouguasi-birth-and-deatbrocess
(seeNeuts(1981,1989);LatoucheandRamasvami(1999))thatis characterisetly aNeutsstructuregiven
by aninfinite matrix of theform

BB C 0 O

D B C O

0 DB C O

0 0 D B C ’

wherethe (finite) matricesB’,C’,D’,B,C,D collect the transition probabilities(seeSection3). These
kindsof graphsalsoappeain performancevaluation for example comparenith Hermannstal. (2002).

It is alsoworth mentioningthattherearespecificproblemsn combinatoricsywheregraphsof this type
appeayfor example thegraphpresentedh Figure2T is relatedto a problemof bin-packing(seeProdinger
(1985,1990)).

The main purposeof this paperis to indicatethat dependingon the transitionprobabilitiesthereare
threetypical asymptoticbehaiours of X,. It eithercorvergesto the stationarydistribution or it canbe
approximatedn termsof a reflectedBrownian motion or by a Brownian motion¥ In termsof Markov
chainsthesecasexorrespondo positive recurrenceto null recurrenceandto nonrecurrence.

T This examplewasin factthe motivating examplefor writing this paper

T we only presentone dimensionaldistributional results. However, with help of the sameproof techniquesve easily obtain
correspondindunctionalversions.Onehasto shaw finite-dimensionatistributional resultsandtightness.Both propertiescan
be shavn with help of analytic methodsappliedto correspondingnultivariate generatingfunctions, for relatedproblemsand
methodsseeDrmotaandGittenbeger (1997)or Drmotaetal. (2001).
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Fig. 2: Graphrelatedto bin-packing

In whatfollows we presenta unified approachto thesekinds of problemsthatis baseson generating
functionsandon analyticmethodgsingularityanalysis saddlepointtechniquesjor obtainingasymptotic
relationsfor the coeficientsvia Cauchysformula. It seemghatthis kind of methodhasnot beenusedin
this context in this generality.

It alsoseemsghatthe precisestatementgivenbelow (in particularthe secondandthird partof Theo-
rem 2) arenew in this generality The caseof positive recurrencgof Theorem2) hasbeendiscussedn
detail (seeLatoucheandRamasvami (1999)). Also, it is well known that Dyck pathsandMotzkin paths
canbeapproximatedy areflectedBrownianmotion. Further the paperof Lalley (2001)dealswith ran-
domwalksonregularlanguages- it seemghatour casemay beviewedasspecialcases- but theresults
thereconcerronly asymptoticexpansiondor theprobabilitiesPr{Xo = v, X, = w}, wherev,w € V(G) are
fixedandn tendsto infinity, comparealsowith Lalley (1995).

It would beinterestingtoo, to extendthe presentesultsto graphsG with specificinfinite graphd. and
K;. Thiswould cover one-sidedsersionsof the randomwalk on the d-dimensionabrid. (Onecaneither
try to usethe methodby Lalley (2002)for infinite systemf functionalequationsor the Fourieranalytic
methodsby Guivarc’h (1984)and Kramli and Szasz(1984), comparealsowith (Woess,2000, Section
13).)

In section2 we first considerthe simplestcaseof a one-sidedlinear” graph (seeFigure 1) thatis
relatedto the classicalrandomwalk on the non-neyative integers(Dyck paths,Motzkin pathsetc.). The
generakasewill thentreatedn section3.

2 The one-sided “linear” graph
2.1 Statement of the Result

In this sectionwe will describein detail the asymptotichehaiour of X, with Xg = L for the one-sided
“linear” graphG, whereb, c,d andb’,c’ denotethe correspondindransitionprobabilities(comparewith
Figure1).§

8 Theoreml is surelynot new, but it seemghatthe proof methodis. Furthermoreijt playsthe role of a prototypefor the general
casecoveredby Theorem2.
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Theorem1 Supposéhatb,c,d andb’,c’ are positivenumbeswithb+c+d="b'+c = 1; andlet X, be
therandomwalk ontheone-sidedlinear” graphG with Xg = L.

1. If c < d thenwehave

d—c cd(d-c) (C

{
and lim PrXa =K} = g~ 5 (>0

r![)r(!oPr{Xn:L}:d g

—c+c
thatis, X, is positiverecurrent. Thedistribution of X, corvergesto the stationarydistribution.

2. If c=d thenX,/+/cnis null recurrenctand corvergesweaklyto the absolutenormaldistribution.
In particular, we have asn — oo,

1 /2 1
Pr{Xn_L}_E m-}-o(ﬁ).
and (uniformlyfor all £ > 0)

Pr{Xn =K} = \/%exp (—%) +0 (%) .

3. If ¢ > d thenX, is nonrecurrentand (X, — (c—d)n)/1/(c+ d — (c— d)2)n convergesweaklyto the
standad normaldistribution. We alsohave asnh — o anduniformlyfor all £ > 0,

1 (¢ —(c—d)n)? 1
Vv2n(c+d—(c—d)?)n &P (_ 2(c+d—(c— d)z)n> O (ﬁ> '

Notethattheassumptiorthatb > 0 andb’ > 0 arenotthatrestrictive. In particularif oneof themis zero
thentheresultremaingrueasit is. Only if botharezerothenX, ¢ K, (andconsequentlPr{X, € K;} = 0)
if n and/ have the sameparity. However, if n Z £ mod 2 thenwe get qualitatively the sameresult(and
theproofsarealittle bit moretechnical).

NotealsothattheprobabilitiesPr{X, = L} have beendiscussedh Lalley (2001)for thecaseb = 0 and
b > 0.

Finally, as mentionedabove, with a little bit more effort it canbe showvn thatin the casec = d the

normalizeddiscreteprocesses
Xtn| )
t>0
( \' CI’I’ n>1

convergesweaklyto areflectedBrownianmotionasn — o; andfor ¢ < d the processes

Xtn] —t(c—d)n
<\/(c+d— (C—d)Z)n’t = 0) -

convergesweaklyto the standardBrownianmotion.

Pr{X, =K} =
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Fig. 3: Randomwalk ontheintegers

2.2 Generating Functions
We startwith a propertyof one-sidegathsontheintegers(seeFigure3).

Lemmal LetY, denotetherandomwalk ontheintegers (seeFigure 3) with Yo = 0. Thenthegeneiating
functionof one-sidedeturnprobabilities

M(X) = %Pr{leo, Y2>0,..., Yo_1>0, Yo =0} - X" 1)
n>

satisfieghefunctionalequation
M(x) = 1+ bxM(x) + cdx®M(x)? )
andis thusexplicitly givenby

1—bx—/(1—bx)2— 4cdx?
M) = 2cdx? '

Theradiusof corvergencexg is givenby

1 1
T br2ved 1-(yo-va?

If b > 0thenxg is alsothe only singularity on the circle of corvergence|x| = Xo. Furthermoie, M(x) has
a local expansionof theform

3/2
M(X):bt/zc_\ga_%(%) .\/m(+o(1—(b+2\/c_d)x) ®)

aroundits sigularity X = Xg.

Xo

Note thatthe generatingunction M(x) is closelyrelatedto the generatingunctionsU (x), G(x), and
R(x) presentedn (Latoucheand Ramaswami, 1999,p. 96). We have M(x) = 1/(1—U(x)), G(x) =
M(X) - dx, andR(x) = cx- M(X).

Proof. Thefunctionalequation(2) is immediatelyclearby writing it in thefollowing way:

M(X) = 1+ bx- M(X) + cx- M(x) - dx- M(X).
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If thefirst stepis theloop (with probabilityb) thentheremainingpartis justanon-neative pathfrom 0 to
0. thecontritutionis bx-M(x). If thefirst stepgoesto theright (with probabilityc) thenwe decompos¢he
pathinto four parts:first the stepfrom 0 to theright, thenwe considetthe partfrom 1 to 1 thatis followed
by thefirst stepbackfrom 1 to 0, thethird partis this stepback,andthelastpartis againa non-neative
pathfrom O to 0. Hence,in termsof generatingunctionsthis casecontributedcx- M(x) - dx- M(x). This
proves(2).

Theremainingpropertiesollow directly from (2). O

Next considertheoriginal one-sidedlinear” graph.

Lemma 2 LetX, denotetherandomwalk onthe graphrepresentedy Figure 1 andset

ZOPr{Xn L}-x" and Mg(x zoPr{Xn Ke}-x" (£>0).

Then
1 _d (exM(x))t

M =2
1—b'x— c'dx2M(x) and Me(x) c 1—b'x— c'dx2M(x)
Proof. With helpof the samereasoningasin the proof of Lemmal onegetstherelation

ML(x) = (£20).

ML (X) = 1+ b'’XML(X) + XM(X)dXM_(X)

thatprovesthe proposedepresentatifior M (X).

Next we have Mg(x) = ML (X)c'xM(X). Herewe have to divide all pathsfrom L to Ky into threeparts.
Thefirst partis just the pathfrom L to L thatis followed by the laststepfrom L to Ko. This stepis the
secondpart, andthe third partis a non-ngyativepathfrom Ko to Kg. In a similar way we alsoobtainthe
recurrencéMy1(X) = Mg(X)cxM(x). This completeghe proofof Lemma2. O

2.3 Analytic Methods

We now usethe above explicit representationfor M (x) and M (x) (¢ > 0) and Cauchys formulato
extractthe coeficients,e.g.

Pr{X, = K} = 2m/| r xn+1 ) dx,

wherer is smallerthatthe radiusof corvergenceof M;(x). By shifting the pathof integrationsuitablyin
the analyticity region of M, (x) andevaluatingasymptoticallythe integral we will thusobtainasymptotic
expansiongor Pr{X, = K;}. In particularwe have to dealwith threedifferentcasesfirst with a polar
singularity secondwith a squareroosingularity and third we have to apply saddlepoint techniques.
Thesekinds of techniquesarevery well establishedn the literature. Thereforewe will notwork out all
thedetailsbut referto properreferencege.g.to Drmota(1994)).

We startwith the casec < d.

Lemma 3 Supposehatc < d. Thentheradiusof corvergenceof M (x) andM,(x) (¢ > 0) is x; = 1 that
is alsoa polar singularity of order 1. Furthermoe, wehave

lim Pr{X,=L} = 70 and rLi_r)T]mPr{Xn =K} = % (g)z (£>0). @4

N—oo —c+c
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Proof. Firstnotethat(for c < d) we have M(1) = 1/d andM’(1) = (1—d+c)/(d(d—c)). Thus,

bz— dd2M(z) = %( — %) +0((1=x)?).

andconsequently
d-c
ML (X) = d_ctrdi_x + analyticfunction
and
M (X) = cd-9 (E)Z ! + analyticfunction
= dd—c+ oy \d) 1—x y

for |x| < 1/(b+2v/cd). (Notethat1/(b+2v/cd) > 1.) Of coursethis directly implies (4). O
Themostinterestingcaseis thecasec = d.

Lemma4 Supposehatc = d. Thentheradiusof corvergenceof M (x) andM(x) (£ > 0) is x; = 1 that

is an algebraic singularity. Here weget,asn — o,

Pr{xn=L}=% §+o<1>. ®)

nTt n

and (uniformlyfor all £ > 0)

Pr{X, =K} = \/7 (20n> o(%). (6)

Proof. The essentiatifferencebetweerthe presentaseandthatof Lemmas3 is thatM(x) is not regular
atx = 1. We have to usethe singularexpansion(3) of Lemmal andobtain(aroundx = 1)

1—b'x—dd®M(X) = ——+v1—x+0O(1—x).

\/ (o
Furthermore

N S Y _
(exM(x)) —exp( N 1-x+0(¢(1 x))).

Thus,thedominantbehaiour of M, (x) aroundxg = 1 is of theform

e e
: .

v1—x
We cannow proceedasin the proof of Theoremd of Drmota(1994).We just have to usetheformula
—Ay/—i—t
Lre dt = ie‘AZ,

2m fy /=t VT
wherey denotesa Hankel contour This directly leadsto (5) and(6). O
Theanalysisof thefinal casec > d is alittle bit differentfrom the previousones.In thefirst two cases
thesingularbehaiour of M_(x) andM,(x) aroundthepointxg = 1 hasgovernedtheasymptotidbehaiour
of thecoeficients.In thethird casewe will againwork aroundthe critial pointxg = 1 but now with help
of asaddlepoint method.Theradiusof corvergences largerthanl.
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Lemma5 Suppose¢hatc > d. ThenX, satisfiesa central limit theoemwith meanvalueE X, ~ (c—d)n
andVar X, ~ (c+d — (c—d)?)n. In particular we havethe following local limit theoemasn — o and
uniformlyfor all £ > O:

1 (¢ —(c—d)n)? 1
Vv2rn(c+d—(c—d)?)n =P (_ 2(c+d—(c— d)z)”> O (ﬁ> ' ")

Proof. Note first thatM,(x) = %ML(X)(CXM(X))£+1 andthatx; = 1 is a regular point of My(x). Thus,
M, (x) is (despiteof an analyticfactor)a power of the function cxM(x). Consequentlywe candirectly
applythe (saddlepoint) methodsof Drmota(1994)andobtaintheresult.0

Pr{X, =K} =

3 The general case

3.1 Matrices of Generating Functions

We arenow goingto considerithe generakituation.We will denoteby B, C, D thecorrespondingnatrices
containingthe transitionprobabilitiesinsideKj, from K to Kj41, from Kj;1 to Kj andby andB’,C’,D’
thetransitionprobabilitiesinsideL, from L to Ko andfrom Kg to L. (Notethatin contrastto the “linear”
caseD andD’ aredifferentin general.)

We now assumehattherandomwalk X, startsatavertex win L.

The first (and easy)stepis to generalizethe above relationsfor generatingunctions. Let M (x) =
(MLww (X))ww ev(L) denotethe matrix of the generatingunctions

ML;W,W' (X) = Zopr{XO =W, Xn= V\/} X!
n>

andM(x) = (Mgwy(X))wev (L) vek, thematrix of functions

MZ;W,V(X) = ZOPT{XO =w, X, = V} XN,
n>

Lemma6 LetM(x) = (Myy (X))vvek denotethe(analytic)solutionwith M (0) = | of thematrix equation

M(X) =1 +XBM (X) +X*CM (X) DM (X). (8)
ThenM (x) andM,(x) are givenby
ML(x) = (I —xB' —X2C'M(x)D') * 9)
and(for £ > Q)
M (x) = X2 (1 = xB' —x2C'M (x)D') " C'M(x) (CM (x))". (10)

Proof. The proof is exactly the sameasthat of Lemmal and 2 and alreadyappeargfor the caseof
Figure 2) in Prodinger(1990), comparealso with Kuich and Urbanek(1983). For x = 1 the matrix
M = M(1) is alsorelatedto the matricesU, G, andR of (LatoucheandRamasvami, 1999,p. 137),in
particulatM = (I —U)~, G=MD, andR = CM. O

Themaindifferenceto the“linear” caseis thatwe arenow not ableto solve the above system(8)—(10)
explicitly. Neverthelessfrom ananalytic point of view they behare in a similar way. Let us startwith
M (x), the solutionof (8).
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Lemma 7 SupposehatB is a primitive irr educiblematrix andlet M (x) = (Myy (X))yvev (k) denotethe
solutionof (8). Thenall functionsM,, (x) havea commorradiusof corvergencexo > 1. Furthermoe, Xo
is theonly singularityonthecircle of corvergence|x| = xo andthereis a local expansionof theform

~ ~ X X
M(x):Ml—Mz,/l—%Jro(l—%) (11)

aroundits singularityx = xg, whee M, and M, are matriceswith positiveelements.

Proof. Therelation(8) is a systemof |V (K)|? algebraicequationfor the functionsM,, (x) thatcanbe
written in the form Q(x) = F(x,Q(x)), whereQ(x) is just the vectorof functionsM,y (X) andF(x,y)
is a proper(non-linear)polynomial vectorfunction with non-neyative coeficients. By assumptiorB is
irreducible(andnon-nayative). Thus,the so-calleddependencgraph (comparewith Drmota(1997)) of
this systemis stronglyconnectedthatis, it is impossibleto solve a subsystenbeforesolving the whole
system.Consequentlyall (algebraicfunctionsM,, (x) have thesaméfinite radiusof corvergenceandby
Lalley (2001)(comparealsowith Drmota(1997))they have a squareroosingularityatx = X of theform
(11), whereall entriesof M1 andM, arepositive.

The assumptiorthat B is primitive impliesthatall (sufiiciently large) coeficientsof the power series
My, (X) arepositive. This propertyshavs thatx = xg is the only singularityon the circle of corvergence
|X| = %o (comparewith Drmota(1997),wherethis propertyis calledof simpletypg).

Finally, we surelyhave xo > 1. For, if xo < 1 thenthe coeficientsof M, (X) areunboundedHowever,
the coeficientsof M, (x) areprobabilities(comparealsowith (1)) andthusbounded This completeghe
proofof thelemma.O

Thislemmaalsoshavs thatall entriesof the matrix function

ML(X) = (I —xB' —X2C'M(x)D')

have afinite radiusof corvergencex; thatsatisfies
1<% < Xo.
(Notethatx; cannotbesmallerthanl sincethe coeficientsareprobabilitiesandthusbounded.)

3.2 A General Theorem

As in the “linear” casethereare threekinds of asymptoticbehaiours for X,, wherewe assumethat
Xo = wp with agivennodewy € V(L).

Theorem?2 Supposeéhat the matricesB and B’ are primitive irreducible that no row of C is ze, and
that the matricesD,C’,D’ are non-zeo. Let X, denotethe randomwalk on G with Xg = wp € V(L) and
let xo andx; denotetheradiusof corvergenceof theentriesof M (x) and M (X).

1. If Xxo > 1andx; = 1thenX, is positiverecurrentandfor all ve V(G) =V (L) UV (Ko) UV(K1) U - -
wehave

lim Pr{X,=v} = py,

n—oo
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whee (pv)vev(e) is the (unique)stationarydistribution on G. Furthermoe, there existsa non-
negativematrix R (whee all eigervalueshavemoduli< 1) suc that

Pes1 = PeR, (12)

in whichp; = (pv)vng-

2. If Xo = x1 = 1 thenX, is null recurrentandthere existpy > 0 (V' € V(K)), p, > 0 (we V(L)) and
n > 0 sud that,asn — oo,

Pr{Xn:w}:p\’N\/%—kO(%) (weV(L)). (13)
and (uniformlyfor all £ > 0)
2
Pr0=v) = oo/ e () +0(2) wevika), 14)

whele V (for v € K;) denoteghe correspondinghodein K.

3. If x; > 1thenX, is nonrecurentandther existt, > 0 (V' € V(K)), L > 0 ando > 0 suc that, as
n — o anduniformfor all £ > 0,

~ _ 2
Pr{X,=v}= %exp (—%) +0 <%> (Ve V(Ke)), (15)

whele V (for v € K;) denoteghe correspondingnodein K.

Theorem2 is, of course a directgeneralizatiorof Theoreml. As above the secondandthethird case
canbegeneralizedo functionallimit theoremsn the following senseForv € V(L) let V:= —1 andfor
ve V(Ky) setV:=£. ThenX, is a processon the integers> —1 andafter a properscalingX, canbe
approximatedy areflectedBrownianmotionor by a Brownianmotion. Note furtherthatthematrix R in
thefirst partof Theoren? is theclassicaR-matrix for positive recurrenjuasi-birth-and-deatbrocesses,
it is givenby R = C-M (1) andsatisfieshe equationR = C + RB + R?D, comparewith (Latoucheand
Ramaswami, 1999, Theorem6.2.1).

3.3 Proof of the Theorem

First, let us considerthe casexp > 1 andx; = 1. By assumptionx = 1 is a regular point of M (x) and,
thus,thefunction
f(x) = det(l —xB' —xC'M(x) D')
is regularatx = 1 andsatisfiesf (1) = 0. Equivalently, 1 is an eigervalueof the matrix B’ + C'M (1) D'.
Sincethe matrix B’ + C'M (1) D' is primitive irreducible, 1 is a simple eigervalue. Consequentlx = 1
is a simplezeroof f(x) (andthereareno furtherzeroson thecirce [x| = 1). Henceall functionsof the
inversematrix (I —xB' —x?C'M (x) D') haea simplepoleatx = 1 (andno othersingularitieson the
circe|x| = 1). Thus,it follows asin the proof of Lemmag3 thatthe limits
lim Pr{X, = wj}

n—oo
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exist for w € V(L). Similarly we getthe existenceof the correspondindimits for v € K, and(12) with
R=CM(1). Sincey ey (c) pv = 1 themoduliof all eigervaluesof R have to besmallerthanl.

Next, supposehatxy = x1 = 1. Now M(X) is singularatx = 1 andbehaeslike (11). We alsohave
f(1) = 0 (with f(x) from above) andby usingthe definition of the determinanit alsofollows that f(x)
hasa squareroosingularityof the form

f(X) =cv1—x+0(1-Xx),

wherec # 0. (If we considers = /1 — x asa new variablethenit follows asin thefirst partof the proof
that f(x) = f(s) hasasimplezeroin s. Thus,c# 0.)

Next, considetthe powers(xC M (x))¢. By assumptionxC M (x) hasjust postive entries(for realx with
0 < x < 1). Hence thereexistsa uniquepositive eigervalueA(x) of xCM (x) suchthatthe moduli of all
othereigervaluesaresmallerthanA(x). By continuitythisis alsotruein a neighborhoodf therealaxis.
Thus,

(CME)! =AX'Q+0 (M)

for somematrix Q andsomen > 0. SinceM (x) hasa squareroosingularityatx = 1, theeigervalueA(x)
hasthe sameproperty:

AX) =c1—CvV1—x+0(1—X).

Hence we arein asimilar situationasin Lemma4 and(13) and(14) follow with the only differencethat
an additionalfactorc_{ = A(1)¢ appearsHowever, if ¢; < 1 thenthe probabilitiesdo not sumup to 1 but
the sumis boundedby O(1/+/n). Ontheotherhand.if c; > 1 thenthe sumof the probabilitiesdoesnot
cornverge. This providesc; = 1 andcompleteghe proof of the secondpartof Theoren?2.

Finally, supposehatx; > 1. Thenwe alsohave xg > 1. Thus,if we consideM ,(x) in aneighborhood
of x = 1 thenall componentof M,(x) behae (almost)as powers of A(x) (the largesteigervalue of
xCM(x)) thatis now analyticat x = 1. Thus,we canagainusethe (saddlepoint) methodsof Drmota
(1994)andobtain(15), however, againwith afactorA(1)¢. As aboveit followsthatA(1) = 1 andwe are
done.Notethatp=1/N(1). O
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