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Catalan trees




Catalan trees

pn = number of Catalan trees with n edges; |P(t) = Y pnt"”
n>0
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(Catalan numbers)



Depth-First-Search

Rooted trees and discrete excursions
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Bijection between
Catalan trees +«—  Dyck paths

random trees of sizen <«+«— random Dyck paths of length 2n

Remark: Alternatively we have a parenthesis representation (com-
pare with the previous talk).



Depth-First-Search

Brownian excursion (e(t),0 <t < 1)
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Rescaled Brownian motion between 2 zeros.

Random function in C[0,1].



Depth-First-Search

Kaigh’s Theorem

(Xn(t),0<t<2n) ... random Dyck path of length 2n.

1 d
— (\/T_nX”(znt)’O <t< 1) — (e(t),0 <t < 1).

Remark. This theorem also holds for more general random walks with
independent increments conditioned to be an excursion.



Embedded Trees

Integer labels, root has label O, adjacent labels differ at most by 1:
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Un — 3npn

T n +1 ’
(the number of embedded trees with n edges)
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Embedded Trees

Interpretation as embedding
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Brownian Snake

Discrete Brownian snake




Brownian Snake

Theorem (Chassaing+Marckert)

Consider Catalan trees and labels given by independent increments
following a distribution n with En = 0.

Wn(s) ... discrete Brownian snake corresponding to these trees and
labels

— (#Wn(Qnt),O <t< 1) L (W(),0<t<1)

with v = v2(Var 77)_%.

W(t) ... Brownian snake



Continuous Limits

Value distribution

X (D=4 X (0) =4

X,(=3




Continuous Limits

Theorem (Aldous)

Consider Catalan trees with labels given by independent increments
following a distribution n with En = 0.

Xn(4) ... number of nodes with label j

d

— Z Xn(]) n—1/4 — MISE

n—l—l

with v = /2 (Var 77)_%.



Continuous Limits

Theorem (Devroye-+Janson)
Suppose additionally that n is integer valued and aperiodic.
(Xn(Jj)) ez --- profile corresponding to n

(Xn(j) ... number of nodes with label j)
(Xn(t),—c0 <t < oo) ... the linearly interpolated process:

= | (n7¥* X (n!/*), —00 < t < o0) 9 (v fise (1), —oo < t < o0)




Integrated SuperBrownian Excursion (ISE)

Occupation measure of the Brownian snake: random measure

1
pse (A) = /O 1,(W (1)) dt

Density of the ISE: random density

1
.1
fise(s) = lim = O/ s e (W (1))

Remark. The ISE has finite support [Lisg, Rism]
(Its length Rigg — Ligg is @ random variable.)



Continuous Limits

[L1sg, Risg] ... (random) support of the ISE

T heorem

M, ... largest label of a random embedded tree with n edges
mn ... SMallest label of a random embedded tree with n edges

Mp d —1
i 4 R

mn d —1
142 7 Lise|

~

n

Remark.
My  mpy d —1 1 My, —mn d 1
(n1/4’ n1/4> (v Fise v Lise) 1/4 >y (Rise—Lisg)-



Counting of Embedded Trees

Simplified Problem:

Embedded Trees with increments +1
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Counting of Embedded Trees

Generating functions

R;(t) ... generating function of embedded trees, where we assume that

the root is labelled by j
(and labels of adjacent vertices differ by +1)

R;(t) = Ro(t) = R(t)




Counting of Embedded Trees

Generating functions

L ARALALLS
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Counting of Embedded Trees

Generating functions

R}O](t) ... generating function of embedded trees, where we assume
that the root is labelled by ;5 and all labels are non-negative

V.. YYYYYY

1
1 — 1R (1) + R, (1))

O]y —
R =

ROY@ =rC@®m =...=0.



Counting of Embedded Trees

Generating functions (A MIRACLE occurs)

R () = R(H -+
Uj41%;43

where
wj =ui(t) =1 Z(t)’t1
and
1—(1-—8t)l/4
Z(t) = ( )
14 (1-—8t)l/4
IS the solution of the equation

1

1
T2 TR

(Bouttier, Di Francesco, and Guitter)



Counting of Embedded Trees

Maximum label

"] RV (1)

2n (2n

! n—l—l(n)

1
"] R (1) = — L rRON 1 at
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Counting of Embedded Trees

Maximum label

12 fv5e”4

P{Risg > \} = d
tfise > Af i/ Jrsinh2(Ow)

(Mireille Bousquet-Mélou)

M= {1—te”"™/* t € (00,01} U{Ll +te"™/* 1 € [0,00)},

/
1\




Counting of Embedded Trees

Generating functions

R}O’L](t) ... generating function of embedded trees, where we assume
that the root is labelled by 5 and where all labels are bounded

between 0 and L

L ARALALLS

1

1 - ROV + RET ()

RIOH (1) =

RI%H @ = R[Lofl] (t) = 0.



Counting of Embedded Trees

Generating functions (A second MIRACLE occurs)

RIOH (1) =

n(dse)  o1(Foha) o (75
o (ko) 0 (ko) 1 (12:0) 1 (152

where ¢ = ¢g(t) be determined by the equation

and 61(u; q) is the Jacobi theta function

721

01(u; q) = 2isin(wu) [] (1 — 2¢’ cos(2mu) + q2j) :




Counting of Embedded Trees

Properties of the Jacobi theta function

01(u+1;q) = —01(u;q)

1 .
01(u+T;q) = —q 2e2Th, (u; q),

where
2mTIT

q—=—E¢€

(Bouttier, Di Francesco, and Guitter)



Counting of Embedded Trees

Properties of the Jacobi theta function

Lemma

2
(91(204)> 01(uw)f1(u + 2x)01(u + 4a)
01(c)

— gi E32§91(u + )01 (u 4+ 2a)01(u + 3a)

+ 61 (u — a)f1(u+ 3a)f1(u+ 4a) + 01 ()01 (u 4+ )01 (u + 5a)

Proof

Both sides transform in the same way under the transformations u —
uw—+ 1 and u— u+ 7 (wWhere ¢ = €2™7). Hence, the ratio is an elliptic
function. The possible poles (0, —2«a, —4«,...) have vanishing residues.
Thus, the ratio is constant which is actually 1 (by setting u = —a).



Elliptic Functions

Weierstrass p-function

1
@(Z,T) - Z_2+

S ( 1 1

(m1,m2)€Z2\{(0,0)} (2 —miT —m2)?  (m1T + m2)?

)

where (7)) >0 and z € Z + 77

plz+1,7) =p(z+7,7) = p(z,7)

~



Elliptic Functions

Relation to Jacobi’s 6¢-function

07'(0,q)  07(u,q) n <9’1(u,q)

2
307(0,)  01(u,q) el<u,q>> = o)



Elliptic Functions

Eisenstein series

1
(m1 + mo7)k

Gp(r) = >

(ml ,TI’LQ)EZQ\{(O,O)}

0 (0, q>>2 361°(0, )

5
Gal) =3 (9’1(0,q) 8 0/(0,q) '



Support of the ISE

Main Result

20 A (A A 5
P{Risg < A1, —Lisg < Ao} = — / @) _AL Lo; _iu 2)v v® 87" dy
3i72/2 Jr s T

Corollary

— 18 . 2% 6 204
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Support of the ISE

Proof

P{Mn <k, mn > —j} = — %15~
n+1(n>

1 .
[ RO et ar,
8

X/

7] ROV (1) =



Support of the ISE

¥ =71UyUy3U"s, where g =%, ¢ >0,

4 1/4
’Yl={x=xo<1—cz+n 8>10§S§n1/4}7

n

1 T T
=xr = 1——_“0): —— < <_}7
Y2 { wo( C’.Le 5 %0—2
73={x=wo(1+cz+s-)os gnl/“},
mn




Support of the ISE

Lemma 1

Suppose that |1 — q| > ¢/L for some constant ¢ > 0 (where q = e27T).
Then

01 (125.9) 01 (12:9) 1 25 1
0n(2eq)° 8 (1 Tt O <L6|1 - q|6>> |

Remark.

x4

Ga(r) = 15 440 (7'_3)

uniformly for - — 0 with e < arg(r) < —¢e (for any € > 0)



Support of the ISE

Corollary

t_el (ﬁ’q)drel (Li%’q> _l< _ 5m* + O( ))
— 2 5 8 9L4r4
%1 (r3s9)
R [
o J

Contour for 1/7% and for i/r.



Support of the ISE

Lemma 2

Suppose that |1 — q| > ¢/L for some constant ¢ > 0 (where q = e27T).

T hen
[0.L],,\ 3 j+1 1
R —2(1— Jr i
i@ ( (L—|—6)2p(L—|—6'T)+O<L4|1—q|4>>

uniformly fore < j/L <1 —¢ (for any > 0).

Recall that
Rq[@O’L] (t) = 01 <LL+6’ q)3 01 (%’ q) 01 (zi-l—g’ q)
o1 (e a) 01 (he0) 1 (18 0) 0 (.9



Quadrangulations

Schaeffer bijection: start with a quadrangulation
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O/
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Quadrangulations

Schaeffer bijection: calulate the distance to the root vertex




Quadrangulations

Schaeffer bijection: there are only two possible constellations

TN N

k+1 k+1 k+1 k+1

\\\ K /// K

k+2




Quadrangulations

Schaeffer bijection: include fat edges

| k+2

K+1

N\

/
/

k+1

N\

k + k+1




Quadrangulations

Schaeffer bijection: include fat edges

0
5 1
2
2——1

L




Quadrangulations

Schaeffer bijection: include fat edges




Quadrangulations

Schaeffer bijection: delete the dotted edges

0




Quadrangulations

Schaeffer bijection: a labelled tree occurs

2

AN




Quadrangulations

Schaeffer bijection: a labelled tree occurs

@




Well-Labelled Trees

Positive labels, root has label 1,
adjacent labels differ at most by 1:
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Well-Labelled Trees

Nonnegative labels, root has label O,
adjacent labels differ at most by 1

N
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