THE JOINT DISTRIBUTION OF @Q-ADDITIVE FUNCTIONS ON
POLYNOMIALS OVER FINITE FIELDS

MICHAEL DRMOTA* AND GEORG GUTENBRUNNER*

ABSTRACT. Let K be a finite field and Q@ € K][T] a polynomial of pos-
itive degree. A function f on K[T] is called (completely) Q-additive if
f(A+ BQ) = f(A) + f(B), where A,B € K[T] and deg(A) < deg(Q).
We prove that the values (f1(A), ..., fa(A)) are asymptotically equidistributed
on the (finite) image set {(f1(A),..., fa(A)) : A € K[T]} if Q; are pair-
wise coprime and f; : K[T| — KJ[T] are Qj-additive. Furthermore, it is
shown that (g1(A), g2(A)) are asymptotically independent and Gaussian if
91,92 : K[T] — R are Q1- resp. Q2-additive.

1. INTRODUCTION

Let ¢ > 1 be a given integer. A function f : N — R is called (completely)
g-additive if
fla+bg) = f(a) + f(b)
for a,b € Nand 0 < a < g. In particular, if n € N is given in its g-ary expansion
n= Z Eg,j(n)gj
Jj=0
then
fn) =Y fleg;(n)).
j>0
g-additive functions have been extensively discussed in the literature, in particular
their asymptotic distribution, see [1, 3, 4, 5, 6, 7, 8, 9, 11, 12, 14, 15]. We cite three
of these results (in a slightly modified form). We want to emphasise that Theorems

A and C also say that different g-ary expansions are (asymtotically) independent if
the bases are coprime.

Theorem A. (Kim [13]) Suppose that g1, ... ,gq > 2 are pairwise coprime integers,
mi,... ,mq positive integers, and let f;, 1 < j < d, be completely g;-additive
functions. Set

H :={(fi(n) mod mq,..., fa(n) mod my) : n > 0}.
Then H is a subgroup of Ly, X -+ X L, and for every (ai,...,aq) € H we have
1 1
N#{n< N : fi(n) mod m; = ay, ..., fa(n) mod mg = aq} = ﬁJrO(N*zS)7
where § = 1/(120d*g3m?) with

g= max g; and M= max m;,
1<j<d”’ 1<j<d ’

and the O-constant depends only on d and g1,... ,gq.
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Remark. In [13] the set H is explicitly determined. Set F; = f;(1) and d; =
ged{m;, (¢ — 1)Fj, fi(r) —rF; (2 <j <gq; —1)}. Then (ai,...,aq) € H if and
only if the system of congruences Fyn = a;modd;, 1 < j < d, has a solution.

Theorem B. (Bassily-Katai [1]) Let f be a completely g-additive function and

let P(x) be a polynomial of degree r with non-negative integer coefficients. Then,
as N — oo,

%# 0. JEM) ;rufloggN ()
\/T0%log, N
and
ﬁ# p<N:pp7“z'me,f(P(p));TMfloggN <% o),
\/ro7log, N
where
1] 1]
pr=- f(r) and of=-%"f(r)’-
9=0 e,
and

z 2
e /2 qt.

=L

Remark. The result of [1] is more general. It also provides asymptotic normality
if f is not strictly g-additive but the variance grows sufficiently fast.

Theorem C. (Drmota [6]) Suppose that g1 > 2 and g > 2 are coprime integers
and that f1 and fo are completely g1- resp. gs-additive functions.
Then, as N — oo,

f .U’fl loggl ) luf2 10gg2

\/o logg1 A /O'f logg2

Remark. Here it is also possible to provide general versions (see Steiner [17]) but —
up to now — it was not possible to prove a similar property for three or more bases
95

The purpose of this paper is to generalize these kinds of result to polynomials
over finite fields.

Let F, be a finite field of characteristic p (that is, ¢ = |Fy| is a power of p)
and let F,[T] denotes the ring of polynomials over F,. The set of polynomials in

q of degree < k will be denoted by P, = {A € Fy[T] : deg A < k}. Fix some

polynomial @ € F,[T] of positive degree. A function f : F,[T] — G (where G is
any abelian group) is called (completely) Q-additive if f(A + BQ) = f(A) + f(B),
where A, B € F,[T] and deg(A) <deg(Q). More precisely, if a polynomial A € F [T
is represented in its Q-ary digital expansion

A= ZDQJ(A)Qj7

720

1
—#<<n<N:

N — O(x1)P(x2).

where Dg ;(A) € Py, are the digits, that is, polynomials of degree deg(Dg ;(4)) <

k = deg @, then
A) =" f(Dq,(A
j=0
For example, the sum-of-digits function sq : Fg[T] — Fy[T] is defined by

A) =3 DA

Jj=0
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Note that the image set of a @-additive function is always finite and that (in contrast
to the integer case) the sum-of-digits function satisfies sg(A+ B) = sq(A4) +sq(B).
2. REsuLTS

The first theorem is a direct generalization of Theorem A.

Theorem 1. Let Q1,Q2,...,Qq and My, M, ..., My be non-zero polynomials in
Fo[T] with deg Q; = ki, deg M; = m; and (Q;,Q;) = 1 for i # j. Furthermore let
fi 1 Fq[T] — Fy[T] be Q;-additive functions (1 <i < d). Set
H :={(fi(A) mod M, ..., fa(A) mod My) : A € F,[T]}.
Then H is a subgroup of Pp, X -+ X Py, and for every (Ry,... ,Rq) € H we have
1

|H|

Since the image sets of f; are finite we can choose the degrees m; of M; sufficiently
large and obtain

Jim %#{A € P fu(A) = Ruv... , falA) = Ry} =

1
llim a#{A € P : fi(A) mod My = Ry,..., fa(A) mod My = R4} =

1
[H'|”

where

H' :={(fi(A),..., fa(A)) : A€ F,[T]}.
In particular this theorem says that if there is A € F,[T] with f;(A) = R; (1 <1i < d)
then there are infinitely many A € Fy[T] with that property.

The next theorem is a generalization of Theorem B.

Theorem 2. Let Q € Fy[T],k = degQ > 1 be a given polynomial, g : F,[T] — R
be a Q-additive function, and set

[y == kz o2 = kz (2.1)

A€Py A€Py
Let P(T) € Fy[T] with r = deg P and suppose that o > 0. Then, as n — oo,
1 P(A)) — 2t
—n#{AePn 9P — T gx} P () (2.2)
q 02
k
and
1 P(A)) - &-
—#{Ae[n:g(())—kug <1‘} o (z), (2.3)
7] =02

where I, denotes the set of monic irreducible polynomials of degree < n.
Finally we present a generalization of Theorem C.

Theorem 3. Suppose that Q1 € Fy[T] and Q2 € Fy[T] are coprime polynomials
of degrees k1 > 1 resp. ko > 1 such that at least one of the derivatives Q, QY is
non-zero. Further suppose that g1 : Fg[T] — R and gs : Fg[T] — R are completely
Q1- resp. Qz-additive functions.

Then, as n — oo,

— %l <z — %5 Mo <z

>~ 17 >~ L2
\/ k1 91 \/ kg 92

— & (x1) D (x2) .

1
q

Furthermore, Theorems 1 and 3 say that Q-ary digital expansions are (asymp-
totically) independent if the base polynomials are pairwise coprime.
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3. PrROOF OF THEOREM 1
Throughout the paper we will use the additive character E defined by
E(A) = eQTritr(Res(A))/p’ (31)

that is defined for all formal Laurent series

A= Z CLjT_j
jz—k
with k € Z and a; € F,. The residue Res(A) is given by Res(A) = a; and tr is the
usual trace tr: F, — F),.
Let Q1,Q2,... ,Qq and My, My,... , My be non-zero polynomials in Fy[T] with
deg Qi = ki, deg M; = m; and (Q;,Q;) = 1 for i # j. Furthermore let f; be

completely @;-additive functions. For every tuple R = (Ry,... ,Rq) € Py, X -++ X
P, set
(4) = B (1 f(a) (32)
gRi L M’L 7 .
and
d d p
gr(A) = HgRi (A)=FE (Z ﬁfi(A)> . (3.3)
i=1 i=1 """

Proposition 1. Let Q1,Qa,... ,Q4, My, Ms,... , My, and R = (Ry,...,Rg) be as
above. Then we either have

gr(A) =1 for all A€ F,[T)

or

We will first prove Proposition 1 (following the lines of Kim [13]). Theorem 1 is
then an easy corollary.

3.1. Preliminaries.
Lemma 1. Let H # 0,H,G € F,[T], and let E be the character defined in (3.1),

then:
deg H - s
Z B (GR) { q if H divides G (3.4)

H 0 otherwise.
deg R<deg H

The next lemma is a version of the Weyl-van der Corput inequality.
Lemma 2. For each A € F [T let ua be a complex number, with |uag| =1, then
2

%ZUA S%+ir Z %ZWUA-&-D

. (3.5)
Aep 4 DeP.\{0} AeP,

Proof. Since (P, +) is a group we have

QT'ZHA = Z ZUAfB

AeP, BeP, AcP,

= Zl(ZUA—B>.

AePp BeP.
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Hence, using the Cauchy-Schwarz-inequality

2 2

7" E uA < E 12 E E UA-B
AeP; AeP; A€P, | BEP-
1 _
= q E E E UA-BUA-C
A€P, BEP, CEP,
1 _
= q E E E UA—BUA—B+D
DeP, AcP, BEP,
1 —
= q E E E UA—-BUA—B+D
DeP, BEP, AP,
l —
= q o E E UAUA4D
DEP, A€P,
! 2 l —
— q+r E |uA| +q+r E E UAUA4D-
AEP DeP,\{0} A€P,
The desired result follows from |uy| = 1. O

Lemma 3. Let f be a completely Q-additive function, and t € N, K,R € F [T
with deg R, deg K < degQ". Then for all N € F,[T)] satisfying N = Rmod Q" we
have
f(N+K)—f(N)=f(R+ K) - f(R). (3.6)
Proof. Due to the above conditions, N = A - Q" + R for some A € F,[T]. Since
f is completely Q-additive, and deg(R + K) < deg(Q?), we have
f(IN+K)-f(N) = fAQ'+R+K)— f(AQ"+R)
= fA)+f(R+K)-(f(4)+ f(R)
= f(R+K)- f(R). (3.7)
(|

3.2. Correlation Estimates. In this section we will first prove a correlation esti-
mate (Lemma 4) which will be applied to prove a pre-version (Lemma 5) of Propo-
sition 1.

Let Q € Fy[T] of deg Q =k, M € Fy[T] of deg M = m, and f be a (completely)
Q-additive function. Furthermore for R € P,, set g(A) := E (£ f(A)).
Unless otherwise specified, n and [ are arbitrary integers, and D € F,[T] arbitrary
as well. We introduce the correlation functions

1 R
O, (D) =— > g(A)g(A+ D)
q AeP,
and 1
(I)l,n = Z ‘(I)n(A)|2-
q AcP,
Lemma 4. Suppose that |®;(R)| < 1. Then
1
Ly

HeP

=3 B (gt - 1)

AcP,

Lo lmmEy,

< exp (— min{n, [} o

Proof. We begin by establishing some recurrence relations for ®, and @, ,,
namely

(I)k+n(QK + R) = (I)k'(R)q)n(K) (38)
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for polynomials K, R with R € P;. By using the relation g(AQ + B) = g(A)g(B)
and splitting the sum defining @y, (QK + R) according to the residue class of A
modulo () we obtain

QK +R) = Y Y g(AQ +1)g(AQ + I + QK + R)
I€P, AcP,
= > ) g(A)g(Dg(A+ K)g(I +R)
IeP, AeP,
= Y gDgI+R) > g(A)g(A+K)
IeP, AeP,
= ¢"0u(R)q" @, (K).
This proves (3.8).
Next observe that
M Opipn = DY QA+ D n(QA+1)
IeP, AeP,
= > > e(Dea(A)r(1)P,(A)
IeP, AEP,
= Y H@eD Y S(Ae. 4
IepPy Aep,
= " P Oy (3.9)
Thus
Prtthtn = Pk Pin (3.10)
and consequently
Digeitintn = (Prp) e (3.11)

Since |®;,,| < 1 we also get |Pipti iktn| < \@k,k|i.
Hence, if n and [ are given then we can represent them as n =ik +r,l = ik + s
with ¢ = min([n/k], [I/k]) and min(r, s) < k. By definition we have

Dy = Z | D (A
AEPk
with |®4(A)] <1 for all A. Since |®,(R)| < 1 we also have

_ 2 _ 2
b1 LTI o (1DIRR)
q q

and consequently

, 1—|®(R)|?
[Drn| < |Pri|® < exp (— min{l,n}%) )

Remark. We want to remark that |®5(R)| = 1 is a rare event. In particular, we
have

VR:|®,(R)|=1 < VYRVYAe€ P, :g(A)g(A+ R) is constant
& VR,VA,B€ P, :g(A)g(A+R) = g(B)g(B + R)
& VA, Be P,:g(A+ B)=g(A)g(B).
Thus, there exists R with |®;(R)| < 1 if and only if there exist A, B € P, with
9(A)g(B) # g(A + B).
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Next we prove a pre-version of Proposition 1.

Lemma 5. Let Q1,Q2,...,Qa € Ty T be pairwise coprime polynomials,
My, Ms,... , Mg € Fy[T], and R = (R1,Ra,... ,Rq) € Py X -+ X Py, such that
|®r, (R;j)| < 1 for at least one j =1,... ,d. Then

lim — Z gr(A (3.12)

where gr(A) = [Tj_y g, (A) with gr,(4) = E (37 £(4)).

Proof. Set B; = Q ’, where b; = t; deg Q; satisfies that r < b; < 2r with r = 3d
Given S = (51,5’2,.. ,S4) and B]_7BQ7.. , B4, we define Ng :={A € P : A=
Symod By, ... ,A = S;mod By}. By the Chinese remainder theorem we have for

d
l 2 Zj:l b]

l d
|Ns| = 7‘1 — g 2t
H] 1 q

Furthermore set S := Py, X -+ X P,,. By Lemma 3 we obtain for D € P, \ {0}:

ZQR Jor(A+D) = Z ZQR )9r(A + D)

AcPh SeS AeNg

= > > HgRJ )98, (S; + D)

SES AENg j=1

:ZHQR i)9r,; (S; + D) Zl

SESj 1 AENg
l
q
1S w0
j=1S5;€P, H] 1‘]
- L S s )
j=1 .SEPb

According to Lemma 2 we obtain for r <

> gr(4)

A€EP,

2

< P4 dm Y | 9r(A)gr(A+ D)
DeP\{0} | AeP,

d
= ¢ Z qub" Z 9r,(S;)gr, (S; + D)| +O0(¢* ).

DeP,\{0} |j=1 S;EPy;
PO
Hoélder’s inequality gives
4 d+1\ 1/ (d+1)
1 MEDTLE X2 o™ D2 9r,(Si)gm,(S;+ D)
Jj=1 \ DeP,\{0} S;€EPy,

o\ 1/(d+1)

d
I {a Do |a% D 9r,(S)gr,(S;+ D)

Jj=1 DeP\{0} S;EPy;
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For some j we have |®; (R;)| < 1, so that Lemma 4 is applicable and thus
2

" > % > gr,(S)gr,(S;+D)| —0
DeP.\{0} SjEij
as r =1/(3d) — oo. For all other j we trivially estimate by < 1 and obtain

> gr(A)

AePp

~0 (3.13)

1
q
as | — oo. O

3.3. Proof of Proposition 1. As above we set gr(4) = H;l:l gr;(A) =
E (Z?Zl Jl\% fj(A)). We split up the proof into several cases.

Case 1: There exist j and A, B € P, with g;(A)g;(B) # g;(A+ B).

This case is covered by by Lemma 5 (compare with the remark following Lemma 4).
Case 2: For all j and for all A, B € Py, we have g;(A)g;(B) = g;(A+ B).

In this case we also have (due to the additivity property) ¢;(A)g;(B) = g;(A+ B)
for all A, B € F4[T] and consequently g(A)g(B) = g(A+ B) for all A, B € F,[T].

Case 2.1: In addition we have g(A) =1 for all A € F,[T].
This case is the first alternative in Proposition 1.
Case 2.2: In addition there exists A € F,[T] with g(A) # 1.

For simplicity we assume that ¢ is a prime number. Thus, if A = Zizo a;T* then
we have g(A) = [[;509(T%)*. Consequently there exists i > 0 with g(7"%) # 1.
Furthermore -

qg—1 g—1 qg—1
> 9(4) = e Y g(TO) (T g (T
A€EP; ap=0a1=0 a;_1=0
q—1 q—1
= ( g(TO)““>"' > (Tt
l10:0 (1171—0
=0 (3.14)

If ¢ is a prime power the can argue in a similar way. This completes the proof of
Proposition 1.

3.4. Completion of the Proof of Theorem 1. We define two (additive) groups
G = {R: (Rl,RQ,... ,Rd) S Pm1 X oo X Pmd :VAEF(I[T] gR(A) = 1}

and

i=1 v

4. SR
Hy := {SEPmlx-umed:VReG: E(Z— j/g/}l)_l}.

Furthermore, set

d
F(S) := ﬁ > E (Z _S]ig") . (3.15)

ReG i=1
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Now, by applying Proposition 1 we directly get

1
?#{A € P: fi(A) =S mod My,..., fi(A) = Sgmod My}

d
_ B
_ZZZ“:MZ EZMUJ() 5))

A€eP, q myp X j=1 7

d

1 SiR;

iyt DR 2 D it vl R > gn(4)
DM M;

qg—i=1 REPM1><"'><Pmd j=1 AePp;

d

+0(1)

qz_]l 7ZE

* ReG j=1
i
Y

q
More precisely the coefficient F'(S) characterizes Hy.

F(S) + o(1).

Lemma 6. We have
1. F(S)=1 for S € Hy
2. F(S)=0 for S ¢ Hy.
Furthermore |G| - |[Ho| = | Py X <+ X P, | = g™t Tmd,
Proof. 1t is clear that FI(S) =11if S € Hy.
Now suppose that S & Hp. Then there exists R® = (R}, RY,... ,RY) € G with

E (Z?:l 78;-\/1;?) # 1. Since
~_SiRi L Si(Ri+ RY

ReG i=1 ReG i=1

R

7’ ReG i=1 Z

it follows that F'(S) = 0.
Finally, by summing up over all S € P,,,, X --- x P, it follows that |G| - |Hy| =
| Py X -+ X Pl O

In fact we have now shown that (as I — 00)

%#{A €P: f1(A)=SimodM,..., fa(A) = Sgmod My} = +o(1)

b
| Hol
it §=(51,...,84) € Hyp and (as | — o0)

1

a#{A € P : fi(A)=Simod M,..., fa(A) = Sgmod My} = o(1)

if S =(51,...,854) & Hy. The final step of the proof of Theorem 1 is to show that
H = {(fi(4A) mod My, ..., fa(A) mod My) : A € F,[T]} = H,.

In fact, if S € Hy then we trivially have S € H.
Conversely, if S € H then there exists A € TF,[T] with fi(4) =
Simod My, ..., fa(A) = Sgmod My. In particular, it follows that

d d

(A =E (> Jfg Z

i=1 =1
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Moreover, for all R € G we have

d
R;S;
E 2l =1,
3
Jj=1
Consequently, S € Hy. This proves H = Hj and also completes the proof of
Theorem 1.

4. PROOF OF THEOREM 2

4.1. Preliminaries. The first lemma shows how we can extract a digit Dg ;(A)
with help of exponential sums.

Lemma 7. Suppose that Q € Fy[T] with deg@Q =k > 1. Set

1 DH
CH,D = —F (——) .
q* Q

AH\ [ 1 ifDgj(A)=D
Z CH,DE(W) _{ 0 ing,j(A)?éD'

HePy

Then

Proof. Consider the Q-ary expansion
A=Y "Dq;(A)Q with Dq;(A) € P (4.1)
j>0
Then it follows that for H € Py

=(gm) == ("9

Consequently, for every D € P, we obtain

AH 1 DH AH
S ennt (i) = 5 X B (-5 ) B ()

HePy

[ 1 if Do (A) =D,
= 1 0 if Do (A)# D.

The next two lemmas are slight variations of estimates of [2].

Lemma 8. Suppose that QQ € Fy[T] has degree deg@Q = k > 1 and that P € F [T
is a polynomial of degree deg P =1r > 1. Then

1 H
il § E (_—P(A))
n +1
iz, \¥
< n? max <q—(j+1)k2”’ P q(j+1)k2fr—m2*r) (4.2)

Corollary 1. Let n'/3 < j+1 < 22 —nl/3. Then there eists a constant ¢ > 0
such that uniformly in that range

i| 2 E ()

AeP,

<< e_cnl/B

qn

A similar estimate holds for monic irreducible polynomials I,, of degree < n.
Note that |I,,| = ¢"/((¢ = )n) + O(¢"/?) ~ ¢" /(¢ = 1)n).
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Lemma 9. Let 2—{711/3 <j+1< 57— %nl/?’, and H be a polynomial coprime to
Q. Then

1

m < (logn) ~n4/3+2_2_2rqfr2_2rnl/3. (4.3)

. £(gmr)

Acl,

With help of theses estimates we can prove the following frequency estimates.

Lemma 10. Let m be a fized integer and 2:n'/3 < j; < jy < -+ < jm < .
2,: /3 Then

qin -#{Ae€ P, :Dg; (P(A)=D1,...,Dq,, (P(A) =Dy}

1 1/3
L o)
qkm

and
1
A #{A€1l,:Dq;j (P(A)) = Du,...,Dq,, (P(A) = Dn}
_ 1 enl/3
= qk—m + O (e )
uniformly for all Dy,... ,D,, € Py and for all ji, ..., jm in the mentioned range.

Proof. By Lemma 7 we have

in# {A€P,: Do, (P(A) = Di,..., Do, (P(A) = Dy} =

- Z (Z iy, B (QZLP(A))> ( > emp, E(QiHP(A)»

AGP HyePy; H,,€Py
1 Hy Hy,
= Y annennay 3 B (PO (gt i)
Hy,...,Hp€Pg A€eP,

= C0,D, """ C0,D,,
*

1 Hy H,,
+Y CHth"'CHmqu—nZE(P<A><W+'“+W)>

Hy,...,H, Py AeP,
1
= qk_m + S,
where Y° denotes that we sum just over all (Hy,..., H,,) # ( ..,0). In order

to complete the proof we just have to show that S = O( —en’ )
Let [ be the largest ¢ with H; # 0 then

H H,, 1 H
P Z < (Qmil Tt Qjm+1>> = QTA;HE (P(A)sz+1>

AEP

where H = H; + H;_1Q7 -1 4 ... + H1@Q7' 71, By our assumption we have
%nl/g’ <o - %nl/?’. Hence by Lemma 8 the first result follows.
The proof for A € I,, is completely the same. O

4.2. Weak Convergence. The idea of the proof of Theorem 2 is to compare the
distribution of g(P(A)) with the distribution of sums of independent identically
distributed random variables. Let Yy, Y7,... be independent identically distributed
random variables on P, with P[Y; = D] = ¢~* for all D € P;. Then Lemma 10 can
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be rewritten as

qin#{A € P, : Do j,(P(A) = Dy.... . Do, (P(4)) = Dy}

—enl/3
—P[Y;, = Dy,....Y;, = ]+O( en )
Note further that this relation is also true if ji,... ,j,, vary in the range 2—]:711/3 <
J1,J2s 0 dm < — 2—,:711/3 and are not ordered. It is even true if some of them
are equal.

In fact, we will use a moment method, that is, we will show that the moments
of g(P(A)) can be compared with moments of the normal distribution. Finally
this will show that the corresponding (normalized) distribution function of g(P(A))
converges to the normal distribution function ®(x).

It turns out that we will have to cut off the first and last few digits, that is, we
will work with

9(P(A4)) := > 9(Dq.;(P(4))

27“ L1/3<]<——2fn1/3

instead of g(P(A)).

Lemma 11. Set

k Z 9(Y;).

HePy

Then the m-th (centml) moment of g(P(A)) is given by
i Z nro_ 2%7’11/3 M " _
k k
AGP

=E 3 (9v) =) | +0(nmee”).

1/3<]<———n1/3

Proof. For notational convenience we just consider the second moment:

2 2
= 3 e (%—%nl/?’)ﬂ) :
AEP

=> > #{A € P, : Dqj,(P(A)) = D1, D j,(P(A)) = D2}

J1,j2 D1,D2

- Zzgwo%#m € Pas Doy, (P(A) = Di}- 3
- n Y Y (D) A€ P Do (P(A) = Da} + 3 4

J1 j2 D2 J1,J2
_enl/
=3 3 9(D)g(Do)PIY;, = D1Y;, = Do+ 0 (nfem")

J1,j2 D1,D2

=22 9Dy Pl

Ji D1

IDIPILCLALIED I

J1 j2 D2 J1 o J2
2

—E (Y (005~ | +0(n2em").

J
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The very same procedure works in general and completes the proof of the lemma.
O

Since the sum of independent identically distributed random variables converges
(after normalization) to the normal distribution it follows from Lemma 11

S #3Ach,: g(P(A) - (F = Fn'*)p

G(P(A)) — g(P(A))] < n'/?
and n1/3/n1/2 =n~1/6 — 0 it also follows that

qin#{A eP,: % < x} = ®(x) + o(1).
%

This completes the proof of Theorem 2.

<xp=9%(x)+o0(1)

Because of

5. PROOF OF THEOREM 3

5.1. Preliminaries. As usual, let v (4) = deg(B) — deg(A) be the valuation on
Fo(T).

Lemma 12. For a,b € F (T) we have

v(a+b) > min{v(a),v(b)}. (5.1)
Moreover, if v(a) # v(b), then
v(a+b) = min{v(a),v(b)}. (5.2)

Furthermore, we will use the following easy property (see [10]) that is closely
related to Lemma 1.

Lemma 13. Suppose that v (g) > 0 and that n > v (g), then
B

> E <—A> =0. (5.3)
C

Aep,

Another important tool is Mason’s theorem (see [16]).

Lemma 14. Let K be an arbitrary field and A, B,C € K|[T| relatively prime poly-
nomials with A+ B = C. If the derivatives A’, B',C' are not all zero then the degree
deg C is smaller than the number of different zeros of ABC' (in a proper algebraic
closure of K ).

We will use Mason’s theorem in order to prove the following property.

Lemma 15. Let Q1,Q2 € Fy[T] be coprime polynomials with degrees deg(Q;) =
k; > 1 such that at least one of the derivatives Q', Q% is non-zero. Then there
exists a constant ¢ such that for all polynomials Hy € Py, and Hy € Py, with
(Hy, H2) # (0,0) and for all integers my, ma > 1 we have

deg(H1Q5" + HoQT") > max{deg(H1Q5?), deg(H2Q7™)} — c.

Proof. Set A= H1Q5?, B= HyQ7", and C = A+ B. If A and B are coprime
by Mason’s theorem we have deg(A) < ng(ABC) — 1 and deg(B) < no(ABC) — 1,
where no(F) is defined to be the number of distinct zeroes of F. Hence

max{deg(A4),deg(B)} < mno(ABC)—-1
no(H1H2Q1Q2C) — 1
deg(H1H2Q1Q2) + deg(C) — 1

IA
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and consequently
deg(C) > max{deg(A),deg(B)} — deg(H1 H2Q1Q2) + 1. (5.4)

This shows that (in the present case) ¢ = 2k; + 2ko is surely a proper choice.

If A and B are not coprime then by assumption the common factor D is surely
a divisor of H; Hy. Furthermore, there exists m’ > 0 such that D? is a divisor of
H H, (QlQQ)m/. Consequently we have

(A/D)(B/D) = (HiHy(Q:1Q2)™ /DHQT ™ Q5=

and by a reasoning as above we get

deg(C/D) > max{deg(A/D),deg(B/D)} — deg((HiHz(Q1Q2)™ /D*)Q1Q>2) + 1

or

deg(C) > max{deg(A),deg(B)} — deg((HlHQ(Qng)m//DQ)Qng) +1.
Since there are only finitely possibilities for Hy, Ho, and D the lemma follows. O

5.2. Convergence of Moments. The idea of the proof of Theorem 3 is completely
the same as that of Theorem 2. We prove weak convergence by considering moments.
The first step is to provide a generalization of Lemma 10.

Lemma 16. Let mq, my be fized integers. Then there exists a constant ¢’ > 0 such

thatforallOSil<i2<---<im1Skﬂl—c’ and 0 < j; <j2<-~-<jm2§kﬂ2—c’
we have

1
q—n#{A € P,: Do, (A)=Du,...,Dg,.;

Tmy

(A> =Dy

Dqs g (4) = B, ... ’DQ27jnL2 (A) = Emz}
1
= kima kamy

a4

Instead of giving a complete proof of this lemma we will concentrate on the cases
my = mg = 1 and my = mg = 2. The general case runs along the same lines (but
the notation will be terrible).

First let m; = mo = 1. Here we have

1
—n#{A € Po: Dg,.i(4) = D, Dq, ;(4) = E}

AH AH
- — Z Z CH,,Q1,D (Qﬁll) Z CH»,Q2,F (QJJrzl)

AGP H1€Py, H>€ Py,

1 H,
= qk1+k2 + Z CH.,Q1,DCH2,Q2,E Z E( ( 1 Q%+l>> .

(Hy1,H2)#(0,0) AePn

Now we can apply Lemma 15 and obtain

H, Hy HlQ”“ + H,Qit
v Qi + QI = QI

ki(i4+1) 4+ ka(j +1)

—max{deg(H1) + ko(j + 1), deg(H1) + k1(: + 1)} + ¢
<min{k1 (1 +1),k2(j + 1)} + ¢

Thus, there exists a constant ¢’ > 0 such that

min{k1 (i + 1), k2(j+ 1)} +c<n

IN



THE JOINT DISTRIBUTION OF Q-ADDITIVE FUNCTIONS ON POLYNOMIALS 15

for all 4,5 with 0 <7 < 7~ — ¢’ and 0 < j < &+ — ¢/. Hence, by Lemma 13
1 2

H,y H,
ZE(A( i+1+W>>:O.
A€eP, 1 2

This completes the proof for the case m; = mo = 1.

Next suppose that m; = mo = 2. Here we have

1
A € Put Da,is(4) = D1, Dayy(4) = D2, Doy 5 (4) = Er, Do, 1 (4) = B |

L Hiy Hip
= n Z Z ClethDlE <WA> Z CQ17H12,D2E <WA>
q Ql Ql

A€P, \H11€Py, H12€Py,

Hy Hao
x Z CQa,Hor B B <Qj1+1 A) Z CQ27H22,E2E< A)
2

Qj2+1
H21€Py, Ha22€ Py, 2

- E : CQ1,H11,D1 €Q1,H12,D2 €Q2,H21,E1 €Q2,Haz,E>
H11,H12€ Py, ,H21,H22€ Py,

1 Hyq Hys Hoq Hoo
X — E ElA : + — + — + —
qr i ( <Q111+1 Q112+1 Q%l"l‘l QJ22+1

Of course, if Hy; = His = Hyy = Hos = 0 then we obtain the main term

1
2ky 2ko "
q1 gy

For the remaining cases we will distinguish between four cases. Note that we only
consider the case where all polynomials Hy1, Hi2, Ho1, Hoo are non-zero. If some
(but not all) of them are zero the considerations are still easier.

Case 1. iy — i1 < ¢1,J2 — j1 < ¢g for properly chosen constants c1,cy > 0.

In this case we proceed as in the case my = mg = 1 and obtain

H11 H12 H21 + H22
§1+1 Q?Jrl Q%1+1 Qéerl

(HuQP ™" + Hi2)QP ' + (HuQF ™7 + Hao) Q™!
”( Qrriop™! >
< ki(iz +1) + k2(j2 + 1)

—max{deg(H11Q? ™" 4+ Hi2) + ko(jo + 1),
deg(Ho1Q% 7' + Haz) + ki(iz + 1)} + c(cy, c2)
<min{ky(i; +1),k2(j1 + 1)} + é(c1, c2)

for some suitable constants ¢(cy, ¢2) and é(cy, ¢2).

Case 2. 15 — i1 > c1,j2 — j1 > co for properly chosen constants ci,co > 0

First we recall that

Hyy Hoyy
Q’il+1 Q%l“rl

> < min{ky (i1 + 1), k2(j1 + 1)} + ¢
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Hia
v Q§2+1
> kl(ig—i1)+k1i1 >k‘1(i1 +Cl)
H .
14 ( 22 ) > ]{32(]1 +CQ)

j2+1
Q%

Thus, if ¢; and ¢o are chosen that (¢; — 1)k1 > ¢ and (co — 1)k2 > ¢ then
Hyy Hoy ) His Ha
v Qi + Qi < min § ¥ et v it

and consequently by Lemma 12
Hyy Hyp Ho,y Hao Hyy n Ho,y
v Qi Qpt
< min(kl(il + 1), kg(jl + 1)) +c

Furthermore

v

k1<i2 =+ 1) — deg His

i1+1 ia+1 j14+1 jo+1
111+ Q712 Q]21+ Q%Q

Case 3. is — i1 < ¢1,J2 — j1 > ¢o for properly chosen constants c1,co > 0

First we have

Hyy Hyp Hy
v ( i1+1 + i2+1 + Qj1+1>
1 1 2
_ (Hn QP ™™ + Hi2)Q4 ™ + Ho QP!
=V i2+1Qj1+1
1 2
< ki(iz +1) + k2(j1 + 1)
—max{kl (ig — il) + k‘z(jl + 1), kq (ig + 1)} + C(Cl)

= min{kl (Zl + 1), k‘g(jl + 1)} + C(Cl).

Furthermore,

H .
v (ijil) > ka(j2 +1) — deg(Hzo)
2

> ka(jo — J1) + kaji > k2(j1 + c2).

Hence, if ¢, is sufficiently large then

Hll + H12 + H21 + H22 o Hll + H12 + HQl
v Q?Jrl Qiz*#l Q%ﬁrl Q%%Ll = v QihLl Q?Jrl Q%&Jrl

< min(kl(il + 1), kg(jl + 1)) + C(Cl)

Case 4. iy — i1 > ¢1,J2 — j1 < ¢o for properly chosen constants c1,cy > 0
This case is completely symmetric to case 3.

Putting these four cases together they show that (with suitably chosen constants
¢1, c2) there exists a constant ¢ such that for all polynomials (Hyy, Hi2, Ho1, Haa) #
(0,0,0,0) we have

H11 H12 H21 H22
1 a1 1 o1
111+ Q112+ QJ21+ Q%2+
Thus, there exists a constant ¢’ > 0 such that

min{kl(il + 1), k’g(jl + 1)} +c<n

) < min(k; (i1 + 1), k2(j1 + 1)) + @
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for all 41,51 with 0 <i; < 2 — ¢ and 0 < j; < & — ¢’. Hence, by Lemma 13

k}l k2 o
ZE A Hyy Hia n Hoy Hjo —0
i1+1 ia+1 Qj1+1 Qj2+1 o
Aep, 1 1 2 2

This completes the proof for the case m; = mo = 2.

As in the proof of Theorem 2 we can rewrite Lemma 16 as
1
q_"# {A eP,: DQ17i1 (A) =Dq,... 7DQ1,im1 (A) = Dml,
DQzJi(A) =F,... 7DQ27jm2 (A) = Emz}
=PY;,, =D,....Y,, =Dy,,Z1 =E; Zjpy = Ems,)s

iy
where Y; and Z; are independent random variables that are uniformly distributed
on Py, resp. on Py,.

3 172"

If we define
.évl(A) = Z gl(DQl,jl (A))’
P e
R(A) = > g2(Dg,,.(A))
<=

then Lemma 16 immediately translates to
Lemma 17. For all positive integers my, mo we have for sufficiently large n

qin 3 (gj(A) - kﬂlum)ml (gE(A) - %um)

A€P,

m2

mi ma

=E Z (gl (}/31) - :UJ_lh) E Z (gQ(Z]é) - :U’92)

<l DR
Ry J2= 7,

Of course this implies that the joint distribution of g; and go is asymptotically
Gaussian (after normalization). Since the differences g1(A) — §1(A) and g2(A) —
g2(A) are bounded the same is true for the joint distribution of ¢g; and go. This
completes the proof of Theorem 3.
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