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Abstract

Variable-to-variable codes are very attractive yet not well understood data com-
pression schemes. In 1972 Khodak claimed to provide upper and lower bounds for the
achievable redundancy rate, however, he did not offer explicit construction of such codes.
In this paper, we first present a constructive and transparent proof of Khodak’s result
showing that for memoryless sources there exists a code with the average redundancy
bounded by D~%/3, where D is the average delay (e.g., the average length of a dictionary
entry). We also describe an algorithm that constructs a variable-to-variable length code
with a small redundancy rate for large D. Then, we discuss several generalizations. We
prove that the worst case redundancy does not exceed D~%/3. Furthermore we provide
similar upper bounds for Markov sources (of order 1). Finally, we consider bounds that
are valid for almost all memoryless and Markov sources for which the set of exceptional
source parameters has zero measure. In particular, for all memoryless sources outside
this exceptional class, we prove there exists a variable-to-variable code with the average
redundancy rate bounded by D~%/3=™/3+¢ and the worst case redundancy rate bounded
by D~1="/3%¢ where m is the cardinality of the alphabet. We complete our analysis
with a lower bound showing that for all variable-to-variable codes the average and the
worst case redundancy rates are at least D~2™m~17¢ for almost all memoryless sources
in the sense that the set of exceptional source parameters has zero measure. We prove
these results using techniques of Diophantine approximations.

Index Terms: Variable-to-variable length codes, average and maximal redundancy rates,
metric Diophantine approximations.
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1 Introduction

A variable-to-variable (VV) length code partitions a source sequence into variable length
phrases that are encoded into strings of variable lengths. While it is well known that
every VV (prefix) code is a concatenation of a variable-to-fixed length code (e.g., Tunstall
code) and a fixed-to-variable length encoding (e.g., Huffman code), an optimal VV code
has not yet been found. Fabris [9] proved that greedy, step by step, optimization (that is,
a concatenation of Tunstall and Huffman codes) does not lead to an optimal VV code. In
order to assess performance of VV codes, one needs to evaluate (at least asymptotically)
the redundancy rate of (optimal) VV codes, which is still unknown. By redundancy rate
we mean the excess of the code length over the optimal code length per source symbol.
Our goal is to shed some light on the (average and maximal) redundancy rates of VV
codes by re-examining and expanding a thirty year old paper by Khodak [14], who in 1972
claimed to provide upper and lower bounds for the achievable redundancy rate of VV length
codes. However, Khodak did not offer explicit VV length codes that satisfy these bounds.
Here, we present a transparent (and simplified) proof, generalize Khodak’s results (i.g.,
we analyze maximal redundancy, Markov sources of order 1, typical sources in the sense
that the exceptional set in the parameter space has zero measure), and describe an explicit
algorithm that constructs a VV code with redundancy rates decaying to zero as the average
delay increases.

Let us first briefly describe a VV encoder. A VV encoder has two components, a parser
and a string encoder. The parser partitions the source sequence z into phrases z!,z2,...
from a predetermined dictionary C. We shall write d or d; for a dictionary entry, and by
D we denote the average dictionary (phrase) length also known as the average delay. A
convenient way of representing the dictionary C is by a complete tree that we shall call the
parsing tree. Next, the string encoder in a VV scheme maps each dictionary phrase into its
corresponding binary codeword C'(d) of length |C(d)| = ¢(d). Throughout this paper, we
assume that the string encoder is a slightly modified Shannon code! and we concentrate on
building a parsing tree for which log P(d) (d € C) is close to an integer. This allows us to
construct a VV code with redundancy rates (per symbol) approaching zero as the average
delay increases.

More precisely, for large delay D we shall show in Theorem 1 that there exist VV codes
such that for memoryless sources the average redundancy rates decay as D~%/3. This result
basically belongs to Khodak [14], except we present here a transparent proof and an easily
constructible VV code. Next, we extend this result in several directions. First, we show
that for such codes the worst case redundancy rates decay as D~%3. Similar bounds hold
also for Markov sources. More importantly, we study new bounds for almost all memoryless
and Markov sources, that is, we prove bounds that hold for all possible source parameters
with an exception of a set that has zero measure in the parameter space.? In particular, we

'A variant of Shannon code that is used here assigns to d € C a binary word of length #(d) close to
—log P(d) when log P(d) is slightly larger or smaller than an integer. Naturally, Kraft’s inequality will not
be automatically satisfied but this is handled in Lemma 6 when proving Theorem 1.

2For example, if we consider memoryless sources with parameters p1,pi, ..., pm, then the term “almost



show that for almost all memoryless sources there exists a VV code such that its average

redundancy rate is bounded by D~4/3-m/3+¢

and the worst case redundancy by D~1—m/3+¢
where m is the alphabet size. We conclude our analysis with a lower bound showing that
for all VV codes and for almost all memoryless sources the average and the worst case
redundancy rates are at least D~2™~1=¢_ The latter result seems to contradict one of the
lower bounds proposed by Khodak.

The results of this paper should be compared to redundancy rates of fixed-to-variable
(FV) code lengths (e.g., Shannon and Huffman codes) and variable-to-fixed code lengths
(e.g., Tunstall codes). Abrahams [1] discusses literature on fixed-to-variable length codes.
For a memoryless source, [21] provides an asymptotic analysis of the Huffman and other
codes for fixed length blocks of source symbols. While it has been known since Shannon that
the redundancy rate (per symbol) for such codes is O(1/D) (in this case D is fixed and equal
to the block length), in [21] it is shown that the average redundancy rate either converges
to a ¢/D for some constant ¢ (e.g., 0.5/D in the case of the Shannon code) or it exhibits
very erratic behavior fluctuating between 0 and 1/D. For variable-to-fixed codes Savari and
Gallager [17] present precise analysis of the dominant term in the asymptotic expansion of
the Tunstall code redundancy. Basically, it was shown that the average redundancy rate
decays as O(1/D) (cf. [8] for some recent results). From this brief discussion, we conclude
that while FV and VF codes waste a fraction of a bit per source symbol, we construct a
VV code that loses a negligible information per symbol.

There is scarcely any literature on VV codes with a few exceptions such as [9, 10, 14, 18].
The most interesting, as already mentioned, is a thirty year old work by Khodak [14]. To the
best of our knowledge not much was done since then, except that Fabris [9] (cf. also [10, 18])
analyzed Tunstall-Huffman VV code and provided a simple bound on their redundancy rate.

Finally, we say a word about our proof techniques. The main tool is the Diophantine
approximation [5, 19]. This theory shows how to find a good approximation of linear forms
like k1v1 + - - - 4+ km~ym by rationals where k; are integers and ~; are irrational numbers. In
the present context we have to construct a parsing tree for which log P(d) is close to an
integer. Here log P(d) is of the form kqlogpy + - - + ky, log py,. Therefore it is natural to
apply techniques from Diophantine approximation. Since pi + ... + p,, = 1, the coefficients
log p1, ..., log p,, in the linear form are not independent and our almost sure results require
non-trivial results on metric Diophantine approximation on manifolds.

The paper is organized as follows. In the next section, we first briefly discuss precise
definitions of the average and the worst case redundancy rates for VV codes, followed by the
presentation of our main results. We first consider redundancy rates for all (memoryless or
Markov) sources (cf. Theorem 1) and then for almost all (memoryless or Markov) sources
(cf. Theorem 2). To underline our constructive approach, we also briefly describe an
algorithm that builds a VV code with vanishing redundancy rates as the average phrase

all sources” means that the set of (p1,p1,...,pm) € R™ with p; > 0 and p1 + - -+ + pm = 1 for which our
statement does not hold has zero Lebesgue measure on the (m —1)-dimensional hyperplane x1+- - - +xm = 1.
The statement “almost all Markov sources” has to be interpreted in a similar way. Here we use the Lebesgue
measure on the corresponding parameter space of the transition probabilities p;;.



length increases. We finish this section with a lower bound on redundancy rates valid for all
VV codes and almost all sources (cf. Theorem 3) and an extension of our results to Markov
sources (cf. Theorem 4). The next two sections, Sections 3 and 4, are devoted to the proofs
of Lemma 3 and Lemma 4 which are the main ingredients for the proofs of Theorem 1 and
Theorem 2. Finally, in the last Section 5 we prove Theorem 4 for Markov sources.

2 Main Results and Their Consequences

In this section we first define the average and the maximal redundancy rates for VV length
codes. Then we present our main results valid for all sources (cf. Theorem 1) on the
average and the maximal redundancy rates. We also propose an explicit algorithm that
constructs a VV code with small redundancy rates. Almost all sources are discussed next
(cf. Theorem 2). Finally, we present some lower bounds for the redundancy (cf. Theorem 3)
and extend our results to Markov sources (cf. Theorem 4).

2.1 Redundancy Rates for VV Codes

Let us first formally introduce redundancy rates for VV codes by defining (asymptotic)
average redundancy rate and mazimal or worst case (i.e., for individual sequences) redun-
dancy rate. To the best of our knowledge the worst case redundancy was not discussed
before for VV codes.

Let A ={a,...,an} be the input alphabet of m > 2 symbols with known probabilities
P1,---,Pm- A memoryless source S generates a sequence X with the underlying probability
Ps. We denote by P(d) := P¢(d) the probability induced by the dictionary C and define
the average delay or the average phrase length D as

D =Y FPe(d)|d], (1)

deC

where |d| is the length of d € C. The (asymptotic) average redundancy rate 7 is usually

defined as
e D P@)(L@) +log Ps(@)

n— oo n

: (2)

where L(z) is the code length assigned to the source sequence z of length |z| = n. We shall
call 7 the average redundancy rate. Using renewal reward theory as in [18] we arrive at

- > ifw|=n Ls(2) L(z) _ Yaec Pc(d)€(d)'

n—oo n D

(3)
An application of the Conservation of Entropy Theorem [15, 16, 20], as in [18], leads to

~ _ Yaee Pe(@)l(d) — He _ Fyee Pe(d)((d) +log P(d)) @
N D N D ’




which we adopt as our definition of the average redundancy rate.®> Above, H¢ denotes
the entropy of Pp. Furthermore, since we mostly deal with the probability induced by the
dictionary, so we shall write P = Pp.

Observe that (4) decomposes the redundancy rate of the VV length code into two terms.
The denominator represents the expected length of a dictionary phrase and the numerator
is the redundancy of a fixed-to-variable length code over an auxiliary source with “symbol”
probabilities P. Therefore, by analogy we define the mazimal redundancy rate r* as follows

«  maxgec[l(d) + log P(d)]
p* = 10%d Iy . (6)

The main purpose of this work is to construct a (complete) prefix free set (dictionary)
C (i.e., a complete tree) on the input alphabet .4 and a bijective mapping C' (a VV code)
to another prefix free set on the binary alphabet {0,1} with small average and maximal
redundancy rates that decay to zero as the average delay increases.

2.2 Redundancy Rates for All Sources

We now start constructing a VV code with small redundancy rates. We recall that a VV
coder consists of a parser and a string encoder. We fix throughout the string encoder to be
a slightly modified Shannon code that assigns to a dictionary word d € C the code length
that is close to —log d. Our goal is to build a dictionary (i.e., a complete parsing tree) that
achieves this objective.

For every d € C we can represent P(d) as P(d) = p’f1~~pﬁl’", where k; = k;i(d) is
the number of times symbol a; appears in d. In what follows we will also use the notation
type(d) = (k1,ka, ..., kp) for all strings with this probability. The numerator of the average
redundancy rate for the Shannon code is

R = ) P(d)[[~log P(d)] +log P(d)]
deC

= ST P() - (ha (s + Ea( s+ + b (d)m)
deC

where v; = logp; and (x) = x — |z] is the fractional part of x. We are to find integers
k1 = ki1(d), ... km = kn(d) such that the linear form ki1 + koya + - -+ + kmym is close to
an integer. Actually, we will do a little better by not using exactly the Shannon code with
¢(d) = [—log P(d)] but a variant of it in which ¢(d) is the closest integer to —log P(d).
Nevertheless, we will need some properties, discussed below, of the distribution of (k171 +
koya + -+ + kmym) when at least one of ~; is irrational. We first need to introduce the
notion of dispersion and recall some properties of continued fractions.

3Observe that in (4) we ignore the rate of convergence in (3) since the redundancy rate (2) is explicitly
defined as a limit.



Continued Fraction. A finite continued fraction expansion is a rational number of the
form (cf. [2])

e+ o+
where cp is an integer and c; are positive integers for 7 > 1. We denote this rational number
as [co,c1, . .., cp]. With help of the Euclidean algorithm, it is easy to see that every rational
number has a finite continued fraction expansion.* Furthermore, if c¢j is a given sequence
of integers (that are positive for j > 0), then the limit 6 = lim,,_,~[co, c1, .. ., ¢;] exists and
is denoted by the infinite continued fraction expansion § = [cq, c1,ca...]. Conversely, if 6 is

a real irrational number and if we recursively set
bo=10, c;=10;], 0j41=1/(0;—c;),

then 6 = [cg, 1, ¢z . ..]. In particular, every irrational number has a unique infinite continued
fraction expansion.
The convergents of an irrational number 6 with infinite continued fraction expansion

0 = [co,c1,c2...] are defined as

Pn
- = [007617' . 7cn]7

qn
where integers p,, g, are coprime. These integers can be recursively determined by

Pn = CpPn—1 1 Pn—2, An = CnQn—1 + Qn—2-

In particular, p, and g, are growing exponentially quickly. Furthermore, the convergents

Z—: are the best rational approximations of # in the sense that
|gn —pn| < min g0 —p|.
0<q<qn, PEZ
In particular one has [5]
1
‘ - P (7)
Qn qn

The denominators q,, are called best approximation denominators.

Dispersion. Let ||z|| = min({(z), (—z)) = min({(z),1 — (z)) be the distance to the nearest
integer. The dispersion 6(X) of the set X C [0,1) is defined as

6(X) = sup inf ||y — x|,
(%)= s inf =]

that is, for every y € [0, 1) there exists x € X with ||y —z| < §(X). Since ||[y+1|| = ||y, the
same assertion holds for all real y. Dispersion tells us that points of X are at most 25(X)
apart in [0, 1]. Therefore, there exist distinct points z1, 22 € X with (y — z1) < 20(X) and
(y — 2) < 25(X).

The following property will be used throughout this paper.

4This finite continued fraction expansion is unique if we assume that ¢, > 1. There is only one alternative
representation given by [co,c1,...,¢n — 1,1].



Lemma 1. Suppose that 0 is an irrational number and let N = q,, be a best approximation
denominator (i.e., pn/qn = [co,c1,- .., ] i a convergent of the continued fraction expansion
of 0 = [co,c1,¢2,...]). Then

5 (k) : 0 <k < N}) < %

Proof. For N = ¢, we find from (7)

1
Qn qn
or
o="Lr 1
dn qn

for some |n| < 1. Consequently the numbers (kf) (0 < k < N = gq,) are quite close
to the numbers 0,1/N,2/N,...,(N — 1)/N, in particular, for every k& < N there exists
| = kp, mod N < N with ||k§ —I/N| < (N —1)/N? < 1/N. Since p, and N = g, are
coprime it also follows that for every I < N there exists k < N with ||k0 —I/N|| < 1/N.

Consequently, if y in an arbitrary number in [0, 1) then there exists [ < N with < 1/(2N)
and another number k6 with k < N and < 1/N. Thus

2
ly = k0 < lly = /N + [k = U/N|| < -

In conclusion, the dispersion of the set {(kf) : 0 < k < N} is bounded by 2/N. [

Remark. The proof of Lemma 1 shows that we can work with every N that satisfies
M 1
00— — < — 8
-5 < 2 ®

for some integer M. It is well known that Dirichlet’s approximation theorem (cf. [2, 5])
ensures the existence of infinitely many N for which (8) is satisfied. (A simple but non-
constructive proof uses the pigeonhole principle.) The advantage of continued fraction
theory is that the convergent p,/qy, satisfies (8) and it can be effectively computed.

The first consequence of Lemma 1 is the following property.

Lemma 2. Let (v1,...,7vm) be an m-vector of real numbers such that at least one of its
coordinates is irrational. Let N be the best approximation denominator of the irrational
number. Then the dispersion of the set

X={kiv+ - +kny):0<kj<N(1<j<m)}

18 bounded by
2

6(X) < ~-



Existence of a VV Code. The central step of all existence results of this paper is the
observation that a bound on the dispersion of linear forms of log, p; implies the existence
of a VV code with small redundancy.

Our main result of this section follows directly from the below lemma whose proof is
presented in Section 3.

Lemma 3. Let p; > 0 (1 < j < m) with p1 + -+ pm = 1 be given and suppose that for
some N > 1 andn > 1 the set

X = {(Klogop1 + - +kp, logapm) : 0 <k < N (1 <j <m)},

has dispersion

5(X) < % )

Then there exists a V'V code with the average code length D = O(N3), the mazimal length
of order ©(N3log N), and the average redundancy rate

T<dc,- D"
Furthermore, there exists another VV code with the average code length D = ©(N?3) (and
possible infinite mazimal length) and the mazimal redundancy rate

* " -1-2
r*<c, D73,

/!

where the constants c,,,cl, > 0 depend on m.

Clearly, Lemma 2 and Lemma 3 directly imply our main result presented below by set-
ting 7 = 1 if one of the log, p; is irrational. (If all log, p; are rational, then the construction
presented in section 3 is much simpler; see the Remark at the end of section 3).

Theorem 1. Let m > 2 and S be a memoryless source on an alphabet of size m. Then
for every Dy > 1, there exists a V'V code with average delay D > Dy such that its average
redundancy rate satisfies

7=0(D™3), (10)

and the average code length is O(Dlog D). Furthermore, there also exists a V'V code with
average delay D > Dy such that worst case redundancy rate satisfies

= 0(D™3), (11)
however, mazimal code length might be infinite.

The estimate (10) for 7 is the same as in Khodak [14]. However, the proof presented in
[14] is rather sketchy and complicated. Our method uses similar ideas as that of [14] but is
more transparent and leads to an explicit construction of a VV code with small redundancy
rates that we discuss next.



2.3 Algorithm

In what follows we present an algorithm for designing a VV-code with arbitrarily large aver-
age dictionary length D; given a memoryless source with probability distribution p1,...,pm >
0 on alphabet aq, ..., am, the algorithm achieves redundancy rate smaller than ¢D~%/3. In
fact, we construct a code with redundancy 7 < £/D, where ¢ > 0 is given and D > ¢/e> (for
some constant ¢). Note that we will not use the full strength of Theorem 1 that guarantees
the existence of a code with the average redundancy smaller than ¢D~5/3. This allows, how-
ever, some simplification of the algorithm, in particular we just use the (standard) Shannon
code.

We will also make the assumption that all p; are given rational numbers. (Otherwise we
would have to assume that p; is known to an arbitrary precision.) We then know that logs p;
is either irrational or an integer (which means that p; = 27K). Thus, we can immediately
decide whether all log, p; are rational or not. If all p; are negative powers of 2, then we
can use a perfect code with zero redundancy. Thus, we only have to treat the case where
Pm 1S not a negative powers of 2. We also assume that continued fraction expansion of
logy P = [co, €1, Ca, .. .] is given and one determines a convergent [co, c1, ¢, ..., cy] = M/N
for which the denominator N satisfies N > 4/¢.

The main goal of the algorithms is to construct a prefix free set of words d with the
property that for most words (logy P(d)) is small. The reason for this philosophy is that
if one uses the Shannon code as the string encoder, that is ¢(d) = [—logy P(d)], then the
difference ¢(d) — log(1/P(d)) = (logy P(d)) is small and gives only a small contribution to
the redundancy.

The main step of the algorithm is a loop of the same subroutine, The input is a pair
C, B of sets of words with the property that C U B is a prefix free set. Words d in C are
already good in the sense that (log, P(d)) < 3¢, whereas words r in B are bad because they
do not satisfy this condition. In the first step of the subroutine, one chooses a word r € BB
of minimal length and computes an integer k£ with 0 < k < N that satisfies

© < (RM/N 42 +logy P(r)) < =
Here x is an abbreviation of z = 377", k:? logy pj, where k;-) = [pjN?], 1 < j < m. The
computation of k can be done by solving the congruence kM = 1—|(z+logy P(r))N | mod N
(e.g., with help of the Euclidean algorithm). This choice of k ensures that

3
0 < (klogy pm +x +log, P(r)) < 3/N < “e.

For this k& we determine the set C’ of all words d of type(d) = (k9,..., k% | k%, + k). By

» Ym—17"Ym
construction all d’ € C’ satisfy

3
(logy P(r-d')) = (klogy pm + z +logy P(r)) < e

We now replace C by CUr-C’ and B by (B\ {r})Ur-(A™\C’). This construction ensures
that (again) all word in d € C satisfy

flog, P(d) < 5=

9



The algorithm terminates when P(C) > 1 — ¢/4; that is, most words in C U B are good.
(The proof of Theorem 1 shows that this actually occurs when the average dictionary length
D is of order O(N?). In particular, the special choice of integers ko |p;N?| ensures that
the probability P(C) increases step by step as quickly as possible, compare with (23).)

As already mentioned, we finally use the Shannon code C' : CU B — {0,1}*, that is
¢(d) = [—1logy P(d)] for all d € C UB. The redundancy can be estimated by

— 5 3 @ (4 - tors 5 )

deCuB

_ 1 3" P(d) (logy P(d))
D

deCuB

= % (Z P(d)(log, P —i—ZP (logy P )>>

=l

deC deB

IN

< 1 /3 n Iy e

=p\a*"1°) T
Thus we have constructed a parsing tree and a VV code with a small redundancy rate. A
more formal description of the algorithm follows.

ALGORITHM KHODCODE:

Input: (i) m, an integer > 2; (ii) positive rational numbers p1, ..., pp, with p1+---+pp, = 1,
Pm 18 not a power of 2; (iii) &, a positive real number < 1.

Output: A VV-code, that is, a complete prefix free set on an m-ary alphabet and a prefix
code C : C — {0,1}*, with redundancy 7 < £/D, where the average dictionary code length
D satisfies D > ¢(m, p1,...,pm)/e> (for some constant c(m, p1,...,pm))-

Notation: For a word w € A* that consists of k; copies of a; (1 < j < m) we set
P(w) = p’fl -« pkm for the probability of w and type(w) = (k1,...,kn). By w we denote
the empty word and set P(w) =

1. Calculate the convergent % = [co,¢1,...,¢p] of the irrational number logs p,, for
which N > 4/e (cf. the continued fraction expansions discussed in the previous
subsection).

2. Set kY = [p;N?] (1<j<m), z= Py k§logy pj, and ng = Py K.

3. Set C=0, B={w},and p=0
while p <1 —¢/4 do
Choose r € B of minimal length
b < logy P(r)
Find 0 < k£ < N that solves the congruence kM =1 — [(z + b)N | mod N

10



n«—mng+k

C'— {de A" : type(d) = (9, ..., kO, kO +k)}
C—Cur-C

B—(B\{r})ur-(A"\C)

p < p+ P(r)P(C’), where

n! 9 K1 kO 4k

P(Cl)_ |p11”'pm—1pm

= TR TR, R
end while.

4. C—CUB.

5. Construct a Shannon code C' : C — {0,1}* with ¢(d) = [—1logy P(d)] for all d € C.

Let us consider an example.

Example. Assume m = 2 with p; = 2/3 and ps = 1/3. In the first iteration of the
algorithm we assume that both B and C are empty. Easy computations show that

19
log(1/3) =[-2,2,2,2,3,...], and [-2,2,2,2] = —I3
hence M = —19 and N = 12. Let us set ¢ = 0.4 so 4/ = 10 < 12 = N. Therefore, k‘? = 96,
k:g = 48 so that ng = 144 = N2. Solving the congruence

—19k =1+ 1587 mod 12
gives k = 8 and therefore
C' ={d e A : type(d) = (96,56)}

with P(C") = 0.04425103411. Observe that B = A!%2\ C.

In the second iteration we can pick up any string from B, say the string r = 00...0
with 152 zeros. We find, solving the congruence with b = 1521log4(2/3) = —88.91430011,
that k = 5. Hence C' = {d € A : type(d) = (96,53)} and C = {d € A2 : type(d) =
(96,56)} Ur-C'. We continue along the same path until the total probability of all “good”
strings in C reaches the value 3/4 - ¢ = 0.3, which may take some time.

2.4 Redundancy Rates for Almost All Memoryless Sources

In this section we present better estimates for the redundancy rates but valid only for
almost all memoryless sources. This means that the set of exceptional p; (i.e., those p; with
Z;”Zl pj =1 and p; > 0 for all 1 < j < m that do not satisfy the proposed property) has
zero Lebesgue measure on the (m — 1)-dimensional hyperplane 1 + - -+ + z,, = 1. From a
mathematical point of view, these results are more challenging.

While Lemma 1 and 2 laid foundation for Theorem 1, the next lemma, which we prove
in Section 4, is crucial for our main result of this section.

11



Lemma 4. Suppose that ¢ > 0. Then for almost all p; (1 < j < m) with p; > 0 and
pP1+p2+ -+ pm =1 the set

X = {(k1logap1 + -+ knlogapm) : 0 < kj < N (1 < j <m)}

has dispersion

1
() < T

for sufficiently large N. In addition, for almost all p; > 0 there exists a constant C' > 0
such that

(12)

1<j<m

—m—e
1108 pu-++--+ oo ol = € (mae 151) (13
for all non-zero integer vectors (ki,...,kmy).

We should point out that for m = 2 we shall slightly improve the estimate of the lemma.
Indeed, we shall show that for almost all p; > 0,ps > 0 with p; 4+ po = 1 there exists a con-
stant x and infinitely many N such that the set X = {(k1 logy p1 + ko logypa) : 0 < ky, ke < N}

has dispersion
K

(X)) < 5 (14)

The estimate (14) is a little bit sharper than (12). However, it is only valid for infinitely
many N and not for all but finitely many.>

By combining Lemma 3 and Lemma 4 we directly obtain our second main result valid
for almost all sources.

Theorem 2. Let m > 2 and S be a memoryless source on an alphabet of size m. Then
for almost all source parameters, and for every sufficiently large Dy, there exists a V'V code
with the average delay D satisfying Do < D < 2Dgy such that its average redundancy rate is
bounded by

F<D i 5te (15)

where € > 0 and mazimal length is O(Dlog D).
Also, there exists a V'V code with the average delay D satisfying Do < D < 2Dg such that
maximal redundancy is bounded by

r* < D75t (16)
for any € > 0.

This theorem shows that the typical best possible average redundancy 7 can be mea-
sured in terms of negative powers of D that are linearly decreasing in the alphabet size m.
However, it seems to be a very difficult problem to obtain the optimal exponent (almost
surely). Nevertheless, these bounds are best possible through the methods we applied.

"We point out that (12) and (14) are optimal. Since the set X consists of N™ points the dispersion must
satisfy 6(X) > N~ ™.
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2.5 Lower Bound for Almost All Sources

We now present a lower bound for redundancy rates which is valid for almost all sources.
It will follow from (13) of Lemma 4 and the following simple lower bound (cf. Corollary 1

n [14]).

Lemma 5. Let C be a finite set with probability distribution P. Then
__11
r> 5= 3 Pd)] logy P()

Proof. Suppose that |z| < 1. Then we have 27% =1 — zlog 2 + n(x) with ((log4)/4)x?
n(z) < (log4)x?. Thus, by using the representation

= (1-27"+n(x))/(log2)

we obtain
= 13 P)((d) + logs P(d)
deD
= Biorg 3 P) (1= 27075 PO ye(d) + g, P()

deD

- Dlog2( ZQ )+Dlngd%:JP(d)n(ﬂ(d)+log2P(d)),

Hence, by Kraft’s inequality and by the observation

n(e) > min {n(()),n((1 —z))} > 10g4|r I?

the result follows immediately. |

We are now in a position to present our finding regarding a lower bound on the redun-
dancy rates for almost all sources.

Theorem 3. Let S be a memoryless source on an alphabet of size m > 2. Then for almost
all source parameters, and for every V'V code with average delay D > Dy (where Dy is

sufficiently large) we have
>7> D 2mTive (17)

where € > 0.

Proof. By Lemma 5 we have
_ 1
F> o 3 P(d)| logy P(d)|
deD

Suppose that P(d) = kl .- pFm holds, that is

logy P(d) = kylogop1 + -+ - + Kk logy pim.
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By Lemma 4, we conclude from (13) that for all p; and for all non-zero integer vectors
(k1. km)

—m—e¢
|k11logy p1 + -+ + Ky logy pm || > C (;gaax |/ij> ;
<j<m

and therefore

—m—e
—m—e
logy P(d)|| > | max |k; > ks = |d|7™7E.
pos, P01 > (e bol) > 3 o
Consequently, by Jensen’s inequality, we obtain
1 2
o> —2m—2¢e
P> oos Y Pl
deD
1 —2m—2¢
>
> 55 (X P
deD
> p-2m—1-2
This completes the proof of Theorem 3. ]

Note that Theorem 4 of [14] states a lower bound for the redundancy rate in the form
7 > D 9(log D)8 (for almost all memoryless sources). In view of Theorem 2 this cannot
be true for large m.

2.6 Markov sources

Finally, we state corresponding properties for Markov sources. The proof is almost the same
as for memoryless sources except that it is technically more challenging. In section 5 we
shortly comment on the differences.

Theorem 4. Let m > 2 and S be a Markov source of order 1 on an alphabet of size m with
transition matriz P = (pij)1<ij<m with p;j > 0 (1 < 4,5 < m). Furthermore let Dy > 1 be
an arbitrary real number.
(i) Then there exists a V'V code with average delay D > Dy such that its average redundancy
rate satisfies

7= O(D ), (18)
and mazimal length is O(D log D). There also ezists a VV code with average delay D > D
for which worst case redundancy rate satisfies

P = O(D " wi2), (19)
however, the maximal length might be infinite.
(ii) For almost all source parameters, and for every sufficiently large Dy, there exists a VV
code with the average delay D satisfying Dy < D < 2Dq such that its average redundancy
rate is bounded by

m2
7 < Dz te (20)
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where € > 0 and the maximal length is O(Dlog D). There also exists a VV code with the
average delay D satisfying Dy < D < 2Dqg such that the mazximal redundancy is bounded by

m2
r* < D e e, (21)

for any € > 0.
(iii) Finally, for almost all source parameters, and for every VV code with average delay
D > Dq (where Dy is sufficiently large) we have

'I"* Z 7 Z D—2m2+2m—3—57 (22)

where € > 0.

3 Proof of Lemma 3

This section is devoted to the proof of our crucial Lemma 3 We shall use techniques similar
to those already presented in [14].

The main thrust of the proof is to construct a complete prefix free set C of words (i.e., a
dictionary) on an alphabet of size m such that log, P(d) is very close to an integer ¢(d) with
high probability. This is accomplished by constructing an m-ary tree 7 in which edges are
labeled from left to right by the symbol of the alphabet A = {aq,...,a;}. Leaves of such an
m-ary tree can be identified with a complete prefix free set C. Furthermore, the sequence
of labels on a path from the root to a leaf translates into symbols of the corresponding
word d in the complete prefix free set C. Finally, we apply Kraft’s inequality (cf. Lemma 6
below) to conclude that there exists a (VV) code C with |C(d)| = ¢(d) and small average
redundancy rate.

In the first step, we set kY := |p;N?| (1 <i < m) and

x:k?log2p1+"'+k9nlog2pm.

By our assumption (9) of Lemma 3, there exist integers 0 < kjl < N such that

(4 ki logopr + -+ - + K, 10gy pn) = ((KY + ki) logg 1 + -+ + (kp, + kp,) 10go pm) < N
Now consider all paths in a (potentially) infinite m-ary tree starting at the root with &k + ki
edges of type a1, k9 + ki edges of type as,..., and kO, + k!, edges of type a,,. Let C; denote
the set of the corresponding words over the input alphabet. (These are the first words of
our prefix free set we are going to construct.) By an application of Stirling’s formula it
follows that there are two positive constants ¢/, ¢’ with

a RO+ ED) 4+ B+ B2 sount o

—<PC = m m 1 ... m+km<_ 23

N <P ( K+ kb k0 kL) Pt " =N (23)

uniformly for all kjl with 0 < kjl < N. In summary, by construction all words d € C1 have

the property that
(logy P(d)) < Nk

15



that is, logy P(d) is very close to an integer. Note further that all words in d € C; have
about the same length

ng =K+ kD) 4+ + (S + k)= N2+ O(N),

and words in C; constitute the first crop of “good words”. Finally, let B; = A"\ C; denote
all words of length n1 not in C; (cf. the first full tree in Figure 1). Then

Cl/ Cl

- < <1-——.
1 N_P(B1)_1 N

In the second step, we consider all words r € B and concatenate them with appropri-
ately chosen words ds of length ~ N2 such that logy P(rds) is close to an integer with high
probability. The construction is almost the same as in the first step. For every word r € By
we set

2(r) = logy P(r) + k{ logy p1 + - - + ky, 1ogs pm.

By (9) there exist integers 0 < kf(r) < N (1 < j < m) such that
<:1:(7“) + k‘%(r) logopr + -+ k‘?n(r) log, pm> < N

Now consider all paths (in the infinite tree 7T) starting at r € By with &Y + k?(r) edges of
type a1, kY + k2(r) edges of type aa, ..., and kY, + k2,(r) edges of type a,, (that is, we
concatenated r with properly chosen words dy) and denote this set by C; (r). We again
have that the total probability of these words is bounded from below and above by

¢ (RY + R () -+ (ki + B (M) W9+R26) a0 k2
Piry— < P =P m 1 vm LRI Rk (r)
5 < Plea) = Py (15T o B0, ol
c//

Furthermore, by construction we have

(log, P(d)) < 2
for all d € C (r).
Similarly, we can construct a set C (r) instead of C; (r) for which we have 1—(log, P(d)) <
4/N". We will indicate in the sequel whether we will use C5 (1) or C; (r).
Let Co = UJ(CS (r) : 7 € By) (or Co = J(C; (r) : 7 € By)). Then all words d € Cy have
almost the same length
|d| = 2N? + O(2N),

their probabilities satisfy

(logy P(d)) < % <or 1 — (logy P(d)) < % >

16



. “good” word in D;

. “bad” word in B;

N2

N?+ O(N)
C

P(D,) = =

(D) N

2N? + O(2N)

P(D,) = (1 _;);

3N% + O(3N)

P(D,) = (1 _1%)21%

KN? + O(KN)
K=Nlog N

P(D,) - (1—1%)k_1 c

N
Figure 1: Illustration to the construction of the VV code.
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and the total probability is bounded by

The variant of the Shannon code to which we alluded in several places above, is now
constructed. For every r € By, let Bt (r) (or B~(r)) denote the set of paths (resp. words)
starting with r of length 2(kY + -+ + k0)) 4+ (ki + k3(r) + --- + kL, + k2,(r)) that are not
contained in C (r) (or Cy (1)) and set By = |J(By (r) : 7 € By) (or Bo = (B, (r) : 7 € By)).
Observe that the probability of By is bounded by

(12 crma=(1-2)

We continue this construction, and in step j we define sets of words C; and B; such that
all words d € C; satisfy

4 4
<10g2 P(d)> < m <OI' 1-— <10g2 P(d)) < m >
and the length of d € C; U B, is given by
|d] = jN? + O (jN).

The probabilities of C; and B; are bounded by

J J j—1 ' J Jj—1
_ _ < - _
N(1 N) < P(C)) < N(1 N) ,

(1-5) srm<(1-5)

This construction is terminated after K = O(N log N) steps so that

(- < L
P(Bg) <c <1 N) < N

for some (8 > 0. This also ensures that

and

1
P(C1U--UCK) > 1~ 575

The complete prefix free set C on the m-ary alphabet is given by
C=CiU---UCkgUBg.
By the above construction, it is also clear that the average delay of C is bounded by

aN* <D =Y P(d)|d < c;N?
deC
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for certain constants cq,co > 0. Notice further that the maximal code length satisfies

1:111acx|d| =0 (N3logN) =0 (Dlog D).
€

For every d € C; U --- UCk we can choose a non-negative integer ¢(d) with

2

In particular, we have
2
if (log, P(d)) < 2/N" and

— 2 Ud) + 1oz, P(d) < 0

N7
if 1 — (logy P(d)) < 2/N". For d € Bx we simply set £(d) = [—log, P(d)].
The (final) problem is now to adjust the choices of “+” resp. “—” in the above con-

struction so that Kraft’s inequality is satisfied. For this purpose we use the following easy
property (that we adopt from Khodak [14]).

Lemma 6 (Khodak, 1972). Let C be a finite set with probability distribution P and suppose
that for every d € C we have |¢(d) +logy P(d)| < 1 for a nonnegative integer £(d). If

> P(d)(€(d) +logy P(d)) = 2~ P(d)(¢(d) +log, P(d))?, (24)
deC deC

then there exists an injective mapping C : C — {0,1}* such that C is a prefix free set and
|C(d)| = ¢(d) for alld € C.

Proof. We again use the local expansion 27% = 1 — xzlog2 + n(x) for |z| < 1, where
((log 4)/4)x? < n(x) < (log4)z?. Hence

Z o—t(d) _ Z P(d)2~Ud)Hos, P(d))
dec| dec|
= 1-1log2) P(d)(¢(d) +logy P(d)) + > P(d)n (£(d) + log, P(d))
deC deC
< 1-1log2)  P(d)(e(d) + logy P(d)) +2log 2  P(d)(£(d) +log, P(d))”
o0 deC deC
<1

If (24) is satisfied, then Kraft’s inequality follows, and there exists an injective mapping
C:C — {0,1}* such that C' is a prefix free set and |C(d)| = ¢(d) for all d € C. n

We set

E; = P(d)(((d) + logy P(d)).
dec;
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Then E; > 0 if we have chosen “+” in the above construction and F; < 0 if we have chosen

w_»

. In any case we have

2 27" N\ 1 20"
Bl = P(Ci) 5 < Nimm (1_N> < N

Suppose for a moment that we have always chosen “+7, that is £/; > 0 for all j > 1, and
that

8 + 2"
Ni+n -~

N

B, < (25)
j=1

We can assume that N is large enough that 2/N" < 1/2. Hence, the assumptions of Lemma

6 are trivially satisfied since 0 < £(d) + logy P(d) < 1/2 implies 2(¢(d) + logy P(d))? <

¢(d) + log, P(d) for all d € C. If (25) does not hold (if we have chosen always “+”), then

one can select “+” and “—” so that

i . 8+ 4c”

N1+ Nl—i—n

Indeed, if the partial sum Zf; E; < (84 2c")N~17"_ then the sign of E; is chosen to be
“+” and if Z]K:Z E; > (84 2¢")N~17" then the sign of E; is chosen to be “~". Since

S P()(E(d) +1ogy P())? < 5 < oy < O P(A)(E(d) +log, P(d)
deC deC

the assumption of Lemma 6 is satisfied. Thus, there exists a prefix free coding map C :
C — {0,1}* with |C(d)| = ¢(d) for all d € C. Furthermore, the average redundancy rate is
bounded by

Z P(d)(|C(d)| + logy P(d)) < (8 + 4c")
deC

DN1+n’
Since the average code length D is of order N3 we have
r=o () =o(p~ ).

This proves the upper bound for 7 of Lemma 3.
The proof of the upper bound for r* is very similar. The only difference is that we
always use the “4” in the above construction and do not stop. We set

C=CUCU---
By construction, every word d € C satisfies

(log, P(d)) < =

and the average delay of C is bounded by

aN* <D =) P(d)|d < e;N®.
deC
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Consequently, if we set £(d) = [—logy P(d)], then Kraft’s inequality is trivially satisfied and
there exists a code C' with |C(d)| = ¢(d) for all d € C (the Shannon code). Furthermore, we
have

=5 316110)(|C(d)] +logy P(d)) < DN7 o (D 5)

as proposed. This completes the proof of Theorem 3.

Remark. If all log, p; are rational, then the above construction is (almost) trivial. There
are lots of integers k; such that

k
P(d) = Z kjlog, p;
j=1

is an integer. Thus, the redundancy can be estimated by the probability of the remaining
set Br.

4 Proof of Lemma 4
Lemma 4 states that for almost all p; > 0 (with p; + -+ + py, = 1) the set
X = {(kilogyp1 + -+ kplogypm) : 0 < kj <N (1 <j <m)}

has dispersion

§(X) < NTmtE (26)
for all sufficiently large N and for all non-zero integer vectors (ki, ..., k) we have
—m—e
lk1logo p1 + - - + kpy logs P || > C( max \kzj|> (27)
1<j<m

for some constant C' > 0.

In view of the above, we just have to show (26) and (27) for almost all p;. These kind
of problems fall into the field of metric Diophantine approximation that is well established
in number theory (see [4, 5, 19, 23]). One of the problems in this field is to obtain some
information about the following linear forms

L:k0+k171+"'+km7m7

where k; are integers and 7, are randomly chosen real numbers. In fact, one is usually
interested in lower bounds for |L| in terms of max |k;|.

In our context, we have ; = log, p; so that the ~;’s are related by 27 + ... + 2" = 1.
This means that they cannot be chosen independently. They are situated on a proper sub-
manifold of the m-dimensional space. It has turned out that metric Diophantine approxi-
mation in this case is much more complicated than in the independent case. Fortunately,
there exist now proper results that we can use for our purpose.
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Theorem 5 (Dickinson and Dodson [6]). Suppose that m > 2 and 1 < k < m. Let U be an
open set in RF and, for 1 < j <m, let V;:U—Rbe C! real functions. Let n > 0 be real.
Then for almost all w = (u1,...,u;) € U, there exists No(u) such that for all N > No(u)
we have

ko + k10 (w) 4 - + Ky Uy (u)] > NTFHM=R (160 Nym—F

for all non-zero integer vectors (ko, k1, ..., kn) with

max |kj| < N and max |k;j| < N'77/(log N).

1<j<k k<j<m
Remark. More precisely, let us define a convex body consisting of all real vectors (y1, ..., Ym)
with
Yo + 101 (u) + ..+ Y U (u)| < N7mHO=RI(log NymE
lyil < N, (j=1,...,k), (28)
lyjl < N'(logN)™', (j=k+1,...,m).

Dickinson and Dodson [6, p. 278] showed in the course of the proof of their Theorem 2 that
the set

S(N) := {u €U :3 (ko k1,...,kn) € Z™ with 0 < max |k;| < N7 satisfying (28)}
<j<m

satisfies

limsup S(N)

N—o0

=0,

where | - | denotes the Lebesgue measure. This means that almost no u belongs to infinitely
many sets S(N). In other words, for almost every u, there exists No(u) such that u ¢ S(NV)
for every N > Ny(u). And this is stated in Theorem 5.

For m = 2, Theorem 5 can be improved as shown below.

Theorem 6 (R.C. Baker [3]). Let W1 and Wy be C3 real functions defined on an interval
[a,b]. For z in [a,b], set

k(z) = U (2) W3 (2) — W (2) U5 (x).

Assume that k(x) is non-zero almost everywhere and that |k(z)| < M for all z in [a,b] and
set k = min{1073,10"8M~1/3}. Then for almost all x in [a,b], there are infinitely many
positive integers N such that

ko + k10 () + ko Us(x)| > kN2
for all integers ko, k1, ko with 0 < max{|k1|, |k2|} < N.

Using Theorem 5 and Theorem 6 we are now in a position to prove (26) and (27).
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Proof of (27). For this purpose we can directly apply Theorem 5, where k = m — 1 and

U is an open set contained in A = {u = (u1,...,um_1) € R 1 ug > 0,... ,upmq >
0,u1 + -+ 4+ Upm—1 < 1} and ¥j(u) = logy(uj) (1 < j < m —1), resp. Uy, (u) = logy(1 —
Uy — -+ —Up—1). We also know that, for almost all u, the numbers 1, ¥y (u),...,V,,(u) are

linearly independent over the rationals, hence,
L:=ko+kiVi(u)+ - +kn¥n(u)#0

for all non-zero integer vectors (ko,k1,...,kn).
Set J = maxi<j<m |k;j| and define N by N'=7 = .J log N. Assume that J is large enough
to give N > Ny(u). We then have (for suitable constants c1,co > 0)

|L| > N_m+77(10g N) > clj—m—(m—l)n/(l—n) (log J)(l—m)/(l—r]) >y ] E

for e =2(m — 1)n/(1 — n) and J large enough. This completes the proof of (27).

Proof of (26). To simplify our presentation, we first apply Theorem 6 in the case of m = 2
and then briefly indicate how it generalizes. First of all we want to point out that Theorems 5
and 6 are lower bounds for the homogeneous linear form L = ko + k11 (u)+ - + kW (u)
in terms of max|k;|. Using techniques from “Geometry of Numbers” (see below) these
lower bounds can be transformed into upper bounds for the dispersion of the set X =
{<k1\I’1(U) + -+ km\I/m(u)) 0< k... bk < N}

In particular we will use the notion of successive minima of convex bodies. Let B C
R? be a 0-symmetric convex body. Then the successive minima, A; are defined by A\; =
inf{A\ > 0 : AB contains j linearly independent integer vectors}. Omne of the first main
results of “Geometry of Numbers” is Minkowski’s Second Theorem saying that 2¢/d! <
A1+ AgVolg(B) < 2%, see [5, 19].

Let 2 and N be the same as Theorem 6 and consider the convex body B C R3 that is
defined by the inequalities

lyo + y1¥1(z) + 92 Wa(z)| < kN2
|y1| g Nv
ly2l < N.

By Theorem 6 the set B does not contain a non-zero integer point. Thus, the first minimum
A1 of B is > 1. Note that Vol3(B) = 8k. Then from Minkowski’s Second Theorem we
conclude that the three minima of this convex body satisfy AjAaAg < 1/k. Since 1 < A\; < Ay
we thus get A3 < A\A2A\3 < 1/k and consequently A\ < Ay < A3 < 1/k. In other words,
there exist constants ko and k3, and three linearly independent integer vectors (ag, a1, asz),
(bo, b1,b2) and (co, c1,c2) such that

lag + a1V () + aoWa(z)| < KoN 2,

lbo + b1 W1 (z) 4+ b Wo(x)| < KeN 2,

lco + 191 (x) + c2Ug(x)] < KaN72,
max{|a;|, |bi],|ci|]} < ksN.
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Using these linearly independent integer vectors, we can show that the dispersion of
X = {<k‘1\111($) + ko log2 \I/Q(ZE)> 10 < ki, ko < 7/%3N}

is small.
Let £ be a real number (that we want to approximate by an element of X) and consider
the (regular) system of linear equations

—&+0,(ap + a1V (z) + aa Vs (z))+

+0y(bo + b1V (z) + by Wa(z)) + Oe(co + 1 U1 () + c2Us(x)) = 4rgN 2,
Oqpa1 + by + 0.c1 = 4k3N, (29)
Oqas + Opby 4+ 0.0 = 4ksN.

Denote by (0, 6, 0.) its unique solution and set

tg = I.OaJ7 ty = I.Hbj? te = I.HCJ’
and
k‘j =tqa; + tbbj + tecy (] =0,1, 2)'

Of course, ko, k1, ko are integers and from the second and third equation of (29) combined
with max{|a;|,|bs|, |ci|} < k3N it follows that

k3N < min{kq, ko} < max{ky,ko} < 7k3N,

in particular, k1 and ko are positive integers. Moreover, by considering the first equation of
(29) we see that

KoN 72 < —€+ ko + k10 (2) + ko WUs(x) < ThaN 2.
Since this estimate is independent of the choice of £ this implies
§(X) < TrhoN~2.

Clearly, we can apply this procedure for the functions ¥q(x) = logyz and ¥y(z) =
logy(1 — ) and for any interval [a,b] with 0 < a < b < 1.

This also shows that we can choose € = 0 in the case m = 2 for infinitely many N in
Lemma 3, provided that we introduce an (absolute) numerical constant.

Finally, we discuss the general case m > 2 (and prove Lemma 4). We consider the
convex body B C R™*! that has volume 2 "! and is defined by (28):

o + 1 P1(w) + .. F YT (u)| < N-HMRN (g Ny,
lyil < N, (i=1,...,k),
<

lyjl < N'(logN)™', (j=k+1,...,m).
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By assumption, the first minimum \; of B satisfies Ay > N, thus, by Minkowski’s Second
Theorem, its last minimum \,, is bounded by A, < N™. Consequently, we have n + 1
linearly independent vectors q?,i=0,...,m, such that

la” - @ (u)|| < NTEERTE (0g N [lg1 | < N
We now argue as above, and consider a system of linear equations analogous to (29). Hence,

for any real number &, there are positive integers k1, ..., k;, such that

1

|| _§_|_]g1\111(u) + ... +kmqjm(u)” < Nm—¢’

max k; < N,

where ¢ > 0 can be made arbitrarily small by taking sufficiently small values of n. Applied
to the functions ¥;(u) =logy(u;) (1 < j<m—1) and ¥,,(u) =logy(l —us — -+ — um—1),
this proves (26). This completes the proof of Lemma 4.

5 Proof for Markov Sources

In this section, we extend our results to Markov sources of order 1 (Theorem 4) by indicating
necessary changes in our previous proofs.
We assume that the transition matrix of the Markov source is given by

P = (pij)1<ij<m;
where p;; = Pr{X;1 = j|X} = i} > 0. The stationary distribution p1,...,pn, is then
uniquely defined by p; = > ", pipij. For example, for m = 2 we have

P21

P12
pr=——— and py=
P21 + P12

© pa t+pi2
The probability of a message x| becomes
Tk
P =p [ o7,
ij=1

where p = py if 29 = £ and k;; is the size of the set {k € {1,...,n—1} : (2, zp+1) = (i, )}
Note that there are some consistency conditions:

m
Zk‘ij:n—l,

ij=1
m m
D kij =) ku+yal) (1<j<m)
=1 i=1

where v = v;(z}) € {0,1,—1} depending on z; and z,. For example, if z;1 = x, then
v =0. We call a vector k = (k;;) of integers admissible if it satisfies these conditions. This
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means that if n is not fixed then we can only vary m? —m + 1 of the m? “parameters” ki
“independently”. For example, if m = 2 then we can represent log, P(z7) by

logy P(2') = co + k11 1ogs p11 + k12 1ogs (p12p21) + ka2 logs pao, (30)

where ¢y = ¢g(x1, z,,) attains finitely many possible values.
We will further need the following asymptotic expansions which can be found in [12,
Theorem 5] and Whittle [25]. For a,b € {1,...,m} and an admissible integer vector k =

m

(kij) let Nf:’b denote the number of sequences of length n = 1",

T, = b. Then

ki; + 1, where o = a,

k k k
wv g ey (R Y n
Nk kb det bb(I k ) <k117 ) klm) <km1) ) kmm) ’ (31)

where k‘j = 221 k‘ij, k* = (kij/ki)lgi,jgm and detbb(I — k*) is the determinant of I — k* in
which row b and column b are deleted.

With the help of these formulae, we can prove corresponding properties for Markov
sources. In particular, we get a slightly modified Lemma 2. Instead of X = {(k1y1 +---+
Emym) 10 <k;j <N (1 <j<m)} we must work with

X = <c0 + Z kij’yij> : k admissible and 0 < k;; < N (1 <i,5 <m) (32)
ij=1

for some c¢y. In particular, for m = 2 such a set can be represented as

X = {{co+ k11 + k12(712 + Y21) + kaoya2) : 0 < k11, k12, koo < N}

Clearly, we get the same result for this modified set X.

Next we have to get an analogue to Lemma 3. We assume that the dispersion of the
set as in 32) is bounded by 6(X) < 2/N" and show that there exist codes with average
code length D = ©(N™%2), of maximal code length of order ©(N™*+21og N) and of average
redundancy rate 7 = O(D_I_TZLL+12 ). Furthermore there exist codes with average code length
D = ©(N™*"2) and worst case redundancy r* = O(D_l_mLﬂ“?).

The only difference in the proof is that (23) has to be replaced by a similar inequality.
Suppose that p;; > 0 constitute the transition probabilities and let p; be the stationary
distribution. Set k;; = |pipijN?| (i,5 € {1,...,m}) and suppose that 0 < k‘l’-j < N
(4,5 € {1,...,m}) with ky; = k7 5. Then we have for some constants ¢’, c".

/ m /"

c ab kij+ki; _ C
Nm = Nk-l—k’pa H ij < Nm™

1,j=1

where Nﬁ’b is defined above (31). As in the proof of (23), this follows from (31) and Stirling’s
formula.

Now the (modified) proof of Lemma 3 follows the same footsteps as in the memoryless
case. Instead of kY = |p;N2] we use k;; = |pip;;N?] and so on.

26



Now part (i) of Theorem 4 follows immediately. We just have to set n = 1.

There is even a modified Lemma 4. We have to apply Theorem 5 for properly chosen
j(u) (1 <j<m?—m+1) with k = m? —m. Hence the upper bound of (ii) of Theorem
4 holds by applying the modified Lemma 3 with n = m? —m +1 —¢.

There is only one slight change in the proof of part (iii) of Theorem 4. Since the linear
form in (30) is not homogeneous in k;; we have to add an additional variable that is always
set to 1 and apply the above procedure. This results in showing that for almost all Markov
sources we have for all probabilities P(z)

[ ogy P(2})]| > C (max k)~ (™ —m+2)=<

This is the reason why the exponent m? — m + 2 appears instead of “expected exponent”
2
m* —m—+ 1.
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