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Random Planar Graphs

“History”

R, ... labelled planar graphs with n vertices with uniform distribution

Xn ... humber of edges is a random planar graph with n vertices

Denise, Vasconcellos, Welsh (1996)

(Note that 0 < e < 3n for all planar graphs.)



Random Planar Graphs

“History”

McDiarmid, Steger, Welsh (2005)

P{H appears in R, at least an times} — 1

H ... any fixed planar graph, o > 0 sufficiently small.




Random Planar Graphs

Consequences:

P{There are > an vertices of degree k} — 1

k > 0 a given integer, a > 0 sufficiently small.

P{There are > C™ automorphisms} — 1

for some C > 1.



Random Planar Graphs

Further Results:

P{R, is connected} >~ >0

[McDiarmid+Reed]

EA, =0(logn)

Ay, ... maximum degree in Ry



Random Planar Graphs

The number of planar graphs

[Bender, Gao, Wormald (2002)]
bn ... number of 2-connected labelled planar graphs

-
bp~c-n 2y5nl| v =26.18...

[Gimenez+Noy (2005)]
gn .... humber of all labelled planar graphs

_r
gn ~C'n 2’ynn! , 7:2722




Random Planar Graphs

Precise distributional results

[Gimenez+Noy (2005)]

e X, satisfies a central limit theorem:

EXp,~221...-n, VX,~c-n.

P{| X, —2.21...-n| >en} < e—c(e)mn

e Connectedness:

P{R, is connected} — e ¥ = 0.96...

number of components of R,, =: C,, — 1 4+ Po(v).



Random Planar Graphs

Degree Distribution

Theorem [D.+Giménez+Noy]

Let p, ) be the probability that a random node in a random planar
graph R, has degree k. Then the limit

liMm
n—00

P -—

Pn.k

exists. The probability generating function

p(w) = Y ppw®
k>1
1
can be explicitly computed; |p; ~ ck~2¢"| for some ¢ > 0and 0 < g < 1.
p1 p2 p3 b4 Ps Pe
0.0367284 | 0.1625794 | 0.2354360 | 0.1867737 | 0.1295023 | 0.0861805




Random Planar Graphs

e Implicit equation for Dg(y,w):

_ VS(Do(t —1) +1t)

14+ Do=(1+4+yw)exp (4(3t—|— Do+ 1)

~ Dg(t* — 12¢% 4+ 20t — 9) + Do(2t* + 6t° — 6t + 10t — 12) +t* 4 6¢° + 9t2>
4(t+3)(Do+1)(3Bt+ 1) ’

201 _ 2
where t = t(y) satisfies y+1 = 1+ 2 X ( L t7(1 —t)(18 + 36t + 5t )).

T+301 1) P\ 2 B0 +20(1 + 3t)2
and S = (Do(t — 1) +t)(Do(t — 1) 4 t(¢t 4 3)?).

e EXxplicit expressions in terms of Dg(y,w) (SEVERAL PAGES !!!l):

Bo(y,w), Ba(y,w), Ba(y,w)

e Explict expression for p(w):

p(w) = —eBoLw)=Bo(L1) B (1 1) + Bo(1w)—Bo(1,1)1 + Ba(l, 1)33(1,10)
B3(1,1)




Random Planar Graphs

Conjecture for maximum degree A,

A 1
LSRN in probability
logn  log(1/q)
and
logn
EA, ~
" log(1/q)

1
where ¢ = 0.6734506... appear in the asymptotics of pi ~ ck™ 2¢*:
1/10g(1/q) = 2.529464248...



Degree Distribution

XT(L’“) ... humber of vertices of degree Lk in a random labelled planar
graph of size n

Pnk --- Probability that a random vertex in a random labelled planar
graph of size n has degree k

Pnk --- Probability that the root vertex in a random labelled vertex
rooted planar graph of size n has degree k

® Pn.k — ﬁn,k

° EXék) = Nppk




Degree Distribution

Generating functions for counting planar graphs

bn.m ... number of 2-connected labelled planar graphs with n vertices
and m edges, bp = >, bnm
xn
B(z,y) = Z bn,m—lym
n,m n!
cnm ... number of connected labelled planar graphs with n vertices
and m edgeS, Cn — Zm Cn’m

xn

C(z,y) = Z Cn,m—lym
n,m n!
gn.m ... humber of all labelled planar graphs with n vertices and m
edges, gn = Zm dn,m
xn

G(z,y) = > _ gn,mmym

n,m



Degree Distribution

Generating functions for counting planar graphs

G(z,y) = exp (C(z,y)),
oC(x,y) — exp (83 (xE?C’(a:,y) y))

ox ox ox
0B(z,y) 2?14 D(z,y)
oy 2 14y
M (z, D) (1 + D) D2
— |Og T )
212D 14y 1+ xD
1 1 (1+0U)2(1+ V)2
M _ 2.2 1 _
(ry) =7y <1+azy+1+y AU+ V)3 )

U=ay(l+V)?
V =y(14+U)2.



Degree Distribution

Asymptotic enumeration of planar graphs

—n I 1
bnzb-plnn 2nl (1—|—O<5>>,

n I 1
cn=c-py 'm 2n! (1—I—O(g>>,

n I 1
gnzg'Pan 2n/! (1+O(g)>

p1 = 0.038109...,
p> = 0.03672841...,
b= 0.3704247487...- 107>,
¢ = 0.4104361100... - 107>,
g = 0.4260938569... - 107°



Degree Distribution

Generating functions for the degree distribution of planar graphs

C*® = %—g ... GQF for graphs with a root vertex which is not counted

w ... additional variable that counts the degree of the root vertex

Generating functions:

G*(z,y, w)
C*(z,y, w)
B*(z,y, w)
T*(z,y,w)

all rooted planar graphs
connected rooted planar graphs
2-connected rooted planar graphs
3-connected rooted planar graphs

oG

Note that G*(x,y,1) = %(a:',y) etc.



Degree Distribution

more precisely ....

gr .. --- Number of vertex rooted labelled planar graphs with n+1
vertices, m edges, where the (uncounted and unlabelled) root vertex
has degree k.

n

L k
G*(z,y,w) = ) Inmbs 1YW
n,m,k
) . _ g?’a—l,m,k
Zgn—l,m,k — N gn,m, Pn.k —
L n gn.m
1 k_ [z 11G%(z, 1, w)

k _—
Dn kW Y w
kgl " gnmkgl nbmk [zn=1]G* (2, 1,1)

[z G (z, 1,w)
—  |p(w) = kglpnw =, [z~ 1]G*(x,1,1)




Degree Distribution

G*(z,y,w) = exp (C(=x,y,1)) C*(z,y,w),
C*(z,y,w) = exp (B®* (zC*(x,y,1),y,w)),

B*
ow
1

D(z,y,w) = (1 + yw) exp (S(w,y,w) + 2D (s, 7. 0) X

x T* <az,D(a:,y, 1), g((:;’ Z g)) ~1

S(x7 y7 w) — xD(:U7 y7 1) (‘D('CU7 y) w) T S(:E7 y? w)) 9
$2y2w2 1 n 1
2 l4+wy 14 xy
(w4 1)? (—w1(u,0,w) + (u = w+ 1)y fwz(u,0,0))
B 2w(vw + u?2 +2u+ 1)(1 +u + v)3 ,

1
22D (z,y, w)

T° (:U, D(x,y,1), D(z,y, w))

D(z,y,1) )

T*(z,y,w) =

u(z,y) = zy(l +v(z,v))?,  v(z,y) =y(1 +ulz,y))?



Degree Distribution

with polynomials wy = wi(u,v,w) and wo = wo(u,v,w) given by

w1 = — wow? + w(l 4 4v + 3uv? + 502 + u? + 2u + 203 + 3uv 4 Tuww)
+ (u+ 1)?(u+2v+ 1 +02),

wo =uv?w? — 2wuv(2u?v + 6uv + 203 + 3uv® + 502 +u? + 2u+4v 4+ 1)
+ (u+ 1)°(u+2v + 14+ v?)>.



Planar Maps vs. Planar Graphs

Whitney’s Theorem

Every 3-connected planar graph has a unigue embedding into the plane.

—>  The counting problem of rooted 3-connected planar maps is
equivalent to the counting problem of rooted (labelled) 3-connected
planar graphs (despite of a factor (n — 1)!)

Furthermore, the counting problem of rooted 3-connected planar
maps is equivalent to the counting problem of rooted simple quad-
rangulations.



3-Connected Maps

3-connected map — simple quadrangulations

Q) ()




3-Connected Maps

3-connected map — simple quadrangulations

Q) ()




3-Connected Maps

3-connected map — simple quadrangulations




3-Connected Maps

3-connected map — simple quadrangulations

I+ /\\

\ ~
\\




3-Connected Maps

3-connected map — simple quadrangulations




3-Connected Maps

3-connected map — simple quadrangulations

()




3-Connected Maps

Qijk - number of simple quadrangulations with
i+ 1 vertices of type 1 (o),
j + 1 vertices of type 2 (OJ), and with
root vertex of degree kK + 1

Qz,y,w) = Z 9.5,k ° x' y’ wh
i7j7k

Theorem [Mullin+Schellenberg, D+ Gimenez+Noy]

) W(Ra S7 ”UJ)

Q(z,y,w) = zyw ( ! 1 1) uv

1—|—wy+1—|—az 14+ U+4V)3

with ...



3-Connected Maps

with algebraic function U = U(z,y), V = V(z,y) given by

U=zxz(V+1)?| V =y(U 4+ 1)?

and

~w1(U,V,w) + (U — w4 1)y/wa (U, V, w)
2(V+1)2(Vw+U2+2U + 1)

with polynomials w1 = w1 (U, V,w) and wo = w> (U, V,w) given by

WU, V,w) =

wi =—UVw? +w(l+4V +30V2+5V24+U?+2U0 +2V3 4+ 3U%V +70V)
+ (U 4+ 1)*(U+2V+14V?),

wo =U?V?w? — 2wUV(2U?V +6UV + 2V +3UV2+5V2 4+ U? 42U+ 4V +1)
+ (U 4+ 1)°(U+2V +14V?)>2



3-Connected Planar Graphs

Corollary By Whitney's theorem:

® rw
T (:c,y,w) — 7Q(a:y,y,w)



2-Connected Planar Graphs

Planar networks

A network N is a (multi-)graph with two distinguished vertices, called
its poles (usually labelled 0 and oo) such that the (multi-)graph N
obtained from N by adding an edge between the poles of N is 2-
connected.

Let M be a network and X = (Ne,e € E(M)) a system of networks
indexed by the edge-set E(M) of M. Then N = M(X) is called the
superposition with core M and components Ne and is obtained by
replacing all edges e € E(M) by the corresponding network N (and,
of course, by identifying the poles of Ne with the end vertices of e
accordingly).

A network N is called an h-network if it can be represented by N =
M(X), where the core M has the property that the graph M obtained
by adding an edge joining the poles is 3-connected and has at least 4
vertices. Similarly N = M(X) is called a p-network if M consists of 2
or more edges that connect the poles, and it is called an s-network if
M consists of 2 or more edges that connect the poles in series.



2-Connected Planar Graphs

Planar networks

Trakhtenbrot’s canonical network decomposition theorem: any
network with at least 2 edges belongs to exactly one of the 3 classes
of h-, p- or s-networks. Furthermore, any h-network has a unique
decomposition of the form N = M(X), and a p-network (or any s-
network) can be uniquely decomposed into components which are not
themselves p-networks (or s-networks).



2-Connected Planar Graphs

Planar networks

Lwt D(z,y,w) and S(x,y,w), respectively, the GFs of (planar) networks
and series networks, with the same meaning for the variables x,y and

w.

Then by a variant of [Walsh (1982)]

1
D(a.yw) = (1+yw)exp (s<w,y,w>+ ; I (:I:,E(x,y), ’
2Dz, y, w)

S(m,y,w) — xD(xa?%l) (D(az,y,w)—S(w,y,w)),



2-Connected Planar Graphs

A planar network with non-adjacent poles is obtained by distinguishing,
orienting and then deleting any edge of an arbitrary 2-connected planar

graph:

1

0B*(z,y, w)
w
22D (z,y, w)

ow

D(z,y, w))

T® (x,D(x,y,1),
( @) Dy, 1)

= zyw exp (S(m,y, w) +



Connected Planar Graphs

C.(ZU, y, w) — eB.(xC.(xayal)vxfw)




All Planar Graphs

G*(z,y,w) = exp (C(x,y,1)) C*(z,y,w)

G



Asymptotics for Random Planar Graphs

Functional equations

Suppose that |A(x,uv) = (z,u, A(x,u))|, where ®©(z,u,a) has a power
series expansion at (0,0, 0) with non-negative coefficients and
¢aa(x7u7a) # O

Let g > 0, ag > O (inside the region of convergence) satisfy the system
of equations:

ag = P(xg,1,ag9), 1= Pu(xp,1,a0)|

Then there exists analytic function g(x,u), h(x,u), and p(u) such that
locally

X

p(u) |

A(xz,u) = g(x,u) — h(m,u)\/l —




Asymptotics for Random Planar Graphs

Asymptotics for coefficients

A(x) = g(x) — h(x),/1 — T (+ some technical conditions)
P

— |2 A(z) = Zf—p} =3 (1 +0 (:L)) |
Similarly:
Al(z,u) = g(x,u) — h(:c,u)\/ pécu) (+ some technical conditions)

— [ Az, u) = h(”z(\"“%’ W )0 (1 +0 (1)) |

n




Asymptotics for Random Planar Graphs

Asymptotics for coefficients

and

A(x) = g(x) + h(x) (1 - %) (+ some technical conditions)

— [2"] A(x) = I_}z(—p(i) p ol (1 + O (%))



Asymptotics for Random Planar Graphs

Singular expansion

A(z) =|g(z) — h(z) /1 ——

:(90+91($—p)+92(:1:—p)2_|_...>
+(ho_l_hl(w_[))‘|‘h2($—p)2-|-...> 1_%

1 2 3
= ag + ay (1—E>2—|—a2(1—£>2—|—a3<1—£>2—|—---
p p p

=lag+ a1 X +a>X%+azX3+---

x=/1-2
o

with



Asymptotics for Random Planar Graphs

U(z,y) = zy(1 + V(z,y))?,
V(z,y) = y(1+ U(z,y))?

—  U(z,y) = 2y(1 +y(1 + U(z,y))?)?

p—

— V(a,y) = golany) — h2<x,y>\/1 -

" =

U(z,y) = g(z,y) — h(az,w\/ 1

Yy

7(x)

1 1

M (z,y) = x%y? ( +

1+ay  1+y

Yy

7(x)

L A+0)2 (1 4Vv)?

(1+U+V)3

M(z,y) = g3(z,y) + h3(z,y) (1 —

y )5
T(x)

due to cancellation of the \/1 —y/7(x)-term

|



Asymptotics for Random Planar Graphs

M (x, D) (1 + D) D2
= log —
212D l1+y 1+ 2D

3
N = | D(z,y) = ga(=z,y) + hal(z,y) <1 a RZA)

due to interaction of the singularities!!!

OB(z,y)  x° 14 D(z,y)
oy 2 14y

I — | B(z,y) = gs(z,y) + hs(z,7) <1 - Rfy))Q

=
—> |bp~b-R(1) "n 2n!




Asymptotics for Random Planar Graphs

3
B'(z,y) = g6(x,y) + he(x,y) (1 — R(y)> :

C/(aj, y) — eB/(ZCC/(ZC,y),y)’

3

due to interaction of the singularities!!!

— |C(z,y) = gs(z,y) + hs(z,y) (1— . >§
r(y)

7
—> |cp~cr(l) "n 2n!




Asymptotics for Random Planar Graphs

C(z,y) = gs(z,y) + hg(z,y) (1 S )j
r(y)

— G(w,y) = eC(x,y) = gg(x,y) —I— hg(m,y) (1 — ré))j .

-
= |(gn~g-r(1)" "™n 2n!




Asymptotic Degree Distribution

3-connected planar graphs

T'(a:,y,w)=x2y2w2 SRR S
2 l+wy 14 xy

(U 4 1)2 <—w1(U, V,w) + (U — w+ 1) Jwa (U, V,w))
i 2w(Vw + U2 + 20 + 1)(1 + U + V)3 ’

SRR ST . ST g (y)
oW =31 g%3 "= G A+ a00))2?

X:\/l_r@

— | T*(z,y,w) = To(y,w) + To(y, w) X* 4 Ta(y, w) X° + O(X*)

due to cancellation of the \/1 — x/r(z)-term.



Asymptotic Degree Distribution

Planar networks

1
D(z,y,w) = (1 + yw) exp <s<w, D)+ g

o D(z,y, w)
X T <a:,D(a:,y,1),D(x,y’1)>> -1
S(w,y,w) — :CD(:Baf% 1) (D(:I;,y,w) o S(:U,y,w))

7(x) ... inverse function of r(y)

D(R(y),y,1) = 7(R(y))

X:\/l_my)

—> | D(z,y,w) = Do(y,w) + Do(y, w)X? + D3(y, w)X> + O(X*)

~




Asymptotic Degree Distribution

2-connected planar graphs

1
22D (z,y, w)

0B*(z,y, w)
w

= zyw exp (S(az, y,w) +
ow

T° (:1:, D(x,y,1), D(z,y, w))

D(z,y,1)

—> | B*(x,y,w) = Bo(y,w) + Ba(y,w)X? + B3y, w)X> + O(X?)

Remark. All these functions B,;(y,w) can be explicitly computed.



Asymptotic Degree Distribution

connected planar graphs

C®(z,1,w) = exp (B' (:cC/(:c), 1, w))

777



Asymptotic Degree Distribution

Lemma

flz)y=>Y ani—T=fo-l-f2X2-|—f3X3 + O(X*), X=,/1—§,

n>0

H(x,z,w) = ho(z,w) + hQ(CE,’LU)ZQ + ha(x,w) 73|+ 0(24),
Z= |1-——
J f(p)

fa(z) = H(z,| f(z)jw) = ) |bn(w)

I
n>0 n:

o bn(w) _ ha(p,w)
— lim = — +
"0 an Jo /3

ha(p, w) (_b)” |
Jo




Asymptotic Degree Distribution

connected planar graphs

C®(z,1,w) = exp (B' (azC/(:c), 1, w))

Application of the lemma with

f(z) = 2C'(x)
and

H(z,z,w) = reB’ (5 1w)

—> p(w) = Ilim bn(w)

n—oo an,

— —GBO(l’w)_BO(l’l)BQ(l,’U)) _I_ eBo(l,’w)—Bo(l,l) 1 _I_ 32(17 1)33(17,“})
B3(1,1)




Random Planar Graphs

Classes of planar graphs

e Outerplanar graphs: all vertices are on the infinite face
(equivalently no K4 and no K3 as a minor).

e Series-parallel graphs: series-parellel extension of a tree or forest
(equivalently no K4 as a minor).

e Planar graphs. (no K5 and no K33 as a minor)

Remark.

outerplanar C series-parallel C planar



Outerplanar Graphs

All vertices are on the infinite face.



Outerplanar Graphs

T heorem 1

Let p, 1. be the probability that a random node in a random 2-connected,
connected or unrestricted outerplanar graph with n vertices has de-
gree k. Then the limit

pr = lim Pn.k

n—oo

exists. The probability generating function

p(w) = Y prw®

k>1

can be explicitly computed.



Outerplanar Graphs

p(w) = 3 prw

k>1

e 2-connected
2(3 — 2v2)w?

Pw) = 4 (/2 - Dw)?

e connected or unrestricted:

2 2
clLw caw
p(w) = L exp <C3’w + 4 >

(1 — cow)? (1 — cow)

(with certain constants c¢q,c¢p,c3,¢c4 > 0).



Outerplanar Graphs

T heorem 2

ék) ... number of vertices of degree k in random 2-connected,
connected or unrestricted labelled outerplanar graphs with n vertices.

— quk) satisfies a central limit theorem with

Equk) ~ pupn  and VX#C) ~ a%n.

Remark. pp. = p;.



Outerplanar Graphs

Theorem 3

A, ... maximum degree in random 2-connected, connected or unre-
stricted labelled outerplanar graphs with n vertices.

A
— " ¢ in probability
log n

EA, ~clogn,

where ¢ = 1/1og(1/q) and 1/q in radius of convergence of p(w).



Series-Parallel Graphs

Series-parallel extension of a tree or forest

Series-extension: . o —> - o o

. [ ® —
Parallel-extension: ~~



Series-Parallel Graphs

T heorem 1

Let p, 1. be the probability that a random node in a random 2-connected,
connected or unrestricted series-parallel graph with n vertices has de-
gree k. Then the limit

pr = lim Pn.k

n—oo

exists. The probability generating function

p(w) = Y prw®

k>1

can be explicitly computed.



Series-Parallel Graphs

We just mention the case of

2-connected series-parallel graphs p(w) = ) _ prw”:
k>1
(w) B1(1,w)
w) — ,
i B1(1,1)

where B1(y,w) is given by the following procedure ...



Series-Parallel Graphs

2
Eo(y)® _ (Iog 1+ Eo(y) _ Eo(y)) |

Eo(y) — 1 o 14+ R(y)
_V1-1/E(y) -1
) = Eo(y) ’
Er(y) = — ( 2R(y)Eo(y)?(1 + R(y)Eo(y))? )5
(2R(y)Eo(y) + R(v)2Eo(y)2)2 4+ 2R(y)(1 + R(y)Eo(y)) )

R(y)Eq(y)

Do(y,w) = (1 + yw)el+n<y>Eo<y>D°(y’w) -1,
(1 + Do(y, w))R(y)El(y)Do(y,w)

N W) — 1+ R(y) Eo(y) :
) = T o W) R EG
Bo(y,w) = R(y)Do(y,w)  R(y)*Fo(y)Do(y, w)?
’ 1+ R(y)Eo(y) 2(1+ R(y)Eo(y))
Bi(y,w) = R(y)D1(y,w)  R(y)*Eo(y)Do(y, w)D1(y, w)

T 1+ R(y)Eo(y) 1+ R(y)Eo(y)
~ R(y)*E1(y) Doy, w)(1 + Do(y, w)/2)
(1 + R(y)Eo(y))? '




Series-Parallel Graphs

Theorem 2
ék) ... number of vertices of degree k in random 2-connected,
connected or unrestricted labelled series-parallel graphs with n ver-

tices.

— Xﬁ/ﬂ) satisfies a central limit theorem with

Equk) ~ pupn  and VXf,gk) ~ a]%n.

Remark. U = Pk



Series-Parallel Graphs

Theorem 3

A, ... maximum degree in random 2-connected, connected or unre-
stricted labelled series-parallel graphs with n vertices.

A
— n ¢ in probability
log n

EA, ~clogn,

where ¢ = 1/1og(1/q) and 1/q in radius of convergence of p(w).
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